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AN EDGE-WEIGHTED HOOK FORMULA FOR LABELLED TREES

VALENTIN FERAY, I. P. GOULDEN, AND ALAIN LASCOUX

ABSTRACT. A number of hook formulas and hook summation formulas have
previously appeared, involving various classes of trea®e @f these classes of
trees is rooted trees with labelled vertices, in which theela increase along
every chain from the root vertex to a leaf. In this paper weegivnew hook
summation formula for theseifordered increasingtrees, by introducing a new
set of indeterminates indexed by pairs of vertices, that albexige weights
This new result generalizes a previous result by Féray andd8n, that arose

in the context of representations of the symmetric groughasstudy of Kerov’s
character polynomials. Our proof is by means of a combiretbijection that

is a generalization of the Prifer code for labelled trees.

1. INTRODUCTION

1.1. Background. The classical hook formula of Frame, Robinson and Thrall [5,
Theorem 1] gives the simple ratio
A Al
= RO

for the dimensionXA(Idw) of the irreducible representation of the symmetric
group associated with the Young diagram Here || is the number of boxes in
the diagram and(0J) is the size of the hook attached to the ox This result is
equivalent to an enumerative result, since it is also thebwmurof labellings of the
boxes of\ with the elements oN|,| = {1,...,[A[} (once each) so that the labels
increase along each row, and down each column.

Many results that look similar have appeared since, andarermonly referred
to ashook formulas A number of these involve various classes of trees. Let us
fix some terminology. Atreeis an acyclic connected graph. The vertex-set (or
label-set) of a tred’ is denoted by’ (7"). Rootedmeans that we distinguish a
vertex; then each edge can be oriented towards the root amaiivhe head and
tail of the edgdatherandson respectively. We denote the father of a verter
arooted tred” by fr(v), and setfr(v) = 0 whenw is the root vertex. Then the
rooted tre€l” is completely defined by givingir(v) for all verticesv (in particular,
sons of a given vertex are not ordered). Tescendantsf a vertex are defined
recursively as the sons and the descendants of the sonss & descendant af,
then we say that is anancestorof u. The hookattached to the vertex in the
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treeT, denoted byyr(v), is the set consisting af and its descendants; the size of
the hookhr(v) is denoted by:r(v). Anincreasinglabelling of a rooted tree is a
labelling of the vertices with distinct integers, so that thbel of a son is always
bigger than the label of its father; thus the root always gfgsminimum label,
and the labels increase along each branch from the rooin&easingtree is an
increasing labelling of the rooted tree.

The number of increasing labellings of a given rooted tregvien by a formula
that looks like Frame-Robinson-Thrall formula. Namely,Khuth [6, 14, 85.1.4
Exer. 20] proved that the numbé(T") of increasing labellings of a rooted trée
with vertex-sefN,p, is given by

7!
HUGT hT(U) ’

where|T| is the number of vertices &f.

Another type of hook formula is hook summation formulaFor example, let
B, denote the set of rooted binary trees witlvertices. There is a well-known
one-to-one correspondence between increasing binagriievertex-seN,., and
permutations of size (seee.qg.[7, p. 23-25]). Combining this with the rooted tree
hook result[(ll), and dividing by!, yields the summation formula

1
@) > 1l hr(v) .

TEBT' veT

(1) L(T) =

More details on these hook formulas and some related wonksbeafound
in [4]. In this article, two of us gave a hook summation formthat involved
unordered increasing trees, which means that the sons aofex\are not ordered.
For our summation formula, we use the notation for fallingdaials(a),, = a(a—
1)--- (a—m+1) for positive integersn, with (a)o = 1, and(a),, = 1/(a—m)_,,
for negative integersn. Letr > 1 be an integer and, - - - , z,. be formal vari-
ables. Let/, denote the set of unordered increasing trees with vertekX,seand
for T' € U,, define a weightvt(T") by

wt(T) = ﬁ T (o) (( Z :Uu) — hr(v) + 1).
v=2

uEhT(U)

Then our hook summation formulal [4] was given by

3 ZWt(T):l’l"'l’r($1—|—"'—|—$7«—1)7«_2.
TeU,

Three proofs of this result were presented.in [4]. One ofdhiegolved Kerov's
character polynomials (see,g,[1]), and thus gives a connection to the represen-
tation theory of the symmetric group, that does not seemeelto the Frame-
Robinson-Thrall formula.

We also proved that13) specializes to a classical enurmerfaimula for Cayley
trees. ACayley treds a tree with labelled vertices (so they are distinguishabl
these are not embedded in the plane, and there is no rookveat’, denote the
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set of Cayley trees with vertex-sit.. Borchardt[[2] and Cayley [3] proved that,
forr > 1,

(4) Z x(liT(l) xﬁT(T) :(L-l...xr(wl 4+ ... +wT)T—2’
TeCr

wheredr(i) denotes the degree of the vertein the treeT. We proved in([4]
that (3) specializes td {4) in the case,--- ,z, — oo, that is for the highest
degree terms in the;. On the right-hand sides, this is straightforward, so thekwo
here is on the left-hand sides, for which we constructed abimaorial mapping
between the sefg, and(C,.

1.2. The main result. In this paper, we prove a new hook summation formula for
unordered increasing trees. This formula is given in thieféahg Theorem, which

is our main result. This generalizdd (3) by introducing acfetoubly indexed
indeterminates that we will refer to aglge weights

Theorem 1.1. Letr > 1 be aninteger and:;, ¢ = 1,...,7, 9,2 <i<j <r
be formal variables. For an unordered increasing tfEavith vertex-selN,., define

the weight to be
Wty(T) = H (wa(U) Z yv,u)-

v=2 u€hr(v)
Then
(5) Z Wty(T) = T1Yr,r H <Z$3y22 + Z l'lyl,j)
TeU, =2 j=i+1

Note that Theoreiin 1.1 specializes[tb (3) immediately, bysthestitutiony,, , =
xy — 1forv < u, andy, , = .

Our proof of Theorerh 111 is by a combinatorial bijection. §mvolves a num-
ber of stages, and in our description, it will be conveniententify the left-hand
and right-hand sides dfl(5) separately, as

(6)

L(a:,y) = Z Wty(T)v R(a:,y) = T1Yrr H (ijyzz + Z fpzyz,j)

Teu, 1=2 Jj=i+1
Of course, in these terms, our main result is equivalent to

(7) L(z,y) = R(z,y).

1.3. Outline of paper. In the remainder of this paper we give a combinatorial
proof of our main result. This is carried out by defining a camaborial mapping
in Section 2 that we describe in terms of an operation on w@reddincreasing
trees calledplice Then in Section 3 we prove a number of properties of oursplic
operation, enabling us to prove that the combinatorial rimapis a bijection. This
directly proves([(I7), and hence Theorem/ 1.1.

There is one intriguing aspect of our main result that we Haen unable to
resolve. Note that our proof of the main result in this papdrdsed on a bijection
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for U,., the set ofunordered increasing treesHowever, if we evaluate the right-
hand side ofl(b) at; = 1 for all ¢, andy; ; = 1 for all 7, j, then we obtain" 2.

But as we have noted abovi,.| = "2 ([2], [3]), which suggests that there
should be a combinatorial proof of the main result based afeation forC,, the

set ofCayley trees We have been unable to find such a proof, and suggest it as a
problem for others to resolve.

2. A COMBINATORIAL MAPPING

2.1. Dominating functions. For a setS of positive integers, lefl(S) denote the
set of partitions ofS into an unordered set of nonempty subsets. The subsets are
called theblocksof the partition, and we denote the number of blocks of a famti
7 by |r|. If 7 has blocksry, ..., g, then we lety; = max m;, fori = 1,... k,
and we index the blocks so that < --- < .

The functiong : S — S is calleddominatingif g(i) > i for all i € S. For such
a functiong, we denote

wtg = [T wig09-

i€S
Consider the functional digraph of a dominating functipron S: the vertices
are the elements &, and the directed edges are given(byy(i)), i € S. The
vertex-sets of the connected components (ignoring thetdires on edges) form a
partition 7 € II(S), and we say thag hasinducedpartition 7. Let D(7) denote
the set of all dominating functions @ with induced partitionr, and let

Dm)= Y wig= > [vige

g€D(7) geD(w) €S

Form € II(S), let€(m) denote the set of unordered increasing tfEes vertex-
setS such that every block of is a subchain of . In other words, for every pair of
elements < j in the same block of, 7 is an ancestor of in 7. For any unordered
increasing tred’, let

(8) w(T) = [] =%,
i€V (T)
whereor (i) denotes the number of sons of verigr T'.

Now we consider a restricted class of set partitionsS I a set of positive
integers containing, thenII; (S) is the set of partitions of in which {1} is a
block. In this case, necessarityy = {1}, andu; = 1. For such a partition
€ I1;(S), let
C(m) =Ny - xNy o ={(e2, .o v Omm1) 1 1 <6 Sy i =2, |w[ =1},
(we defineC() to be empty ifir| < 2). Forc € C(r), let

':UC .. ':UC _
9 w(e,m) = 2 e H T
Tpo = Tppny s

There is a close connection between dominating functiodstlaa expressions
L(z,y), R(x,y) defined in[(6), given in the following result.
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Proposition 2.1.

(@) yii-Llxy) = > D) Y w(T),
melly (Ny) Te&(m)

(b) yii-R(zy) = ) D Y wlemn).
mell1 (N) ceC(m)

Proof. (a) For this equation, by definition,
L(x,y) = Z wty (T).

TeUy,
Butwt, (T') = x(T') >_, wtg, where the sum runs over functiogs {2,...,r} —
{2,...,r} such that, for each, its imageg(u) lies inhr(u). We can extend such
functionsgto g : N, — N, by settingg(1) = 1. Note thatwty = y;,1 wt,. The
conditionsg(1) = 1 andg(u) € br(u) for u > 2 are equivalent tar € 11 (N,.)
andT € &(n), wherer is the partition induced by. Therefore

yi,1L(z,y) = Z w(T) Z Z wtyg

Teur, m€ll 1 (S) geD(nw)
st.Te&(n)

> D > (D),

welly (S) TeE(m)

giving part (a) of the result.
(b) For this equation, using dominating functiorf®(z,y) can be written as
follows:

T+t
R((ﬂ, y) = T1T2 " Tr—1Yryr Z Wty H 7@' L

g:{2,..,r=1}={2,...,r} i:g(i)=t
g dominating

As above, we can extenato g : N, — N, by settingg(1) = 1 andg(r) = r. Then
wtg = y1,1Yrr Wwty. NOW let7 denote the partition induced gy An important
remark is that the integers # 1,r such thatg(i) = g(:) = ¢ are exactly the
maxima of the blocks of except forl andr, which are given byuz, - -+, 17 —1-
Note also thaj . = r. Hence

H w1+-w-'.+w,- _ .1 Z Fer+ Tay_a

x .
i:g(d)=i ! He " g ceC(m)
and so we obtain

RN
rorr s | — f= ) wiem).

it g(i)=i !

ThusR(x,y) is given by

y11R(z,y) = Z wtg Z

G:Np—Nyp c C
g(1)=1,g(r)=r €
‘g dominating
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FIGURE 1. Thev-decomposition of a tre@ (with v = 14).

Note thatg dominating impliegj(r) = r while the conditiorg(1) = 1 means that
the induced partitionr is in II; (N,.). Hence, splitting the sum depending on the
induced partition ofj, we obtain part (b) of the result. O

Comparing Proposition 2.1 witfil(7), we see that Theokerh 4.iinplied by a
bijection

(10) Ve :C(m) = E(m) i e T,

with the weight-preserving property that7') = w(c, n), for eachr € II;(N,).
We will find such a bijection),.

2.2. An operation on rooted trees. A convenient construct for an unordered in-
creasing tred” with vertexwv is thev-decomposition of”, described as follows.

Definition 2.2. LetT} be an unordered increasing tree with root vertax and let

v be any vertex iff” (v can be equal ta;). Suppose that the unique maximal chain
froma; tovis given bya; < as < --- < ax = v, k > 1. Now remove the edges
on the chain inl" from a, to ax. There arek components in the resulting graph,
each of which is an unordered increasing tree, whose rodiexes on the chain
froma; to a;. LetT(%) be the component among these that is rooted at vertex
i=1,...,k. Then thev-decompositiorof T is the ordered lisf(¢1) ... T(@),

An example ofv-decomposition of a tre€' is given in Figureé 11.

The bijectiony,. will be constructed as the iteration of an elementary combi-
natorial operation on marked trees called splice, that Wime&aext, in terms of
v-decompositions.

Definition 2.3. Suppose thai’; and T, are two unordered increasing trees with
disjoint vertex-sets, and let , v be vertices ifly, T5 respectively, withy; > v,.
Let thev,-decomposition of; be Tl(‘”), .. ,Tl(“’“), and thevy-decomposition of
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splice(T’, 18; S, 14)

FIGURE 2. Thespliceof two trees § is given in Figuré Il splic-
ing vertices are underlined).

T beTQ(bl), ... ,TQ(b’"). Then, sincey, = v > vy = b,,,, We have
by <---<bg <ar <<y <bg41 <+ < bg,

<oy g1 < <Oy <o < bg, 41 <o <bg, < gy 11 <0 < gy,
forsomeuniqué > landl < a3 < - <ar=k, 0<B1 < - < By =m.
Then define thepliceof 77 and 15, with splicingverticesv; andwvs, denoted by

(11) R = splice(Ty,v1; To, v2),
to be the unordered increasing tree with-decomposition given by

T(bﬁ'(flJrl) (ng)

@) T, 1) plen ) s T,

o) e,

An example of the splice operation is given in Figlre 2.

Note in the construction ofR above that the vertex-set @ is the (disjoint)
union of the vertex-sets d@f; andT5. Also, if 51 > 1, equivalent tdh; < aq, then
the root vertex of R i$;, the same as the root vertex'Bf. However, if3; = 0,
equivalent toa; < by, then the root vertex of R ig;, the same as the root vertex
of T3.

In the following result we record some simple but importarggerties of the
splice operation.

Lemma 2.4. Suppose thak = splice(11,v1; 1o, v2).
(a) For ¢ = 1,2, and any pair of vertices and j in Ty, theni is an ancestor
of j in T, if and only ifi is an ancestor of in R. Consequently, given the
setsV (71) andV (T3), one can recovef; andT; from R.
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(b) For all verticesi in T;, we haver;(R) = o;(T1). For the vertexvs in Tb,
we haver,, (R) = 0,,(T2) + 1, but for all other vertices in T», we have
UZ(R) = UZ'(TQ).

Proof. (a) For/ = 1, consider the),-decomposition off;: Tl(‘”), .. ,Tl(“’“). Let
I and.J denote the indices such thae 7\ and; € 7.
e If I = J theniis an ancestor of in T3 if and only if 4 is an ancestor of

in 7\"7). The same is true irk.
e If I #£ J, theni is an ancestor of in T3 if and only if I < J andi = ajy.
The same is true ifk.

In both cases, we see thais an ancestor of in 13 if and only if 7 is an ancestor
of j in R. This ends the proof of part (a) fér= 1. The case = 2 is similar.
(b) This is immediate. O

2.3. A candidate for our bijection. In this section we describe a mapping that

we claim is a suitable bijection fof (L0). To describg, consider a set partition

7 € II1(N,) with |7| = k, sow has blocksr; = {1},...,m, andl = pu; < --- <

i Wherey; is the largest element af;, fori = 1,..., k. We restrict attention to

r > 2 (and henceé: > 2), since [(1D) is trivially true forr = 1. Consider also a
(k—2)-tuplec = (cq,...,cx—1) € C(m). We apply an iterative procedure in which

we have a forest of unordered increasing trees on vertelX;sat every stage, and

we applyspliceto reduce the number of components by one between successive
stages.

Construction 2.5. Initially, at Stage 1, we have the forest with compone#qis. . ,
T, Wherer, is the increasing chain whose vertices are the elementseobdh

m, £ = 1,...,k (sor consists of the single vertey. At every stage we also
keep track of an integer in [r], with v = 1 initially. Then, at Stage, for i =
2,...,k—1, we input a forest with components, 7;, 7,11, - . . , T, together with

an integerv, and create the following output:

Case 1.If ¢; is a vertex inry or 7;, then setr; = splice(r;, u;; 71, V), omitr;, and
setr = ¢;

Case 2.If ¢; is a vertex inr; for somej > i, then setr; = splice(r;, p;; 75, ¢;), and
omit ;.

After completion of the above procedure, we are left withiagfancreasing rooted

treest; and, and an integer. Then finally, at Stagg, we let

(13) Yr(c) =T, where T = splice(7y, uk; 71, V).

An example of the mapping . is given in Figurd B where = 9 andk = 4.
The value ofv is recorded by an edge on without child.

Proposition 2.6. Givenr > 2, a set partitiont € I1; (N,.), andc € C(w), suppose
that«(c) = T is constructed as ifL3) above. Then

T e &(m), and  k(T) = w(e, 7).
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Stage 2, = 4)
Initially: Stage 1

<D
? ®
®
@ /N i
©
1 T2 73 T4 @
T1 T3 T4

Finally: Stage 4

Stage 3¢3 = 5)

FIGURE 3. Applying ¢, to ¢ = (4,5), whenr has blocksr; =
{1}, T = {3,4, 6}, T3 = {2,7, 8}, T4 = {5,9}

Proof. By construction, it is clear thdl' is a tree with vertex-selN,.. We have
to check that it is indeed i& (). Initially, in the iterative procedure fop,, we
have components;, the chain consisting of the elements of the blagkof ,
i = 1,...,k. The rooted tred" is constructed by applying the splice operation
k — 1 times, to join the initial components together in some arddre fact that
T € &(n) now follows immediately from Lemnia2.4(a).

Also, initially, we have

1 s
k() k(1)) = ——— | | 2.
LTpg * " Ty 21;[2
But for the terminating tre&, from Lemmd Z.4(b), we have
K(T) = 1%y Tep_, K(T1) - - K(TR),
and the fact that(7") = w(c, ) now follows immediately from[(9) (in this case
we haveS = N,.). g

Comparing Proposition 2.6 with (1L0), we see that the mappgipgbove is in-
deed a candidate for a bijective proof of our main result.



10 V. FERAY, |. GOULDEN, AND A. LASCOUX

Theorem 2.7. For eachr > 2 andr € I1; (N, ), the mapping
Yr: C(m) = E(m)
is a bijection.

We will prove Theorend 217 in the next Section, by determirting inverse of
¥r. In our development, we will find it convenient to use termat tistinguish
between the different ways in which “splice” is applied inrGtuction[2.b — a
splice that arises in Case 1 or [n[13) (the final stage) i®dadhinternal splice,
whereas one that arises in Case 2 is calledxdarnalsplice.

3. INVERTING THE COMBINATORIAL MAPPING AND A BIJECTIVE PROOF OF
THE MAIN RESULT

The goal of this section is to construct the inversegfin order to show that it
is a bijection. Throughout this Section,is a fixed partition inll; (N,). As in the
previous Section, the blocks afare denoted by, 72, . . . , 7, and the maximum
elements in these blocks are denotedubyps, . . . , uix. We assume as before that
u1 < pg < -+ < ug. When itis convenient, we will also use the notatichfor
the block ofr containing the element.

Consider a sefS that is a union of blocks ofr (we shall say thatS is =-
compatiblg. Suppose in particular th& = U;c;m;, for some index sef. We
denote byr s the partition{m;,i € I} of S. AtreeT € &(ms) for somen-
compatibleS is said to ber-increasing

3.1. Dependence graphs and irreducibility. We begin by defining a directed
graph associated with thedecomposition of an unordered increasing tree.

Definition 3.1. Consider an-increasing treel’, with (r-compatible) vertex-set
S = U;erm;. For a vertexv in T, suppose that the-decomposition of” is given
by
Tl 1),
wherea, = v. Then thes-dependencgraph ofT', denoted by~,(T), is a directed
graph with the following vertices and directed edges:
e the vertex-set of7,(T') is {m;,i € I};
e for the directed edges @F,(7'), consider, if any, a maximum element
i € I, which is not contained in the chaiy, --- ,a, of T. This vertex
belongs (as a nonroot vertex) 1§%) for somej = 1,...,¢. Then there is
a directed edge from; to 7%, for each such € I.

For example, fix

m={{1},{3,4,6},{2,7,8},{5,9}},

as in Figuré B. Thety(T'), the9-dependence graph of the tréeobtained in the
final stage of Figurel3, is drawn in Figurk 4.

Note that the grapldz, (7") defined above depends strongly on the partition
but sincer is fixed throughout the section, we have omitted it from th&ation.
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/’\\
@
\//

A &

FIGURE 4. Example of the)-dependence graph of a tree

In the remainder of this paper, we will particularly considedependence graphs
for the case in which is the vertex of maximum label. This motivates the follow-
ing definition.

Definition 3.2. A w-increasing tre€l” with maximum vertex is calledirreducible
if G, (T) is connected. Otherwisé, is calledreducible

We now determine the form af,(7") whenv is the maximum vertex of an
irreducible tre€rl".

Lemma 3.3. If a w-increasing tre€l” with maximum vertex is irreducible, then
thev-dependency grap&y,(T') is an indirected tree rooted at' (i.e. all edges are
directed towards the root).

Proof. Let thev-decomposition of” be given by7'(®) ... T(%) wherea, = v,

sov appears as the root vertexdi®). Thenv, which is the maximum element in
the blockz?, cannot appear as a nonroot vertex in any tree obtlecomposition,
and~? has outdegreé in G,(7'). But every other vertex has outdegree at most
1, and since+,(T') is connected, it can only be a tree in which every other vertex
has outdegree exactly (in a connected graph, the number of vertices minus the
number of edges is at moktand a difference of occurs only for trees). a

We now consider the effect on irreducibility of applying t#@ice operation.

Lemma 3.4. Suppose thaf; and Ty are w-increasing trees with disjoint vertex-
sets, and thaf; is irreducible. Fori = 1,2, let m; denote the maximum element
in the vertex-set df;. Letwv, be a vertex iril, with vy < mq, and let

T = splice(Tl, my; 15, 1)2).
(@) If my > mo, thenT is reducible. More precisely,
(14) Gml (T) = Gm1 (TI) U sz (T2)-
(b) If m1 < mo andTs is irreducible, theril” is irreducible.

Proof. (i) From (12), the trees in thew,-decomposition of”” are either trees in the
mq-decomposition of; or trees in the,-decomposition of . Then equality((14)
follows from Definition[3.1. In particularz,,,, (T") is not connected, and sinee;
is the maximum vertex ifi’, we conclude thdt is reducible.
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(i) Suppose that then,-decomposition ofl} is Tl(“l),...,Tl(“‘), and theuv,-
decomposition off; is Tz(bl), . ,TQ(b"). We havea, = mq, and sincen; is the

maximum vertex i}, thenTl(“‘f) consists of the single root vertex. Now 75 is
an increasing tree, so we have< --- < b, = vy. Also, by hypothesis we have
v9 < mq < msy, and we conclude that. is not contained in the chain, ..., b,,
which means that, appears as a honroot verteﬂﬂzﬁb“) for somel < u < n. In
particular, ifa,, > by, thena,, andms are in different branches beldwy in the tree
T, ande“w) is entirely included in the tree rooted gt in the my-decomposition
of T.

Now the vertices of7,,,(T") consist of the vertices daf,,, (11) together with
the vertices of7,,, (1»).

To describe the edges 6f,,, (1"), we shall first consider the:,-decomposition
of T'. Itis obtained as follows:

e start with thems-decomposition off5;

e for eacha,, < b,, add the tre@l(“w). Indeed, the vertex,, is in the chain
from the root tam, in T, and the tree rooted at, in themso-decomposition
of T' is the same as in theg -decomposition of 3

o for eacha,, > b,, add all vertices oTl(“”) to the tree rooted d&,. Indeed,
a,, andme are in different branches beloy in the treel’ (becausen; is
in TQ(b“)). Hence,Tl(“’W) is entirely included in the tree rooted @t in the
ms-decomposition off".

This is illustrated in Figurel5. In this Figure, the,-decomposition of” (which is
by definition the union of then,-decomposition off; and thewv,-decomposition
of T5) is represented with blue and red dashed lines. rhhalecomposition ofl”
is drawn with plain black lines. Finally, we have used greettat! lines for the
ms-decomposition ofl; (it should be understood that the tree rooted,an this
decomposition contains only the verticesiofin the corresponding green dotted
shape and of course no verticesig).

From this, we can describe the edge<f, (T):

e start with the edges df,,,, (71) together with the edges 6%,,, (7%);

e for any maximum element; # m; that appears as a vertex]?ﬁa”) for
anya, > b,, remove the edge from; to 7 that appears i, (11),
and insert an edge from to ®;

e finally, insert an edge from™ to b=,

But G,,,, (T1) andG,,,, (T3) are both connected by hypothesis, and all vertices of
G, (T) appear in the same connected componentagwhich is itself a vertex in
Gm, (T2)). ThusG,,,(T) is connected, and sinees > mq, my is the maximum
vertex in7T’, so we conclude that is irreducible. O

The above result allows us now to classify the trees at evagesof Construc-
tion[2.5 by their irreducibility or reducibility.

Proposition 3.5. In Constructiori 2.b:
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FIGURE 5. lllustration of the proof of Lemna 3.4

e At Stage 1, the trees, . .., 7, are w-increasing and irreducible.

e Fori=2,...,k,inthe inputto Stagé the trees, . .., 73, are r-increasing,
irreducible, and containu,, . . . u, respectively; ifr, has been created by
applying an internal splice at some previous stage, theis w-increasing
and reducible.

e The treey;(c) = T is m-increasing and reducible.

Proof. At Stage 1, each treg; consists of vertices of the single bloelk of =,
arranged as an increasing chain, so eadhr-increasing. Also, sinc&',, (;) has
only the single vertex, it is a connected graph, sgis irreducible.

This result for Stage 1 serves as the base case for an induatidhe stages,
in which the remaining results follow immediately from Lerai@.4(a) (forn-
increasing), and Lemnia 3.4 (part (b) for irreducible, anddareducible). O

In particular, Proposition 3.5 establishes ththtreesT” created as images of our
combinatorial mapping,. are reducible. Thus, in order for, : C(7) — £(x) to
be a bijection for anyr € I1; (N,), whenr > 2, it is necessary that all tre§3in
&(m) are reducible. We prove that this is indeed the case in thewivlg result.
(note thatl” belongs taf (7) implies in particular thaf is w-increasing).

Proposition 3.6. Consider ar-increasing tre€l’ whose vertex-set contains We
assume that the vertex-set Bfis not reduced to{1} and denote its maximum
element byl/.

Thenr; and ™ are in different connected componentsthf; (T'). In particu-
lar, thenT" is reducible.

Proof. Recall that the partitionr containsm; = {1} as a block, with maximum
elementy; = 1. Now consider ar-increasing tree€l” containingl and its M-
decompositiori’(@1) ... T(%)  with a; = M (whereM is the maximum vertex
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of T'). But vertex1 is the root vertex of every trég in £(m), soa; = 1. Thusy,
is the root vertex of (“1), and cannot appear as a nonroot vertex in any tree of the
r-decomposition of".

This implies thatr; has outdegree in thev-dependence graph, (7). But 7
has also outdegrei(see the proof of Lemnia_3.3), and other vertices (if any) have
outdegree at modt Therefore;r; and=™ are in different connected components
of Gy (T) O

3.2. Irreducibility and inverting the combinatorial mapping. In this section
we prove that each application gplicein our combinatorial mapping,. can be
uniquely reversed by considering only the irreducibilitreducibility of the trees
involved.

We begin with a simple condition for whenraincreasing tree can be written as
the splice of two subtrees.

Lemma 3.7. Consider ar-increasing tre€l’, a m-compatible nhonempty subset
Vi c V(T'), and a vertexw; € V;i. ThenT can be written as

T = splice (Tl, V1; TQ, UQ)

for somer-increasing treeqd’ and7; with vertex-setd; andV, = V(7)) \ V4 and
for some vertex, € V5 if and only if

‘/1 = U T4y
iel
where{r;,i € I} is a union of vertex-sets of connected components,of7’).
In this case I, T, andv, are unique.

Proof. GivenT, v; andV (T7), we immediately havé, = V(7)) \ Vi. Then it
is clear from Definitio 213 that, is uniquely the first element df; on the chain
from v; to the root vertex ofl” (note thatv, < wv; sinceT is an increasing tree).
Moreover, the tree$’; and7; themselves are then uniquely determined, since we
know theirv,-decomposition and,-decomposition, respectively.

It only remains to determine conditions figy. Suppose that the -decomposition
of T is given byT(@) . T(%) wherea, = v;. Then from Definitior 2.8, a
necessary and sufficient condition is that(and14) are unions of thé/(T(“J‘)),

j =1,...,¢. Since, by hypothesid/; is a union of blocks ofr, this is equivalent
to saying thatr is a union of blocks of the partition
H1—7T\/({V )i =1,. £}>

It remains to see that this partition is nothing other than

II := {X., cconnected component 6f,, (T)}, whereX, = U ;.
T EVe
To do that, take two partitions” and ¥ which contain elements andy in the

same sel/(T(%)). We want to prove that” and«¥ are in the same connected
components of7,, (T').
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Call u the root of7(%) At least one of these elements, sayjis different from
u. Then by definition, there is an edge frorfi to 7 in G, (T). If y = u, there
is an edge front® to 7% and, thus they are in the same connected component of
G, (T). If y # u, the same argument as above implies that there is also an edge
from ¥ to %, and one can also conclude thd@ andx? lie in the same connected
component of,, (T"). Hencell; is finer thanlIs.

Conversely, suppose that there is an edge franto 7, in G, (T"). Then this
means thaj, is a nonroot vertex in sonfB(®), with a; € 7, which implies that
there are elements of both andx; in the same subtreg(@), Hence I1, is finer
thanIl;.

We conclude thakl; = II,, which ends the proof of the Lemma. O

In the next result, which is the key to inverting., we consider ar-increasing
tree in which the vertex-set consists of two or more blocks.of-or such a tree
with vertex-setS and maximum vertexd/, we callm = max(S\7") the second
maximurnvertex.

Lemma 3.8. Suppose thdl" is aw-increasing tree in which the vertex-set consists
of two or more blocks af, and letA andm be the maximum and second maximum
vertices, respectively.

(a) If T is reducible, then it can be written uniquely as
T = splice(Ty, M; Ty, t),

whereT; andT; are m-increasing trees subject to:
e M is avertex inly, tis avertex inly,
e T} isirreducible.
Moreover, ifl is a vertex ofl’, then it automatically belongs t6,.
(b) If T is irreducible, then it can be written uniquely as

T = splice(T1,m; T, t),

whereT; andT5; are w-increasing trees subject to:
e m is avertex inly, t and M are vertices irls, witht < m,
e T andT; are irreducible.

Proof. (a) From Lemm&_ 317, the vertex-s&t of T; must correspond to a union
of connected components 6fy/(7'). In addition, from Lemma&a 314 (a7 (71)

is the graph induced bg,(T") on V4. Hence, if we wanfl to be irreducible,
that isG/(71) to be connected, theW must correspond to a single connected
component of7,,(7"). Moreover, since we requir/ to be in7j, it must contain
the blockr?.

Finally, V7 is uniquely the vertex-set of the connected componen® f(T")
containingz™ (note thatt < M for all verticest in T5, sinceM is the maximum
vertex inT). The result follows immediately from Lemrha B.7.

The property that, ifl is in T, then it is always irfl, comes from the fact that
71 andw™ are in different connected componentshf; (T') (Propositiori 3.6) and
the characterization df; above.
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FIGURE 6. M and m decomposition of a treel’ (M-
decomposition in black plain lines and-decomposition in blue
dashed lines).

(b) Consider thé\/ andm-decompositions of

TJ(V?);'“ ,T]EZ”) and 700 ... e,
in which a; = by is the root vertex ofl’, anda,, = M, by = m. Now M > m,
so m is not contained in the chaity < --- < b,. Also, T is irreducible, so

Lemmal3.8 withv = M implies thatr™ has outdegreé in Gy(T"). Butm is
the maximum element in”*, som is a nonroot vertex in one of the trees in the
M-decomposition of’, and henceél/ is not contained in the chainy < - - - < a,.
Thusj > 1 exists so thaty; = b1,...,a; = bj anda;; # bjy1, andj < n,

J < L. Letu = a; = b;. The vertexm lies in the subtre@}/’;), and beforéfjﬁ/’;),
the M andm-decompositions of coincide; see Figuid 6.

In addition, the vertex\/ lies in the subtre@,%“), so there is an edge from™
to 7" in G, (7). Now u # M, andu cannot be the maximum element of any
other block ofr, since this would imply that® has outdegree@ in G, (7"), which
would contradict Lemm@a_3.3.

Now consider the maximum element r¥, that we will denote by“. Then
u* # uis a descendant afin T', and cannot be contained]?j{f[‘), since that would
create a loop Gy, (7'), again contradicting Lemnia 3.3. Thu¥ is contained in

T,%“) (as a nonroot vertex), which implies that there is a loopain G, (T).

But clearly 7™ has outdegreé in G,,,(T"). Putting this together with the facts
that there is a loop at" in G,,,(T"), and that each vertex has outdegree at mpst
we see that" andn™ are contained in different components®f, (T, soG,,(T")
is not connected. Moreover, the edge fratf to 7% in G,,,(T) implies thatr™
andz* are in the same component@f,,(7') (note that we can have* = ).

Then Lemma 3]7 implies that can be written uniquely as

T = splice(Ty,m; T, t),



AN EDGE-WEIGHTED HOOK FORMULA FOR LABELLED TREES 17

whereT; andT; arer-increasing treesn is in1y, t andM are inTs, witht < m,
and T is irreducible: this is obtained by letting (77) be the vertex-set of the
connected component &,,(7") that containst™, which means that,,,(7}) is
connected. But the elementsmof’ are contained iV (T3), som is the maximum
vertex in77, and sdl} is irreducible.

It remains to prove thaf’ is also irreducible. To do this, we look at thé-
decomposition ofl; (since M is the maximum vertex iff3), which is obtained
from the M -decomposition of”” as follows (see the proof of Lemrha B.4):

e delete the blockT}ji), for which a; belongs ta7’. SinceT\Y is in Ty,

this can happen only far< j, that is for blocks beforé}(\;) in the decom-
position;
« replace the block™(") by some subblockT})'" still rooted atu.

In particular, if a blockX of 7 is in V(77) and if there is an edge frofyi to X in
Gy (T), thenY is also inT;. This means that, if a verteX is deleted when going
from G, (T') to G (T5), all vertices pointed to it are also deleted, and recungivel
For vertices that are not deleted their outgoing edge is ratified.
Hence, since~,,(T) is a directed tree (by Lemnia 8.3}, (7%) is also a di-
rected tree, which implies thd, is irreducible and ends the proof of the lemma.
O

We now record a final straightforward fact abauincreasing trees.

Proposition 3.9. Suppose thaf’ is a w-increasing tree in which the vertex-set
consists of a single block af. ThenT" is uniquely the increasing chain consisting
of the elements of that block.

Now we are ready to prove Theoréml2.7.

Proof of Theoreni 2]7.Supposer > 2 andr € II;(N,), wherew hask > 2
blocks, and consider an arbitrary tr€ec £(x). ThenT is ar-increasing tree in
which the vertex-set consists of two or more blocksrafnd containd, and from
Proposition 367 is reducible.

From Lemma 3.8 (a), singe, is the maximum label]” can be written uniquely
as

splice(T1, M; T, t)

whereT} is irreducible. Callr, = Ty, i, = 15 andv = t. We have uniquely
reversed Stagk in Construction 25 (by Propositidn 3.5, in the input at $tagr,
is always irreducible). Note thatandv lie in 7; (from Lemmd 3.8 (a)).

If £ > 3, we now want to invert Stage — 1, which is a splice in which the first
splicing vertex is alwayg_1. S0 we shall look ati;,_; and consider two cases:

e Case 1.u;_1 liesin7y. In this case, from Propositidn 3.6, is reducible.
In addition, sinceu; (and all vertices in blockr) lie in 7, pur_1 is the
maximum ofr;. Thus, from Lemm@a_3]8 (a); can be written uniquely as

splice(T1, pg—1; 1o, t)
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with 77 irreducible. Callr,_, = T1, i = 15, ¢;,—1 = v and then update
the value ofv to t. Thenc,_4 lies inT; or 7,1 (since, before this step,
v lies in 71). Recall that, in the input of Stage — 1, 7,1 is always
irreducible (Proposition 315). Thus, we have uniquely regd Stagé — 1
in Constructio 25, which was an internal splice.
Note that, after this steg,andv still lie in 7.

e Case 2.uy_1 liesin 7. In this casey_1 is the second maximum of;,
and recall thaty, is irreducible by construction. From Leminal3.8 (),
can be written uniquely as

SpliCG(Tl, HE—15 T27 t)

with 77, Ts irreducible, where\f lies inT, andt < up_1. Call T, = 17,
7, = To andc¢g_1 = t (the value ofv is unchanged). Thef),_ lies in 7.
Recall that, in the input of Stage— 1, 7,,_; andr; are always irreducible
andM lies in; (Propositiori 3.6). Thus, we have uniquely reversed Stage
k — 1 in Constructioni 25, which was an external splice.

Note that, sincer andr; have not been changetiandv still lies in 7.

Now, all remaining stages — 2, ..., 2 of Constructiori 26 can be uniquely re-
versed exactly as for Stage— 1 (Case 2 in general is; lies in 7,11, ... 7%").
After reversing Stagé, we have trees, 7, ..., 7%, such thaty containsl, andv
andr;, ..., 7 are irreducible and contajm;, ..., i, respectively. From Proposi-
tion[3.9, we recover at the end the initial forest with comgatsr,, £ = 1,... , k,
whereT, is the increasing chain consisting of the elements of thekblg of «.
Along the way, we recover uniquely the elementsf the (k — 2)-tuplec € C(x).
We conclude that =+~ (T'), and thaty, is a bijection. O
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