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3 AN EDGE-WEIGHTED HOOK FORMULA FOR LABELLED TREES

VALENTIN FÉRAY, I. P. GOULDEN, AND ALAIN LASCOUX

ABSTRACT. A number of hook formulas and hook summation formulas have
previously appeared, involving various classes of trees. One of these classes of
trees is rooted trees with labelled vertices, in which the labels increase along
every chain from the root vertex to a leaf. In this paper we give a new hook
summation formula for these (unordered increasing) trees, by introducing a new
set of indeterminates indexed by pairs of vertices, that we call edge weights.
This new result generalizes a previous result by Féray and Goulden, that arose
in the context of representations of the symmetric group viathe study of Kerov’s
character polynomials. Our proof is by means of a combinatorial bijection that
is a generalization of the Prüfer code for labelled trees.

1. INTRODUCTION

1.1. Background. The classical hook formula of Frame, Robinson and Thrall [5,
Theorem 1] gives the simple ratio

χλ(Id|λ|) =
|λ|!

∏

�∈λ h(�)

for the dimensionχλ(Id|λ|) of the irreducible representation of the symmetric
group associated with the Young diagramλ. Here|λ| is the number of boxes in
the diagram andh(�) is the size of the hook attached to the box�. This result is
equivalent to an enumerative result, since it is also the number of labellings of the
boxes ofλ with the elements ofN|λ| = {1, . . . , |λ|} (once each) so that the labels
increase along each row, and down each column.

Many results that look similar have appeared since, and are commonly referred
to ashook formulas. A number of these involve various classes of trees. Let us
fix some terminology. Atree is an acyclic connected graph. The vertex-set (or
label-set) of a treeT is denoted byV (T ). Rootedmeans that we distinguish a
vertex; then each edge can be oriented towards the root and wecall the head and
tail of the edgefatherandson, respectively. We denote the father of a vertexv in
a rooted treeT by fT (v), and setfT (v) = 0 whenv is the root vertex. Then the
rooted treeT is completely defined by givingfT (v) for all verticesv (in particular,
sons of a given vertex are not ordered). Thedescendantsof a vertex are defined
recursively as the sons and the descendants of the sons. Ifu is a descendant ofv,
then we say thatv is anancestorof u. Thehookattached to the vertexv in the
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treeT , denoted byhT (v), is the set consisting ofv and its descendants; the size of
the hookhT (v) is denoted byhT (v). An increasinglabelling of a rooted tree is a
labelling of the vertices with distinct integers, so that the label of a son is always
bigger than the label of its father; thus the root always getsthe minimum label,
and the labels increase along each branch from the root. Anincreasingtree is an
increasing labelling of the rooted tree.

The number of increasing labellings of a given rooted tree isgiven by a formula
that looks like Frame-Robinson-Thrall formula. Namely, D.Knuth [6, 14, §5.1.4
Exer. 20] proved that the numberL(T ) of increasing labellings of a rooted treeT
with vertex-setN|T | is given by

(1) L(T ) =
|T |!

∏

v∈T hT (v)
,

where|T | is the number of vertices ofT .
Another type of hook formula is ahook summation formula. For example, let

Br denote the set of rooted binary trees withr vertices. There is a well-known
one-to-one correspondence between increasing binary trees with vertex-setNr, and
permutations of sizer (seee.g. [7, p. 23-25]). Combining this with the rooted tree
hook result (1), and dividing byr!, yields the summation formula

(2)
∑

T∈Br

∏

v∈T

1

hT (v)
= 1.

More details on these hook formulas and some related works can be found
in [4]. In this article, two of us gave a hook summation formula that involved
unordered increasing trees, which means that the sons of a vertex are not ordered.
For our summation formula, we use the notation for falling factorials(a)m = a(a−
1) · · · (a−m+1) for positive integersm, with (a)0 = 1, and(a)m = 1/(a−m)−m

for negative integersm. Let r ≥ 1 be an integer andx1, · · · , xr be formal vari-
ables. LetUr denote the set of unordered increasing trees with vertex-set Nr, and
for T ∈ Ur, define a weightwt(T ) by

wt(T ) =

r
∏

v=2

xfT (v)

(

(

∑

u∈hT (v)

xu

)

− hT (v) + 1

)

.

Then our hook summation formula [4] was given by

(3)
∑

T∈Ur

wt(T ) = x1 · · · xr(x1 + · · · + xr − 1)r−2.

Three proofs of this result were presented in [4]. One of these involved Kerov’s
character polynomials (see,e.g.,[1]), and thus gives a connection to the represen-
tation theory of the symmetric group, that does not seem related to the Frame-
Robinson-Thrall formula.

We also proved that (3) specializes to a classical enumerative formula for Cayley
trees. ACayley treeis a tree with labelled vertices (so they are distinguishable) –
these are not embedded in the plane, and there is no root vertex. Let Cr denote the
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set of Cayley trees with vertex-setNr. Borchardt [2] and Cayley [3] proved that,
for r ≥ 1,

(4)
∑

T∈Cr

x
dT (1)
1 · · · xdT (r)

r = x1 · · · xr(x1 + · · · + xr)
r−2,

wheredT (i) denotes the degree of the vertexi in the treeT . We proved in [4]
that (3) specializes to (4) in the casex1, · · · , xr → ∞, that is for the highest
degree terms in thexi. On the right-hand sides, this is straightforward, so the work
here is on the left-hand sides, for which we constructed a combinatorial mapping
between the setsUr andCr.

1.2. The main result. In this paper, we prove a new hook summation formula for
unordered increasing trees. This formula is given in the following Theorem, which
is our main result. This generalizes (3) by introducing a setof doubly indexed
indeterminates that we will refer to asedge weights.

Theorem 1.1. Let r ≥ 1 be an integer andxi, i = 1, . . . , r, yi,j, 2 ≤ i ≤ j ≤ r
be formal variables. For an unordered increasing treeT with vertex-setNr, define
the weight to be

wty(T ) =
r
∏

v=2

(

xfT (v)

∑

u∈hT (v)

yv,u

)

.

Then

(5)
∑

T∈Ur

wty(T ) = x1yr,r

r−1
∏

i=2

(

i
∑

j=1

xjyi,i +

r
∑

j=i+1

xiyi,j

)

.

Note that Theorem 1.1 specializes to (3) immediately, by thesubstitutionyv,u =
xu − 1 for v < u, andyu,u = xu.

Our proof of Theorem 1.1 is by a combinatorial bijection. This involves a num-
ber of stages, and in our description, it will be convenient to identify the left-hand
and right-hand sides of (5) separately, as
(6)

L(x, y) =
∑

T∈Ur

wty(T ), R(x, y) = x1yr,r

r−1
∏

i=2

(

i
∑

j=1

xjyi,i +

r
∑

j=i+1

xiyi,j

)

.

Of course, in these terms, our main result is equivalent to

(7) L(x, y) = R(x, y).

1.3. Outline of paper. In the remainder of this paper we give a combinatorial
proof of our main result. This is carried out by defining a combinatorial mapping
in Section 2 that we describe in terms of an operation on unordered increasing
trees calledsplice. Then in Section 3 we prove a number of properties of our splice
operation, enabling us to prove that the combinatorial mapping is a bijection. This
directly proves (7), and hence Theorem 1.1.

There is one intriguing aspect of our main result that we havebeen unable to
resolve. Note that our proof of the main result in this paper is based on a bijection



4 V. FÉRAY, I. GOULDEN, AND A. LASCOUX

for Ur, the set ofunordered increasing trees. However, if we evaluate the right-
hand side of (5) atxi = 1 for all i, andyi,j = 1 for all i, j, then we obtainrr−2.
But as we have noted above,|Cr| = rr−2 ([2], [3]), which suggests that there
should be a combinatorial proof of the main result based on a bijection for Cr, the
set ofCayley trees. We have been unable to find such a proof, and suggest it as a
problem for others to resolve.

2. A COMBINATORIAL MAPPING

2.1. Dominating functions. For a setS of positive integers, letΠ(S) denote the
set of partitions ofS into an unordered set of nonempty subsets. The subsets are
called theblocksof the partition, and we denote the number of blocks of a partition
π by |π|. If π has blocksπ1, . . . , πk, then we letµi = max πi, for i = 1, . . . , k,
and we index the blocks so thatµ1 < · · · < µk.

The functiong : S → S is calleddominatingif g(i) ≥ i for all i ∈ S. For such
a functiong, we denote

wtg =
∏

i∈S

yi,g(i).

Consider the functional digraph of a dominating functiong on S: the vertices
are the elements ofS, and the directed edges are given by(i, g(i)), i ∈ S. The
vertex-sets of the connected components (ignoring the directions on edges) form a
partitionπ ∈ Π(S), and we say thatg hasinducedpartitionπ. Let D(π) denote
the set of all dominating functions onS with induced partitionπ, and let

D(π) =
∑

g∈D(π)

wtg =
∑

g∈D(π)

∏

i∈S

yi,g(i).

Forπ ∈ Π(S), letE(π) denote the set of unordered increasing treesT on vertex-
setS such that every block ofπ is a subchain ofT . In other words, for every pair of
elementsi < j in the same block ofπ, i is an ancestor ofj in T . For any unordered
increasing treeT , let

(8) κ(T ) =
∏

i∈V (T )

x
σT (i)
i ,

whereσT (i) denotes the number of sons of vertexi in T .
Now we consider a restricted class of set partitions. IfS is a set of positive

integers containing1, thenΠ1(S) is the set of partitions ofS in which {1} is a
block. In this case, necessarilyπ1 = {1}, andµ1 = 1. For such a partition
π ∈ Π1(S), let

C(π) = Nµ2×· · ·×Nµ|π|−1
= {(c2, . . . , c|π|−1) : 1 ≤ ci ≤ µi, i = 2, . . . , |π|−1},

(we defineC(π) to be empty if|π| ≤ 2). Forc ∈ C(π), let

(9) ω(c, π) =
xc2 · · · xc|π|−1

xµ2 · · · xµ|π|

∏

i∈S

xi.

There is a close connection between dominating functions and the expressions
L(x, y), R(x, y) defined in (6), given in the following result.
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Proposition 2.1.

(a) y1,1 · L(x, y) =
∑

π∈Π1(Nr)

D(π)
∑

T∈E(π)

κ(T ),

(b) y1,1 ·R(x, y) =
∑

π∈Π1(Nr)

D(π)
∑

c∈C(π)

ω(c, π).

Proof. (a) For this equation, by definition,

L(x, y) =
∑

T∈Ur

wty(T ).

Butwty(T ) = κ(T )
∑

g wtg, where the sum runs over functionsg : {2, . . . , r} →

{2, . . . , r} such that, for eachu, its imageg(u) lies inhT (u). We can extend such
functionsg to g : Nr → Nr by settingg(1) = 1. Note thatwtg = y1,1wtg. The
conditionsg(1) = 1 andg(u) ∈ hT (u) for u ≥ 2 are equivalent toπ ∈ Π1(Nr)
andT ∈ E(π), whereπ is the partition induced byg. Therefore

y1,1L(x, y) =
∑

T∈Ur

κ(T )







∑

π∈Π1(S)
s.t.T∈E(π)

∑

g∈D(π)

wtg







=
∑

π∈Π1(S)

D(π)
∑

T∈E(π)

κ(T ),

giving part (a) of the result.
(b) For this equation, using dominating functions,R(x, y) can be written as

follows:

R(x, y) = x1x2 · · · xr−1yr,r
∑

g:{2,...,r−1}→{2,...,r}
g dominating



wtg
∏

i : g(i)=i

x1 + · · ·+ xi
xi



 .

As above, we can extendg to g : Nr → Nr by settingg(1) = 1 andg(r) = r. Then
wtg = y1,1yr,r wtg. Now let π denote the partition induced byg. An important
remark is that the integersi 6= 1, r such thatg(i) = g(i) = i are exactly the
maxima of the blocks ofπ except for1 andr, which are given byµ2, · · · , µ|π|−1.
Note also thatµ|π| = r. Hence

∏

i : g(i)=i

x1 + · · ·+ xi
xi

=
1

xµ2 · · · xµ|π|−1

∑

c∈C(π)

xc2 · · · xc|π|−1
,

and so we obtain

x1x2 · · · xr−1

∏

i : g(i)=i

x1 + · · ·+ xi
xi

=
∑

c∈C(π)

ω(c, π).

ThusR(x, y) is given by

y1,1R(x, y) =
∑

g:Nr→Nr
g(1)=1,g(r)=r

g dominating

wtg
∑

c∈C(π)

ω(c, π).
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FIGURE 1. Thev-decomposition of a treeS (with v = 14).

Note thatg dominating impliesg(r) = r while the conditiong(1) = 1 means that
the induced partitionπ is in Π1(Nr). Hence, splitting the sum depending on the
induced partition ofg, we obtain part (b) of the result. �

Comparing Proposition 2.1 with (7), we see that Theorem 1.1 is implied by a
bijection

(10) ψπ : C(π) → E(π) : c 7→ T,

with the weight-preserving property thatκ(T ) = ω(c, π), for eachπ ∈ Π1(Nr).
We will find such a bijectionψπ.

2.2. An operation on rooted trees. A convenient construct for an unordered in-
creasing treeT with vertexv is thev-decomposition ofT , described as follows.

Definition 2.2. LetT1 be an unordered increasing tree with root vertexa1, and let
v be any vertex inT (v can be equal toa1). Suppose that the unique maximal chain
from a1 to v is given bya1 < a2 < · · · < ak = v, k ≥ 1. Now remove the edges
on the chain inT from a1 to ak. There arek components in the resulting graph,
each of which is an unordered increasing tree, whose root vertex is on the chain
froma1 to ak. LetT (ai) be the component among these that is rooted at vertexai,
i = 1, . . . , k. Then thev-decompositionof T is the ordered listT (a1), . . . , T (ak).

An example ofv-decomposition of a treeT is given in Figure 1.
The bijectionψπ will be constructed as the iteration of an elementary combi-

natorial operation on marked trees called splice, that we define next, in terms of
v-decompositions.

Definition 2.3. Suppose thatT1 andT2 are two unordered increasing trees with
disjoint vertex-sets, and letv1, v2 be vertices inT1, T2 respectively, withv1 > v2.
Let thev1-decomposition ofT1 beT (a1)

1 , . . . , T
(ak)
1 , and thev2-decomposition of
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15 14
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splice
(

T, 18;S, 14
)

FIGURE 2. Thespliceof two trees (S is given in Figure 1 ;splic-
ing vertices are underlined).

T2 beT (b1)
2 , . . . , T

(bm)
2 . Then, sinceak = v1 > v2 = bm, we have

b1 < · · · < bβ1 < a1 < · · · < aα1 < bβ1+1 < · · · < bβ2

< aα1+1 < · · · < aα2 < · · · < bβℓ−1+1 < · · · < bβℓ
< aαℓ−1+1 < · · · < aαℓ

,

for some uniqueℓ ≥ 1 and1 ≤ α1 < · · · < αℓ = k, 0 ≤ β1 < · · · < βℓ = m.
Then define thespliceof T1 andT2, with splicingverticesv1 andv2, denoted by

(11) R = splice(T1, v1;T2, v2),

to be the unordered increasing tree withv1-decomposition given by

(12) T
(b1)
2 , . . . , T

(bβ1 )

2 , T
(a1)
1 , . . . , T

(aα1 )
1 , . . . , T

(bβℓ−1+1)

2 , . . . , T
(bβℓ )

2 ,

T
(aαℓ−1+1)

1 , . . . , T
(aαℓ

)
1 .

An example of the splice operation is given in Figure 2.
Note in the construction ofR above that the vertex-set ofR is the (disjoint)

union of the vertex-sets ofT1 andT2. Also, if β1 ≥ 1, equivalent tob1 < a1, then
the root vertex of R isb1, the same as the root vertex ofT2. However, ifβ1 = 0,
equivalent toa1 < b1, then the root vertex of R isa1, the same as the root vertex
of T1.

In the following result we record some simple but important properties of the
splice operation.

Lemma 2.4. Suppose thatR = splice(T1, v1;T2, v2).

(a) For ℓ = 1, 2, and any pair of verticesi and j in Tℓ, theni is an ancestor
of j in Tℓ if and only ifi is an ancestor ofj in R. Consequently, given the
setsV (T1) andV (T2), one can recoverT1 andT2 fromR.
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(b) For all verticesi in T1, we haveσi(R) = σi(T1). For the vertexv2 in T2,
we haveσv2(R) = σv2(T2) + 1, but for all other verticesi in T2, we have
σi(R) = σi(T2).

Proof. (a) Forℓ = 1, consider thev1-decomposition ofT1: T
(a1)
1 , . . . , T

(ak)
1 . Let

I andJ denote the indices such thati ∈ T (aI )
1 andj ∈ T (aJ )

1 .

• If I = J theni is an ancestor ofj in T1 if and only if i is an ancestor ofj
in T (aI )

1 . The same is true inR.
• If I 6= J , theni is an ancestor ofj in T1 if and only if I < J andi = aI .

The same is true inR.

In both cases, we see thati is an ancestor ofj in T1 if and only if i is an ancestor
of j in R. This ends the proof of part (a) forℓ = 1. The caseℓ = 2 is similar.

(b) This is immediate. �

2.3. A candidate for our bijection. In this section we describe a mappingψπ that
we claim is a suitable bijection for (10). To describeψπ, consider a set partition
π ∈ Π1(Nr) with |π| = k, soπ has blocksπ1 = {1}, . . . , πk, and1 = µ1 < · · · <
µk whereµi is the largest element ofπi, for i = 1, . . . , k. We restrict attention to
r ≥ 2 (and hencek ≥ 2), since (10) is trivially true forr = 1. Consider also a
(k−2)-tuplec = (c2, . . . , ck−1) ∈ C(π). We apply an iterative procedure in which
we have a forest of unordered increasing trees on vertex-setNr at every stage, and
we applysplice to reduce the number of components by one between successive
stages.

Construction 2.5. Initially, at Stage 1, we have the forest with componentsτ1, . . . ,
τk, whereτℓ is the increasing chain whose vertices are the elements of the set
πℓ, ℓ = 1, . . . , k (so τ1 consists of the single vertex1). At every stage we also
keep track of an integerν in [r], with ν = 1 initially. Then, at Stagei, for i =
2, . . . , k − 1, we input a forest with componentsτ1, τi, τi+1, . . . , τk, together with
an integerν, and create the following output:

Case 1. If ci is a vertex inτ1 or τi, then setτ1 = splice(τi, µi; τ1, ν), omit τi, and
setν = ci;

Case 2. If ci is a vertex inτj for somej > i, then setτj = splice(τi, µi; τj , ci), and
omit τi.

After completion of the above procedure, we are left with a pair of increasing rooted
treesτ1 andτk, and an integerν. Then finally, at Stagek, we let

(13) ψπ(c) = T, where T = splice(τk, µk; τ1, ν).

An example of the mappingψπ is given in Figure 3 wherer = 9 andk = 4.
The value ofν is recorded by an edge onτ1 without child.

Proposition 2.6. Givenr ≥ 2, a set partitionπ ∈ Π1(Nr), andc ∈ C(π), suppose
thatψπ(c) = T is constructed as in(13)above. Then

T ∈ E(π), and κ(T ) = ω(c, π).
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Initially: Stage 1

1 3

4

6

2

7

8

5

9

τ1 τ2 τ3 τ4

Stage 2 (c2 = 4)

1

3

4

6

2

7

8

5

9

τ1 τ3 τ4

Stage 3 (c3 = 5)

1

3

4

6

2

5

7

8

9

τ1 τ4

Finally: Stage 4

1

2

3

4

6 5

7

8

9

T

FIGURE 3. Applyingψπ to c = (4, 5), whenπ has blocksπ1 =
{1}, π2 = {3, 4, 6}, π3 = {2, 7, 8}, π4 = {5, 9}.

Proof. By construction, it is clear thatT is a tree with vertex-setNr. We have
to check that it is indeed inE(π). Initially, in the iterative procedure forψπ, we
have componentsτi, the chain consisting of the elements of the blockπi of π,
i = 1, . . . , k. The rooted treeT is constructed by applying the splice operation
k − 1 times, to join the initial components together in some order. The fact that
T ∈ E(π) now follows immediately from Lemma 2.4(a).

Also, initially, we have

κ(τ1) · · · κ(τk) =
1

xµ2 · · · xµk

r
∏

i=2

xi.

But for the terminating treeT , from Lemma 2.4(b), we have

κ(T ) = x1xc2 · · · xck−1
κ(τ1) · · · κ(τk),

and the fact thatκ(T ) = ω(c, π) now follows immediately from (9) (in this case
we haveS = Nr). �

Comparing Proposition 2.6 with (10), we see that the mappingψπ above is in-
deed a candidate for a bijective proof of our main result.
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Theorem 2.7. For eachr ≥ 2 andπ ∈ Π1(Nr), the mapping

ψπ : C(π) → E(π)

is a bijection.

We will prove Theorem 2.7 in the next Section, by determiningthe inverse of
ψπ. In our development, we will find it convenient to use terms that distinguish
between the different ways in which “splice” is applied in Construction 2.5 – a
splice that arises in Case 1 or in (13) (the final stage) is called aninternal splice,
whereas one that arises in Case 2 is called anexternalsplice.

3. INVERTING THE COMBINATORIAL MAPPING AND A BIJECTIVE PROOF OF

THE MAIN RESULT

The goal of this section is to construct the inverse ofψπ in order to show that it
is a bijection. Throughout this Section,π is a fixed partition inΠ1(Nr). As in the
previous Section, the blocks ofπ are denoted byπ1, π2, . . . , πk, and the maximum
elements in these blocks are denoted byµ1, µ2, . . . , µk. We assume as before that
µ1 < µ2 < · · · < µk. When it is convenient, we will also use the notationπx for
the block ofπ containing the elementx.

Consider a setS that is a union of blocks ofπ (we shall say thatS is π-
compatible). Suppose in particular thatS = ∪i∈Iπi, for some index setI. We
denote byπ|S the partition{πi, i ∈ I} of S. A tree T ∈ E(π|S) for someπ-
compatibleS is said to beπ-increasing.

3.1. Dependence graphs and irreducibility. We begin by defining a directed
graph associated with thev-decomposition of an unordered increasing tree.

Definition 3.1. Consider aπ-increasing treeT , with (π-compatible) vertex-set
S = ∪i∈Iπi. For a vertexv in T , suppose that thev-decomposition ofT is given
by

T (a1), . . . , T (aℓ),

whereaℓ = v. Then thev-dependencegraph ofT , denoted byGv(T ), is a directed
graph with the following vertices and directed edges:

• the vertex-set ofGv(T ) is {πi, i ∈ I};
• for the directed edges ofGv(T ), consider, if any, a maximum elementµi,
i ∈ I, which is not contained in the chaina1, · · · , aℓ of T . This vertex
belongs (as a nonroot vertex) toT (aj) for somej = 1, . . . , ℓ. Then there is
a directed edge fromπi to πaj , for each suchi ∈ I.

For example, fix

π =
{

{1}, {3, 4, 6}, {2, 7, 8}, {5, 9}
}

,

as in Figure 3. ThenG9(T ), the9-dependence graph of the treeT , obtained in the
final stage of Figure 3, is drawn in Figure 4.

Note that the graphGv(T ) defined above depends strongly on the partitionπ,
but sinceπ is fixed throughout the section, we have omitted it from the notation.



AN EDGE-WEIGHTED HOOK FORMULA FOR LABELLED TREES 11

π2π3

π4 π1

FIGURE 4. Example of thev-dependence graph of a tree

In the remainder of this paper, we will particularly consider v-dependence graphs
for the case in whichv is the vertex of maximum label. This motivates the follow-
ing definition.

Definition 3.2. A π-increasing treeT with maximum vertexv is called irreducible
if Gv(T ) is connected. Otherwise,T is calledreducible.

We now determine the form ofGv(T ) whenv is the maximum vertex of an
irreducible treeT .

Lemma 3.3. If a π-increasing treeT with maximum vertexv is irreducible, then
thev-dependency graphGv(T ) is an indirected tree rooted atπv (i.e. all edges are
directed towards the root).

Proof. Let thev-decomposition ofT be given byT (a1), . . . , T (aℓ), whereaℓ = v,
sov appears as the root vertex inT (aℓ). Thenv, which is the maximum element in
the blockπv, cannot appear as a nonroot vertex in any tree of thev-decomposition,
andπv has outdegree0 in Gv(T ). But every other vertex has outdegree at most
1, and sinceGv(T ) is connected, it can only be a tree in which every other vertex
has outdegree exactly1 (in a connected graph, the number of vertices minus the
number of edges is at most1, and a difference of1 occurs only for trees). �

We now consider the effect on irreducibility of applying thesplice operation.

Lemma 3.4. Suppose thatT1 andT2 are π-increasing trees with disjoint vertex-
sets, and thatT1 is irreducible. Fori = 1, 2, letmi denote the maximum element
in the vertex-set ofTi. Letv2 be a vertex inT2 with v2 < m1, and let

T = splice
(

T1,m1;T2, v2
)

.

(a) If m1 > m2, thenT is reducible. More precisely,

(14) Gm1(T ) = Gm1(T1) ⊔Gv2(T2).

(b) If m1 < m2 andT2 is irreducible, thenT is irreducible.

Proof. (i) From (12), the trees in them1-decomposition ofT are either trees in the
m1-decomposition ofT1 or trees in thev2-decomposition ofT2. Then equality (14)
follows from Definition 3.1. In particular,Gm1(T ) is not connected, and sincem1

is the maximum vertex inT , we conclude thatT is reducible.
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(ii) Suppose that them1-decomposition ofT1 is T (a1)
1 , . . . , T

(aℓ)
1 , and thev2-

decomposition ofT2 is T (b1)
2 , . . . , T

(bn)
2 . We haveaℓ = m1, and sincem1 is the

maximum vertex inT1, thenT (aℓ)
1 consists of the single root vertexaℓ. NowT2 is

an increasing tree, so we haveb1 < · · · < bn = v2. Also, by hypothesis we have
v2 < m1 < m2, and we conclude thatm2 is not contained in the chainb1, . . . , bn,
which means thatm2 appears as a nonroot vertex inT (bu)

2 for some1 ≤ u ≤ n. In
particular, ifaw > bu, thenaw andm2 are in different branches belowbu in the tree
T , andT (aw)

1 is entirely included in the tree rooted atbu in them2-decomposition
of T .

Now the vertices ofGm2(T ) consist of the vertices ofGm1(T1) together with
the vertices ofGm2(T2).

To describe the edges ofGm2(T ), we shall first consider them2-decomposition
of T . It is obtained as follows:

• start with them2-decomposition ofT2;
• for eachaw < bu, add the treeT (aw)

1 . Indeed, the vertexaw is in the chain
from the root tom2 in T , and the tree rooted ataw in them2-decomposition
of T is the same as in thev1-decomposition ofT1;

• for eachaw > bu, add all vertices ofT (aw)
1 to the tree rooted atbu. Indeed,

aw andm2 are in different branches belowbu in the treeT (becausem2 is
in T (bu)

2 ). Hence,T (aw)
1 is entirely included in the tree rooted atbu in the

m2-decomposition ofT .

This is illustrated in Figure 5. In this Figure, them1-decomposition ofT (which is
by definition the union of them1-decomposition ofT1 and thev2-decomposition
of T2) is represented with blue and red dashed lines. Them2-decomposition ofT
is drawn with plain black lines. Finally, we have used green dotted lines for the
m2-decomposition ofT2 (it should be understood that the tree rooted atbu in this
decomposition contains only the vertices ofT2 in the corresponding green dotted
shape and of course no vertices ofT1).

From this, we can describe the edges ofGm2(T ):

• start with the edges ofGm1(T1) together with the edges ofGm2(T2);

• for any maximum elementµi 6= m1 that appears as a vertex inT (aw)
1 for

anyaw > bu, remove the edge fromπi to πaw that appears inGm1(T1),
and insert an edge fromπi to πbu ;

• finally, insert an edge fromπm1 to πbu .

But Gm1(T1) andGm2(T2) are both connected by hypothesis, and all vertices of
Gm2(T ) appear in the same connected component asπbu (which is itself a vertex in
Gm2(T2)). ThusGm2(T ) is connected, and sincem2 > m1, m2 is the maximum
vertex inT , so we conclude thatT is irreducible. �

The above result allows us now to classify the trees at every stage of Construc-
tion 2.5 by their irreducibility or reducibility.

Proposition 3.5. In Construction 2.5:
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T
(a1)
1

T
(b1)
2

T
(bu)
2

m1m2
T
(bn)
2

T
(aℓ)
1

v2

bu

FIGURE 5. Illustration of the proof of Lemma 3.4

• At Stage 1, the treesτ1, . . . , τk areπ-increasing and irreducible.
• For i = 2, . . . , k, in the input to Stagei, the treesτi, . . . , τk areπ-increasing,

irreducible, and containµi, . . . µk, respectively; ifτ1 has been created by
applying an internal splice at some previous stage, thenτ1 is π-increasing
and reducible.

• The treeψπ(c) = T is π-increasing and reducible.

Proof. At Stage 1, each treeτi consists of vertices of the single blockπi of π,
arranged as an increasing chain, so eachτi is π-increasing. Also, sinceGµi

(τi) has
only the single vertexπi, it is a connected graph, soτi is irreducible.

This result for Stage 1 serves as the base case for an induction on the stages,
in which the remaining results follow immediately from Lemma 2.4(a) (forπ-
increasing), and Lemma 3.4 (part (b) for irreducible, and (a) for reducible). �

In particular, Proposition 3.5 establishes thatall treesT created as images of our
combinatorial mappingψπ are reducible. Thus, in order forψπ : C(π) → E(π) to
be a bijection for anyπ ∈ Π1(Nr), whenr ≥ 2, it is necessary that all treesT in
E(π) are reducible. We prove that this is indeed the case in the following result.
(note thatT belongs toE(π) implies in particular thatT is π-increasing).

Proposition 3.6. Consider aπ-increasing treeT whose vertex-set contains1. We
assume that the vertex-set ofT is not reduced to{1} and denote its maximum
element byM .

Thenπ1 andπM are in different connected components ofGM (T ). In particu-
lar, thenT is reducible.

Proof. Recall that the partitionπ containsπ1 = {1} as a block, with maximum
elementµ1 = 1. Now consider aπ-increasing treeT containing1 and itsM -
decompositionT (a1), . . . , T (aℓ), with aℓ = M (whereM is the maximum vertex



14 V. FÉRAY, I. GOULDEN, AND A. LASCOUX

of T ). But vertex1 is the root vertex of every treeT in E(π), soa1 = 1. Thusµ1
is the root vertex ofT (a1), and cannot appear as a nonroot vertex in any tree of the
r-decomposition ofT .

This implies thatπ1 has outdegree0 in thev-dependence graphGv(T ). ButπM

has also outdegree0 (see the proof of Lemma 3.3), and other vertices (if any) have
outdegree at most1. Therefore,π1 andπM are in different connected components
of GM (T ). �

3.2. Irreducibility and inverting the combinatorial mapping. In this section
we prove that each application ofsplice in our combinatorial mappingψπ can be
uniquely reversed by considering only the irreducibility or reducibility of the trees
involved.

We begin with a simple condition for when aπ-increasing tree can be written as
the splice of two subtrees.

Lemma 3.7. Consider aπ-increasing treeT , a π-compatible nonempty subset
V1 ⊂ V (T ), and a vertexv1 ∈ V1. ThenT can be written as

T = splice
(

T1, v1;T2, v2
)

for someπ-increasing treesT1 andT2 with vertex-setsV1 andV2 = V (T )\V1 and
for some vertexv2 ∈ V2 if and only if

V1 =
⋃

i∈I

πi,

where{πi, i ∈ I} is a union of vertex-sets of connected components ofGv1(T ).
In this case,T1, T2 andv2 are unique.

Proof. GivenT , v1 andV (T1), we immediately haveV2 = V (T ) \ V1. Then it
is clear from Definition 2.3 thatv2 is uniquely the first element ofV2 on the chain
from v1 to the root vertex ofT (note thatv2 < v1 sinceT is an increasing tree).
Moreover, the treesT1 andT2 themselves are then uniquely determined, since we
know theirv1-decomposition andv2-decomposition, respectively.

It only remains to determine conditions forV1. Suppose that thev1-decomposition
of T is given byT (a1), . . . , T (aℓ), whereaℓ = v1. Then from Definition 2.3, a
necessary and sufficient condition is thatV1 (andV2) are unions of theV (T (aj )),
j = 1, . . . , ℓ. Since, by hypothesis,V1 is a union of blocks ofπ, this is equivalent
to saying thatπ is a union of blocks of the partition

Π1 := π ∨
(

{

V (T (aj )), j = 1, . . . , ℓ
}

)

.

It remains to see that this partition is nothing other than

Π2 := {Xc, c connected component ofGv1(T )}, whereXc =
⋃

πi∈Vc

πi.

To do that, take two partitionsπx andπy which contain elementsx andy in the
same setV (T (aj )). We want to prove thatπx andπy are in the same connected
components ofGv1(T ).
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Call u the root ofT (aj) At least one of these elements, sayx, is different from
u. Then by definition, there is an edge fromπx to πu in Gv1(T ). If y = u, there
is an edge fromπx to πy and, thus they are in the same connected component of
Gv1(T ). If y 6= u, the same argument as above implies that there is also an edge
from πy to πu, and one can also conclude thatπx andπy lie in the same connected
component ofGv1(T ). HenceΠ1 is finer thanΠ2.

Conversely, suppose that there is an edge fromπs to πt in Gv1(T ). Then this
means thatµs is a nonroot vertex in someT (aj), with aj ∈ πt, which implies that
there are elements of bothπs andπt in the same subtreeT (aj). Hence,Π2 is finer
thanΠ1.

We conclude thatΠ1 = Π2, which ends the proof of the Lemma. �

In the next result, which is the key to invertingψπ, we consider aπ-increasing
tree in which the vertex-set consists of two or more blocks ofπ. For such a tree
with vertex-setS and maximum vertexM , we callm = max(S\πM ) thesecond
maximumvertex.

Lemma 3.8. Suppose thatT is aπ-increasing tree in which the vertex-set consists
of two or more blocks ofπ, and letM andm be the maximum and second maximum
vertices, respectively.

(a) If T is reducible, then it can be written uniquely as

T = splice(T1,M ;T2, t),

whereT1 andT2 areπ-increasing trees subject to:
• M is a vertex inT1, t is a vertex inT2,
• T1 is irreducible.

Moreover, if1 is a vertex ofT , then it automatically belongs toT2.
(b) If T is irreducible, then it can be written uniquely as

T = splice(T1,m;T2, t),

whereT1 andT2 areπ-increasing trees subject to:
• m is a vertex inT1, t andM are vertices inT2, with t < m,
• T1 andT2 are irreducible.

Proof. (a) From Lemma 3.7, the vertex-setV1 of T1 must correspond to a union
of connected components ofGM (T ). In addition, from Lemma 3.4 (a),GM (T1)
is the graph induced byGM (T ) on V1. Hence, if we wantT1 to be irreducible,
that isGM (T1) to be connected, thenV1 must correspond to a single connected
component ofGM (T ). Moreover, since we requireM to be inT1, it must contain
the blockπM .

Finally, V1 is uniquely the vertex-set of the connected component ofGM (T )
containingπM (note thatt < M for all verticest in T2, sinceM is the maximum
vertex inT ). The result follows immediately from Lemma 3.7.

The property that, if1 is in T , then it is always inT2 comes from the fact that
π1 andπM are in different connected components ofGM (T ) (Proposition 3.6) and
the characterization ofV1 above.
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T
(1)
M = T

(1)
m

T
(a2)
M = T

(b2)
m

T
(u)
M

Mm

T
(u)
m

T
(m)
m

T
(bℓ−1)
m

T
(ak−1)
M

T
(M)
M

FIGURE 6. M and m decomposition of a treeT (M -
decomposition in black plain lines andm-decomposition in blue
dashed lines).

(b) Consider theM andm-decompositions ofT :

T
(a1)
M , · · · , T

(an)
M and T (b1)

m , · · · , T (bℓ)
m ,

in which a1 = b1 is the root vertex ofT , andan = M , bℓ = m. NowM > m,
som is not contained in the chainb1 < · · · < bℓ. Also, T is irreducible, so
Lemma 3.3 withv = M implies thatπm has outdegree1 in GM (T ). But m is
the maximum element inπm, som is a nonroot vertex in one of the trees in the
M -decomposition ofT , and henceM is not contained in the chaina1 < · · · < an.
Thusj ≥ 1 exists so thata1 = b1, . . . , aj = bj andaj+1 6= bj+1, andj < n,

j < ℓ. Let u = aj = bj . The vertexm lies in the subtreeT (u)
M , and beforeT (u)

M ,
theM andm-decompositions ofT coincide; see Figure 6.

In addition, the vertexM lies in the subtreeT (u)
m , so there is an edge fromπM

to πu in Gm(T ). Now u 6= M , andu cannot be the maximum element of any
other block ofπ, since this would imply thatπu has outdegree0 in GM (T ), which
would contradict Lemma 3.3.

Now consider the maximum element inπu, that we will denote byµu. Then
µu 6= u is a descendant ofu in T , and cannot be contained inT (u)

M , since that would
create a loop inGM (T ), again contradicting Lemma 3.3. Thusµu is contained in

T
(u)
m (as a nonroot vertex), which implies that there is a loop atπu in Gm(T ).
But clearlyπm has outdegree0 in Gm(T ). Putting this together with the facts

that there is a loop atπu in Gm(T ), and that each vertex has outdegree at most1,
we see thatπu andπm are contained in different components ofGm(T ), soGm(T )
is not connected. Moreover, the edge fromπM to πu in Gm(T ) implies thatπM

andπu are in the same component ofGm(T ) (note that we can haveπu = πM ).
Then Lemma 3.7 implies thatT can be written uniquely as

T = splice(T1,m;T2, t),
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whereT1 andT2 areπ-increasing trees,m is in T1, t andM are inT2, with t < m,
andT1 is irreducible: this is obtained by lettingV (T1) be the vertex-set of the
connected component ofGm(T ) that containsπm, which means thatGm(T1) is
connected. But the elements ofπM are contained inV (T2), som is the maximum
vertex inT1, and soT1 is irreducible.

It remains to prove thatT2 is also irreducible. To do this, we look at theM -
decomposition ofT2 (sinceM is the maximum vertex inT2), which is obtained
from theM -decomposition ofT as follows (see the proof of Lemma 3.4):

• delete the blocksT (ai)
M , for which ai belongs toT1. SinceT (u)

m is in T2,

this can happen only fori < j, that is for blocks beforeT (u)
M in the decom-

position;
• replace the blockT (u)

M by some subblock(T2)
(u)
M still rooted atu.

In particular, if a blockX of π is in V (T1) and if there is an edge fromY toX in
GM (T ), thenY is also inT1. This means that, if a vertexX is deleted when going
fromGM (T ) toGM (T2), all vertices pointed to it are also deleted, and recursively.
For vertices that are not deleted their outgoing edge is not modified.

Hence, sinceGM (T ) is a directed tree (by Lemma 3.3),GM (T2) is also a di-
rected tree, which implies thatT2 is irreducible and ends the proof of the lemma.

�

We now record a final straightforward fact aboutπ-increasing trees.

Proposition 3.9. Suppose thatT is a π-increasing tree in which the vertex-set
consists of a single block ofπ. ThenT is uniquely the increasing chain consisting
of the elements of that block.

Now we are ready to prove Theorem 2.7.

Proof of Theorem 2.7.Supposer ≥ 2 andπ ∈ Π1(Nr), whereπ hask ≥ 2
blocks, and consider an arbitrary treeT ∈ E(π). ThenT is aπ-increasing tree in
which the vertex-set consists of two or more blocks ofπ and contains1, and from
Proposition 3.6,T is reducible.

From Lemma 3.8 (a), sinceµk is the maximum label,T can be written uniquely
as

splice(T1,M ;T2, t)

whereT1 is irreducible. Callτk = T1, τ1 = T2 andν = t. We have uniquely
reversed Stagek in Construction 2.5 (by Proposition 3.5, in the input at Stagek, τk
is always irreducible). Note that1 andν lie in τ1 (from Lemma 3.8 (a)).

If k ≥ 3, we now want to invert Stagek − 1, which is a splice in which the first
splicing vertex is alwaysµk−1. So we shall look atµk−1 and consider two cases:

• Case 1.µk−1 lies in τ1. In this case, from Proposition 3.6,τ1 is reducible.
In addition, sinceµk (and all vertices in blockπk) lie in τk, µk−1 is the
maximum ofτ1. Thus, from Lemma 3.8 (a),τ1 can be written uniquely as

splice(T1, µk−1;T2, t)
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with T1 irreducible. Callτk−1 = T1, τ1 = T2, ck−1 = ν and then update
the value ofν to t. Thenck−1 lies in τ1 or τk−1 (since, before this step,
ν lies in τ1). Recall that, in the input of Stagek − 1, τk−1 is always
irreducible (Proposition 3.5). Thus, we have uniquely reversed Stagek−1
in Construction 2.5, which was an internal splice.

Note that, after this step,1 andν still lie in τ1.
• Case 2.µk−1 lies in τk. In this case,µk−1 is the second maximum ofτk,

and recall thatτk is irreducible by construction. From Lemma 3.8 (b),τk
can be written uniquely as

splice(T1, µk−1;T2, t)

with T1, T2 irreducible, whereM lies inT2 andt < µk−1. Call τk−1 = T1,
τk = T2 andck−1 = t (the value ofν is unchanged). Thenck−1 lies in τk.
Recall that, in the input of Stagek − 1, τk−1 andτk are always irreducible
andM lies in τk (Proposition 3.5). Thus, we have uniquely reversed Stage
k − 1 in Construction 2.5, which was an external splice.

Note that, sinceν andτ1 have not been changed,1 andν still lies in τ1.
Now, all remaining stagesk − 2, . . . , 2 of Construction 2.5 can be uniquely re-

versed exactly as for Stagek − 1 (Case 2 in general is “µi lies in τi+1, . . . ,τk”).
After reversing Stagei, we have treesτ1, τi, . . . ,τk, such thatτ1 contains1, andν
andτi, . . . ,τk are irreducible and containµi, . . . ,µk, respectively. From Proposi-
tion 3.9, we recover at the end the initial forest with componentsτℓ, ℓ = 1, . . . , k,
whereτℓ is the increasing chain consisting of the elements of the block πℓ of π.
Along the way, we recover uniquely the elementsci of the(k− 2)-tuplec ∈ C(π).
We conclude thatc = ψ−1

π (T ), and thatψπ is a bijection. �
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