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Abstract. We give a Newton type rational interpolation formula (Theorem
22). It contains as a special case the original Newton interpolation, as well
as the recent interpolation formula of Zhi-Guo Liu, which allows to recover
many important classical g-series identities. We show in particular that some
bibasic identities are a consequence of our formula.

1. Introduction and Notation

As usual, (a;q),, denotes:

n—1

H(l_aqj)an:071727'” , O,

=0
and
(a1, @, 5 @i @On = (a1;@)n(a2; Qn -+ (W3 @)
The basic hypergeometric series ¢, are defined in [3] by:

ay, Qg, -+, Q = (a1>a2>"' aar;Q)n [ n (”)}H—S_T n
r®s 14, = -1 2 ’
¢ b17 b27 ) bS 4 Z:| Z (blab27”' ,b37Q)n ( ) K :

n=0
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where ¢ # 0 when r > s+ 1.

Newton obtained the following interpolation formula:

f@) = fla) + Oz —z) + fPlv —a1)(w —m2) + -+,

where f%9 is the image of f(z) under a product of divided differences which
will be defined below.

Special cases of Newton’s interpolation are the Taylor formula and the
¢-Taylor formula (c.f. [5]), with derivatives or ¢-derivatives instead of divided
differences.

Using g-derivatives, Zhi-Guo Liu [7] gave an interpolation formula involv-
ing rational functions in x as coefficients, instead of only polynomials in z as
in the ¢-Taylor formula:

(1 —aq*)(aq/z; q)nx
(¢,7;q)n

[qu(x)(ZUQ)n—le:aq, (1.1)

3M8

D, being defined by
f(x) — flzq)

qu(l') = z

Let us remark that Carlitz’s g-analog of a special case of the Lagrange
inversion formula is the limit for a — 0 of ([I)):

Z o (2)(2 @) ni]|oo-

(4,73 q)n

Our formula involves two sets of indeterminate X and C. Newton inter-
polation is the case when

C:{O’O’...}’

and Zhi-Guo Liu’s expansion is the case when

X = {aqlaaq27'”}7 C= {q07q17q27"'}'



2. Rational Interpolation

By convenience, we denote
Yo(z,X)=(x —x)(x —x2) - (x — )
and
(,C)p = (1 —zc1)(1 —zcg) -+ (1 — xey).
The divided difference 0; (acting on its left), i = 1,2, 3,

f(zlazQa"' 7ziaxi+1a"')ai

o f( axiaxi-‘rl?”')_.f('” y i1, Tgy * *

.-+ is defined by

Ti — Tiy1
where s; denotes the exchange of x; and x; .

Divided differences satisfy a Leibnitz type formula:

) fg

b
Ty — Tiy1

(f(z1)g(21))00 = f(a1) (9(x1)01) + (f(21)01) g(x2).

By induction, one obtains:

n

f(z1)g(21) 010y - -+ 0, = Z(f(%)@ - 'ak) (9($k+1)ak+1 - 'an)-

k=0
Lemma 2.1 Letting ©,n be two nonnegative integers, then
0, i#E
Yn(blv‘X) 8182 o '8Z‘B:X - { 1’ Z — n’

where ‘B:X denotes the specialization by = x1, by = X9, -
differences are relative to by, by, - - -.

Proof. If i < n, using Leibnitz formula, we have:

Yo(by, X) 010504 ,_,
= H(bl — ZL’k) 8182 .. 8,(61 — xl)}B:X + H(bg — ZL’k) 82
k=2 k=2
- H(b2 — )0 Oy == H(bi — ) Ol 5y
k=2 k=i
— HZ:H—l(bi—l—l - xk)‘lg:/y = 07 1< n;
(b, — ) a“‘zs:x =1,i=n

one has:

, and the divided

- 0i(b1 — 11) 31‘

B=X



In the case ¢ > n, nullity comes from the fact that each 0; decreases
degree by 1. |

Theorem 2.2 For any formal series f(x) in x, we have the following iden-
tity in the ring of formal series in x,x1,To, -+

B Yi(z, X)
f(@) = f(z1)+ f(21) 01 — 2201) .0);
+ f(l’l)(l — 1'101) 8182(1 — 1’302));21(?&;:)
Yo(z, X
+ -+ f(l’l)(l'l, C)n—l 01 cee 0n(1 — xn+1cn)L . (22)
(,C)n
Proof. Let
= Y, (bX)
f(b) = A, .
; (5.0).
Specializing b to x; or xs, one gets the following coefficients:
A(] = f(l‘l), Al = f(flfl) 81(1 - 1’201).
Now we have to check,
Yn(blaX) O, k?én,
m(bl,c)k—1 010y Ol g = { L (2.3)

Y, (b, X
If £ >n, "b(bé )(b, C)k_1 is a polynomial of degree k — 1, and therefore

annihilated by a product of k£ divided differences.
If kK < n, from Leibnitz formula, we get:

Yn(b17 X)
(01,C)n
Yn(blv X)

= H;L:k(l — blcp) 010, - - ‘ak‘B:X

oy

(bla C)k—l 8102 e ak}B:X

87j+1 e akYn(th) 81 o '87:‘822\7"

i+1Cp)



and Lemma [ZT] shows that this function is equal to 0.

If kK = n, we have:

Yn(bl,.)()
T—bie, 0105 - - .a"}B:X
- 1
- ZZ:; 1= b1cn Dig1+ OnYn(by, X) 01 - .&,}BZX
1
- myn(bb X)o; - .an}B:X
i
1 - $n+1cn.

Formula (23) thus implies
An = f(l’l)(l’l, C)n_lal s 8n(1 — xn—l—lcn)’

and the theorem. |

3. Application to Basic summation formulas

Taking
f(x) = (z;q)n,
and
X = {aq17aq27"'}7 C = {0707"'}7
we have:

n

(@ g = Y (x—aq) - (x—aq")(21;q)nds - O

k=0
= Y- an o - a0 a0

k=0

= (ag;Q)n Y (", a4/ q)’“(an)k.

— (¢, aq;q)




Replacing aq by a, = by a/c, we get a g-analogue of Vandermonde’s formula:
(/6 0)n = @6k " ", o
=D (aq"/c)" = 2y © U ig,aq" el
(@ q)n ,; (¢, a3 0)x a

Recall another g-analogue of Vandermonde’s formula:

@/ Dn 0 = (@G g
(@an kzzo (Gaqk (34)
Taking X
flo) = (aBz; ) oo
and
X = {q/a7q2/a7"'}7c = {aﬂ,aﬂq,-~-},
gives:

1 (ap)ng=Y
Oy -8, = .
(aB714" 1 @)oo (4 0)n(B9™; @)oo

f(@1)(21;@)n-101 - Op =

From Theorem 22, we have:
11 (- B¢ (g/ax, By q)u(afa) gV
(@B Q) (85 @) = (¢ On(afBz; q)n ’
and we get Jackson’s formula []:
(B @)oe _ i (1— B¢*")(g/ax, B; @)u(aBrq" )"
(aBz; q)o (¢; @)n(aBz; q)n
Setting x — 0, replacing 8 by (q, we derive Sylvester’s formula:

o0 (_1)nﬁnqn(3n+1)/2(1 _ ﬁq2n+1)
2 (¢ 0)a(BE" @)oo

(3.5)

n=0

=1

n=0

In B3), letting a = 1, = = ¢, replacing § by —fq, we get Andrews’
formula [T]:
- N
(_6(12 Q)2N = Z(—ﬂq; q)n_l(l + ﬁq2n)qn(3n—1)/2 {

n=0



Taking

—n

f($)=3¢2[qx’ ¢ x/b;q,q ,

, ag'™"/e
and
X:{ana"'}7 C = {q07q17q27"'}7
we have:
oo l’i

n

(@™ a;@rd"  (21/b5q)x
4 )
— (;9)i kz:: (0 aq" /e Q) (11075 Qi1

_ i(Q‘",a,ql"'/b;q)i(xqi)i (" ag @r-ig"
—~  (q,x,aq'""/e;q)i (¢, aq' =%/ e;q)k—i

k=i

_ i(q‘",a,ql"'/b;q»(m")i (¢"7"/€ @i (aq")"™" (from B2)

: (¢, z,aq' " /e;q)i  (a/eq" "+ q)n—i

)

_ @edn o\~ (a7 abig)i (:ceq")i

(a/eq' " q)n ‘= (a:7,€q) \ ab

Raplacing = by d, we obtain Sears’ formula ([3] (3.2.5)):

b . n _ (6/(1,; Q)n q_”, a, d/b .
aqadeq /Cl,b:| - W3¢2 d, aql—n/e 14,41 -

4. Bibasic summation formula

Proposition 4.3 Taking

1 —ux
flo)=1—
and
X:{l’l,l’g,-'-}, C:{CI,CQ,"'}7
we have:

Cl—ur = (0= W)Y (0,C) (1 — zppacr) Yalz, X)
Jw) = 1 —vxy - Z (0, X )41 (x,C)g

k=1



The proposition is a direct application of Theorem 22 and of the following
lemma.

Lemma 4.4

1—USL’1

(1’1, C)k_18182 s 8k = (U — u)Yk_l(v, C)k/(v, X)k—i—l- (47)

1 —ovxy

We first need to recall some facts about symmetric functions [§]. The
generating function for the elementary symmetric functions e;(xq, s, -+ ),
and the complete functions S;(xq, zs,- -+ ) are

Z 6@(5(71,2[‘2, s )tl = H(l + xlt),
>0 >0
and

> Si(wr g, )t =[] 1/(1 = it).

i>0 i>0

We shall need a slightly more general notion than usual, for a Schur
function. Given A € N, given n sets of variable Ay, ..., A,, then the Schur
function Sy(A1,..., A,) is equal to ‘SAJ.JF]-_Z-(A]-)}KZ.K”.

One has the following identity [6]:
S(@2, 23, -+ - )wy = Sy, (X, 31). (4.8)

1—
Proof of Lemma H.4 Multiply the denominator of 1 4

1 b
_le(xluc)k 1 By

the symmetrical factor (v, X')xy1, which commutes with 0y - - - Jg. Let A} =
{z1,%9,... Tk41}. One has:

k—1 k+1
(1= uy) J(1 = 21e0) [T (1 = vzy)
i=1 j=2
k k
= Z Z(_l)l(_v)Jei(u7 Cly 7ck—1)ej(x27 T3y 7xk+1)xll
i=0 j=0
k k

I
—~
|
—_
~—

<
—~
[
4
~—
<.
™
h
—~
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o)
i

' 7ck—1)Slj,i(Xk7 sy ka xl)v
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thanks to (8), and to the fact that for every j, e;(X) = Sy (X, . oL X).
j
The image of a power of x; under 0, - -- 0 is a complete function in X
[6]. Therefore,

S1ii( Xy oo, Xy 1) 01+ - O = S i ie( Xy .., Xh).
—_—— ——
j j+1
This determinant is equal to 0 (because it has two identical columns), except
for i + j = k, in which case it is equal to Spi+1(X) = (—1).

Now:
1 —wuz
= v:ci (@1, C)i—1(v, X)py1 0102+ -+ O
= ) (—D)"ei(ucr, -+ epmr) = (0 — w) Y (v, C)i,
i+j=n
thus () is true. |
n [2], Gasper obtained the following identity:
0 1— k K b—l bk
Z ap”q” (a;p)k(b™"5 gk —0. (4.9)
—~ 1—a (qq)k(abp;p)k

We also prove an identity due to Gosper (c.f. [3]):

7

Z": 1 —ap** (@p)i(c@lic™ _ (apsp)aleg; @)ac
~ l—a (@) (ap/c;p)e (¢ @)nlap/c;p)n

Y

or equivalently,

n 1— n—k n—k\( n—k+1 n—k+1 /.. 1
Z( ap" " M) (" @lap" M e p)y g _ (4.10)

=0 (cq™ ™ @)k +1(ap™"; p)iya l1-c

In fact, () and [I0) are special cases of Proposition
Taking v = 0 in (E0), we get:

1 i UYk 1 v, C 1 —LL’k_HCk) Yk(l’ X)

(v, X)k41 (z,C)k (4.1)

1—wvx 1—ULL’1+ —



Multiplying both sides of (EIT]) by (1 — vzy), one has:

oo

1—211'1_ Z vY_ 1vC (1 — zpr1ck) Yi(z, X)
(v, X /1) (z,C)y

1 —ovx —

where X' /x; = {xo, x5, - }.

Taking
X:{q07q17q27”'}7 C:{aplvap27'”}7 U= 17 .Z':b,

we get (E9).
In (), taking

X = {p_n/aap_n+1/a7 e }7 C= {q_n+17q_n+27 e }7
u=q¢ " v=1z=c"! we get @I0).
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