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1 Introduction

A large part of the classical theory of symmetric functions is fairly independent of their
interpretation as polynomials in some underlying set of variables X. In fact, if X is sup-
posed infinite, the elementary symmetric functions Ax(X) are algebraically independent,
and what one really considers is just a polynomial algebra KAy, As,...], graded by the
weight function w(Ay) = k instead of the usual degree d(Ay) = 1.

Such a construction still makes sense when the Ay are interpreted as noncommuting
indeterminates and one can try to lift to the free associative algebra Sym = K (A, Ay, .. .)
the expressions of the other classical symmetric functions in terms of the elementary ones,
in order to define their noncommutative analogs (Section 3.1). Several algebraic and lin-
ear bases are obtained in this way, including two families of “power-sums”, corresponding
to two different noncommutative analogs of the logarithmic derivative of a power series.
Moreover, most of the determinantal relations of the classical theory remain valid, pro-
vided that determinants be replaced by quasi-determinants (c¢f. [GR1], [GR2] or [KL]).

In the commutative theory, Schur functions constitute the fundamental linear basis
of the space of symmetric functions. In the noncommutative case, it is possible to define
a convenient notion of quasi-Schur function (for any skew Young diagram) using quasi-
determinants, however most of these functions are not polynomials in the generators Ay,
but elements of the skew field generated by the Ax. The only quasi-Schur functions which
remain polynomials in the generators are those which are indexed by ribbon shapes (also

called skew hooks) (Section 3.2).

A convenient property of these noncommutative ribbon Schur functions is that they
form a linear basis of Sym. More importantly, perhaps, they also suggest some kind of
noncommutative analog of the fundamental relationship between the commutative theory
of symmetric functions and the representation theory of the symmetric group. The role
of the character ring of the symmetric group is here played by a certain subalgebra ¥, of
its group algebra. This is the descent algebra, whose discovery is due to L. Solomon (¢f.
[So2]). There is a close connection, which has been known from the beginning, between
the product of the descent algebra, and the Kronecker product of representations of the
symmetric group. The fact that the homogeneous components of Sym have the same
dimensions as the corresponding descent algebras allows us to transport the product of
the descent algebras, thus defining an analog of the usual internal product of symmetric
functions (Section 5).

Several Hopf algebra structures are classically defined on (commutative or not) polyno-
mial algebras. One possibility is to require that the generators form an infinite sequence
of divided powers. For commutative symmetric functions, this is the usual structure,
which is precisely compatible with the internal product. The same is true in the noncom-
mutative setting, and the natural Hopf algebra structure of noncommutative symmetric
functions provides an efficient tool for computing in the descent algebra. This illustrates
once more the importance of Hopf algebras in Combinatorics, as advocated by Rota and

his school (see e.g. [JR]).

This can be explained by an interesting realization of noncommutative symmetric
functions, as a certain subalgebra of the convolution algebra of a free associative algebra
(interpreted as a Hopf algebra in an appropriate way). This algebra is discussed at length
in the recent book [Re| by C. Reutenauer, where one finds many interesting results which



can be immediately translated in the language of noncommutative symmetric functions.
We illustrate this correspondence on several examples. In particular, we show that the
Lie idempotents in the descent algebra admit a simple interpretation in terms of non-
commutative symmetric functions. We also discuss a certain recently discovered family of
idempotents of ¥, (the Fulerian idempotents), which arise quite naturally in the context
of noncommutative symmetric functions, and explain to a large extent the combinatorics
of Fulerian polynomials. All these considerations are strongly related to the combina-
torics of the Hausdorff series, more precisely of its continous analog, which expresses the
logarithm of the solution of a noncommutative linear differential equation as a series of
iterated integrals (c¢f. [Mag][C2][BMP]). The theory of such series has been initiated
and widely developed by K. T. Chen in his work on homotopy theory (c¢f. [C3][C4]),
starting from his fundamental observation that paths on a manifold can be conveniently
represented by noncommutative power series [C1].

The algebra of commutative symmetric functions has a canonical scalar product, for
which it is self-dual as a Hopf algebra. In the noncommutative theory, the algebra of
symmetric functions differs from its dual, which, as shown in [MvR], can be identified
with the algebra of quasi-symmetric functions (Section 6).

Another classical subject in the commutative theory is the description of the transition
matrices between the various natural bases. This question is considered in Section 4.
It is worth noting that the rigidity of the noncommutative theory leads to an explicit
description of most of these matrices.

We also investigate the general quasi-Schur functions. As demonstrated in [GR1] or
[GR2], the natural object replacing the determinant in noncommutative linear algebra is
the quasi-determinant, which is an analog of the ratio of two determinants. Similarly,
Schur functions will be replaced by quasi-Schur functions, which are analogs of the ratio
of two ordinary Schur functions. The various determinantal expressions of the classical
Schur functions can then be adapted to quasi-Schur functions (Section 3.3). This proves
useful, for example, when dealing with noncommutative continued fractions and orthog-
onal polynomials. Indeed, the coefficients of the S-fraction or J-fraction expansions of
a noncommutative formal power series are quasi-Schur functions of a special type, as
well as the coefficients of the typical three-term recurrence relation for noncommutative
orthogonal polynomials.

A rich field of applications of the classical theory is provided by specializations. As
pointed out by Littlewood, since the elementary functions are algebraically independent,
the process of specialization is not restricted to the underlying variables z;, but can be
carried out directly at the level of the Ay, which can then be specialized in a totally arbi-
trary way, and can still be formally considered as symmetric functions of some fictitious
set of arguments. The same point of view can be adopted in the noncommutative case,
and we discuss several important examples of such specializations (Section 7). The most
natural question is whether the formal symmetric functions can actually be interpreted
as functions of some set of noncommuting variables. Several answers can be proposed.

In Section 7.1, we take as generating function A(t) = 3_; Ax t* of the elementary sym-
metric functions a quasi-determinant of the Vandermonde matrix in the noncommutative
indeterminates x1, 9, ..., ¥, and x = ¢!, This is a monic left polynomial of degree n
in &, which is annihilated by the substitution @ = x; for every : = 1, ... n. Therefore the
so-defined functions are noncommutative analogs of the ordinary symmetric functions of n



commutative variables. They are actually symmetric in the usual sense. These functions
are no longer polynomials but rational functions of the z;. We show that they can be
expressed in terms of ratios of quasi-minors of the Vandermonde matrix, as in the classical
case. We also indicate in Section 7.2 how to generalize these ideas in the context of skew
polynomial algebras.

In Section 7.3, we introduce another natural specialization, namely

PR
Aty = J] (T+tae) = (14t (1 + topg) (1 + twp_z) - (1 + tay)

1<k<n

This leads to noncommutative polynomials which are symmetric for a special action of
the symmetric group on the free associative algebra.

In Section 7.4, we take A(t) to be a quasi-determinant of I + tA, where A = (a;;) is
a matrix with noncommutative entries, and [ is the unit matrix. In this case, the usual
families of symmetric functions are polynomials in the a;; with integer coeflicients, and
admit a simple combinatorial description in terms of paths in the complete oriented graph
labelled by the entries of A. An interesting example, investigated in Section 7.5, is when
A = E, = (e;;), the matrix whose entries are the generators of the universal enveloping
algebra U(gl, ). We obtain a description of the center of U(gl,,) by means of the symmetric
functions associated with the matrices £y, Ey — 1, ..., F, —(n — 1)I. We also relate
these functions to Gelfand-Zetlin bases.

Finally, in Section 7.6, other kinds of specializations in skew polynomial algebras are
considered.

The last section deals with some applications of quasi-Schur functions to the study
of rational power series with coefficients in a skew field, and to some related points of
noncommutative linear algebra. We first discuss noncommutative continued fractions, or-
thogonal polynomials and Padé approximants. The results hereby found are then applied
to rational power series in one variable over a skew field. One obtains in particular a
noncommutative extension of the classical rationality criterion in terms of Hankel deter-
minants (Section 8.5).

The n series A(1) associated with the generic matrix of order n (defined in Section 7.4)
are examples of rational series. Their denominators appear as n pseudo-characteristic
polynomials, for which a version of the Cayley-Hamilton theorem can be established
(Section 8.6). In particular, the generic matrix posesses n pseudo-determinants, which
are true noncommutative analogs of the determinant. These pseudo-determinants reduce
in the case of U(gl,) to the Capelli determinant, and in the case of the quantum group
G'L,(n), to the quantum determinant (up to a power of ¢).

The theory of noncommutative rational power series has been initiated by M.P. Schut-
zenberger, in relation with problems in formal languages and automata theory [Sc]. This
point of view is briefly discussed in an Appendix.

The authors are grateful to C. Reutenauer for interesting discussions at various stages
of the preparation of this paper.



2 Background

2.1 Outline of the commutative theory

Here is a brief review of the classical theory of symmetric functions. A standard reference

is Macdonald’s book [Mcd]. The notations used here are those of [LS1].

Denote by X = {ay, 3, ... } an infinite set of commutative indeterminates, which
will be called a (commutative) alphabet. The elementary symmetric functions Ai(X) are
then defined by means of the generating series

MX )= S P AX) = T (1 +2it) . (1)

k>0 i>1

The complete homogeneous symmetric functions Si(X) are defined by

o(X. )= St S(X)= [[(1—at)™" . (2)

k>0 i>1
so that the following fundamental relation holds

o(X.t)=MX,—t)"". (3)
The power sums symmetric functions x(X) are defined by

DX )= S (X)) = 2 a1 —ait)t (4)

E>1 i>1

These generating series satisfy the following relations

;/;(X,t):%log U(X,t):—%log AMX, =), (5)
d

5 TN = (X $(X.1) (6)

_% AMX, —t) = (X, 1) A(X, —1) . (7)

Formula (7) is known as Newton’s formula. The so-called fundamental theorem of
the theory of symmetric functions states that the Ax(X) are algebraically independent.
Therefore, any formal power series f(t) = 1 + 3,5, a;t* may be considered as the spe-
cialization of the series A(X,?) to a virtual set of arguments A. The other families of
symmetric functions associated to f(t) are then defined by relations (3) and (5). This
point of view was introduced by Littlewood and extensively developped in [Lil]. For
example, the specialization S, = 1/n! transforms the generating series o(X,t) into the
exponential function e’. Thus, considering o(X,¢) as a symmetric analog of ¢’, one can
construct symmetric analogs for several related functions, such as trigonometric functions,
Eulerian polynomials or Bessel polynomials. This point of view allows to identify their
coefficients as the dimensions of certain representations of the symmetric group [F1][F2].
Also, any function admitting a symmetric analog can be given a g-analog, for example by
means of the specialization X = {1,q,4¢% ... }.



We denote by Sym the algebra of symmetric functions, i.e. the algebra generated over
Q by the elementary functions. It is a graded algebra for the weight function w(Ay) = k,
and the dimension of its homogeneous component of weight n, denoted by Sym,,, is equal
to p(n), the number of partitions of n. A partition is a finite non-decreasing sequence of
positive integers, [ = (17 < iy < ... <1,). We shall also write [ = (191 2°2 ...}, a,, being
the number of parts i;, which are equal to m. The weight of I is [I| = Y, ix and its length
is its number of (nonzero) parts (1) = r.

For a partition [, we set
¢I: M gpoz L. AI:A?IA;Q cee szglcvlggvz .
For I € Z", not necessarily a partition, the Schur function Sy is defined by

St = det (Sip4h-n)1<pizr (8)

where S; = 0 for 5 < 0. The Schur functions indexed by partitions form a Z-basis of Sym,
and one usually endows Sym with a scalar product (-, -) for which this basis is orthonormal.
The ¢! form then an orthogonal Q-basis of Sym, with (1, ¢1) = 191 ;1292 ay! -+ - Thus,
for a partition I of weigth n, n!/(x)! ) is the cardinality of the conjugacy class of S,
whose elements have ay, cycles of length & for all £ € [1,n]. A permutation o in this class
will be said of type I, and we shall write T'(0) = .

These definitions are motivated by the following classical results of Frobenius. Let
CF(S,) be the ring of central functions of the symmetric group S,. The Frobenius
characteristic map F : CF(S,) — Sym,, associates with any central function ¢ the
symmetric function
¢I

_ L o) ) — v
FO =5 X o vT = 5 el oy

where £(1) is the common value of the (o) for all o such that T'(o) = I. We can also
consider F as a map from the representation ring R(S,) to Sym, by setting F([p]) =
F(x,), where [p] denotes the equivalence class of a representation p (we use the same
letter F for the two maps since this does not lead to ambiguities). Glueing these maps
together, one has a linear map

F: R:=R(S,) — Sym,

n>0

which turns out to be an isomorphism of graded rings (see for instance [Mcd] or [Zel]). We
denote by [/] the class of the irreducible representation of 5, associated with the partition
I, and by xj its character. We have then F(y;) = S (see e.g. [Mcd] p. 62).

The product *, defined on the homogeneous component Sym, by

F(lpl @ [n]) = Fxoxa) = F(lp]) x F(n]) (9)

and extended to Sym by defining the product of two homogeneous functions of different
weights to be zero, is called the internal product.

One can identify the tensor product Sym @ Sym with the algebra Sym(X,Y") of poly-
nomials which are separately symmetric in two infinite disjoint sets of indeterminates X

7



and Y, the correspondence being given by F'@ G —— F(X)G(Y). Denoting by X 4V the
disjoint union of X and Y, one can then define a comultiplication A on Sym by setting
A(F) = F(X +Y). This comultiplication endows Sym with the structure of a self-
dual Hopf algebra, which is very useful for calculations involving characters of symmetric
groups (see for instance [Gei], [Zel], [ST] or [Th]). The basic formulas are

(FlFQFr)*G:MT[(Fl(@FQ@®Fr)>|<ArG] 5 (10)
where 1, denotes the r-fold ordinary multiplication and A" the iterated coproduct, and
A'(F+G)=A(F)«A"(G) . (11)

It will be shown in the sequel that both of these formulas admit natural noncommutative
analogs. The antipode of the Hopf algebra Sym is given, in A-ring notation, by

O(F(X))=F(-X). (12)
The symmetric functions of (—X) are defined by the generating series
M=X,1) == o(X, =) = [MX, )] (13)

and one can more generally consider differences of alphabets. The symmetric functions
of X —Y are given by the generating series

MX = Y,t) = AX, 1) A=Y, 8) = MX, ) oY, —t) . (14)

In particular, (X —Y) = ¢ (X) — (V).
There is another coproduct § on Sym, which is obtained by considering products
instead of sums, that is

3(F) = F(XY) . (15)

One can check that its adjoint is the internal product :
OF, P2Q)=(F,PxQ). (16)

This equation can be used to give an intrinsic definition of the internal product, i.e.
without any reference to characters of the symmetric group. Also, one can see that two
bases (Ur), (Vy) of Sym are adjoint to each other iff

o(XY,1)= ¥ U(X)Vi(Y) . (17)

For example, writing o(XY,1) = [I; (Y, ;) and expanding the product, one obtains
that the adjoint basis of ST is formed by the monomial functions ;.

2.2 Quasi-determinants

Quasi-determinants have been defined in [GR1] and further developed in [GR2] and [KL].
In this section we briefly survey their main properties, the reader being referred to these
papers for a more detailed account.



Let K be a field, n an integer and A = {a;;, | <i,57 < n} an alphabet of order n?
i.e. a set of n? noncommutative indeterminates. Let K ¢ A # be the free field constructed
on K and generated by A. This is the universal field of fractions of the free associative
algebra K(A) (cf. [Co]). The matrix A = (aij)1<i j<n is called the generic matriz of order
n. This matrix is invertible over K £ A #.

Let AP? denote the matrix obtained from the generic matrix A by deleting the p-th row
and the g-th column. Let also £,y = (ap1, .-« pgy -y Qpn) a0 1pg = (Q1gy ooy lpgy - v ng)-

Definition 2.1 The quasi-determinant |Al,, of order pq of the generic matriz A is the
element of K< A% defined by

|Alpy = apq — &pg (qu)_l Nlpg = dpq — Z UApj ((qu)_l)ji Qigq -
1ED,JFEG

It is sometimes convenient to adopt the following more explicit notation

a1 Ce 14 Ce A1p
|A|pq = |ap Upq Upn,
Ap1 .. Qpg cee App

Quasi-determinants are here only defined for generic matrices. However, using substitu-
tions, this definition can be applied to matrices with entries in an arbitrary skew field.
In fact, one can even work in a noncommutative ring, provided that A?? be an invertible
matrix.

Example 2.2 For n = 2, there are four quasi-determinants :

12 —1 a1 ~1

= a11 — Q12099 A21 , = Q12 — 411Gy Q22 ,
g1 22 g1 22
a1 Q12| a aata 11 Q12 | a aoia-ta

= Q21 — A2 Gy A171 , = Q22 — d21 Gy Q12 .
22 21

The next result can be considered as another definition of quasi-determinants (for
generic matrices).

Proposition 2.3 Let A be the generic matriz of order n and let B = A™" = (bpg)1<pg<n
be its inverse. Then one has |A|,, = bq_p1 for every 1 < p,q < n.

It follows from Proposition 2.3 that |A],, = (—1)?*?det A/det A?? when the «;; are
commutative variables. Thus quasi-determinants are noncommutative analogs of the ratio
of a determinant to one of its principal minors. If A is an invertible matrix with entries
in a arbitrary skew field, the above relation still holds for every p,q such that b,, # 0.
Another consequence of Proposition 2.3 is that

|Alpg = apg — Z UApj |qu|z'_jl iq
1Z£p,J7£q

which provides a recursive definition of quasi-determinants.



Let I be the unit matrix of order n. The expansions of the quasi-determinants of 1 — A
into formal power series are conveniently described in terms of paths in a graph. Let A,

denote the complete oriented graph with n vertices {1,2,...,n}, the arrow from ¢ to j
being labelled by a;;. We denote by P;; the set of words labelling a path in A,, going from
it to g, t.e. the set of words of the form w = a5, ap k, Qhyhs - - - @k,_,j- A stmple path is a

path such that ks # 1, j for every s. We denote by SP;; the set of words labelling simple
paths from ¢ to j.

Proposition 2.4 Let i, j be two distinct integers between 1 and n. Then,

[—Ali=1=-> w, [T-A[j'=> w . (18)
SPii Piji

Example 2.5 For n = 2,
—a12

_ P
1 =1—a; — E 12 Ay A21 -
—d21 — Qg2

p20

As a general rule, quasi-determinants are not polynomials in their entries, except in
the following special case, which is particularly important for noncommutative symmetric
functions (a graphical interpretation of this formula can be found in the Appendix).

Proposition 2.6 The following quasi-determinant is a polynomial in ils entries :

ayy a1z 413 ...
—1 g9 d23 e Aon
0 —1 ass e : = aip+ Z A1g) Ajy+1345 Ajo4134s - -+ Agptin - (19)
. . . 1<1 <2< <gp<n
. . g Up_1n
0 ... 0 -1 Ann

We now recall some useful properties of quasi-determinants. Quasi-determinants be-
have well with respect to permutation of rows and columns.

Proposition 2.7 A permutation of the rows or columns of a quasi-determinant does not
change its value.

Example 2.8

11 G12 413 (g1 G2 A23 (g2  G21 U233
(g1 Q22 Q23| = | G11 G122 G13|= |d12 di11 413

a3z a3z a3z a3z a3z ass

One can also give the following analogs of the classical behaviour of a determinant with
respect to linear combinations of rows and columns.

Proposition 2.9 If the matriz B is obtained from the matriz A by multiplying the p-th
row on the left by X, then

Bl :{)\|A|pq for k=p,
1 |Alg, for k#p.

10



Sitmilarly, if the matriz C' is obtained from the matriz A by multiplying the g-th column
on the right by p, then

C] :{|A|pq/~‘ for I=gq,
ol |Al,; for [#4q.

Finally, if the matriz D is obtained from A by adding to some row (resp. column) of A
its k-th row (resp. column), then |D|,y = |Alyq for every p #k (resp. q # k).

The following proposition gives important identities which are called homological re-
lations.

Proposition 2.10 The quasi-minors of the generic matriz A are related by :
Al (1A )~ = = Ala (JAY )"
(1A% )7t ALy = = (JAY k)7t Al -

Example 2.11

—1|G11 G12 413 —1|G11 di12 413

11 d12 a a a . 11 d12 a a 7
21 22 23 | = — 21 22 23

as1 a ag1 a a a
32 33 31 32 33

The classical expansion of a determinant by one of its rows or columns is replaced by
the following property.

Proposition 2.12 For quasi-determinants, there holds :

|A|pq = Qpg — Z UApj (|qu|kj)_1 |Apj|kq )
J#q

|Alpg = apy — Z |Aiq|pl (|qu|il)_1 Uiq
iFEp
for every k #£ p and | # q.

Example 2.13 Let n = p = ¢ = 4. Then,

11 d12 aA13  di4 -1
11 di12 413 11 G12 414
(21 d22 d23 G24 |
= d44 — Q43| d21 G22 d423 (g1 G2  G24
(31 d32 dA33 dA34 a a 7 a a 7
31 32 33 31 32 34
41 Q42 43 |44
-1 -1
11 G112 d13 11 a1z di14 11 Q12 413 12  aA13  di14
— Q42| d21 d22 23 (g1 d23 Ggq4 | — d41 | Q21 Q22 A23 oo A23  A24
asy ass asy  as3 |34 asy  ass asy a3z |34

Let P, @ be subsets of {1,...,n} of the same cardinality. We denote by A% the
matrix obtained by removing from A the rows whose indices belong to P and the columns
whose indices belong to (). Also, we denote by Apg the submatrix of A whose row indices
belong to P and column indices to Q. Finally, if a;; is an entry of some submatrix A"%
or Apg, we denote by |AP?|;; or |Apgl;; the corresponding quasi-minor.

Here is a noncommutative version of Jacobi’s ratio theorem which relates the quasi-
minors of a matrix with those of its inverse. This identity will be frequently used in the
sequel.

11



Theorem 2.14 Let A be the generic matrix of order n, let B be its inverse and let
({i}, L, P) and ({j}, M, Q) be two partitions of {1,2,...,n} such that |L| = |M| and
|P| =|Q|. Then, one has

| Brogy,ogiylie = [Apognouiyli -

Example 2.15 Take n = 5, ¢ =3, 7 =4, L = {1,2}, M = {1,3}, P = {4,5} and
Q ={2,5}. There holds

-1
a3z ass bii biz  bis
Qg2 Qaq  ag5| = b3y b3y bag

G52 G54 dss by bay
We conclude with noncommutative versions of Sylvester’s and Bazin’s theorems.
Theorem 2.16 Let A be the generic matriz of order n and let P, () be two subsets of
[1,n] of cardinality k. For i ¢ P and j ¢ Q, we set bj; = |Apugiyguili; and form the
matriz B = (b;;)i¢pj¢q of order n — k. Then,
| Al = |Blim
for every L ¢ P and every m ¢ Q.

Example 2.17 Let us take n =3, P = = {3} and [ = m = 1. Then,

a13 a13
a1z 13
do1 gy oz | = 31 @33 32 433

23 23
31 a3 433

32 @33 31 433

Let A be a matrix of order nxp, where p > n. Then, for every subset P of cardinality
nof {1,...,p}, we denote by Ap the square submatrix of A whose columns are indexed

by P.

Theorem 2.18 Let A be the generic matriz of order n x2n and let m be an integer in
{L,....n}. For 1 < 1,5 < n, we set by = [Afjnt1,.ntictntitt,.. 20} |mj and form the
matriz B = (b;;)i1<ij<n. Then we have

|Ble = [ A, 20} montk |A{l,...,l—l,l—l—l,...,n,n—l—k}|T_n%n_|_k |Ag1,
for every integers k.l in {1,... ,n}.

Example 2.19 Let n =3 and £k = =m = 1. Let us adopt more appropriate notations,
writing for example |245| instead of |M{s45y|14. Bazin’s identity reads

Lh6]| |2b6] |Bb6|
TH6| |246] |BU6|| = |Eb6| [23E] " |TR3] .
5] |2M5]  [BM5]

We shall also need the following variant of Bazin’s theorem 2.18.
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Theorem 2.20 Let A be the generic matriz of order nx(3n —2) and let m be an integer
in{1,...,n}. Forl <i,5 <n, weset ¢;j = |Afjntintitt,.. 2nti-2}|mj and form the matriz
C = (¢ij)i<ij<n- Then we have

.....

|Cli1 = |Afnt1,... 20} m,2n |A{2,3...,n,2n}|;£2n | A1, 0y mt

Example 2.21 Let n = 3, m = 1, and keep the notations of 2.19. Theorem 2.20 reads

DH5] |2H5)  [BM5]
[B6] [256| [BB6|| = |45G] [236] " |23 . (20)
me7| 267 [Bl67]

Proof — We use an induction on n. For n = 2, Theorem 2.20 reduces to Theorem 2.18.
For n = 3, we have to prove (20). To this end, we note that the specialization 7 — 4 gives
back Bazin’s theorem 2.18. Since the right-hand side does not contain 7, it is therefore
enough to show that the left-hand side does not depend on 7. But by Sylvester’s theorem
2.16, the left-hand side is equal to

‘m 2145 ZU5| [[BU5]] H|I56| 13156 56|  |256]
Ms6] 26| | |[2B6] [BB6I | | 267 [B67])l | ([@67] (67|

= [45[6]} | 25061/ [[T125] — |4506]] |256]| " | 26305 |20316| " [I126] .

which is independent of 7. Here, the second expression is derived by means of 2.18 and
Muir’s law of extensible minors for quasi-determinants [KL]. The general induction step
is similar, and we shall not detail it. a

-1
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3 Formal noncommutative symmetric functions

In this section, we introduce the algebra Sym of formal noncommutative symmetric
functions which is just the free associative algebra K(A1, Ay, ...) generated by an infinite
sequence of indeterminates (Ag)g>1 over some fixed commutative field K of characteristic
zero. This algebra will be graded by the weight function w(A) = k. The homogeneous
component of weight n will be denoted by Sym,. The A will be informally regarded
as the elementary symmetric functions of some virtual set of arguments. When we need
several copies of Sym, we can give them labels A, B,... and use the different sets of
indeterminates Ag(A), Ar(B),... together with their generating series A(A, 1), A(B,1),...,
and so on. The corresponding algebras will be denoted Sym(A), Sym(B), etc.

We recall that a composition is a vector I = (iy,...,1x) of positive integers, called the
parts of 1.

The length I(I) of the composition [ is the number k of its parts and the weigth of [
is the sum |I| =3 i; of its parts.

3.1 Elementary, complete and power sums functions

Let t be another indeterminate, commuting with all the Aj. It will be convenient in the
sequel to set Ag = 1.

Definition 3.1 The elementary symmetric functions are the Ay themselves, and their
generating series is denoted by

At)i= D tF A =1+ > A, (21)

k>0 E>1

The complete homogeneous symmetric functions Sy are defined by

o(t):= > t"Sy=x-t)". (22)

k>0

The power sums symmetric functions of the first kind W, are defined by
W(t) = Y Ny, (23)

k>1

d
= olt) = o(t) ¥(1) (24)

The power sums symmetric functions of the second kind @ are defined by
k Dy,
o(t)=exp( > t"—), (25)
E>1 k

or equivalently by one of the series

d(t) := Ztk%zlog(l—l—z Spth) (26)
E>1 E>1

" P(t):= > "1y = d d(t) = d log o(t) . (27)
= dt dt
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Although the two kinds of power sums coincide in the commutative case, they are
quite different at the noncommutative level. For instance,

1
(I)g — \I}3 —|— Z (\I/l \IIQ - \IIQ \I/l) . (28)

The appearance of two families of power sums is due to the fact that one does not have a
unique notion of logarithmic derivative for power series with noncommutative coefficients.
The two families selected here correspond to the most natural noncommutative analogs.
We shall see below that both of them admit interesting interpretations in terms of Lie
algebras. Moreover, they may be related to each other via appropriate specializations (cf.

Note 5.14).
One might also introduce a third family of power sums by replacing (24) by

d
= olt) = () o)

but this would lead to essentially the same functions. Indeed, Sym is equiped with several
natural involutions, among which the anti-automorphism which leaves invariant the Aj.
Denote this involution by F' — F*. It follows from (22) and (26) that one also has
St =Sk, ®F = @y, and,

with (t)* = sy 771 U5

Other involutions, to be defined below, send A on £5%. This is another way to handle
the left-right symmetry in Sym, as shown by the following proposition which expresses

() in terms of A(?).

Proposition 3.2 One has

d

= A=) =9() A=) (29)

Proof — Multiplying from left and right equation (24) by A(—t), we obtain

A=) (5 70) Mo =07 (5 o) o0 = 60 20

But one also has

a

These identities between formal power series imply the following relations between
their coefficients.
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Proposition 3.3 Forn > 1, one has

n n

S (=D)"FSi A= > ()" A Sk =0, (30)
k=0 k=0
n—1 n—1
S S U =nS., S (=)L Ay =nA, . (31)
k=0 k=0

Proof — Relation (30) is obtained by considering the coefficient of ¢" in the defining
equalities o(t) A(—t) = A(—=t) o(t) = 1. The other identity is proved similarly from rela-
tions (24) and (29). O

In the commutative case, formulas (30) and (31) are respectively called Wronski and
Newton formulas.

It follows from relation (26) that for n > 1

b, =nS, + > Ciy i iy -+ i, (32)

i1+ tim=n,m>1

where ¢;,
that Sym is freely generated by any of the families (S%), (¥x) or (®x). This observation
leads to the following definitions.

are some rational constants, so that Proposition 3.3 implies in particular

Definition 3.4 Let [ = (i1,...,i,) € (N*)" be a composition. One defines the products
of complete symmetric functions

ST =298, 8,...5, . (33)
Stmilarly, one has the products of elementary symmetric functions

A=A Ay Ay (34)
the products of power sums of the first kind

Ul =w, Uy, (35)
and the products of power sums of the second kind

=0, ¢, ..., . (36)

Note 3.5 Asin the classical case, the complete and elementary symmetric functions form
Z-bases of Sym (i.e. bases of the algebra generated over Z by the Ay) while the power
sums of first and second kind are just Q-bases.

The systems of linear equations given by Proposition 3.3 can be solved by means of
quasi-determinants. This leads to the following quasi-determinantal formulas.

16



Corollary 3.6 For every n > 1, one has

A A A
AO Al An—2 An—l
Sn = (_1)n—1 0 A0 An—3 An—2 R
0 0 Ao Ay
Sy So 0 .0
Sy S1 So 0
A, = (=115 5 S 01,
Sn—l Sn—? Sl
v, Uy U,
—1 \Ill \I}n—2 \I;n—l
nS,=0 -2 U, 5 W, \
0 0 —n+1 U
vy 1 0 ... 0
v, 3 2 0
nA,=| U5 Wy U 0|,
\I}n—l \I}n—Z \III
Sl So 0 0 Al 2/\2 (n — 1)An—1
25y 51 So 0 Ao Ay Ao JA VY
U, =38 S 5 0|=|0 A Mg Apes
Sn—l Sn—? Sl 0 0 A0 Al

(37)

(38)

(39)

(40)

(41)

Proof — Formulas (37) and (38) follow from relations (30) by means of Theorem 1.8 of

[GR1]. The other formulas are proved in the same way.

a

Note 3.7 In the commutative theory, many determinantal formulas can be obtained from
Newton’s relations. Most of them can be lifted to the noncommutative case, as illustrated

on the following relations, due to Mangeot in the commutative case (see [LS1]).

2N
4 A,
(- 'nS, = :

1
3A

(n—1)A,—4

17
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(2n — 2) An—l (2n — 3) An_g (2n — 4) An_g

(n—2)A,_

. (42)



To prove this formula, it suffices to note that, using relations (31), one can show as in the
commutative case that the matrix involved in (42) is the product of the matrix

Uy 1 0 ... 0

-V, v,y 2 .. 0

‘I’ = \IIS —\112 \I}1 0
(=)', (=1)" 20, (=1)"P0,, ... U

by the matrix A = (A;_;)o<i j<n—1. Formula (42) then follows from Theorem 1.7 of [GR1].

Proposition 3.3 can also be interpreted in the Hopf algebra formalism. Let us consider
the comultiplication A defined in Sym by

AV ) =10¥, + V¥, ®1 (43)

for k> 1. Then, as in the commutative case (¢f. [Gei] for instance), the elementary and
complete functions form infinite sequences of divided powers.

Proposition 3.8 For every k > 1, one has

k k
A(SH) =D Si @8, AN =D A@ Ay .

Proof — We prove the claim for A(Sy), the other proof being similar. Note first that
there is nothing to prove for £ = 0 and £ = 1. Using now induction on k and relation
(31), we obtain

k=1 i
kA(Sk): (S ®Sz ]\I}k Z—I_SZ ]q}k Z®S)
=0 ;=0
k—1 k—1 -
=> S ZSZ Vi) + > ZSZ JUili) @S,
7=0 7=0 =3
k—1 k-1
= > (S;@(k—=5)Sk—y) + D (k—j)Sk—; @8 =k Z (55 @ Sk—j) -
J=0 7=0 7=0
O
We define an anti-automorphism w of Sym by setting

for £ > 0. The different formulas of Corollary 3.6 show that
w(/\k) == Sk 5 w(\Ilk) == (—1)k_1 \I/k .

In particular we see that w is an involution. To summarize:
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Proposition 3.9 The comultiplication A and the antipode &, where @ is the anti-auto-
morphism of Sym defined by

O(Sk) = (=D A, k>0, (45)
endow Sym with the structure of a Hopf algebra.

The following property, which is equivalent to the Continuous Baker-Campbell-Hausdorft
theorem of Magnus [Mag] and Chen [C2], has some interesting consequences.

Proposition 3.10 The Lie algebra generated by the family (®y) coincides with the Lie
algebra generated by the family (Vy). We shall denote it by L(V). Moreover the difference
). — Uy, lies in the Lie ideal L*(W) for every k > 1.

Proof — In order to see that the two Lie algebras L(W) and L(®) coincide, it is sufficient
to show that @ lies in L(W¥). According to Friedrichs’ criterion (¢f. [Re] for instance),
we just have to check that @ is primitive for the comultiplication A. Using (26) and
Proposition 3.8, we can now write
A(D
Stk (k D _ log (3 A(S) ) = log (UV) (46)

E>1 k>0

where we respectively set U = 37,54 (1 @ S%) th and V = ko (Sk @ 1)t*. Since all
coefficients of /' commute with all coefficients of V', we have log(UV) = log(U) + log(V)
from which, applying again (26), we obtain

A(Py) 1 ® &y ¢, @1
e ST [ ——a [ 4

E>1 E>1 E>1

as required. The second point follows from the fact that ®;, — W, is of order at least 2 in
the W;, which is itself a consequence of (32). O

Example 3.11 The first Lie relations between ®; and Wj are given below.

1 1
O =0y, Py =y, (I)3:\I’3+Z[\I’1,\I’2], Gy =V, + - [V, U3,

3
s = Ws 4 S [y, W] 4 — [Ug, U] + — [0, [Ty, Ws]]
5 — 5 S 1, ¥4 12 2, ¥3 79 1, 1, ¥3
1 1
+@ [[Wy, Wy, Wa] + a1 [[Wo, Wy, Wy, W] .

It is worth noting that, according to Proposition 3.10, the Hopf structures defined by
requiring the ®; or the Wy to be primitive are the same. Note also that the antipodal
property of @ and the fact that

APy) =100, +P, @1 (48)

show that we have

w(®) = (=D oy . (49)
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3.2 Ribbon Schur functions

A general notion of quasi-Schur function can be obtained by replacing the classical Jacobi-
Trudi determinant by an appropriate quasi-determinant (see Section 3.3). However, as
mentioned in the introduction, these expressions are no longer polynomials in the gene-
rators of Sym, except in one case. This is when all the subdiagonal elements a; 4, ; of their
defining quasi-determinant are scalars, which corresponds to Schur functions indexed by
ribbon shaped diagrams. We recall that a ribbon or skew-hook is a skew Young diagram
containing no 2 x 2 block of boxes. For instance, the skew diagram © = [/J with
I'=1(3,3,3,6,7) and J = (2,2,2,5)

is a ribbon. A ribbon © with n boxes is naturally encoded by a composition I = (iy,...,1,)
of n, whose parts are the lengths of its rows (starting from the top). In the above example,
we have [ = (3,1,1,4,2). Following [MM], we also define the conjugate composition I~
of I as the one whose associated ribbon is the conjugate (in the sense of skew diagrams)
of the ribbon of I. For example, with I = (3,1,1,4,2), we have I~ = (1,2,1,1,4,1,1).

In the commutative case, the skew Schur functions indexed by ribbon diagrams possess
interesting properties and are strongly related to the combinatorics of compositions and
descents of permutations (¢f. [Ge], [GeR] or [Re] for instance). They have been defined
and investigated by MacMahon (c¢f. [MM]). Although the commutative ribbon functions
are not linearly independent, e.g. Ri;2 = Ry, it will be shown in Section 4 that the
noncommutative ones form a linear basis of Sym.

Definition 3.12 Let [ = (i1,...,1,) € (N*)" be a composition. Then the ribbon Schur
function Ry is defined by

Sil Si1+i2 Si1+i2+i3 s Sh-l-...-l-in

SO SZ Sig—l—ig s Sig—l—...—l—in
Ry=(-1)""]0 5 Si co Sligttin (50)

0 0 0 . S;

Asin the commutative case, we have S, = R, and A,, = R~ according to Corollary 3.6.
Moreover, the ribbon functions Rx ,_z) play a particular role. In the commutative case,
they are the hook Schur functions, denoted S(x ,_). We shall also use this notation for
the noncommutative ones.

We have for the multiplication of ribbon Schur functions the following formula, whose
commutative version is due to MacMahon (¢f. [MM]).

Proposition 3.13 Let [ = (iy,...,1,) and J = (J1,...,Js) be two compositions. Then,
Rr Ry = Rpg+ Rrg
where [>.J denotes the composition (i1,...,0—1,%-+J1,72,--.,7s) and [-J the composition

(01 e ey Try J1ye vy Js)-
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Proof — Using the above notations, we can write that R; is equal to

Siv oo [Sitotin|[[So o Sitetion | S0 Sigin coe Sivhotis
(_1)k—1 SO e Si2+...+’ik_1 0 LI Si3+...+ik_1 SO SZ . 522-|--|-2k
0o ... Si, 0o ... 0 0o ...

= R(il ~~~~~ ik—1) (SZ - R(—le ..... ih_1) R(i17~~~7ik—27ik—1+ik)) )

the first equality following from the homological relations between quasi-determinants of
the same matrix, and the second one from the expansion of the last quasi-determinant
by its last row together with the fact that the second quasi-determinant involved in this
relation is equal to 1. Hence,

RrR, = Ry, + Br.0y . (51)

Thus, the proposition holds for ¢(J) = 1. Let now J = (j1,...,7x) and J" = (41, .., Jn—1)-
Then relation (51) shows that

Ry=Ryp R;, — Ry,
Using this last identity together with induction on ¢(.J), we get
Ry Ry = Rpy R, + Ry Bj,, — Riv(nej,) — Br(wjn)
and the conclusion follows by means of relation (51) applied two times. a

Proposition 3.13 shows in particular that the product of an elementary by a complete
function is the sum of two hook functions,

We also note the following expression of the power sums ¥, in terms of hook Schur
functions.

Corollary 3.14 For every n > 1, one has

3
|
—_

U, = (=1)* Ryrgupy -

0

o
Il

d
Proof — The identity A(—t) — o(t) = ¢ (t) implies that

dt
n—1
U= > (=D (n—k)Ax Snei (53)
k=0
and the result follows from (52). O

Let us introduce the two infinite Toeplitz matrices
S = (Sj—i)m‘zo , A= ((_1)]_2 Aj_i)i,jzo ) (54)
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where we set S, = Ay = 0 for & < 0. The identity A(—t) o(t) = o(t) AM(—t) = 1 is
equivalent to the fact that A S = S A = I. We know that the quasi-minors of the
inverse matrix A™! are connected with those of A by Jacobi’s ratio theorem for quasi-
determinants (Theorem 2.14). Thus the ribbon functions may also be expressed in terms
of the Ay, as shown by the next proposition.

Proposition 3.15 Let [ € N be a composition and let I™ = (j1,. .., jm) be the conjugate
composition. Then one has the relation

N Njpcitim Djmatimortim -
Ao Ajm—l Ajm—2+jm—1 s A]1+...+jm—1
Ry = (—1)m_1 0 Ao Ajm—2 s A]1+...+jm—2
0 0 0 e Ay,
Proof — This formula is obtained by applying Jacobi’s theorem for quasi-determinants
(Theorem 2.14) to the definition of R;. a

Corollary 3.16 For any composition I, one has

w(R[) = R[~.

3.3 Quasi-Schur functions

We shall now consider general quasi-minors of the matrices S and A and proceed to the
definition of quasi-Schur functions. As already mentioned, they are no longer elements of

Sym, but of the free field K &£ 51, S, ...% generated by the 5;.

Definition 3.17 Let [ = (iy,42,...,%,) be a partition, i.e. a weakly increasing sequence
of nonnegative integers. We define the quasi-Schur function Sy by setting
S; Sigt1 eee |Sintn—1
§=(apt | T T Sl )
Siontt Sowsr .. S

In particular we have S; = S;, S;i = A; and Sli(n_i) = Ryi(n—y- However it must be
noted that for a general partition I, the quasi-Schur function S; reduces in the commuta-
tive case to the ratio of two Schur functions S;/Sy, where J = (i3 —1,05—1,... 4,1 —1).
One can also define in the same way skew Schur functions. One has to take the same
minor as in the commutative case, with the box in the upper right corner and the sign
(—1)"~*, where n is the order of the quasi-minor. The ribbon Schur functions are the only
quasi-Schur functions which are polynomials in the Si, and they reduce to the ordinary
ribbon functions in the commutative case. To emphasize this point, we shall also denote
the quasi-Schur function S[/J by St/y when I/J is a ribbon.

Quasi-Schur functions are indexed by partitions. It would have been possible to define
more general functions indexed by compositions, but the homological relations imply
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that such functions can always be expressed as noncommutative rational fractions in the
quasi-Schur functions. For instance

s Se [SE]) IS8l Sal 1S3 [Sd] emt o & emt
=g 5| T Tls, sl Tls, s T ST oSS

Definition 3.17 is a noncommutative analog of the so-called Jacobi-Trudi formula.
Using Jacobi’s theorem for the quasi-minors of the inverse matrix as in the proof of
Proposition 3.15, we derive the following analog of Naegelbasch’s formula.

Proposition 3.18 Let [ be a partition and let I™ = (j1,...,J,) be its conjugate partition,
i.e. the partition whose diagram is obtained by interchanging the rows and columns of the

diagram of I. Then,

A]p A]p‘H s A]p+p—1

Ajp—l_l Ajp—l ttt /\jp—l‘l'p_z

Sr = (—1)p_1
A]l—p-l-l Ajl -p+2 - Ajl
Let us extend w to the skew field generated by the S;. Then we have.

Proposition 3.19 Let I be a partition and let I™ be its conjugate partition. There holds

w(S;) = S[~ .
Proof — This is a consequence of Proposition 3.18. O

We can also extend the * involution to the division ring generated by the S;. It follows
from Definition 2.1 that S7 is equal to the transposed quasi-determinant

S S -
So i S . S
S?:(—l)n_l ‘1 1 ‘ 1 ‘ 1‘-I- 2

Sil—n-l—l Sil—n-I—Z AR Sll
In particular, if [ = n*
is invariant under *.

is a rectangular partition, the quasi-Schur function indexed by [

In the commutative case, Schur functions can also be expressed as determinants of
hook Schur functions, according to a formula of Giambelli. This formula is stated more
conveniently, using Frobenius’ notation for partitions. In this notation, the hook




is written (3]a) := 17 (e + 1). A general partition is decomposed into diagonal hooks.
Thus, for the partition [ = (2,3,5,7,7) for instance, we have the following decomposition,
where the different hooks are distinguished by means of the symbols x, ® and o.

*x|®

x| 0O

x| OO0
x| (o|o|lo|o|jo]|e
A Rl Bl Bl B d R d Bt

It is denoted (134 | 256) in Frobenius’ notation. We can now state.

Proposition 3.20 (Giambelli’s formula for quasi-Schur functions) Let I be a partition
represented by (B1...0k | a1...ax) in Frobenius’ notation. One has

S(ﬁﬂal) ’Sjﬁﬂaz Sj(ﬁﬂak)
T TR (salo2) S(alo)
St = ) )
S(5k|0fl) S(ﬁk|a2) S(ﬁk|ak)
Proof — This is an example of relation between the quasi-minors of the matrix S. The

proposition is obtained by means of Bazin’s theorem for quasi-determinants 2.18. It is
sufficient to illustrate the Computation in the case of I = (2,3,5,7,7) = (134 | 256). We

Siy S, ...
Lo = S’il—l S’iQ—l Si5—1
trigtatalis] = : : . :
Sica Siuca . Sia
Using this notation, we have
Sapy Sak) Sale) 0124[7]]  [0124[T0) |0124[T)
Sey Sl See | = (02347 023400] |0234[11]] | ,
Sa Sam [Sa) 1123407)  [123410) [|12340D)

= [[011234] [[0R47 10|~ [247 10 [I1]| = |247 10 [I1]| = Sassr7

the second equality following from Bazin’s theorem. a

There is also an expression of quasi-Schur functions as quasi-determinants of ribbon
Schur functions, which extends to the noncommutative case a formula given in [LP]. To
state it, we introduce some notations. A ribbon © can be seen as the outer strip of a
Young diagram D. The unique box of @ which is on the diagonal of D is called the
diagonal box of ©@. The boxes of © which are strictly above the diagonal form a ribbon
denoted ©F. Similarly those strictly under the diagonal form a ribbon denoted ©~.
Given two ribbons © and =, we shall denote by ©1t& =~ the ribbon obtained from ©
by replacing ©®~ by =7. For example, with © and = corresponding to the compositions
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I=1(21,1,3,2,4), J = (1,3,3,1,1,2), ©F corresponds to (2,1,1,1), =~ to (1,1,1,2)
and OT& =" to (2,1,1,3,1,1,2). Given a partition I, we can peel off its diagram into
successive ribbons O,, ..., 0, the outer one being 0, (see [LP]). Using these notations,
we have the following identity.

Proposition 3.21 Let [ be a partition and (©,,...,04) its decomposition into ribbons.
Then, we have

Se, S@j&@; Se)l &O;
5 S@j&@; Se, 592 &O;
St =
S@j;&@; S@j;&@; s
Proof — The two proofs proposed in [LP] can be adapted to the noncommutative case.

The first one, which rests upon Bazin’s theorem, is similar to the proof of Giambelli’s
formula given above. The second one takes Giambelli’s formula as a starting point, and
proceeds by a step by step deformation of hooks into ribbons, using at each stage the
multiplication formula for ribbons and subtraction to a row or a column of a multiple of
an other one. To see how it works, let us consider for example the quasi-Schur function
Soas. Tts expression in terms of hooks is

Subtracting to the second row the first one multiplied to the left by Ry (which does
not change the value of the quasi-determinant) and using the multiplication formula for
ribbons, we arrive at a second expression

Rl? Rl5
Rz

Now, subtracting to the second column the first one multiplied to the right by Rs; we
finally obtain

5235 =

< Ry Rias
235 =
Lty ’
which is the required expression. a
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4 Transition matrices

This section is devoted to the study of the transition matrices between the previously
introduced bases of Sym. As we shall see, their description is rather simpler than in the
commutative case. We recall that Sym is a graded algebra

Sym = @ Sym,,

n>0

Sym, being the subspace of dimension 2"~! generated by the symmetric functions 57,
for all compositions [ of n.

The description of the transition matrices can be abridged by using the involution w.
Note that the action of w on the usual bases is given by

(S = AT, oAy = 8T, w(W!) = (—)IO T (@l = (-1 o],

where we denote by I the mirror image of the composition I, i.e. the new composition
obtained by reading [ from right to left.

We shall consider two orderings on the set of all compositions of an integer n. The first
one is the reverse refinement order, denoted <, and defined by [ < J iff J is finer than
I. For example, (326) < (212312). The second one is the reverse lexicographic ordering,
denoted <. For example, (6) < (51) < (42) < (411). This ordering is well suited for the

indexation of matrices, thanks to the following property.

Lemma 4.1 Let C,, denote the sequence of all compositions of n sorted by reverse lexi-
cographic order. Then,
Cn = (1D0n_1 5 1.Cn_1)

where 1>C,_y and 1.C,,_; denote respectively the compositions obtained from the compo-
sitions of C,_1 by adding 1 to their first part and by considering 1 as their new first part,
the other parts being unchanged.

Note 4.2 Writing 57 = S; S, Lemma 4.1 proves in particular that

(S1)"= > Br, (56)

[I|=n

a noncommutative analogue of a classical formula which is relevant in the representation
theory of the symmetric group (the left hand side is the characteristic of the regular repre-
sentation, which is thus decomposed as the direct sum of all the ribbon representations).
This decomposition appears when the regular representation is realized in the space H,
of S,-harmonic polynomials, or, which amounts to the same, in the cohomology of the
variety of complete flags (more details will be given in Section 5.2).

For every pair (Fy), (G) of graded bases of Sym indexed by compositions, we denote
by M(F, ), the transition matrix from the basis (F7) with |/| = n to the basis (G) with
|/| = n indexed by compositions sorted in reverse lexicographic order. Our convention is
that the row indexed by [ contains the components of F7 in the basis (G ).
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4.1 S and A
The matrices M (S, A), and M(A,S), are easily described. With the choosen indexation,

they appear as Kronecker powers of a simple 2 x 2 matrix.

Proposition 4.3 For every n > 1, we have

~1 1)®W‘”

Aﬂ&A%:Aﬂ&S%:(O |

Proof — The defining relation o(—t) A(t) = 1 shows that

o) = (1= 3 At =14 3 (~DF (X At

i>1 E>1 i>1

Identifying the coefficients, we get

Sk — Z (_1)I(J)—k AJ 7

|J|=k

so that
SI — Z (_1)I(J)—|I| AJ 7

JrT

for every composition I. The conclusion follows then from Lemma 4.1. Applying w to
this relation, we see that the same relation holds when S and A are interchanged. O

Example 4.4 For n = 2 and n = 3, we have

2 11
M(S,A)y = M(A, S)y = 2<_11),
nmLo 1

3 21 12 111

3 /1 -1 -1

M(S,A)s=M(A,S)s= 21 [0 -1 0
210 0 -1

111 \0o 0 0

As shown in the proof of Proposition 4.3, we have

SI — Z (_1)Z(J)—|I| AJ 7 AI — Z (_1)Z(J)—|I| SJ 7

JrT JrT

for every composition /. Hence the matrices M (S, A), = M(A,S), are upper triangular
matrices whose entries are only 0, 1 or —1 and such that moreover the non-zero entries
of each column are all equal.
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4.2 S and ¥

Before describing the matrices M (S, W), and M(W,5),, let us introduce some notations.
Let I = (i1,...,1) be a composition. We define m,([) as follows

In other words, m,(I) is the product of the successive partial sums of the entries of
the composition /. We also use a special notation for the last part of the composition
by setting Ip(I) = i,. Let now J be a composition which is finer than I. Let then
J = (J1,...,Jm) be the unique decomposition of J into compositions (.J;);=1 ., such that
|y =i, p=1,...,m. We now define

mu(J, 1) = H Tu(Ji) .
=1
Similarly, we set
Ip(J. 1) =TI Ip( ) .
=1
which is just the product of the last parts of all compositions J;.

Proposition 4.5 For every composition I, we have

1
SI _ \I}J 7
% (S, 1)

Ul =3 () D g1y ST

JrT

Proof — The two formulas of this proposition are consequences of the quasi-determinantal
relations given in Corollary 3.6. Let us establish the first one. According to relation (39)
and to basic properties of quasi-determinants, we can write

v, v, ... U, ;4

-1 v, ... ¥, v, _,

\I}n—?) \I}n—Z
ns, = o -1 ... 5 5
y

0o 0 ... -1 !

n+1

But this quasi-determinant can be explicitely expanded by means of Proposition 2.6

S, = v (58)
. )
Taking the product of these identities for n = 1y,19,...,1,,, one obtains the first formula

of Proposition 4.5. The second one is established in the same way, starting from relation
(41) which expresses W,, as a quasi-determinant in the 5;. O
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Note 4.6 One can also prove (58) by solving the differential equation o'(t) = o(t) ()
in terms of iterated integrals. This yields

¢ ¢ t ¢ t t2

oft) =14 [+ [ [ty [ [V [T es)eie) )+
(59)

and one obtains relation (58) by equating the coefficients of " in both sides of (59).

The matrices M(W,5), have a simple block structure.

Proposition 4.7 For every n > 0, we have

_(M(U,S) o+ Ay —M(T,5),
MV, S), = ( 0 (\I/ 9) )

where A, is the matriz of size 2°~! defined by

o [271—2 0
A”_< 0 M(\I/,S)n_1> ’

MW, S) denoting the empty matriz.

n—1

Proof — This follows from Proposition 4.5 and Lemma 4.1. O

Example 4.8 For n = 2 and n = 3, we have

2 11 2 11
M(S, V), = 2 (1/2 1/2) ;o M(U,S), = 2 (2 —1) :
11\ 0 1 11\0 1
3 21 12 111 3 21 12 111
3 /1/3 1/6 1/3 1/6 3 /3 -1 =2 1
M(@S, W)= 21 0o 1/2 0o 1/2|, MWSs= 2110 2 0 -1
12 0 0 1/2 1/2 12 {0 0 2 -1
111 \ 0 0 0 1 111 \0 0 0 1
4.3 Sand ¢
We first introduce some notations. Let I = (i1,...,i,) be a composition and let J
be a finer composition. As in the preceding section, decompose J = (Ji,...,J,) into
compositions with respect to the refinement relation J = [, i.e. such that |J,| = i, for

every p. Then, we set
= H 0,
=1

which is just the product of the lengths of the different compositions J;. We also denote
by 7(I) the product of all parts of I. We also set

sp(Dy =D w(I)=mliy ... iy .

and
m

(1.1 =TT spl) -

=1
The following proposition can be found in [GaR] and in [Re].
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Proposition 4.9 For every composition I, we have

1 J
sp(J, 1)

s= %

I

Proof — Using the series expansion of the logarithm and the defining relation (26) yields
o, = _yn-1 g

|J]|=n

from which the first part of the proposition follows. On the other hand, the series expan-
sion of the exponential and the defining relation (25) gives

S,= Y oY

o,
|J|=n Sp(])

which implies the second equality. a

Note 4.10 It follows from Proposition 4.9 that the coefficients of the expansion of S5, on
the basis ®! only depend on the partition o(/) = (1™t 2™2 ... p™») associated with I. In
fact, one has

5p([):<m1+"'+mn) ™ oon™ my! ooom, !

my, ... , My

which shows that 1/sp(I) is equal to the usual commutative scalar product (S, , (1))
divided by the number of compositions with associated partition o(I).

Example 4.11 For n = 2 and n = 3, we have

2 11 2 11

M(S, @)= 2 /1/2 1/2\ , M(®,5):= 2 /2 -1\,

11 ( 0 1 ) 11 (0 1 )
3 21 12 111 321 12 111
3 /1/3 1/4 1/4 1/6 3 /3 —3/2 —3/2 1
M(S,®)s=21 0 1/2 0 1/2|, M@Ss3=21]0 2 0 -1
1210 0 1/2 1/2 1210 0 2 -1
mr\o o o 1 111\o 0 0 1

Note 4.12 One can produce combinatorial identities by taking the commutative images
of the relations between the various bases of noncommutative symmetric functions. For
example, taking into account the fact that ¥ and ® reduce in the commutative case to the
same functions, one deduces from the description of the matrices M (.S, V) and M (S, ®)

that
1 1

T

o(J)=1

the sum in the left-hand side being taken over all compositions corresponding to the same
partition [.
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4.4 S and R
The matrices M(S, R), and M(R,S), are given by Kronecker powers of 2 x 2 matrices.

Proposition 4.13 For every n > 1, we have

10\
M(S,R), = (1 1) : (60)
10y
M(R,S), = (_1 1) . (61)
Proof — 1t is sufficient to establish the second relation, since one has

(1 0)—1 B ( 1 0)

11 C\=1 1/

Going back to the definition of a ribbon Schur function and using the same technique as
in the proof of Proposition 4.5, one arrives at

R; = Z (_1)Z(J)—Z(I) SJ 7

IxJ

for every composition I. The conclusion follows again from Lemma 4.1. a

Example 4.14 For n = 2 and n = 3, we have

2 11 2 11
M(S, R)y = 2 (1 0) . M(R,5)= 2 (1 0) :
11T\1 1 11T\-1 1
3 21 12 111 3 21 12 111
1 0 0 0 3 1 0 0 0
M(S,R)s= 21 [1 1 0 0], MMRSs=21|-1 1 0 0
211 0 1 0 12 | -1 0 1 0
1 \1 1 1 1 mytr -1 -1 1
It follows from the proof of Proposition 4.13 that
ST=30 Ry, Rr=) (-1 ST (62)

IJ IJ

for every composition I. This is the noncommutative analog of a formula of MacMahon ( ¢f.
[MM]). These formulas are equivalent to the well-known fact that the Mébius function
of the order =< on compositions is equal to u<(l,.J) = (=1)D=4) if [ = J and to
p<(L,J)=0if I < J.
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4.5 A and ¥

The matrices relating the two bases A and ¥ can be described similarly to the matrices
relating S and W with the only difference that the combinatorial descriptions reverse left

and right.

Proposition 4.15 For every composition I, we have

1
AI — (_1)|I|—Z(J) - \I}J 7
% mu(J, 1)

W= (—)I ST (1) Ip(T, T) A

JrT

Proof — 1t suffices to apply w to the formulas given by Proposition 4.5.

The block structure of M (W, A), is also simple.

Proposition 4.16 forn > 2,

M(W,A), = (‘An—l — MW, A),s én_l)n_l)

0 M(W,

where A, is the matriz of size 2°~! defined by

_ An—l An—l )
= (% MW, A,y )

with Ay = (1) and My = (1).

Proof — This follows from Propositions 4.7 and 4.3 using the fact that

M(W,A), = M(¥,S), M(S,A), .

Example 4.17 For n = 2 and n = 3, one has

2 11 2 11
MW, A= 2 /=2 1\, MAV)= 2 /—1/2 1/2
11 ( 0 1) 11 ( 0 1
3 21 12 111 3 21
3 /3 -2 -1 1 3 /1/3 —1/3
M(W,AN)z=2110 -2 0 1|, MAVY)s=21[ 0 —1/2
12{0 0o -2 1 121 0 0
1m1\o 0o 0 1 111\ 0 0
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4.6 A and @

The matrices relating A and ® are again, due to the action of w, essentially the same as
the matrices relating S and ®.

Proposition 4.18 [or every composition I, we have

(1)

(I)I — (_1)|I|—Z(J) 7/\‘] 7
z (D
1
AI — (_1)|I|—Z(J) - (I)J
JZ;I sp(J, 1)
Proof — 1Tt suffices again to apply w to the relations given by Proposition 4.9. O
Example 4.19 For n = 2 and n = 3, we have
2 11 2 11
M(A, @) = 2 (—1/2 1/2) ;o M(®,A)y= 2 (—2 1) :
11 0 1 1mT\yo 1
3 21 12 111 3 21 12 111
3 /3 =3/2 =-3/2 1 3 /1/3 —-1/4 —1/4 1/6
M(®,A)s=21 [0 -2 0 1|, MAMN®)s=21[0 -1/2 0 1/2
12 10 0 -2 1 12 0 0 —1/2 1/2
111 \0 0 0 1 111\ 0 0 0 1
4.7 Aand R

The matrices M (A, R) and M (R, A) are again Kronecker powers of simple 2 x 2 matrices.

Proposition 4.20 For every n > 1, we have

0 1)\%CY 1 1)\%
M(A’R)”:<1 1) ’ M(R’A)”:<1 0) ‘

Proof — This follows from Propositions 4.13 and 4.3, since
M(AR), = M(A,S), M(S,R), and M(R,A), = M(R,S), M(S,A), .

Another possibility is to apply w to the formulas (62). O
Note 4.21 Proposition 4.20 is equivalent to the following formulas

M=% Ry, Ri=Y (-1)UDAT (63)

I-J~ I~>7
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Example 4.22 For n = 2 and n = 3, we have

2 11 2 11
M(AR); = 2 (0 1) , M(R,A)y= 2 (—1 1) :

11\ 1 11\U1 0
3 21 12 111 3 21 12 111
3 /0 0 0 1 3 /1 —1 -1 1
MAR)s;=2110 0 1 1|, MERA)s=21]-1 0 1 0
1210 1 0 1 21=1 1 0o o
1mr\1 1 1 1 1m1\1 0 0 o0

4.8 V¥ and R

Let I = (i1,...,2,) and J = (J1,...,Js) be two compositions of n. The ribbon decompo-
sition of [ relatively to J is the unique decomposition of I as

[:[1.[2.....[5, (64)

where [; denotes a composition of length j; for every ¢+ and where o stands for - or v
as defined in the statement of Proposition 3.13. For example, if I = (3,1,1,3,1) and
J =(4,3,2), we have

I'=(31)-(12)»(11),

which can be read on the ribbon diagram associated with I:

[o]e

NEEE

*x |0
O

For a pair I,.J of compositions of the same integer n, let (Iy,..., ;) be the ribbon
decomposition of [ relatively to .J as given by (64). We deﬁne then psr([, J) by

I et (L) —s s
psr(1, ) = { (—1) ; if every [; is a hook

otherwise

We can now give the expression of W' in the basis of ribbon Schur functions.

Proposition 4.23 For any composition I,

U= > psr(L IRy . (65)
|J]|=n
Proof — This follows from Corollary 3.14 and Proposition 3.13. O

The block structure of the matrix M (W, R),, can also be described.
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Proposition 4.24

A, —M(V, R),—4
MV, R), = (M(\I/, Yoot M(&,R)iq ) 7

where A, is a matriz of order 2", itself given by the block decomposition

= (s )
"AMWL,R) .y MV R)u—1 /)

Proof — The result follows from Proposition 4.23 and from Lemma 4.1. O

The structure of the matrix M (R, W), is more complicated. To describe it, we intro-
duce some notations. For a vector v = (vq,...,v,) € Q", we denote by v[i, j| the vector
(Vi Vig1, .-, 0;) € Q771 We also denote by © the vector obtained by reading the entries
of v from right to left and by v.w the vector obtained by concatenating the entries of v
and w.

Proposition 4.25 1) One can write M(R, V), in the following way

1 AR, V), A(R,V¥),
M(R, V), = - ( _é(&g})n BER, \I/;n )

n.

where A(R, W), and B(R, W), are matrices of order 2"~% whose all entries are integers
and that satisfy to the relation

AR, W), + B(R, W), =n M(R,U),_, .

Hence M(R, V), is in particular completely determined by the structure of B(R,V),.
2) The matriz B(R, ®),, can be block decomposed as follows

_ p(000)

_B7(100) B(goo)

~B{ _g 001)

B B 301) o
P B = _poor (66)

_B7g01) B(glo)

B _g 011)

B Bngn)

where (B, _y .1 are square blocks of order 277177

3) Bvery block BUv) has itself a block structure of the form given by (66) with blocks

n

denoted here B((le """ ])) These blocks statisfy the two following properties.

..... in

— Fvery block B((le """ ])) of order 2 x 2 has the structure



for some integers p,q € 7.

— For every (i1,...,tn) and (J1,...,Js), let us consider the rectangular matriz
C ((27117’.'.'.'7’2.]:)) defined as follows
 pliteds0)
Gde) [ glineds) B(n 77777 ) T
(Groir) — (i1 1) B((;l ..... 'jS;O) .

.....

Note that these recursive properties allow to recover all the block structure of B(R, W),
from the last column of this matriz.

4) Let 'V, be the vector of order 22 corresponding to the last column of B(R,W¥),
read from bottom to top. The vector V,, is then determined by the recursive relations

Viill=1, Vi[2]=n—-1,

n

Vo1, 2°) + V28 + 1,281 = ( ) Vi1, 2571 L VR[1, 251

forke{l,....n—4}, and

VoL 2"+ Vo [2r 3 4+ 1,22 =n V,_; .

Example 4.26 Here are the first vectors V,, from which the matrix M (R, ¥), can be
recovered:

Va=(1), Va=(12), Va=(1353), Va=(1496916 11 4),

Ve=(15 14 10 19 35 26 10 14 40 61 35 26 40 19 5) .
For n = 2,3, 4 the matrices relating W/ and R;.

2 11 2 11
MW, R);y= 2 /1 -1\, MRY)= 2 /1/2 1/2\ .
11 (1 1 ) 11 (-1/2 1/2)
3 21 12 111 30 21 12 111
3 /1 -1 1 3 /1/3 1/6 1/3 1/6
MW, R)s=21 11 1 -1 —-1|, M(R,W)s=21|-1/3 1/3 —1/3 1/3|,
21 -1 1 —1 12 | -1/3 —1/6 1/6 1/3
1\t 11 1 11\ 1/3 —1/3 —-1/6 1/6
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4 31 22 211 13 121 112 1111

4 1 0o 0 -1 0 1 -1
31 1 1 0 0 -1 -1 1 1
2 11 -1 1 =1 -1 1 =1 1
MW, Ry= 2111 1 1 1 =1 =1 =1 —=1|,
B3l1r 0o —1 1 1 0 -1 1
rf1r 1 -1 =1 1 1 =1 -1
m2fir -1 1 =1 1 =1 1 =1
mr\:tr 1 1 1 1 1 1 1

4 31 22 211 13 121 112 1111
4 1/4  1/12  1/8 1/24  1/4  1/12 1/8  1/24

31 | 14 1/4 —1/8 1/8  —1/4  1/4  —1/8 1/8
22 | —1/4 —1/12 1/8 5/24  —1/4 —1/12  1/8  5/24
M(R,V)y = 211 /4  —1/4 —1/8 1/8 /4 —1/4 —1/8 1/8
13 | —1/4 —1/12 —1/8 —1/24 1/12 1/12  5/24 1/8

121 | 1/4 —1/4 1/8 —1/8 —1/12 1/12 —5/24 5/24
12 | 1/4  1/12 —1/8 —=5/24 —1/12 —1/12 1/24  1/8
111\ —1/4  1/4  1/8  —1/8 1/12 —1/12 —1/24 1/24

4.9 & and R

The first row of M(®, R),, is given by the following formula, which is equivalent to Corol-
lary 3.16 of [Re] p. 42.

Proposition 4.27 The expansion of ®,, in the basis (Ry) is given by

1) -1
P = > %
[]=n (4(1)—1)

Let I,.J be two compositions of the same integer n and let [ = ([y,...,Is) be the
ribbon decomposition of [ relatively to .J as given by relation (64). Define phr(1,.J) by

Ry .

setting

s (_1)(([,‘)—1
phr(L,J) = 1T i
=1 (f(fz‘)—l)

We can now give the expression of ® in the basis of ribbon Schur functions.

Corollary 4.28 For cvery composition I, one has

o' = > phr(J,1) Ry . (67)
|J]|=n
Proof — This is a simple consequence of Propositions 4.27 and 3.13. O

On the other hand, the structure of the matrix M (R, ®), is more intricate.
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Proposition 4.29 1) Let D(S,,®) be the diagonal matriz constructed with the elements
of the first row of M(R, ®),,, i.e. the diagonal matriz whose entry of index (I, 1) is 1/sp(I)
according to Proposition 4.9. Then we can write in a unique way

M(R,®), = N(R,®),. D(S,,®)

where N(R,®),, is a matriz of order 2"~" whose all entries are integers.

2) The matriz N(R,®),, can be block decomposed as follows

4 (000)

A7(100) _An(ooo)

A;(J) A (?01)

_A7(100) _An(om)

N(R,®), = A (?10)
A7(101) _An(mo)

—AY AO11)

_A7(101) _An7(1011)

veey

for every r € {1,...,n—=2}. This shows in particular that the matrizc N(R,®), is com-
pletely determined by its last column.

3) Let LO(R,®), be the row vector of order 2"~' which corresponds to the reading of
the last column of N(R,®), from top to bottom and let V, be the vector of order 272
defined in the statement of Proposition 4.25. Then, one has

LC(R,®),=V,.V,.
Thus LC(R,®),, and hence all the matric M(R, ®),, can be recovered from V.

Example 4.30 The matrices relating R; and ®' for n = 2, 3,4 are given below.

2 11 2 11

M@, R)= 2 /1 —1\ . MR®),= 2 /1/2 1/2\ ,

11 (1 1 ) 11 (-1/2 1/2)
3 21 12 111 3021 12 111

3 /1 —1/2 —-1/2 1 3/ 1/3 1/4 1/4 1/6
M(®, R)z=21 |1 1 —1 —1]|, M(R,®)3=21 | —1/3 1/4 —1/4 1/3] ,

21 -1 1 -1 12 | =1/3 —1/4 1/4 1/3

11 \1 1 11 11\ 1/3 —1/4 —1/4 1/6
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4 31 22 211 13 121 112 1111
4 1 —1/3 —-1/3 1/3 —1/3 1/3 1/3 -1
31 (1 1 =12 —1/2 =12 —1/2 1 1
22 [ 1 -1 1 -1 -1 1 -1 1
M(®,R)s= 211 | 1 1 1 1 —1 —1 -1 =11,
311 —-1/2 —1/2 1 1 =12 =12 1
21 [ 1 1 -1 -1 1 1 -1 -1
1z (1 -1 1 —1 1 —1 1 -1
i\ 1 1 1 1 1 1 1 1
4 31 22 211 13 121 112 1111
4 /4 1/6 1/8 1/12  1/6  1/12  1/12  1/24
31 [ —-1/4 1/6 —1/8 1/6 —1/6 1/6 —1/12 1/8
22 | —1/4 —1/6 1/8 1/6 —1/6 —1/12 1/6  5/24
M(R,®)y = 211 /4 —1/6 —1/8 1/12  1/6 —1/6 —1/6 1/8
13 | —1/4 —1/6 —1/8 —1/12 1/6  1/6 1/6  1/8
121 /4 —1/6 1/8 —1/6 —1/6 1/12 —1/6 5/24
12 1/4 1/6 -1/8 -—1/6 —1/6 —1/6 1/12 1/8
i\ 14 1/6  1/8 =112 1/6 —1/12 —1/12 1/24

4,10 ¢ and U

The problem of expressing ®,, as a linear combination of the W' is a classical question of
Mathematical Physics, known as the problem of the continuous Baker-Campbell-Hausdorff
exponents [Mag][C2][Wil][BMP][MP][St][V]. The usual formulation of this problem is as
follows. Let H(t) be a differentiable function with values in some operator algebra, and
consider the solution FE(t;to) (the evolution operator) of the Cauchy problem

{ DE(tito) = H(t)E(t; 1)
E(to;to) =1

The problem is to express the continuous BCH exponent §(t;1), defined by E(t;t) =
exp Q(t; o) in terms of H ().
ok

Here we merely consider the (equivalent) variant — =
set B(1) = o(t), H(1) = ¥(1), (1) = (1)

The first answer to this question has been given by W. Magnus [Mag]. His formula
provides an implicit relation between ®(¢) and (t), allowing the recursive computation

E(t)H(t) with to = 0, and we

of the coefficients ®,,. From our point of view, it rather gives the explicit expression of
U, in terms of the ®!. Following [Wil], we shall derive this formula from an identity of
independent interest:

Lemma 4.31 The derivative of o(t) = exp ®(t) is given by

U/(t) = %eq)(t) — /1 e(l—u)@(t) dq)(t) euq)(t)du ‘
0

7 (68)
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in powers of ®(t), we have

L
se(y, B(1)
_rgor—l-s—l-l) fn!)q)(t) i!) ’

and using the integral representation

rls!

1
— =8B 1, 1 / 1 —u)u’d
(r+s+1)! (r+Lstl)= 0( u) utdu

we find

!
r,52>0 8.

:/ e(l—u)@(t)q)/(t)euq)(t)du‘
0

To obtain an expression for ¥,,, we observe that Lemma 4.31 can be rewritten
o'(1) = o(1) / O (1) W fy |
0

so that

_/ > 0w )Y o) du

r>0 ' 5>0

)" rts .y s
_E;O r—l—s—l—l)( ' )CD(t)CI)(t)CI)(t) .

tn—l

Extracting the coefficient of , we finally obtain:

Proposition 4.32 The expansion of U, in the basis (®F) is given by

oK) o UK) -1 oK
e G e

|K|=n | =1

Using the symbolic notation

{(I)il ’ er F} - adq)iladq)lé adq)lr(F) = [(I)im[q)lév["'[q)lrv F] ]]]

and the classical identity
(ada) b

n!

:{eavb}v
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we can rewrite (69) as

_qyn -
= 3 AP w0 = { e )

which by inversion gives the Magnus formula:

0 () = {00 = X B ey oo (70

S0 n!
the B, being the Bernoulli numbers.

As already mentioned, formula (70) permits the recursive computation of the ¢, in
terms of iterated integrals. There exists, however, an explicit expression of this type,
which is due to Bialynicki-Birula, Mielnik and Plebanski [BMP] (see also [MP]) and
rediscovered by several authors (see e.g. [St][V]). We shall here only state a version of
this result, postponing the discussion to section 5.5, where the formalism of the internal
product will be needed.

Recall that an index ¢ € {1,2,...,n — 1} is said to be a descent of a permutation
o €8, ifo(i) > o(i+1). We denote by d(o) the number of descents of the permutation
o.

Theorem 4.33 (Continuous BCH formula) The expansion of ®(t) in the basis (V1) is
given by the series

o(t) = Z/Ot dtl"'/otr_l dt, (=)™ (;(_0)1) _1¢(ta<r>)"-¢(ta<1>) . (T

r>1 gES, r

Thus, the coefficient of W1 = W, - W, in the expansion of ®, is equal to

1 tra (=)@ (r— 1\ 7", .
dt / dt, o —— A L
"/o S 2 \dey) 7w

Example 4.34 Here are the transition matrices corresponding to the two bases ¥ and
®, up to the order n =4

2 11
MW, ®), = M(®,¥);= 2 /1 0\ ,
11 (o 1)
3 21 12 111 3 21 12 111
3 /1 1/4 —1/4 0 3 /1 —1/4 1/4 0
MU, ®);=21 |0 1 0 0|, M(®,¥)3=21 (0 1 0 0],
210 o0 1 0 1210 0 1 0
111 \0 0 0 1 111 \0 0 0 1
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5 Connections with Solomon’s descent algebra

Let us denote by Des (o) the descent set of a permutation o, and for each subset A C
{1,...,n — 1}, consider the element

D_, = Z o < I([Sn] .
Des(c)=A
It has been shown by Solomon (¢f. [So2]) that the subspace of K[S,] generated by the

elements D_4 is in fact a subalgebra of K[S,]. More precisely, there exist nonnegative
integers d 5 such that

D:A D:B — Z ng D:C )
C

for A,B C {1,...,n — 1}. This subalgebra is called the descent algebra of S, and is
denoted by ¥,. A similar algebra can be defined for any Coxeter group (cf. [So2]).

The dimension of ¥, as a vector space is obviously 2"7!, that is, the same as the
dimension of the space Sym,, of noncommutative formal symmetric functions of weight
n. This is not a mere coincidence : there is a canonical isomorphism between these two
spaces, and we shall see below that the whole algebra Sym can be identified with the
direct sum ¥ = @,,5, 2, of all descent algebras, endowed with some natural operations.

5.1 Internal product

Subsets of [n—1] = {1,...,n—1} can be represented by compositions of n in the following
way. To a subset A = {a1 < ay < ... < ap} of [n — 1], one associates the composition
c(A)=1= (i1, ikt1) = (a1, a2 — a1, ..., a5 — Ag—1,n — ag) .

A permutation compatible with a ribbon diagram of associated composition [ (i.e. yield-
ing a standard skew tableau when written in the diagram) has then for descent set ¢='(1).
It is thus natural to define a linear isomorphism o : ¥, — Sym,, by setting

Oz(D:A) == Rc(A) .

This allows us to define an algebra structure on each homogeneous component Sym,,
of Sym by transporting the product of ¥,. More precisely, we shall use the opposite
structure, for reasons that will become apparent later. The so-defined product will be
denoted by *. Hence, for I';G € Sym,,, we have

FxG=ala ™ (G)a™ (F) .

We then extend this product to Sym by setting F'« G = 0 if I’ and (& are homogeneous
of different weights. The operation * will be called the internal product of Sym, by
analogy with the commutative operation of which it is the natural noncommutative analog.
Indeed, let us consider another natural basis of ¥, constituted by the elements

Dea= Y Deg.

BCA
Then, according to formula (62),
Oz(DgA) = SI 5
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where I = ¢(A) (see also [Re]). Remark that in particular
a(id) =5,

so that for F' € Sym,,
FxS, =S «xF=F,

and that
alw,) = A,

where w,, denotes the maximal permutation (nn —1--- 1) = D=y n_1] of 5,,. Finally the
multiplication formula for Dca Dep (¢f. [So2]) can be be rewritten as follows.

Proposition 5.1 For any two compositions [ = (i1,...,1,) and J = (j1,...,7,), one has

Stxsl= S oM (72)

MeMat(I,J)

where Mat(1,.J) denotes the set of matrices of nonnegative integers M = (my;) of order
p X q such that 3, m.s =1, and Y., m,s = js for r € [1,p] and s € [1,q], and where
M
S :SmMSle ...Smlp...qul...qup‘
It is well known that the same formula holds for commutative symmetric functions. In
this case, a product of complete functions S’ is the Frobenius characteristic of a permu-
tation representation (see [JK]). Thus the passage to commutative symmetric functions
transforms the noncommutative *-product into the ordinary internal product (this is not
surprising, since the descent algebra was originally introduced as a noncommutative ana-
log of the character ring in the group algebra).

It is thus natural to identify Sym with the direct sum ¥ = @, 2, of all descent al-
gebras. The ordinary product of Sym then corresponds to a natural product on ¥, which
we will call outer product. In fact ¥ can be interpreted as a subalgebra of the convolution
algebra of a free associative algebra (considered as a Hopf algebra for the standard comul-
tiplication making the letters primitive). More precisely, it is the subalgebra generated
by the projectors ¢, onto the homogeneous components K, (A) of the free algebra K(A)
(¢f. [Re]). The convolution product, denoted * in [Re], corresponds then to the ordinary
product of noncommutative symmetric functions, and the composition of endomorphisms
to the internal product. This construction has been recently extended to the case of any

graded bialgebra by Patras (¢f. [Pa3]).

The noncommutative internal product satisfy some compatibility relations with the
ordinary product, similar to those encountered in the commutative case. For example one
has the following identity, whose commutative version is a fundamental tool for calcula-
tions with tensor products of symmetric group representations (see [Ro], [Li2] or [Th]).

Proposition 5.2 Let F\, F,, ..., F,,G € Sym. Then,
(FlFQFr)*G:MT[(Fl(@®Fr)>|<ArG]

where in the right-hand side, p, denotes the r-fold ordinary multiplication and * stands
for the operation induced on Sym®" by *.
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Proof — The formula being linear in each of its arguments, it is sufficient to establish it
in the case where the F; and (G are products of complete functions. When the Fj, are of

the form Fj, = S;, and G = S7 = §; S, -+ S;., the formula
(S0, Sty o+ 85 ) # 57 = piy (S, @+ @ 8+ A7SY] (73)

is equivalent to the multiplication formula (72). Next, let I = (i(lk),igk) i) for

2t nk
every k =1,...,r, and consider the transformations

(57 @0 81w A

— 1y [ S(S™M Gy @ (ST w Gy @@ (8™ # Gpyy)
(G)

(using Sweedler’s notation for A"()

= U [Z Mm((%gn Q@S m)* Aan(l)) @@ Mm((Si(r) @@ Sim) * A”TG(T))
(G) 1 1 Ty

(by application of formula (73))

= MT’O(MN1®' . .@Mm) [(Sigl) Q- Q Si(l) ® 52'52) R ® Szﬁf)) " (Anl Q- Q A?’Lr) o ArG]

= ln |:<SZ.(11) @ ® Sigll) @ ® Si(lr) Q- @ Siﬁf)) * ANG]
(by associativity and coassociativity, with N =n; 4+ --- +n,)

= (78151 G

Example 5.3 To compute 5?2 % S22 one has to enumerate the matrices with row sums
vector [ = (2,1,2) and column sums vector J = (2,3), which yields

5212 * 523 — 25212 + 52111 + 51112 + 511111 ]

Applying Proposition 5.2 and taking into account the fact that Si* F' = F for F' € Sym,,
and Sy * [’ = 0 otherwise, we obtain as well

2 1 1 2
,,L[(521®52)m523}:Ml(521®52)*{ (STO1+5 @5 +10 5 x H

(P14 5251+ ST@S52+1®53%)

=4 [(521 ®52) % (521 ®52 —|—512®SH —|—53®52)}
_ 9 G212 + G112 + [SIRRER! + G2l _ g212  g23
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Example 5.4 One can recognize the involution n : F' — F % A(1) by computing the
products ST+ A(1). If [ = (41,...,1%,),

ST A1) = 1, (S5, @+ @ 5:) *+ (M) @ -+ @ A(1))]

= Ay Ay, - Ay = AL

Hence, n is the involutive automorphism whichs sends S; to Ax. One can check that its
action on ribbons is given by

U(R[) = R[ * )\(1) = RI—N . (74)

The involution F' +— A(1) * [ is more easily identified in terms of permutations. Since
the descent set of ow is the complement in {1,...,n — 1} of the descent set of o, one sees
that it is the antiautomorphism

)\(1) * R[ = R[~ = w(R[) .

Other properties of the internal product can be lifted to the noncommutative case.
For example, in [At], Atkinson defines maps ¢; : Sym, — Sym; @ Sym, ®@---®Sym,,
by setting

er(F) = (5, @ 5, @ -+ @ 5i, )+ A(F) (75)

and shows that they are algebra homomorphisms for the internal product. He then uses
them to construct a simplified version of the representation theory of the descent algebra
(the first theory was due to Garsia and Reutenauer (¢f. [GaR])). The fact that these
maps are homomorphisms is equivalent to the following important property whose proof
may be adapted from Atkinson’s paper.

Proposition 5.5 The iterated coproduct A" is a homomorphism for the internal product
from Sym into Sym®”. In other words, for F',G € Sym

AN(FxG)=AFxNG .

In the commutative case, Sym, endowed with the internal product is interpreted as
the representation ring R(S,,) of the symmetric group, and Sym; ©® Sym;, @ --- @ Sym;,
as the representation ring of a Young subgroup S; = S;, x S;, x -+ x S, . With this
interpretation, the maps e; correspond to the restriction of representations from S,, to Sy.

The following consequence is worth noting. Remark that it follows from the structure
theory of Hopf algebras and from Proposition 3.10 that Sym is the universal enveloping
algebra of the free Lie algebra L(W) constituted by its primitive elements.

Corollary 5.6 The internal product preserves the primitive Lie algebra L(W¥) of Sym.
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5.2 Lie idempotents

A Lie idempotent is an idempotent of the group algebra K'[S,] which acts as a projector
from the free algebra K(A) onto the free Lie algebra L(A) (for the right action of the
symmetric group on words). It turns out that most of the Lie idempotents which have
been encountered up to now are elements of the descent algebra (¢f. [BBG] or [Re]).
In this section, we show that these elements appear quite naturally in the theory of
noncommutative symmetric functions.

In the commutative case, the products of power sums 1! are idempotent (up to a
scalar factor) for the internal product. The noncommutative case is more complicated,
but the simplest noncommutative internal products of power sums already lead to two
interesting Lie idempotents.

Proposition 5.7 For alln > 1, one has ¥, « ¥, =n V¥, .

Proof — Recall that the generating series for the ¥, is given by

Sty = X 1 = A=) (1)

n>1

and that AY(t) = ¢(t) @ 1 + 1 @ (). Then, using the fact that ¥, « W; = 0 for 1 #

and applying Proposition 5.2, we can write

D (wy)" T (W ) = () * ¥(y) = p (A=) @ 0o'(2) * (P(y) © 1+ 1@ (y))]

n>1

= pu[(M—z) % 1) @ (o'(x) * 1(y))]

(since o’(x) has no term of weight 0)
= > na™ S x| DDy UL = Y (ay)" e,
n>1 n>1 n>1

the last equality following from the fact that S, * F' = F' for F' € Sym,,. a

This proposition is in fact equivalent to Dynkin’s characterization of Lie polynomials
(see e.g. [Re]). Indeed, recall that the standard left bracketing of a word w = xqa3-- -z,
in the noncommuting indeterminates z; is the Lie polynomial

Lo(w) = [ [[[x1, x2), ws], 24), . ooy 2] -

In terms of the right action of the symmetric group S,, on the homogeneous component
K, (A) of degree n of the free associative algebra K(A), defined on words by

X1+ T+ 0 = xcr(l) xcr(?) o xcr(n) 9
one can write

L,(w) = Z ay (w-o)=w-0,

gES,
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where 6, is an element of Z[S,]. It is not difficult to show that 8, is in fact in ¥, and
that one has (¢f. [Gal)

n—1
0, = Z (—1)F Do,k -
k=0

To see this, one just has to write the permutations appearing in the first §; as ribbon
tableaux and then to use induction. For example,

3
2 3
b=[11,23]=128 — [, = |, + ?

and it is clear that when expanding 6, = [03,4] one will only get those (signed) tableaux
obtained from the previous ones by adding 4 at the end of the last row, minus those
obtained by adding 4 on the top of the first column. Thus, in terms of noncommutative
symmetric functions, we have from Corollary 3.14

al,) =, ,

so that Proposition 5.7 becomes Dynkin’s theorem : 62 = n#,, or more explicitely, a
noncommutative polynomial P € K(X) is a Lie polynomial iff L,(P) = nP.

The same kind of argument works as well for the power sums of the second kind ®,,.

Proposition 5.8 For everyn > 1, one has ®,x®, =nd, .

Proof — Using the generating series
¢ (=) 2 k
O(t)= > @, —=logo(t)= > (LS1+ 125y + )",
n>1 n E>1 k
we have

wa) s 00 = Y TV (s a5, 4w 0()

n>1

But, using Proposition 5.2, one has for n > 1

(@51 + Sy + )" % (y) = pn [(Z l’ilSil) Q- ® (Z xi"Sin) * Anq)(y)] =0,

i >1 in>1

since ®(y) is primitive and 3,5, 2'S; has no term of weight zero. Thus, using again the
fact that S, is a unit for the internal product on Sym,, we get

CBRURY DR B OoFE B o)

i
i>1 i>1 i>1 t

a

The element ell = a='(®,/n) is thus an idempotent of the descent algebra X,. In
terms of permutations, the formula ¢(¢) = log (1 4 (¢S + t*Sg + - - -)) shows that

(-1
A+ 1

ca -
AC{1,...,n—1}
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(compare with [Re] p. 66-67). This idempotent is also a projector onto the free Lie
algebra. One way to see this is to compute the products &, « ¥,, and ¥, * ®, and to use
Dynkin’s characterization of Lie polynomials.

Proposition 5.9 For everyn > 1, one has (i) ¥, «®, =n®, and (i) ¢, *xV, =n V¥, .

Proof — (i) Using Proposition 5.2 and the fact that ®(y) is primitive for A, we have
(@) x dly) = (A=) o'(x)) * D(y) = p[(AM—2) @ o'(2)) * (®(y) @ L + 1 @ D(y))]

=o'(x)* ®(y) =y D> _(zy)" ' P, .

n>1

(ii) As above, one can write

As already mentioned in Note 4.2, ribbon Schur functions appear in the commutative
theory as the characteristics associated to a certain decomposition of the regular repre-
sentation of S,,. To give a precise statement, we need the notion (due to MacMahon, cf.
[MM]) of major index of a permutation. Let o € S,, have descent set

Des(o) ={d1,...,d.} C{l,...,n—1}.

Then, by definition, maj () = d; + - -+ 4+ d,. We also define the major index of a compo-
sition [ to be the major index of any permutation with descent composition /. That is,
if I = (il, iz, Ce ,im), then

maj(l)=(m—1)is+(m—2)ig+ -+ 1 .

Now, if H,, C Cl[zy,...,,] denotes the vector space of S,-harmonic polynomials, and HF*
its homogeneous component of degree k, it is a classical result that its graded characteristic
as a S,-module is given by

FH) = Y q’fmi):(q)nsn( a ) , (76)

k>0 l—q

where as usual (¢), = (1 —q)(1 — ¢*)--- (1 — ¢"), the symmetric functions of X/(1 — q)
being defined by the generating series

X
o (—, t) = 1] o(X,tq") . (77)

l—q k>0
On the other hand, it is also known that

s (1) - > ne (79)

I —q

j=n
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where the sum runs over all the compositions €' of n, so that
F(HY) = > Rec. (79)
maj (C)=k

It is therefore of interest to investigate the properties of the noncommutative symmetric

functions K, (q) defined by
S O R (80)

|Cl=n

These functions can be seen as noncommutative analogs of the Hall-Littlewood functions
indexed by column shapes Q1..1)(X/(1 — ¢); q) (¢f. [Mcd]). One can describe their

generating function

n>0 (q)n
in the following way.
Proposition 5.10 One has
%_
kiq)= 1] ol¢") = alq’) o(q*) o(q) (1)
k>0

H o(q" )= ("SR S ) (TS )
k>0

Z Z qn1i1+n2i2+~'+nrir ) SI

I ny>ng>...>ns >0
Z maj I) Z (qil)ml (qu)mQ . (qir)mr ) SI
1 m12m22~~~2mr20
maj (I)

= Z 4 SI

Let F,(q) be the term of weight n in this series. We want to show that (¢),F,.(¢) = K.(q).
Working with subsets of [n — 1] = {1,...,n — 1} rather than with compositions of n, we

can write
(@) Fulg) = 3 S f(a)
AC[n—1]
where f(A Hqu—q , so that
teA  sgA
AC[n—1] BgA BC[n—1] ADB

But, denoting by A the complementary subset of A in [n — 1] and by X(A) = maj(c(A))
the sum of all elements of A, we see that

J(A) =" ( (—1)1 5@ ) = (1)1 g=(auD)

cCcA cCcA
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= Y (BRI EE)

BDA

It follows now by Mobius inversion in the lattice of subsets of [n — 1] that

Z f(A) — qE(B) — qmaj (c(B)) 7

ADB

as required. a

This factorization of k(¢) shows in particular that k(q) is grouplike for A, which is
well suited for computing internal products of the form F'*k(q) by means of Proposition
5.2. For example, with J = (j1,...,Jm), we have

STxk(q) = pa [(Sj @+ @ S;,) * (k(q) @ - @ k(q))]

_ K(q9)--- K, (q)
(D (@Dj

and we obtain :

Proposition 5.11 Let J = (j1,...,Jm) be a composition of n. Then one has

574 K (q) = [ K () Knla) - Ko(a) (s1)

n ‘|
jlv.j?v"'v.jm q

Denote by &, (q) the element of C[q][S,] such that a(x,(q)) = LK, (q) € Clq] ® Sym.
Let ¢ € C be a primitive nth root of unity. It has been shown by Klyachko (¢f. [KI]) that
kn(C) is a Lie idempotent. To derive this result, we begin by considering the specialization
at ¢ = ( of the multinomial coefficient in Proposition 5.11, which shows that ST+ K, (¢) =0

as soon as ((I) > 1. Hence, we get

% * K, () =logo(l)* K, (¢)

n

_ ¥ =07 (z); S K (O)) = S STRKL(C) = Ka(C)

r21 r (=1

from which it follows that the range of the associated endomophism £,(¢) of C,(A) is
contained in the free Lie algebra. To show that k,(() is indeed an idempotent, we must
prove that k,(() * ®, = ®,,. As observed in [BBG], it is possible to get a little more.

Proposition 5.12 For every n > 1, one has K,(q)* ®, = (¢)n-1 P .
Proof — Let kn(q) = o(¢" 1) o(¢V=%) -+ o(1). According to Proposition 5.2, we have
kn(q)* @, = pux [(0(d" ) @ o(¢" ) @ @ o(1)) ¥ AVD, |

_ (qn(N—l) 4 qn(N—2) R 1) ®,

by primitivity of ®,,, and taking now the limit for N — oo, we find k(¢)*®,, = (1—¢")~'®,,,
whence K, (q)* ®, = (¢)n_1Pn- O

Taking into account the fact that ((),—1 = n, we obtain Klyachko’s result.
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Corollary 5.13 Let ¢ be a primitive nth root of unity. Then, the element k,(() of C[S,]
defined by

= L3 i,

gES,

is a Lie idempotent.

Note 5.14 The previous results show that it is natural to define noncommutative sym-
metric functions of the alphabet ﬁ A by setting

1 K,
S, (1 4y = Bnld)
l1—gq (@)n
It can be shown that |
lim (1—g¢ )‘I’n(ﬂ A) = 9,(4),

which shows that the two families of noncommutative power sums are closely related.

Recall that the Witt numbers ¢, (k) are defined by

) = 3 ()R

d|n

i being the usual Mobius function. We can then give the following simple characteri-
zation of Lie idempotents of the descent algebra in terms of noncommutative symmetric
functions.

Theorem 5.15 A symmetric function J,, € Sym,, is the image under o of a Lie idem-
potent of X, iff it has the form
Jo=tu, 4R,

n
where F,, € L*(V) = [L(W), L(V)]. Thus, the Lie idempotents form an affine subspace
in ¥,. The dimension of this affine subspace is dy =1 forn =1 and d,, = (,,(2) — 1 for
n > 2.

Proof — This will once more follow from Proposition 5.2. First, we see that W/ W, =0
when /(1) > 2. Hence F, * ¥, = 0 for every F,, € L*(¥) N Sym,,. Since F, is primitive,
we also have
U, F,=p[M-1) @)+ (F,@14+1® F,)]
=ul0+1@ (1)« F,)]=nkF,

since ¢/(1) has no term of weight zero. So, for F,, € L*(¥) N Sym,, and J, = %\Iln + F,,
one has ¥, « J, = nJ, and J, * ¥, = ¥, which shows that J, is the image of a Lie
idempotent.

Conversely, suppose that ¥, «.J, = nJ, and J,* ¥, = ¥, . Defining F, by the relation
J, = %\Iln + F,, we see that F,, must satisfy F, « ¥,, = 0, so that F},, must be of degree
> 2 in the generators Wy, and that ¥, « F,, = n F,, which implies that [}, is primitive.
Indeed, Proposition 5.5 shows that

A(nFn) =AUV, +xAF, = (\I/n®1—|—1®\1/n)>l<( Z F(1)®F(2) )
(F)
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=V, F,)01+10 (Y, *F,)
since any element G € Sym satisfies A G =GR 1+10 G+ >, P, ® @, where P; and );
are of weight > 1.

The formula for the dimension follows from the Poincaré-Birkhoff-Witt theorem ap-
plied to the Lie algebra L(W) endowed with the weight graduation. If h, := dim L,(¥),
where L, (W) is the subspace of elements of weight n, then

1—t ( 1 )hn
1—2t 1—¢ '

n>1

Taking logarithms and applying Moébius inversion, one finds h,, = £, (2). a

Note 5.16 The fact that the dimension of the homogeneous component L, (V) of weight
n of the Lie algebra L(W) is [,,(2) for n > 2 can be combinatorially interpreted. For n > 2,
there is an explicit bijection between L, (W) and the homogeneous component L,(a,b) of
degree n of the free Lie algebra L(a,b) on a two letters alphabet. This bijection follows
from Lazard’s elimination theorem (see [Bo]) which says in particular that the K-module
L(a,b) is the direct sum of two free Lie algebras

L(a,b)=Ka®d L({(ada)"-b, n>0}) .

The desired bijection is obtained by considering the Lie morphism from L(W¥) into L(a,b)
mapping ¥, onto (ad a)” - b for n > 1.

Let us define a quasi-idempotent of a K-algebra A as an element 7 of A such that
7 -m = k7 for some constant k € K. Using this terminology, we can restate Theorem
5.15 in the following way.

Corollary 5.17 Let 7, be an homogeneous element of Sym,. The following assertions
are equivalent:

1) m, is the image under o of a Lie quasi-idempotent of ¥,,.
2) 7, belongs to the Lie algebra L(W).

3) m, is a primitive element for A.

5.3 Eulerian idempotents

The generating series corresponding to other interesting families of idempotents also have a
simple description in terms of noncommutative symmetric functions. Consider for example
the coefficient of 2" in the expansion of o(1)”, that is, the series

oz ) - p e

!

k>1 n>r
where, using again the notation (1) =iyiy -+ ¢,
1 o!
ol oy 2
(T Wiy (1)
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It can be shown that the elements el’l = a='(Ell) are idempotents of ¥, called Fulerian
idempotents. They have been introduced independently by Mielnik and Plebariski [MP]
as ordering operators acting of series of iterated integrals and by Reutenauer (¢f. [Re86])
as projectors associated with the canonical decomposition of the free associative algebra
interpreted as the universal enveloping algebra of a free Lie algebra. They also appear in
the works of Feigin and Tsygan [FT] and of Gerstenhaber and Schack (¢f. [GS1]), where
they are used to provide Hodge-type decompositions for various cohomology theories. A
geometric construction of these idempotents has been given by Patras [Pal]. It seems
that the Eulerian idempotent elll first appeared in [Ba] and [Sol].

Here is a simple argument, due to Loday (¢f. [Lodl] or [Lod2]), showing that the el’]
are indeed idempotents. Starting from the definition of £l i.e. o(1) = exp B!, we have
for any integer p

[1]\k
R S e 3

k>0 k>0

(setting £ = 1). Now, denoting by SF! the term of weight n in o(1)?, that is
glel — Z ol 7

|I|:n,((1)§p
we have
S = pElN 4+ p? B 4 - 4 p B (84)
so that the transition matrix from the S to the EU! is the Vandermonde matrix over
1,2,...,n, and hence is invertible. Using the easily established fact that

Sl Glal — gld] (85)

(see below), one deduces the existence of a decomposition EU x EUl = S~ g El
Substituting this relation in (85) by means of (84), one obtains that the coefficients a;jn,
must satisfy the equation
> P ¢ aign = (pg)"
1<i,j<n

whose only solution is a;;,, = 0 except for 1 = 7 = m in which case a;; = 1. Note also
that equation (84) with p = 1 shows that the sum of the el is the identity of ¥, so that
the el form a complete family of othogonal idempotents.

Equation (85) is an instance of a quite general phenomenon. Indeed, in any Hopf
algebra A with multiplication g and comultiplication A, one can define Adams operations
PP by setting ¢ (x) = u, o AP(x) (see [FT], [GS2], [Pa2] or [Lod3]). When we take for A
the algebra Sym of noncommutative symmetric functions, these Adams operations are
given by ¢?(F) = [o(1)?] % F. Indeed, using Proposition 5.2, we have

(V)] + F = (1) @ - -- @ (1)) x APF] = i, 0 AP(F) = ¢*(F)

since o(1) is the unit element for *. This shows that o(1)? % ¢(1)? = o(1)??, which is
equation (85). In this particular case, the Adams operations can be interpolated into a
one-parameter group : for any scalar z # 0, one can define ¢»*(F) = o(1)* * F'.

From (85) we see that the S generate a commutative *-subalgebra of Sym,, which
is of dimension n according to (84). We shall call it the Fulerian subalgebra and denote

it by E,,. The corresponding subalgebra of ¥, will also be called Eulerian, and will be
denoted by &,.
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Example 5.18 From (84) we have SIPl x Bl = pi Bl 50 that the minimal polynomial of
SPlis fP)(2) := [Ty<icn( — p'). In [GS1], Gerstenhaber and Schack proved directly that
the minimal polynomial of s, := o' (S — SI) was fl2(z — 2), and then obtained the
Eulerian idempotents by Lagrange interpolation, that is by setting

et =TI (i = A7 (50 = X)
i

where \; = 2'—2. More precisely their idempotents are the images of those presented here
by the automorphism of Q[S,,] defined on permutations by ¢ — sgn (o)o.

5.4 Eulerian symmetric functions

The commutative ribbon Schur functions are known to be related to the combinatorics of
Eulerian and Euler numbers. These numbers count sets of permutations with constrained
descents. To such a set, one can associate the sum of its elements in the descent algebra,
and interpret it as a noncommutative symmetric function. In fact, most of the formulas
satisfied by these numbers and their commutative symmetric analogs are specializations
of identities at the level of noncommutative symmetric functions.

5.4.1 Noncommutative Eulerian polynomials

Let us recall that the Eulerian number A(n, k) is defined as the number of permutations
in S, with exactly & — 1 descents. Thus, A(n,k) is equal to the number of standard
ribbon-shaped Young tableaux, whose shape is encoded by a composition with exactly k
parts, so that A(n,k)/n! is the image by the specialization S; — 1/i! of the symmetric
function (introduced by Foulkes in [F2]) :

A k)= 3 Ry . (86)
Z|(II|)::nk

These symmetric functions remain meaningful (and can in fact be better understood) in
the noncommutative setting.

Definition 5.19 Lett be an indeterminate commuting with the S;. The noncommutative
Fulerian polynomials are defined by

An(t) = kz_j (Y R =

[I|=n k

An, k)" . (87)

1

n

One has for these polynomials the following identity, whose commutative version is
due to Désarménien (see [De]).

Proposition 5.20 The generating series of the A,(t) is

Aty := Y A ) =(1—t) (1 —to(1—1t)"" . (88)

n>0

35



Proof — Using Proposition 4.13, it is not difficult to see that

— Sh, Sh,
S D Rr=1¢ (1 1)%Y (1 0)®( K ( : )t 1—t ¢)®0 ( : )
I — 4 : — ( ) : )

|I|:n Sl" Sln

which means that
SR =Y (1)t gl (89)

[I|=n [I|=n

Hence,

Loy Y Loy '
A=Y (;5) [ u-vs) =% (+5) (a-n-1)
i>0 L=t i>1 i>0 L=t
t -1
—( - e—n -1y
O
Let us introduce the notation A%(¢) = (1 —¢)7" A, (). Using (89), we see that
t oI
A(t) = 3 A=Y (—) st
n>0 1 L=t
This last formula can also be written in the form
1 k
Aty =Y (—) (Si4 S5+ S5 4--) (90)
S\
. 1 A (1)
i oo o

We can also prove equation (90) directly as follows. Writing ¢/(1 — t) = x, the right-

hand side is
X810 = T2 (5 )
J; J;

J<I
— Z Ry ( Z 240 ) = Z RJxZ(J)(1_|_x)IJI—Z(J)
J J<I J
(using the bijection between compositions I of n = |J| and subsets of {1,2,...,n — 1}

and the fact that reverse refinement corresponds to inclusion)

)

1 \n—t(J
:ZRJ (l—t)é(‘])‘(l—t) V= ZAZ(t)

J n>0

It is not difficult to show, using these identities, that most classical formulas on Eule-
rian numbers (see e.g. [FS]) admit a noncommutative symmetric analog. Several of these
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formulas are already in the literature, stated in terms of permutations. The following
ones have a rather simple interpretation in the noncommutative setting : they just give
the transition matrices between several natural bases of the Fulerian subalgebras.

First, expanding the factors (1 —¢)~("*1) in the right-hand side of (91) by the binomial
theorem, and taking the coefficient of ¥ in the term of weight n in both sides, we obtain

:i(”“) (nok — i) (92)

=0

an identity due to Loday, which shows in particular that the noncommutative Eulerian
functions also span the Eulerian subalgebra. Similarly, one has

As(
(1_ n—I—l_ Ztk

k>0

so that ) .
= >y (s, (%)
=0 t
Another natural basis of the Eulerian subalgebra E,, is constituted by the elements

MM .= 3 8T, (94)

[I|l=nt(I)=k

Indeed, putting @ = t/(1 —t), we have

E(Sy 4 8ot - A*( ) 1 nAn(x),
g%x (S1+ 52+ 7; T+ 2 7%%( + ) T+

so that

Zi: Zn:le—l—x”]A(n]) (95)

=1

Another kind of generating function can be obtained by writing

d1) =1+ (S + S+ = (;) MU

k>0

Comparing with o(1)* = exp (x EM), it follows that
>t 3 (1) 96)

One obtains similarly the following expansion of the El on the basis A(n,7), which is a
noncommutative analog of Worpitzky’s identity (see [Ga] or [Lodl]) :

S 2 EW = (“' ot 1) A(n,i) . (97)
=1
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5.4.2 Noncommutative trigonometric functions

The Euler numbers (not to be confused with the Eulerian numbers of the preceding
section), defined by

Z E, % =tanz +secx

n>0 :
can also be given a combinatorial interpretation (see [An]) which is again best understood
in terms of symmetric functions (see [F'1], [F2] or [De]). As shown by D. André, F, is equal
to the number of alternating permutations of S, (¢ is alternating if oy < 02 > 05 < ...).
An alternating permutation is thus the same as a skew standard tableau of “staircase
ribbon” shape, i.e. a ribbon shape indexed by the composition Cyy, = (2F) = (2,2,...,2)
if n =2k or Copyy = (281) = (2,2,...,2,1) if n = 2k + 1. So the staircase ribbons provide
symmetric analogs of the F, /n!. As in the preceding section, it is possible to replace
the commutative ribbons by the noncommutative ones. In fact, most of the important
properties of the tangent numbers ;11 are specializations of general identities valid for
the coefficients of the quotient of an odd power series by an even one. Such identities can
also be given for noncommutative power series, but one has to distinguish between right
and left quotients. The existence of a noncommutative interpretation of trigonometric
functions has been first observed by Longtin (¢f. [Lon], see also [MaR]).

Definition 5.21 The noncommutative trigonometric functions associated to the noncom-
mutative generic series o(t) = 3,50 Sn 1" are

SIN = 3 (1) Sorq1, COS= 3 (=1)" Sy

i>0 i>0
SEC =(COS)™, TAN,=SIN-(COS)™", TAN, =(COS)™"-SIN .
Definition 5.22 The noncommutative Euler symmelric functions are defined by
Ty = Ry, Tihy = Raowy , Tily = Renyy

These symmetric functions give, as in the commutative case, the expansion of the
secant and of the tangent :

Proposition 5.23 One has the following identities :

SEC =1+ > Ty, (98)
n>1
TAN, = Y. 19, ., TAN, = Y 19, . (99)
n>0 n>0
Proof — The three identities being proved in the same way, we only give the proof for

the SEC function. In this case, it is sufficient to prove that

(Z (—1)2'1%22») (1+ > sz) =Y (=1)'Ry + > (=1)' Ry Ry =1. (100)

i>0 i>1 i>0 i>0,j>1
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But, according to Proposition 3.13,

R%,?J + Rzz’+2,zj—1 when 7 > 2

R ZR J —
o { Rai o + Roigo when j =1

for ¢ > 1. Hence the product in the left-hand side of relation (100) is equal to

Z Rzz-l-ZRzJ—l-Z R222+R22—|—2)+ Z (R222J+RZZ+22J1)7

>0 i>1 >1 1>1,5>2

which can be rewritten as follows

1 — Ry + Z Ry + Z R222 + Z Rzz 20— Z (—1)iRzi,2J

i>1 >1 1>1,5>2 1>2,5>1
=1—- Ry + Z Ry + Z )" Ry; 20— Z (—1)iRzi,2J
i>1 1>1,7>1 1>2,5>1
— 1 - RQ ‘I’ Z sz - Z 3272] — 1 .
i1 i1

It can also be convenient to consider the symmetric hyperbolic functions

COSH =S Sy, SINH=S Syp1, SECH=(COSH)™

i>0 i>0
TANH, = SINH -SECH and TANH,=SECH-SINH .

Then, arguing as in the proof of Proposition 5.23, one can check by means of Proposition
3.13 that one has the following expansions :

SECH=1+ > (=1)"Ts,,

n>1

TANH = Y (-1)"TY,, and TANH.= Y (=1)"T3), .

n>0 n>0

As an illustration of the use of these functions let us consider the sums of hooks
n—1
== Z le,n—k . (101)
k=0

In the commutative case these functions appear for example as the moments of the sym-
metric Bessel polynomials (see [Le|, [LT]). Here, we compute the inverse of their gener-
ating series :

Proposition 5.24 Let H = 3,5, H, with Hy = 1. Then, one has

H'=1-Y (-1)'T{),, =1 -TANH, .

n>0

59



Proof — Since |l = TANH, = COSH™*(COSH — SINH ), the identity to be proved is

equivalent to '
(D (=1)'Ri)(1+ > Ruy)= > Ru,
>0 £>0,0>1 >0
which can be rewritten as

S (=D)'Ri+ > (=1)'RiRuy;= Y Ru. (102)

i>0 ki>0,0>1 >0

But Proposition 3.13 shows that

Ri,lk,l ‘I’ R,H_le—lJ When k Z 1

R, Rix;, =
i { R+ Ry when & =0

Hence the left-hand side of equation (102) can be rewritten in the following way

SR+ > R+ D (=D (Rig+Rip)+ Y. (=D (Rigeg+ Ry ey

i>0 E>0,0>1 iI>1 ik, I>1

which is itself equal to

Z (_1)2 Rz‘l‘ Z R1k71‘|‘ Z (—1)2 Ri7[‘|‘ Z (—1)2 Ri-l—l

i>0 £>0,0>1 ii>1 i>1
. 1
—I‘ (—1)2 Ri,lk,l —I‘ Z (—1)2 Ri,lk,l .
ik, >1 i>2,k>0,0>1

Using now the fact that one has

> (=1) Ripy = — > Ry

iI>1 E>1

and

Z (—1)iRi,1k,l: Z (_1)iRi,lk,l_ Z Rﬂf,z,

ik I>1 i>2,k,01>1 E>2,0>1

it is easy to see that this last expression is equal to

1= > Ropr+ >, R+ D> R+ >, (—1) Riy + > (-1 Ry = > Ry

i>0 I>1 I>1 iI>1 i>2,1>1 i>0

5.5 Continuous Baker-Campbell-Hausdorff formulas

In this section, we shall obtain the main results of [BMP] and [MP] by means of compu-
tations with the internal product and noncommutative Eulerian polynomials. To explain
the method, we first treat the problem of the continuous BCH exponents (¢f. Section
4.10).

For us, the problem is to express ®(¢) in terms of the W!. The starting point is to
write

O(t) = B(1) * o) (103)



using o(t) as a reproducing kernel, and expressing it in the form

o) =14 Y [ [ wn) i)

r>1

The problem is thus reduced to the computation of ®(1) * ¢(¢,)---¢(¢1), which is given
by the following lemma:

Lemma 5.25 Let FY,..., F, be primitive for A. Then,

O(1)x(Fy - F) =3 (1) (;(—0)1)_ Foy- Fopry -

gES, r
That is, if ¢, == el = o= (®, /1),
(I)(l)*(FlFr) — (FIFT)Qbr )

the right action of a permutation o € S, on Fy---F, being as usual (Fy---F,) -0 =
Foqy - Iogry-

Proof — Since @(1) = log(1 + (o(1) ~ 1)),

and by Proposition 5.2

(c(1) = D) (Fy-- B = g [(0(1) = D% % > Fo--Foy @@ Fp-- Fu

1 mg

where the sum runs over all decompositions {1,...,r} = A;U---U Ay into disjoint subsets
A; ={aj < ... <al }. This expression is equal to

S Fouy Foy s

so that

i1k d(o)<k—1
O
Using the step function
I >0
o) = {0 t<0

and the notations
0;; =0(ti—t;), O, =0124+034+ - +0,_1,,
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formula (71) can be rewritten in the form of [MP]

O(1) = Z/Ot/ot di, - ..dtr(—l)er (r(;rl)_lﬁ/)(tr) () (104)

r>1 r

which can be converted into a Lie series by means of Dynkin’s theorem, since we know
that ®(¢) is in the Lie algebra generated by the W;, that is,

o(t) =" /Ot . /Ot dt, - dtr(—l)GT (T(;rl) _1{@/)(757») ()} (105)

2
r>1 r

where {(6,) -+ 6(01)} = ad g(6,) - ad (t2)( (1),

Looking at the proof of Lemma 5.25, one observes that the argument only depends of
the fact that ®(1) is of the form g(o(1) — 1), where g(t) = 3,50 gnt" is a power series in
one variable. More precisely, one has the following property, which allows for a similar
computation of any series of the form g(o(t) — 1).

Lemma 5.26 Let g(t) = X,50 92t" € K[[t]] be a formal power series in one variable,
G(t) == glo(t) = 1) = X0 Gat", G, € Sym,, and v, := a(G,) € X,. Then, if the

series Iy, ... F, are primitive elements for A,

G)* (Fy By = (Fy-F) 7, .

O
Using o(t) as reproducing kernel as in (103), one obtains:
Corollary 5.27 The cxpression of G(t) in the basis W' is given by
Gty = X [t [ )0 3
O

In particular, with g(t) = (1 4 ¢)*, one finds

o) =1+ Z/Ot diy - /Otr_1 dt, > 2F (Y(t) - (t)) - el (106)

r>1 k>0

where the el are the Eulerian idempotents. Using the expression of Eulerian idempotents
on the basis of descent classes and changing the variables in the multiple integrals, one
can as above get rid of the summations over permutations by introducing an appropriate
kernel.

As explained in [BMP] and [MP], such a transformation is always possible, and to find
the general expression of the kernel associated to an arbitrary analytic function g(t), we
just have to find it for the particular series
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since by the Cauchy integral formula

G(t) == L ?{:0 z—(LdZ .

2m1 o(t)—1)

Using Corollary 5.27, we have
tr—1
=% [l [T @) b))
r>0

where the v, = a(F.,) are given by

SNk, = 1 _ 1 _ An (Z-ll-l)
et (o) =1) 241 1T—(z+1)"le(1) Sl = (z+ D)7
24 1\ "L 1 (2 4 HHI=EUD=1)
_%%( ) A, (z—l—l) :ZI: I+ Ry

(by formula (91)). Thus,

Y = Zrl—l—l Z (z + 1)r_d(g)a (107)
oES,
and |
Z/ eyt e 1P () ()

so that |

Glt) = 5 ?{ gl)FL(1)dz

- dty - dt, K [g](t, ... 1) () 0(t))
;/ - Lol ) p(t) - (h)
the kernels being given by
1 9(=)

K g)(ths e ot) = —

(z+1)%dz . (108)

One sees from equation (107) that 4, is always in the Eulerian subalgebra, so that
the direct sum & = @ &, appears as a natural operator algebra acting on Chen’s series.
This observation, due to Mielnik and Plebanski, has to be related to the fact that Chen’s
complex for the loop space [C3] can be decomposed under the action of the Eulerian
idempotents (see [Pa2], p. 74).
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6 Duality

As recalled in section 2.1, an important feature of the algebra Sym of commutative sym-
metric functions is that it is a self-dual Hopf algebra (for the coproduct A and the standard
scalar product). Moreover, the commutative internal product * is dual to the second co-
product ¢ : F — F(XY), and the two bialgebra structures are intimately related (e.g.
each coproduct is a morphism for the product dual to the other one).

Such a situation cannot be expected for the noncommutative Hopf algebra Sym. A
reason for this is that A is cocommutative, and cannot be dual to a noncommutative
multiplication. One has thus to look for the dual bialgebra Sym™ of Sym. It follows from
a recent work by Malvenuto and Reutenauer (¢f. [MvR]) that this dual can be identified
with another interesting generalisation of symmetric functions, that is, the algebra le)?m
of quasi-symmetric functions, whose definition is due to Gessel (see [Gel).

6.1 Quasi-symmetric functions

Let X = {z; < 23 < 23 < ...} be an infinite totally ordered set of commuting indeter-
minates. A formal series f € Q[[X]] is said to be quasi-symmetric if for any two finite
sequences y; < Yy < ... < yp and z; < 29 < ... < z; of elements of X, and any exponents
i1,42,...,1; € N, the monomials y! y - yff and 21 22 ... Z;f have the same coefficient
in f.

The quasi-symmetric series (resp. polynomials) form a subring denoted by le)?m
(resp. Qsym) of Q[[X]], naturally graded by the graduation (ngmn) (resp. (Qsym,))
inherited from Q[[X]]. A natural basis of Qsym,, is then provided by the quasi-monomial
functions, defined by

Mr= Y w'yd ooy
Y1 <y2<...<yi
where [ = (i1,...,1)) is any composition of n. In particular, the dimension of Qsym,, is

271 = dim Sym,,. Another convenient basis, also introduced in [Ge] is constituted by
the functions
Fr= Y My
I-T
which we propose to call quasi-ribbons.

Let Y be a second infinite totally ordered set of indeterminates and denote by X+Y
the ordered sum of X and Y, i.e. their disjoint union ordered by = < y for © € X and
y € Y, and by the previous orderings on X and Y. Using the standard identification
Qsym @ Qsym = ngm(X,Y) (series which are separately quasi-symmetric in X and
Y) defined by f @ g = f(X)g(Y), Malvenuto and Reutenauer (¢f. [MvR]) defined a
coproduct v on le)?m by setting

1(f) = F(X+Y) (109)

for f € Qg!;m They show that le;m becomes then a Hopf algebra, with antipode v
given by

v(Fr) = (=) Fre (110)

where ('™ is the conjugate composition. These operations, when restricted to Sym C

Qsym, coincide with the usual ones. That is, when f is a symmetric function, v(f) =

JX +Y) and v(f) = f(=X),
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As shown in [Ge], the other coproduct ¢ of Sym can also be extended to le)?m Define
X %Y to be XY endowed with the lexicographic ordering, i.e x1y; < a3y iff 1 < x5 or
1 = x5 and y; < yz. The extension of § to Qsym is then defined by setting

8(f) = F(XxY)

for f € Qsym.

6.2 The pairing between Sym and Qsym

It has been shown in [Ge] that the dual space Qsym endowed with the product adjoint to

4 is anti-isomorphic to the descent algebra ¥,,. The dual Hopf algebra ngm* of the whole
algebra of quasi-symmetric series has been recently identified in [MvR]. If one introduces
a pairing between QQsym and Sym by setting

(Mg, S7) =615 (111)

for every compositions I,.J, the results of [Ge] and [MvR] which are relevant for our
purposes can be summarized in the following theorem.

Theorem 6.1 1. The pairing (111) induces an isomorphism of Hopf algebras, given
by (S7)* — My, between the dual Sym™ of Sym and the Hopf algebra Qsym of
quasi-symmetric series (or equivalently, an isomorphism between the graded dual
Sym™" and the polynomial quasi-symmetric functions Qsym). More precisely, one
has for f,q € Qsym and P, € Sym

(f, PQ)={(1f, POQ) (112)

{(fg, P)=(f©g, AP) (113)
(f,&P)=(vf, P). (114)

2. Moreover, the coproduct § of le)jm is dual to the internal product ¥ of Sym:
(0f, PR@Q)=(f,P*Q). (115)
3. The quasi-ribbons are dual to the ribbons, i.e. (Fr, Ry) = d1;.
J. The antipode v of Qsym is given by vFo = (=D Fon.
5. Let T be any permutation with descent composition D(7) := ¢(Dest) = C. Then,

ole = Z FD(w) X FD(U) . (116)

OT=T

6. If g € le;m is a symmetric function, then

{9, Rc) = (g, Rc) (117)

where, in the right-hand side, Re stands for the commutative ribbon Schur function.

In other words, g = Y. (g, Rc) Fe.
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The pairing (111) can be better understood by means of an analog of the classical
Cauchy formula of the commutative theory. Let A be a virtual noncommutative alphabet,
and X a totally ordered commutative alphabet as above. Then, one can define the
symmetric functions of the noncommutative alphabet X A by means of the generating

o o(XA 1) = [ o(A,2) . (118)

reX

the above product being taken with respect to the total order of X. The expansion of
this infinite product leads at once to the relation

AXAD) = T M), (119)

Expanding each ST on the ribbon functions, one obtains the following identities :

A(XAT) = 2 M0 (X Ri4)) = 2 (5 Mi(X)) R4 = 2 F(X) Ro(4).

J=<I I-J
(120)
More generally, for any basis (Ur) of Sym with dual basis (V;) in Qsym, one has

o(X A1) Z V(X : (121)

This property can be used to describe the dual bases of the various bases of Sym. Also,
the proof of Proposition 5.10 can be interpreted as a computation of the specialization
X ={1,q,4¢% ...} of the quasi-symmetric functions M; and FJ.
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7 Specializations

In this section, we study several interesting cases of specialization of the symmetric func-
tions defined in Section 3. In particular, we exhibit two realizations of the specialization
A = 0 for k£ > n by functions of n noncommuting variables which are symmetric in an
appropriate sense. We also consider extensions of the theory to skew polynomial rings,
and another kind of specialization associated with a noncommutative matrix. The use
of these matrix symmetric functions is illustrated by some computations in the universal
enveloping algebra U(gl(n, C)).

In some cases, it is of interest to consider specializations of general quasi-Schur func-
tions. On these occasions, the word specialization means ‘specialization of the free field
K £S5 #:= K <5y, 51, 5, ... %, that is, a ring homomorphism 1 defined on a subring
R, of K £S5 % containing Sym such that any element of R, not in the kernel of  has an
inverse in R,. For more details on the category of fields and specializations, see [Co].

7.1 Rational symmetric functions of n noncommutative vari-
ables

We fix n noncommutative indeterminates xy, xo, ..., x,, the variable ¢ still being a com-
mutative indeterminate. We set = ¢!, In the commutative case, the quasi-determinant

r ... 1 1

T T, X
2 2 2

" x)

reduces to the polynomial
(x—a) (@ —a2) ... (@ —a,)=t7" (1 —ta) (I —taz) ... (1 —ta,).

In the noncommutative case, basic properties of quasi-determinants imply that g(x) is
again a monic (left) polynomial of degree n, which vanishes under the substitution « =
z;y, 1 =1,..., n. In fact, according to a theorem of Bray and Whaples [BW], if the x; are
specialized to n pairwise nonconjugate elements ¢; of a division ring, then the polynomial

... 1 1
¢ Cn T
g(:z;) = c% e ci x?
o
is the only monic polynomial of degree n such that ¢g(¢;) =0, ¢ = 1,..., n. Moreover,

g(x) has no other (right) roots, and any polynomial h(x) having all the ¢; as roots is right
divisible by g(x), that is, h(z) = ¢(x) g(x) for some polynomial g.

Thus we are led in the noncommutative case to the following definition.
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Definition 7.1 The elementary symmetric functions Agp(xy,...,x,) are defined by

r ... 1

ry ... x, ("1
> Ap(mr, .. xn) (—1)F = R A
k20 : P

In other words we specialize the symmetric functions of Section 3 by setting

1 ... 1 t"
ry ... x, P71
A—=t)=|ai .. w7 (122)

The expansion of the quasi-determinant A(—t) by its last row gives the following result.

Proposition 7.2 For 0 < k <n, we have

1 1 U B
n—.k—l n—.k—l
R P n—k —
A(wr,.ywn) = (=1 ik e ||
1 .« . o n . .
. n—1 n—1
and Ag(xy,...,2,) =0 for k >n.
Example 7.3 For n = 2, we obtain
O B S B _
Ay, 22) = 22 2|2 = (25 —af)(xg —ay)7", (123)
. 1 T2 1 - _ 2 -1 -1
Ao(xq, 22) = Rl - = (23 —maa) (] g — 1) . (124)

It is not immediately clear on the expression (124) that Ag(xq, x1) = Ag(xy, x2). How-
ever, one has the following proposition.

Proposition 7.4 The Ag(xq,...,x,) are symmetric functions of the noncommutative
variables xy, w9, ..., x,, that is, they are invariant under any permutation of the xy.

Proof — By Proposition 2.7, a quasi-determinant is invariant by any permutation of its
columns. Thus, the generating series (122) is a symmetric function of x4, ..., z,. Hence,
its coefficients are symmetric. a

We shall now compute the complete symmetric functions Si(xy, ..., ,).
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Proposition 7.5 For every k,n > 0, we have

Sk(a1, ... 2,) = :1;”._2 :1;”._2 21 : ) (125)
1 _

n n
k-1 = T 2
:1;7f+ . :L'Z"'k 1 1 a

Proof — Denote temporarily the right-hand side of (125) by Si(z1,...,2,). To prove
that S(z1,...,2,) = Si(z1,...,,), it is sufficient to check the identity

El(xl,...,xn) Ez(xl,...,xn) En_l(xl,...,xn) _‘?n(xl,...,xn)‘

So(l’l,...,l’n) §1($1,...,$n) §n_2($1,...,$n) §n_1($1,...,$n)
0 So(wl,...,l’n) Sn_g(l’l,...,l'n) Sn_z(l’l,...,l'n)
0 0 ?0(1’1,...,1’71) ?1(1’1,...,1’71)

= (=1)" A (21,0 2,)

This will follow from a slightly generalized form of Bazin’s theorem for quasi-determinants.
The computation is illustrated on an example. Take n = k = 3 and denote for short by
|i172[3]| the quasi-minor ' '
T 7w
iiglis]| = |2f  2F  ay
J}Zf’ :L'é?’

Then one has

51(51?1751?2751?3) 52(1?1751?2751?3) 53(51?1751?2751?3) 01[3]] |01f4]] (jo1[5]]
50(51?1751?2751?3) §1($1,$2,$3) §2($17$27$3) = |01| |01| |01| |01|_1
0 50(1’171’271’3) 51(1’171’271’3) 0 |01| |01|

1236]  [1265] (015
= |23 [124) [O1[] | |012] ™" = |34[5] 24|~ [01R2[01R] 7 |

1233]]  [123]  |o1[3]|
= [12BY[@12]7" = As(z1, 22, 23) -

Here, the second equality is obtained by multiplying the columns of the quasi-minors from

the right by suitable powers of x1, x5, 3. The third equality follows from Theorem 2.20.
O

More generally, one can express a quasi-Schur function S¥(zy,...,2,) as the ratio of
two quasi-minors of the Vandermonde matrix. This may be seen as a noncommutative
analog of the classical expression of a Schur function as a ratio of two alternants.

Proposition 7.6 (Cauchy-Jacobi formula for quasi-Schur functions)
Let I = (i1,...,1m) be a partition of length m < n. Set

(S$1y00e58n) = (0,1,...on—=1)+(0,...,0,00, ... tm) ,
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Then,
-1
:J(;’i1 :1;;’;1
51 s . .
T3 x,!
* m—1 . . 7an—rn-I-l th—
51(2}1, 7xn) = (—1) : . xl xnn m+1
S ] .
xy" R :
Proof — The proof is similar to the proof of Proposition 7.5. O

Of course all the formulas of Section 3 may be applied to the symmetric functions of
T1,...,x, defined in this section. This is worth noting since a direct computation may
be quite difficult even in the simplest cases. For example it is a good exercise to check by
hand the formula

(23— 2} )(zy— 1) " (2 —a]) (@ — 1) ™ = (5 —2]) (22— x)) T 4 (2 —wywg) (2 ey — 1) 7T

that is, Si(21,22)* = Sa(1, x2) + A, 22).

7.2 Rational (s, d)-symmetric functions of n noncommutative vari-
ables

We present here a natural extension of the case studied in Section 7.1. We fix in the same
way n noncommutative variables xy,...,z,. Let K be the skew field generated by these
variables, s an automorphism of A" and d a s-derivation of K. Consider an indeterminate

X such that
Xk=sk)X+dk)

for every k € K. The polynomial algebra obtained in this way is denoted KX, s,d]. Lam
and Leroy have defined in this framework a notion of Vandermonde matrix associated
with the family (a;) which allows to extend the results of Section 7.1 to this more general
context. Let us first give the following definition.

Definition 7.7 ([LL]) Let k be an element of K. Its (s,d)-power P, (k) of order n is then
inductively defined by

Po(k) =1 and Poyi(k) = s(Po(k)) k + d(Po(k)) .

This definition is motivated by the following result. Let f(X) = >, fi X' be a
polynomial of K[X,s,d]. Then there exists a unique polynomial ¢(¢) such that

J(X) = 4(X) (X =) + 3 [ Pila) .

This shows in particular that >°; f; P;(a) is the good “evaluation” of f(X) for X = « and
hence that P,(a) really plays the role in the (s, d)-context of the n-th power of a.

We can now introduce the elementary (s,d)-symmetric functions (defined in [LL])
which are given by the following specialization of the series A(%).
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) (=)

1
Zq

Py(1)

Py (a1)

Definition 7.8 The elementary symmelric functions Agf’d)

1
Ty,

Py(x,)

Py (22)

(l’l,...

,x,) are defined by

"
tn—l
tn—2

Expanding the quasi-determinant by its last column, we get the following result.

Proposition 7.9 For every k € [0,n], we have

A;:’Cl)(l’l, Ce

and Agf’d)(xl, .

, Tn)

1

(1)

Py (a1)

Pn—k—l(xl) Ce
Pn—k—l—l (1’1) Ce

Pn—k—l (xn)
Pn—k—l—l (xn)

Pile)

) =0 for every k > n.

1 1 -
Pocslar) ... [Pocalen)
Pocr(a1) . Poor(en)

Example 7.10 For n = 2, we obtain the following elementary symmetric functions

Again, Proposition 2.7 shows immediately that the A}

Ag&d)(fl?lw’l?z) =

A(Svd)

2 (1’171}2) =

= (s(xg) wa + d(x3) — s(x1) 2y — d(x1) 2] 20) (1 — 2

1

€1

1

s(er)ay +d(xy)  |s(ag) o + d(l’z)\‘

T2

s(xy)ay + d(xy) ‘5(:1;2) T + d(:zjg)“

(s,d)

under any permutation of the noncommutative variables x;.

(l’l,...

-1

= (s(@g) 22 — s(xy) 21 + d(x2 — 1)) (22 — xl)_l )

1 1

1

1 -
1 T2
-1 1’2)_1 .

,T,) are invariant

Using the same method as in Section 7.1, it is also possible to derive the following
quasi-determinantal expression of the complete (s, d)-symmetric functions.

Proposition 7.11 For cvery k > 0, we have

1

€1

Pn—2($1)
Pn+k—1(51?1)

! 1
Ty 1
Pn—?(xn) :
P,
Pn—l—k—l(wn) 1<x1)
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We mention that there also exists a (s, d)-version of the Cauchy-Jacobi formula 7.6,
obtained by substituting the (s, d)-powers P;(z;) to the ordinary powers ;.

Let us now define the (s, d)-conjugate k' of k € K by [ € K as follows
K =s() k7 +d() 7" .

We then have the following result (¢f. [LL]) which shows that the defining series of the
elementary (s, d)-symmetric functions can be factorized in KX, s, d].

Proposition 7.12 Let (y;) and (z;) be the two families of elements of K defined by

1 1 1 1

T Tk T Lk

“k = : : v Yk = : :
Pk—l(xl) Pk_l(l’k) Pk—l(xl) Pk_l(l’k)

Then the following relations hold in K[X, s, d]

STOAC D@, e (X)) = (X —a) (X —al) = (X =) (X — et

k>0

Proof — We shall only establish the first identity, the second one being proved in the
same way. Before going further, let us define the polynomial V(xy, ..., z,, X) of K[X,s,d]
as follows

1 1 1
Vizy, ..., X) = :1;‘1 :1;‘ ‘
P.(x1) ... P.(xn)

The desired relation will then follow from the following more explicit lemma.
Lemma 7.13 The following relation holds in K[X,s,d] :

Vi(eg, ..o xn, X) = V(g2 ™ oo ™ X ) (X —ay) .

b n

Proof — Let us first recall the following formula which holds in K[X, s, d]
X™ = Po(k) = (X" o X S(PUR)) + o s(Pa(B) (X — k) (126)

for every k € K. We also need the easily checked formula
(Puss (k) = P (1) (k= 1)~ = KPP0 (P (k) — P (1) (k = 1) + s(Po(1)) . (127)

which holds for every k., € K. Let us now apply Sylvester’s noncommutative identity to
the quasi-determinant V' (x1,...,z,, X) with the entry (1,1) as pivot. We get

1 1 1 1 ‘
1 T
Vi(ey, ... 2., X) = : : ,
‘ 1 1 ‘ 1 1
P.(x1) |Pu(x2) P, (x1)

72



which can be rewritten as

Ty — X1 T, — T X —x
Vi e X) = Ps(as) jPQ(xl) oo Py(ay) :—Pz(l’l) X —:]32(:1;1)
P.(x9) — Po(x1) ... Po(x,)— Pu(ar) ‘X”—P—n(:z;l)‘

Using now relations (126) and (127) and basic properties of quasi-determinants, we obtain
that the last quasi-determinant is equal to

1 1 1
x5 os(ay) oo alnT 4 s(ay) X + s(ay)
ro(2) ro(2,) X2+ Xos(a) +s(Pa(1) | (X — 2y) |
() e o) Ot Pl

where we set r;(z;) = gLiE)=Pile) (Pi(x;) — Pi(x1)) (x; — x1)™" + s(P(P;(zy1)) for every

J
7,7. Now, appropriate linear combinations of columns will cast this expression into the

required form. a

Turning back to the proof of Proposition 7.12, we see that it will follow from the last
lemma by induction on n. Indeed, the identity to be shown is a simple consequence of
the fact that (k)™ = k™ for every k,l,m € K. O

Example 7.14 For n = 2, we have in KX, s, d]
X2 AP (@, 20) X + AP (g, 20) = (X — 20772) (X — ag) = (X — 2527%1) (X — 2y)
Thus, by expanding the right-hand side, one has

AP (g, 25) = 279 4 s(aa) + d(22) = 2527 4 s(1) + d(21)

o = x5 M

A(Svd) r1—r2

2 (xlvxZ) = I €1

More generally, one obtains in this way expansions of the quasi-determinantal formula
of Proposition 7.9 which look like the familiar commutative expression of the elementary
symmetric functions, especially in the case when d = 0.

7.3 Polynomial symmetric functions of n noncommutative va-
riables

In this section, we fix n noncommutative indeterminates x;, ..., x, and we specialize
the formal symmetric functions of Section 3 by setting

Ap(ay, ..o xp) = Z Tiy) Tiy on Ty

il >22>>2k

That is, we take,

-
M) = ] (L4tee) = (14 ta,) (L +tan) (14 tauy) -+ (L+ter),  (128)

1<k<n
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t being a commutative indeterminate. The generating series for the complete functions is
thus

—
ct)=XM-="= J[ (I—tap)™ =1 —ta) " (1 —taz)™ - (1 —ta,)”"  (129)

1<k<n

so that the complete symmetric functions specialize to

Sk(a1, ... 2,) = Z Tiy Tiy oo Ty

i1 <ip<...<ik

The ribbon Schur functions then specialize according to the next proposition. We first
introduce some vocabulary. Let w = z;, ... 2;, be a word. An integer m is called a descent
of wif 1l <m<k—1and v, > t41.

Proposition 7.15 Let J = (ji1,...,J,) be a composition of m. The ribbon Schur function
R; specializes to

Ry(xy, ... 2,) = Z Ty e Ty, (130)
the sum running over all words w = x; ...x;

{jlv.jl —I_j?v 7.j1+---+.jk—1}-

whose descent set is exactly equal to

m

Proof — Denote temporarily by R; the polynomials defined by (130). It is clear that
they satisfy the two relations

RByx = Ag(2q,. .0, 2,)

Ry Rix = Rjrc + Ryx

But these relations characterize the ribbon Schur functions (see Section 3.2). Therefore
Ry = Rj(xy,...,x,) for any composition .J. 0O

Example 7.16 Let X = {xq, x3, x23}. Then
Ao(X) =awgar + a3 + 2329,

2 2 2
So(X) =a] + xy a2+ vy 23+ 5 + o253 + 25,
2 2 2
Rio(X) =aoai 4 xaxqaa + xoxy @3 + 2327 + 301 &g + X301 X3 + T35 + X3 0023 ,

2 2 2
Ro(X) =201+ a0 a1 232 + 20a381 + 250 + 212322 + T2 2325 + 2529 .

The functions defined in this section are not invariant under permutation of the varia-
bles x;. However, they are still symmetric, i.e. invariant under an action of the symmetric
group on the free algebra Z(X) different from the usual one. This action, defined in [L.52],
is compatible with Young tableaux considered as words in the free algebra. For various
applications such as standard bases or Demazure’s character formula see [L.S3]. We recall
the algorithmic description of the action of simple transpositions.

Consider first the case of a two-letter alphabet X = {z1,22}. Let w be a word on
X. Bracket every factor x5 ax; of w. The letters which are not bracketed constitute a
subword w; of w. Then, bracket every factor x5 x; of w;. There remains a subword ws,.
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Continue this procedure until it stops, giving a word wy of type wy = 7 z5. The image

of w under the transposition ¢ = 015 is by definition the word w? in which wj, is replaced
by wf = x] 2}, and the bracketed letters remain unchanged.

Let us give an example, denoting for short w = x;, ... 2;, by i1 ...1;. Choose
w=122212111121222.
The successive bracketings of w give
r2eeneEeyH1(2)222,

and ws = 11222, Then w] = 11122 and w” = 122212111121122. Returning
now to a general alphabet X = {xj,25...,2,}, one defines the action of the simple
transposition o; of x; and x;y; on the word w, by the preceding rule applied to the

subword w restricted to {x;,x;11}, the remaining letters being unchanged. For example
the image by o3 of the word w =2131421343 isw? =2131421243.

It is proven in [LS2] that w — w” extends to an action of the symmetric group on
Z(X), i.e. that given a permutation p and a word w, all factorizations of y = oo’... 0"
into simple transpositions produce the same word ((w?)?"...)?" denoted w”. We can now
state the following proposition.

Proposition 7.17 The polynomial symmelric functions defined above are invariant un-
der the previous action of the symmetric group.

Proof — By definition, for any word w and any permutation p, w* and w have the same
descents. Therefore the ribbon Schur functions are invariant under this action, and the
result follows from the fact that these functions constitute a linear basis of Sym:. a

Denoting by SYM(X,) the algebra of polynomial symmetric functions of X, =
{z1,...,2,}, one can see that the algebra Sym of formal symmetric functions can be
realized as the inverse limit in the category of graded algebras

Sym =~ Jim SYM(X,)

with respect to the projections F'(@1,...,%p, Cpt1ye -y Tpiq) —> F(x1,...,25,0,...,0).
One can thus realize Sym as SY M(X), where X is an infinite alphabet. Note also that
the homogeneous component of weight k of SY M(X,,) has for dimension

dim SY My(X,) = 3 (k_.l)

1<i<n t

which is equal to the dimension of the space of quasi-symmetric functions of weight k
in n variables, and the duality between quasi-symmetric functions and noncommutative
symmetric functions still holds in the case of a finite alphabet.

Note 7.18 The ribbon Schur functions defined in this section are particular cases of
the noncommutative Schur polynomials defined in [LS2] as sums of tableaux in the free
algebra. However these noncommutative Schur polynomials do not belong in general to
the algebra (or skew field) generated by the elementary symmetric functions A,(X).
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7.4 Symmetric functions associated with a matrix

In this section, we fix a matrix A of order n, with entries in a noncommutative ring.
Recall first that in the commutative case, one has

det(I +tA) = > Ag(a)t*, (131)
det(I —tA)™' = 3 Si(a)th, (132)
—%(log(det( —tA)) = Y Uy(a)th! (133)

where « is the set of eigenvalues of A. Formula (132) is commonly known as MacMahon’s
master theorem.

Replacing in (131) the determinant by a quasi-determinant, we arrive at
|1+ tAf; = det(1 +tA) (det(I + A" ) Z Ap(a—a') (134)

where o —a' denotes the difference in the sense of A-rings of o and the set o' of eigenvalues
of A% We decide to take identity (134) as a definition when the entries of A no longer
commute.

Definition 7.19 Let A be a matriz of order n (with entries in an arbitrary ring), and 1
a fized integer between 1 and n. The elementary symmetric functions Ap(oy) associated

with A (and i) are defined by
+oo
|[—|—tA|“ = Z Ak(ozi)t

The others families of noncommutative symmetric functions of A are defined accord-
ingly by their generating functions

Z Sk(ai)tk = |[ — tA|i_il

k>0

d

k>1

d
S Wi(a) t57 = T —tAl; 7 I —tA];!

k>1

The specializations of the elementary, complete, power sums (of first or second kind)
and ribbon functions are polynomials in the entries of A, which can be combinatorially
interpreted in terms of graphs.

Proposition 7.20 Let A be the complete oriented graph associated with the matriz A
(cf. Section 2.2). Then,
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1. Sk(ay) is the sum of all words labelling paths of length k going from i to i in A.

2. (=) Ay(ay) is the sum of all words labelling simple paths of length k going from
i to 1 in A.

3. Ui(ay) is the sum of all words labelling paths of length k going from i to i in A, the
coefficient of each path being the length of the first return to 1.

4. ®r(ay) is the sum of all words labelling paths of length k going from i to i in A, the
coefficient of each path being the ratio of k to the number of returns to 1.

5. Let I be a composition of k. Then (—1)*D=Y Ri(a;) is the sum of all words labelling
paths of length k going from i to i in A such that every return to i occurs al some

length IT + ...+ I7 with j € [1,...,7] (where we set I~ = (j}“)j:17,,).

Proof — The graphical interpretations of Ay and 5 follow from Proposition 2.4. The
interpretation of W, results then from the formula

U, = (=177 5 A Sij

-

1

J

Similarly, the interpretation of ®; follows from the formula

@k:;(—m’f—%( oA, A

et j=k

ol | T

which is a particular case of Proposition 4.18. Finally, the interpretation of R; follows
from (63). O

Example 7.21 For a matrix A = (a;;) of order n = 3, we have
/\1(041) = 51(041) = \Ill(OQ) = (I)l(a1) =da1 ,

/\2(041) = 311(041) = —Q12021 — A13431 ,
Se(ar) = Ra(ay) = Cl%l + a2 a1 + arzasy ,
Uy(ay) = Py(ay) = Cl%l +2a12a21 +2ai3as;

/\3(041) = R111(Oé1) = 12 22 A1 + @12 23 a31 + @13 G32 A1 + A13 A33 A37
Ss(ar) = Rs(ay) = Cl:fl + a11 @12 a1 + a1 @13 @31 + A12 A1 11 + @12 Aoz A2y
+a12 ag3 a3 + a3 @31 a1y + @13 a3z Ao + A13 a3z day
Us(ag) = Clifl + a1y a1z az1 + a1y ars asy + 2 a2 agy ap + 3arz azg ax

+3 a3 agsasy + 2ay3 asy a11 + 3 a3 asg az + 3 a1z assasy

3
Gs(ay) = aj; + = arg arz az + 3 a11 @13 a31 + 3 a12 21 Q11 + 3 @12 A A

2
+3 a2 a3 as; + 5 @13 az1 a1 + 3 a3 asy agr + 3 arz assas;
312(041) = —Q12 421 11 — Q12 Gg2 21 — G132 (3 d31 — G413 0A31 411 — G413 dA32d21 — G413 A33 31 ,

321(041) = —a11 @12 021 — A11 @13 A31 — Q12 Gg2 d21 — (12 A23d31 — (13 A32d21 — G413 dA33A3] .
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Note 7.22 It follows from Proposition 7.20 that the generating series of the functions
Sk(ei), Ag(ay) or Wi(ay) are all rational in the sense of automata theory (¢f. Section 9).
Moreover the automata which recognize these series can be explicitely described and have
no multiplicities.

For example, the minimal automaton which recognizes the generating series of the
functions Wy (ay) is given, for n = 2, by

a1
@22
@22
N G N A R
L/ a
) 21
a1
@22
@12 a21
=
@22

On the other hand, Proposition 7.20 also shows that the generating series of the family
(o) is not rational (¢f. [BR] or [Eil] for more details).

7.5 Noncommutative symmetric functions and the center of U(gl,)

In this section, we illustrate the results of Section 7.4 in the particular case when A =
E, = (€;)ij=1.n, the matrix of the standard generators of the universal envelopping
algebra U(gl,). Recall that these generators satisfy the relations

[€ij, en] = djreqa — driey; -

The Capelli identity of classical invariant theory indicates that the determinant of the
noncommutative matrix £, makes sense, provided that one subtracts 0, 1, 2, ... n—1 to
its leading diagonal (see [Tu] for instance). Thus one defines

€11 €12 Ce €lin
det . — €21 €99 — 1 Ce €op
€nl €na cee Epp—n+1
= > (=D ermyi (o@yz = 6o@)2) « - (Copmyn — (0 = 1)ds(nyn) -

ogESK

This is better understood from the following well-known result (see [Ho]).

Theorem 7.23 The cocfficients of the polynomial in the variable t

1+ teq telg o tein
det (I 4 1E,) = t€.21 1+ t(€.22 - 1) = te?n
te;ﬂ te;ﬂ .. 14+ t(em.— n+1)
= gg) (=1 (Goyr + teanyn) - (Fowyn + Heotnyn — (0 = Donya)) -

generate the center Z(U(gl,)) of U(gl,,).
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It is shown in [GR1] and [GR2] that the Capelli determinant can be expressed as a
product of quasi-determinants. More precisely, one has

Theorem 7.24 Keeping the notation of Theorem 7.23, det (I +tF,) can be factorized in
the algebra of formal power series in t with coefficients in U(gl,)

det(I +tE,) =

1—|—t(€11—n—|—1) teln
(1 —|—t€11) . .

1 + t(eu — 1) t€12 ‘

te 1 +teyg —1 : :
o (c22 ) teq ‘1—|—t(em—n—|—1)‘

and the factors in the right-hand side commute with each other.

Note 7.25 Theorem 7.24 is stated in [GR2] in its formal differential operator version.
The above version is obtained by using the classical embedding of U(gl,,) into the Weyl

algebra K|z, ai ,1 <4, 7 <n] of order n? defined by
T

]
€5 — Z Xy ——

We adopt the following notations. We write for short F,, = E,, — (m — 1) =
(fij)i<ij<m, and we put A = F,,, © = m in Definition 7.19, the symmetric functions thus
obtained being denoted by Ag(e,,). In other words, by Proposition 7.20, the polynomials
Ai(€en,) are given by

Ak(em) = (_1)k_1 Z fmi1 fil (BRI fik—lm :

lsil ..... ik_lgm—l

6%

Combining now the two previous theorems we arrive at the following result, concerning
the symmetric functions associated with the matrices Fy, Fy — I, ..., E, — (n — 1)I.

Theorem 7.26 The symmetric functions Ag(ey) for B > 0 and 1 < m < n generate
a commutative subalgebra in Ul(gl,). This algebra is the smallest subalgebra of U(gl,)
containing the centers Z(U(gly)), Z(U(gly)),..., Z(U(gl,)).

Proof — Let Z denote the subalgebra of U(gl,) generated by Z(U(gl,)), ..., Z(U(gl,)).
This is of course a commutative algebra. Set

1—|—t(€11—m—|—1) telm

At €m) Z tF Ap(en) = : : :

te;nl ‘1—|—t(emm‘—m—|—1)‘

By Theorem 7.23 and Theorem 7.24, one sees that the coefficients of the formal power
series in ¢

A (8) = Mt e) Mty €2) .. At e)

generate the center Z(U(gl,,)). Therefore the symmetric functions Ag(e,,) with & > 0
and 1 < m < n generate a subalgebra of U(gl,) containing Z. Conversely, the polynomial
Am—1(t) being invertible in Z[[t]], there holds

Mty €m) = A ()P AL (1)
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Hence the symmetric functions Ag(€,,) belong to Z, which proves the theorem. a

As a consequence, the center of U(gl,, ) may be described in various ways in terms of the
different types of symmetric functions associated with the matrices £y, Fo—1, ..., K, —

(n—1)1.

Corollary 7.27 The center Z(U(gl,)) is generated by the scalars and either of the fol-
lowing families of formal symmetric functions

LAY =Y A(a) s Aile) s forl<k<n,
11+...tin=k

2. Sl(cn) = Z Si(er) oo Si(en), forl <k <mn,
14+ Fin=k

3. \Ilggn) = Z Uilen), forl <k <n.

1<m<n

Proof — The functions A;Cn) are nothing else but the coefficients of the polynomial in ¢
det (I +1F,), which generate Z(U(gl,)) according to Theorem 7.23. Since we are in fact

in a commutative situation, the functions S,gn and \Ilggn) are related to the functions A;Cn)
by the basic identities (3) and (5), and thus also generate Z(U(gl,,)). O

Example 7.28 The center of U(gl;) is generated by 1, \11(13), \11(23), \I/g?)), where
\I’(13):€11+€22—1+€33—27

\11(23) = 6%1 + (€22 — 1)2 + 2 ez €12 + (€33 — 2)2 +2es1 €13+ 2esp €03,
\Ilg?’) =€)+ (e22— 1) 4 (€20 — 1) ea1 €12+ 2 €21 €12 (€22 — 1) + 3 €21 (e11 — 1) €12
+(e33 — 2)3 + (e33 — 2) €31 €13 + (€33 — 2) €32 €23 + 2 €31 €13 (€33 — 2) + 2 €32 €93 (€33 — 2)

+3 €31 €12 €23 + 3 e €91 €15 + 3 €a1 (€11 — 2) €13 + 3 ez (€22 — 2) €23 .

The results of this section are strongly connected with Gelfand-Zetlin bases for the
complex Lie algebra ¢l,,. Recall that each irreducible finite-dimensional gl,,-module V' has
a canonical decomposition into a direct sum of one-dimensional subspaces associated with
the chain of subalgebras

gl Cgly C...Cyl, .

These subspaces V,, are parametrized by Gelfand-Zetlin schemes 1 = (1155 )1<j<i<n in such
a way that for every m =1, 2, ..., n, the module V), is contained in an irreducible g/,,-
module with highest weight (tm1, fim2, -« -, fimm). Since each irreducible representation
of gl,,_1 appears at most once in the restriction to ¢l,,_; of an irreducible representation
of gl,,, this set of conditions defines V,, uniquely (¢f. [GZ]). Moreover, the integers p;;
must satisfy the condition p;; > pri—1; > pij41 for all ¢, 5.

Another characterization of the subspaces V), given by Cherednik [Ch] (see also Nazarov
and Tarasov [NT]) is the following. The V, are exactly the eigenspaces of the smallest
subalgebra Z of U(gl,) containing the centers Z(U(gly)), ..., Z(U(gl,)). Taking into

account Theorem 7.26, this description translates into the following proposition.
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Proposition 7.29 Let x,, be a non-zero vector of the one-dimensional subspace V, para-
metrized by the Gelfand-Zetlin scheme p = (pij)i<j<i<n. Set vi; = pij — 7 + 1 and
vi = A{vi, ..., vi} (with vg = 0). For every F' € Sym and every m = 1,2, ..., n, z,
is an eigenvector of the noncommutative symmetric function F(e,). The corresponding
eigenvalue is the specialization of F' to the alphabet of commutative variables v, — v, _1
(in the sense of A\-rings) :

Flem)x, = F(vm — vp-1) 2, .

The eigenvalues associated with different p being pairwise distinet, this characterizes com-
pletely the subspaces V.

Proof — Since the Uy generate Sym, it is enough to prove the proposition in the case
when F' = Wy, It results from Proposition 7.20 that
\I/k(ém) =

Z Qg iy (emil - (m - 1)5mi1) (€i1i2 - (m - 1)5i1i2) SR (eik—lm - (m - 1)5ik—1m) ’

lg’il,...,ik_l ST)’L

where the «;, ;,_, are integers and «y,. ., = 1. Thus, denoting by N, the subalgebra of
gl spanned by the elements ¢;;, 1 <1 < 7 < m, we see that

Yo oUk(e) = X (e—i+ D) €Ulgla) N (135)
1<5<m 1<5<m

By Corollary 7.27, 371 <;<n Vi(e;) belongs to Z(U(gl,,)), and therefore acts as a scalar
on any irreducible gl,,-module. By definition, x, belongs to the irreducible gl,,-module
with highest weight (ttm1, fim2, -« - flmm), and we can compute this scalar by acting on
the highest weight vector, which is annihilated by N,,. Therefore, we deduce from (135)
that

Z LACHEE Z (ftmj —J + 1)k ., =Vi(vy) z, ,

1<j<m 1<j<m

and by difference,

Uilem) 2y = (Vi(vm) = Vi(vim-1)) 2 = Wi(vm — vm-1) T, -
0

Example 7.30 Let V be the irreducible gls-module with highest weight (5,3,2). Con-

sider the GZ-scheme
5 3 2

H= 4 2

The action of the operator
Us(es) = (ess — 2)3 + (e33 — 2) €31 €13 + (€33 — 2) €32 €93 + 2 €31 €13 (€33 — 2)

+2 €55 €23 (€33 — 2) + 3 €31 €12 €23 + 3 €3z €21 €13 + 3 es (€11 — 2) €13+ 3 ez (€22 — 2) €23

on the weight vector x, is given by

Ws(es)w, = [5°+ (3= 1)+ (22" —4° = (2= 1)* | 2, = 68, .
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7.6 Twisted symmetric functions

Let K be a skew field, let s be an automorphism of K and let (SZ»(S))Z'ZO be a family of
K. Let then KX, s]| be the K-algebra of twisted polynomials over K, i.e. of polynomials
with coefficients in K where the variable X satisfies to

Xk=s(k)X (136)

for every k € K. Let now o(t) be the formal power series defined by
+(>O . .
o)=Y (8P xiye

=0

The symmetric functions 5, = SZ»(S) X' defined using this generating function belong to
K[X, s]. It is however more interesting to define twisted symmetric functions which belong

to the smallest s-stable algebra generated by the family SZ»(S).

Definition 7.31 The twisted symmetric functions S, A®) &) yls) R(IS) are the ele-
ments of K defined by

SO =S, X7 AP = A X7, 09 =0, X7, 0 =, X7, RY = Ry X

The quasi-determinantal formulas of Section 3.1 can be easily adapted to take care of
the present situation.

Proposition 7.32

s 5 sY, SG)
s(s67)  s(s17) s(Si) s
AP = (=0 ST L S Sk |, (187)
0 0 Sn—l(S(()S)) Sn—l(S{S))
AT Ay AL AY)
S(AG) s(A) s(h) ()
SO =170 2y L 2 2 | (188)
0 0 STHAGY) s AYY)
g1 S{S)) Sn_l(S(()s)) 0 0
s2(2550) s (S)) s SEY) 0
PO = (—1)nt 53 (3.58)) sn3(sl)) s (sy L 0 . (139)
n S e Si2 sy




Proof — We only give the proof of the first formula, the other relations being proved in

the same way. According to Corollary 3.6, we have

S X sPx?
sl g x

Multiplying on the left the k-th row by X*~1 and using relation (136), we get

SO x o sPxe
(S X s(S1)) X2
A X = (—)m |0 (s X
0 0

S8, xm
S(S) Xn—2

n—2

Sils X

S5

Sn—l(S((JS)) Xn—l Sn—l(Sl

57(15) Xn
Sily a0
S(S) Xn—2

n—2

St x

S8 Xt SGXr
5(57(15—)2))(71_1 5(57(15—)1)Xn
52(57(15—)3)Xn_1 32(57(15—)2)Xn

Multiplying on the right the k-th column by X% we obtain (137).

a

Using the same method, one can also give suited versions of the other determinantal
identities given in Section 3. It is also interesting to notice that one can generalize these
results to the case when the variable ¢ satisfies a relation of the form

th=s(k)t+d(k)

for every scalar k£ € K, s being an automorphism of K and d a s-derivation. In such a
case, one must consider that the S; are the coefficients of the Laurent series 37,54 =,

In this framework, it is then easy to adapt the results given here, using formulas which

can be found in [LL] or [Kr] for instance.
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8 Noncommutative rational power series

In this section, we demonstrate that noncommutative symmetric functions provide an
efficient tool for handling formal power series in one variable over a skew field. Special
attention is paid to rational power series, and to the problem of approximating a given
noncommutative power series F(¢) by a rational one, the so-called Padé approximation
(Section 8.2). Particular Padé approximants can be obtained by expanding F(¢) into a
noncommutative continued fraction of J-type or of S-type (Sections 8.1 and 8.4). The
sequence of denominators of the partial quotients of a J-fraction is orthogonal with respect
to an appropriate noncommutative scalar product, and it satisfies a three-term recurrence
relation (Section 8.3). The systematic use of quasi-Schur functions enables one to derive
all these results in a straightforward and unified way.

These topics gave rise to an enormous literature in the past twenty years, as shown by
the 250 titles compiled by Draux in his commented bibliography [Dr]. We shall indicate
only a few of them, the reader being referred to this source for precise attributions and
bibliographical informations.

Interesting examples of noncommutative rational power series are provided by the
generating series o(t, ;) of the complete symmetric functions associated with the generic
matrix of order n defined in Section 7.4. Their denominators appear as noncommutative
analogs of the characteristic polynomial, for which a version of the Cayley-Hamilton theo-
rem can be established. In particular, the generic matrix posesses n pseudo-determinants,
which are true noncommutative analogs of the determinant. These pseudo-determinants
reduce in the case of U(gl,,) to the Capelli determinant, and in the case of the quantum
group G'L,(n), to the quantum determinant (up to a power of ¢).

8.1 Noncommutative continued S-fractions

Continued fractions with coefficients in a noncommutative algebra have been considered
by several authors, and especially by Wynn (¢f. [Wy]). The convergence theory of these
noncommutative expansions is discussed for example in [Fa]. As in the commutative
case, many formulas can be expressed in terms of quasi-determinants. In this section, we
give the noncommutative analog of Stieltjes continued fractions in terms of quasi-Schur
functions, and specialize them to the noncommutative tangent defined in Section 5.4.2.

Let ¢ = (Gi)izo be a sequence of noncommutative indeterminates. We can associate
with it two types of continued S-fractions, which are the series defined by

1
ag 1 = dy (1—|—Cl1t(1‘|‘---‘|‘an—1 t(l—l'ant(l—I_"')_l)_l“‘)_l )_1

1—|—Cl1t

1
1+ ant —
' (140)
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and by

i ao=((...(C..+ D) apt+ 1) ap g t+.. D) at+1) " ag .
" Cllt—|—1

1
1

The partial fractions of these infinite continued fractions admit quasi-determinantal
expressions [GR2]. Thus, the n-th convergent of (140) is equal to

ait 0 ... 0! 1 axt 0 ... [OI|1 at 0 ... [0
—1 1 agt ... O ~1 1 ast ... O |=1 1 ayt ... O
ap | 1 e, el el =ag | ¢ .. el el S
0 ... =1 1 apt 0 ... —1 1 ayt||0 ... =1 1 aut
0o ... 0 -1 1 O ... 0 -1 1/l0 ... 0 =1 1

where the two quasi-determinants of the right-hand side are polynomials in ¢ whose ex-

pansion is given by Proposition 2.6.

The following result expresses the coefficients of the noncommutative continued frac-
tion expansion of a formal power series as Hankel quasi-determinants, that is, from the
viewpoint of noncommutative symmetric functions, as rectangular quasi-Schur functions.
Indeed, as illustrated in Section 7, any noncommutative formal power series F'(¢) may
be seen as a specialization of the generating series o(t) = .5 Sit* of the complete
symmetric functions S. With this in mind, the Hankel quasi-determinants associated
as in the commutative case with F'(¢) appear as the specializations of the quasi-Schur
functions indexed by rectangular partitions of the form m”.

Proposition 8.1 Let o(t) = Y450 Sk t* be a noncommutative formal power series. Then
one has the following expansion of o(t) into a left S-fraction:

where Iy, = (n") and Iy,41 = (™).

Note 8.2 Throughout this section, we relax for convenience the assumption Sy = 1 made
above, and we only suppose that Sy # 0.

Proof — Let us introduce the series p(t) defined by

1
o(t) = So m )
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That is,
L= X(—=t) So

t = 3 (=) Ay St

n>0

p(t)

Denote by a, (o) the n-th coefficient of the Stieltjes-type development in right continued
fraction of o(t). According to the definition of p,

a1 (7) = au(p) (141)

for n > 0. We prove by induction on n that

an(o) = (=1)" anl Sy

n+1

for every n > 0. This is clear for n = 0, 1, and the induction step is as follows. We only
indicate the case n = 2m, the odd case being similar. According to relation (141) and to
the induction hypothesis, we have

Agmy1(0) = dam(p) = ALV App (142)

where we set

(=)™t Ay So (1) A™PESy L
N (=1)"™ A So (—1)m_1 Apy1 S0 .- —ANop1 S0
—Ay So Ay Sy . (—1)m_1 A1 So
and
(C1)" 1 Apyy So (1" A™2S, L
A (=)™ Ay So (—1)m_1Am+1 So ... Ao So
m+1 — . . . .
0 -\ Sy . (—1)m_1 A1 So

Using now basic properties of quasi-determinants and Naegelbasch’s formula for quasi-
Schur functions, we get

Apst Amgz ...
A, AL coe Ao . 3

A, = : :+1 g 2: 1 So = Spm+t = S0y -
Ay Ay oo A

Arguing in the same way, we have

Apsit Mgz -

A, AL R VY . 5
Amgr = — : :+1 .. 2 So = S(m+1)m+1 = Sz -
0 Ay R
The conclusion follows from these last two formulas and from formula (142). O

Applying w to the formula given by Proposition 8.1, we get immediately the following
one.
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Corollary 8.3 Let o(t) = Y450 Sk t* be a noncommutative formal power series. Then
one has the following expansion :

o(t) = i So

1
SpH =)t +1

1.
—5

n+1
where Iy, = (n") and Iy,41 = (™).

The action of w may also be interpreted in another way in order to obtain the deve-
lopment in continued fraction of the inverse of a formal power series.

Corollary 8.4 Let o(t) = Y450 Sk t* be a noncommutative formal power series. Then
one has the following expansion :

1

L4 (=) S5t Sy, t —
where Jy, = (n") and Jznp1 = ((n+ 1)").

We apply now these results to the noncommutative tangent defined in 5.4.2. If we set
Si(B) = TQ(Q_I(A) (A and B being merely labels to distinguish between two families of
formal symmetric functions), so that

to(B;t?) = TAN(A; 1) = S T, (A) ¢+
n>0
we can, using Propositions 8.1 and 3.21, identify the coefficients of the continued fraction
expansion of the tangent in terms of staircase quasi-Schur functions. For example, one

has (") ) )
: e i RO S
5333(B) — TE)(T’) T(T) Tg(r) — T57’ T7T’ Tgr
(AR R U VA N
Ry Ri22 R399 5
= R122 R1222 R12222 = 5123456(14) 9
Riz22  Ri2222

the last equality following from Proposition 3.21.

This identity may be seen as a particular case of the following proposition, which
(r)

expresses more general quasi-determinants in the T}’ | as quasi Schur-functions (indexed
by skew partitions). Let p; denote the staircase partition (1,2,...,k).
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Proposition 8.5 Let [ = (i1,...,i,) be a partition, such that iy > n—1. Set N = i, +n.
Then one has

SI(B) = SpN/J(A) ’ (143)
where J is the partition whose diagram is obtained by removing from the diagram of pyn,
n successive ribbon shapes indexed by the compositions

A A S A A
Proof — This follows from Bazin’s theorem for quasi-determinants. a

Example 8.6 Take I = (2,3,4) so that N = 7. The ribbon shapes to be extracted
from the diagram of p; are 12°, 12°) 1. Hence, J = (2,5), as illustrated by the following
picture.

o[ x[x]o]<]

b B el B
b B Kol R

o

o

Thus, 9234(3) = 91234567/25(A)-
We end this Section by considering the specialization
S;— 0, fore>n.

In this case the continued fraction for TAN,(A,t) terminates, and by means of the recur-
rence formulas given in [GR2] for computing its numerator and denominator, one obtains

Proposition 8.7 Suppose that S; = 0 for 1 > n. Then the complete functions S;, 1 <n
may be expressed as rational functions of the staircase quasi Schur functions S,;, 1 < n.
Namely, writing for short ¢; = S;l Sy, for1 <1< nand ¢; =0 for1 > n, one has

Pit1
52 = Z ¢ 54 = Z CiCiyo 56 = Z CiCiy2Cltq 5 -
1< 1<i<j 1<i<j<h
-1 -1 -1
Sl 53 = Z ¢ Sl 55 = Z CiCjy2 Sl 57 = Z CiCiy2Cltq 5 -
2<i 2<i<y 2<i<i<k

Proposition 8.7 may be regarded as a noncommutative analog of a classical question
investigated by Laguerre and Brioschi. The problem was to express any symmetric poly-
nomial of n indeterminates as a rational function of the power sums of odd degree Wy 4
(¢f. [Lag], [Po]). Foulkes gave a solution by means of Schur functions. Indeed, in the
commutative case, the only Schur functions belonging to the ring Q[Wy, U5, W5, .. ] are
the one indexed by staircase partitions p,, so that Laguerre’s problem is equivalent to
expressing a symmetric polynomial of n indeterminates as a rational function of the stair-
case Schur functions (¢f. [F3]). Note that in the noncommutative setting, this no longer
holds. For example

Sio=Rip=—1/30% —1/6 0" +1/6 0> +1/3 0!
does not belong to Q[Wy, W3, Uy, ...]. The fact that the symmetric functions depend only

on n variables is replaced in Proposition 8.7 by the condition S; = 0 for ¢ > n.
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8.2 Noncommutative Padé approximants

The classical Padé approximant is the ratio of two determinants, in which all columns,
except for the first ones, are identical. In the commutative case, these determinants can
be interpreted as multi Schur functions (see [La]). One obtains a noncommutative analog
by replacing determinants by quasi-determinants. Here the problem is to approximate a
noncommutative formal series

F(t)=So+ Sit+ St + ...+ 5"+ ..., (144)

where the parameter ¢ commutes with the S;, by a rational fraction Q(¢)™*P(¢) up to
a fixed order in t. This kind of computation appears for instance in Quantum Field
Theory ([Be], [GG]), F being in this case a perturbation series, or in electric networks
computations [BBJ.

Proposition 8.8 Let So, S1,..., s be noncommutative indeterminates, and let t be
an indeterminate commuting with the S;. We set Cy(t) = So+ Si1t+-- -+ S t* (Cr(t) =0
if k<0), and

Cm(t) Sm—l—l e Sm—l—n
1C_(t St o S
RIS R e (145)
" Cm—n(t) Sm—n—l—l e Sm
Sm—l—l e Sm—l—n
t Sm Tt Sm—l—n—l
Qu(t) =1 . : y : : (146)
t" Sm—n—l—l Tt Sm

Then we have

Qn(t) . (So + St 4 Sm-|—n tm+n) _ Pm(t) + O(tm+n+1) ‘

Proof — Expanding Q,(¢) by its first column and multiplying to the right by So+ 51 ¢+
-4+ 8,4, t7F", one obtains for the terms in t* with k& < m + n the following expression :

Smat 0 St Smtt 0 Smin

Sm—l—n—l Sm Tt Sm—l—n—l Sm—l—n—? Sm Tt Sm—l—n—l

: . £ 4 : . T g
S S e S Son S e S
Spir o Spn
+o 4 0 Sm Smf”‘l =Pl
0 S - S,

since the coefficients of the t* with k& > m are zero, the corresponding quasi-determinants
having two identical columns. O
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Definition 8.9 The Padé approxzimants of the noncommutative series (144) are the ra-
tional functions

[m/n] = Qu(t)™" Pn(l) .
We have for instance
[1/1] — (1 - 52 Sl_l t)_l (So —|— (51—52 51_150) t) — So —|— Slt —|— 52 t2 —|— O(tS) .

Applying the * involution (¢f. 3.1, 3.3, and 8.3 below), one obtains the equivalent expres-
sion [m/n] = R, (t) T,.(¢t)™", where

tCma(t) .. t"Crun(t)
S,

RO e (147)
Swtn Smint o Su
t ot

T.(t) = S”j“ Sm o Smj”“ . (148)
Swtn Smint o Su

Thus one also has
[1/1] — (So —|— (Sl - SOS;ISQ)t)(l - SI_ISQt)_l .

This last remark may be interpreted as an effective proof of the fact that the ring of
polynomials in one indeterminate with coefficients in a skew field is an Ore domain. For,
given two polynomials P(t) and Q(t) of respective degrees m and n with no common left
factor, and assuming @(0) # 0, one has

where R(t)T(t)™" is the Padé approximant [m/n] of the power series Q(t)~* P(t).

8.3 Noncommutative orthogonal polynomials

Motivated by formula (146), we consider in this section the sequence of polynomials

Sn e SQn—l
S e Sy n—1
mT(x) = ! 2. 2 ) (149)
Sy e S, 1

in the commutative variable z. In the case when the S; commute with each other, m, () is
none other than the sequence of orthogonal polynomials associated with the moments 5;.
Thus, when the S; belong to a skew field, these polynomials may be regarded as natural
noncommutative analogs of orthogonal polynomials. They are indeed orthogonal with
respect to the noncommutative scalar product to be defined now. This scalar product is
a formal analog of the matrix-valued ones used for example in [GG] and [BB].
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Let R be the ring of polynomials in the commutative indeterminate x, with coefficients

in the free field K £ Sy, S1, 59, ... #. Recall that this field is endowed with a natural
involution F' — F™ defined as the anti-automorphism such that S7 = 5; for all «. This
involution is extended to R by putting

*
(Zaixl) => aa’.
i i

In particular, we have

Sn—l Sn e 5271—1
To(2)" = S % . &

We define a scalar product (., .) in R by
<Zai$i, Zb]$]> = ZaiSH_]‘ b; .
This product satisfies the following obvious properties
(a1 pi(z) + a2 pa(x), g(x)) = a1 (pi(x), q(x)) + a2 (pa(2) . q(2))
(p(x), Brar(x) + Baqa()) = (p(2), u()) B7 + (p(x) , @2(2)) B3
{q(z), p(x)) = (p(z), q(=))",
(zp(z), q(x)) = (p(z) , z q(x)) ,

from which one deduces, by means of 2.12, that

(Ta(2), ') = Spi s (2", mal2)) = S5y
for ¢+ > n, and that ' '
(mn(2), a') = (@*, ma(2)) = 0

fort=0,1, ..., n—1. Hence we obtain

Proposition 8.10 The sequence of polynomials m,(x) satisfies (m,(x), mn(x)) = 0 for
n#m. O

As in the commutative case, the sequence 7, () follows a typical three term recurrence
relation that we shall now explicit. Set

x () = Z aggn) () .

0<k<n+1
It follows from 8.10 that
(wma(2), mil(2)) = af (mi(x) , m(2)) = ) (me(x) , 2*) = af" S
On the other hand, if £ < n — 2,
(o ma(x), () = (@), @ mx(2)) = 0
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and aggn) =0for k=0,1,...,n—2. The polynomials 7(x) being monic, it is clear that

afﬁgl = 1, and it remains only to compute a{™ and a(n)l. We have

n n—

(2 7a(2), Tpo1(2)) = (mal@) @ T (@) = (Tal2), @) = Spner

and, also, by expanding the quasi-determinant m,(z) by its last column,

(wmu(x), ma(2)) = (@™ ma(2)) = STiypnmin Splpe (27 m(2))

Gk * -1 o
= Sn"(n-l—l) - S(n_1)n—1n S(n—l)" Spntt .

Hence we obtain

Proposition 8.11 The noncommutative orthogonal polynomials m,(x) satisfy the three
term recurrence relation

Toy1(t) — (2 — Szn(nﬂ)gg,}ﬂ + S(*n_l)n_ln S(;l_l)n)wn(x) + St S(_nl_l)n To—1(x) =0 (150)

forn >1. a

Applying the * involution to (150), we get a similar recurrence for the polynomials
75 (x), namely

’7T:;_|_1($) —7T:;($) ((E — Sn_nl+1 Sn"(n-l—l) —|—S(_nl_1)n S(n—l)n_ln) —|—S(_nl_1)n Snn+1 7Tn_1($) = 0 (151)

> %1 .
- S(n—l)"—ln S

Note also that the symmetric function Szn( (n—1)n S,n+1 being equal to

n+1)
the scalar product (v m,(x), m,(x)), it is invariant under the * involution, which gives the

following interesting identity

S’:‘"(n-l—l) - S(*n—l)"_ln S’(_nl_l)n Snn+1 == Snn(n+1) — Snn+1 S(_nl_l)n‘sv’(n—l)"_ln .

8.4 Noncommutative continued .J-fractions
In this section we consider continued fractions of the type

1

by (152)

T —ar + by

T —az+ bs
1

1
x_an—l'bn—l—l—

In the commutative case, these fractions are called J-fractions, and their connexion with
orthogonal polynomials and Padé approximants is well-known (¢f. [Wa]). As observed by
several authors (see e.g. [GG] [BB], and [Dr] for other references) similar properties hold
true when («;) and (b;) are replaced by two sequences of noncommutative indeterminates.
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Denote by p,(x)g,(x)~! the n-th partial quotient of (152):

_ 1
T —ar + by

1
r—ay+ by ——

1

r—da,

It is convenient to put also po = 0, go = 1. The polynomials p,(x) and ¢, () then satisfy
the three term recurrence relation [GR2], [BR]

Prn+1 = Pn (l’ - an—l—l) + Prn-1 bn—l—l , 4n+1 = qn (l’ - an—l—l) + Gn—1 bn—l—l (153)
Comparing with (151), we are led to the following result

Theorem 8.12 Let S; be a sequence of noncommutative indeterminates. The expansion
of the formal power series 3 ;5o Sk x7F 1 into a noncommutative J-fraction is equal to

1

by : (154)
T —ar + by
1
1
r —ay + bn—l—l -
where a; = Sy, by = So, and
Uy = S’(_nl_l)n S(n—l)"—ln - S’(_nl_g)n—l S(n—?)"—2(n—1) )
bn = S(_nl_g)n—l S(n—l)"
for n > 2. The n-th partial quotient p,(x) g.(x)~" is given by
Sn—l e SQn—Q SQn—l
(=] : : , 155
pn(7) . s s (155)
0 ST Stk ons) Syt
Sn—l SQn—Z SQn—l
(=] - 156
Gn() S . s s (156)
1 xn—l

and one has

Po(2) gu(2) ™ = S 4o 4 Spug 27T O
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Proof — This is just a matter of properly relating the results of the previous sections. We
first prove that the numerator and denominator of the n-th convergent of (154) admit the
quasi-determinantal expressions (155) and (156). To this aim we denote temporarily by
P,(x), g,(x) the right-hand sides of (155) and (156), and we check that these polynomials
satisfy the recurrence relations (153). The relation for g,(x) is none other than (151)
(with the necessary change of notations). Since g, = ¢ and §; = ¢1, we deduce that
G, = @n for all n. The same argument is applied to p,(x). Indeed, it results from (147),
(148) and Proposition 8.8 with ¢t = 27!, m = n — 1, that

= (D Ska™" ) galx) + 0277

k>0

which shows that p,(x) satisfies the same recurrence relation as ¢,(x). Since p; = py, and
Py, = p2 as one easily checks, we get that p, = p,, for all n, and the rest of the theorem
follows. O

8.5 Rational power series and Hankel matrices

Denote by K[[t]] the ring of formal power series in ¢ with coefficients in the skew field K.
A series F(t) = Ypso Sit® in K[[t] is said to be rationaliff it is a rational fraction, that
is, iff there exists polynomials P, Q in K[t] such that F(t) = Q(¢)~' P(¢).

We begin by extending to the noncommutative case the classical characterization of
rational series by means of Hankel determinants. With every series F'(t) = 450 S t* in
K[[t]] is associated an infinite Toeplitz matrix S = (S;_;); i>0. The quasi-minors of S are
conveniently seen as specializations of quasi-Schur functions and we shall still denote them
by 57, the series F' being understood. In particular, the quasi-Schur functions indexed by
rectangular partitions correspond to Hankel quasi-determinants.

Proposition 8.13 The series F(t) is rational iff S is of finite rank. More explicitely,
F(t) = Q7'(t) P(t) where P(t) and Q(t) have respective degrees m and n, and no common
left factor, iff the submatrix

Sm Sm—l—l s Sm+71—1
B Sm._l S'm = Smfn_Q
Sm—n—l—l Sm—n—l—? oo Sm

is invertible and S(m+1)n(m+p) =0 for every p > 1. QQ and P are then given by formulas
(146) and (145).

Proof — Suppose that R is invertible. Then one can define ¢) and P by formulas (146)
(145), and the same computation as in the proof of Proposition 8.8 shows that

Q) F(t) = P(t)+ Y Stmaryr(man 1"

pz1
Hence, if S(m+1)n(m+p) = 0 for p > 1, one obtains F(¢) = Q~'(¢) P(¢). Conversely, if F(t)
is rational, one can write F'(¢) = Q~*(¢) P(¢) with Q(0) = 1, P and @ having no common
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left factor, that is, P and () of minimal degree. Therefore, if deg() = n, degP = m, we
have, setting Q(t) = Xo<i<y bs t,

ZbiS,,_i:(), er—I—l, (157)

0<i<n

which shows that the matrix R has rank less or equal to n. This rank cannot be less than
n, otherwise P and ) would not be of minimal degree. Therefore R is invertible, and the
relation S(m+1)n(m+p) = 0 follows from (157). a

The coefficients S; of a rational series F'(¢) = Q~'(¢) P(¢) satisfy many remarkable
identities. The following result may be seen as a natural analog of the factorization for-
mulas for Schur polynomials in two finite sets of commutative variables given in [BeRe].
The reader is referred to [Pr] for algebro-geometric applications of these important rela-
tions in the commutative case.

We denote by (I, m”™ 4+ J) the partition whose Young diagram is

-
I

-5 —

T

- 1 —

Proposition 8.14 Let F(t) = Q~(¢) P(t) be a rational series, and assume that P(t) and
Q(t) have respective degrees m and n, and no common left factor. Let I be a partition
whose largest part is less or equal to m, J be a partition whose length is less or equal to
n, and 1, j be integers. There holds

v v 1 &

S(1i7mn+J) — S(1i7mn) Sm" S(mn+J) y (158)

Sttmns) = Strmmy S Stmngiy - (159)

Replacing each quasi-Schur function Sy by the Young diagram of H, relations (158)
and (159) are pictured as follows

T T
M o
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I

— —

-— 5 —

The proof of Proposition 8.14 is a consequence of the next Lemma, valid for generic
quasi-Schur functions and of independent interest.

Lemma 8.15 Let H = (hy, ..., h,) be a partition, and j, k be two integers with k < hy.
Then,
St i+i)| Stk H S
g (SH) = S(h141, hoL, e hr 41, b 4i) - (160)
+7
Proof — This is a simple consequence of Bazin’s theorem. a

Proof of Proposition 8.14 — Let K denote the partition obtained from I by removing its
first part. The hypothesis imply that, in the specialization to the series F', the quasi-Schur
functions S(L7(m+1)n(m+p)) are sent to 0, for any p > 1 and any partition L whose largest
part is less or equal to m + 1. Therefore, putting H = (K, m”) in (160), we get

Str,mntq) = S(r,mm) SR, mm) S(K,mn45) »

and formula (159) follows by induction on the length of I. Formula (158) may be proved
similarly, or derived directly from (159) by means of the involution w. O

8.6 The characteristic polynomial of the generic matrix, and a
noncommutative Cayley-Hamilton theorem

In this section, we illustrate the results of Section 8.5 on a fundamental example, namely
we take F'(t) to be the generating series o(t, ;) = Ypso Si(i)t* = |I — tA];" of the
complete symmetric functions associated with the generic n x n matrix A, and its i-th
diagonal entry a;; (¢f. Section 7.4). We first prove that this series is rational.

Proposition 8.16 For the generic n X n matriz A = (a;;), there holds
O'(t,Oéi) = Qi(t)_l PZ(ZL) 5

Q; and P; being polynomials of degree n and n — 1 without left common factor, with
coefficients in the free field generated by the entries a;; of A. Moreover, assuming the
normalizing condition Q;(0) = P;(0) = 1, the polynomials Q;(t), Pi(t) are unique.
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Proof — Let v, denote the i-th row vector of A*. In other words, the sequence vy is
defined by vg = (0, ..., 1,...,0) (the entry 1 is at the i-th place) and, for & > 0, by
Vg1 = v A. The v, may be regarded as vectors in K £ A #", which is at the same time
a left and right n-dimensional vector space on the free field K < A %. Hence, there exists

scalars Ag, A1, ..., A, in K £ A ¥ such that one has
)\0U0—|—)\1U1—|—...—|—)\nvn:0. (161)

Multiplying (161) from the right by A7, and using the fact that the i-th component of vy,
is equal to Sk(«;), one obtains the relations

S A Sprilar) =0, 20, (162)

0<p<n

which shows that the rank of the Hankel matrix S(«;) is finite, equal to n. More precisely,
we have,

Sn(ozz) PN Sgn_l(ozi) S]‘+n(0éi)
Sl(ozi) e Sn(ozz) S]‘_H(Oéi)
SO(OQ) e Sn_l(ozi) S]‘(Oéi)
and the conclusion follows from Proposition 8.13. O

Let A% denote the (n — 1) x (n — 1) matrix obtained by removing the i-th row and
column of A. As was explained in the introduction of Section 7.4, the series o(t, ;)
is a noncommutative analog of det(l — tA")/det(I — tA), that is, of the ratio of the
characteristic polynomial of A* to the characteristic polynomial of A (up to the change of
variable u = t™1). Therefore, we can regard the polynomials Q;(t) of Proposition 8.16 as
natural analogs of det(/ —tA). This is supported by the fact that these polynomials give
rise to a form of the Cayley-Hamilton theorem for the generic noncommutative matrix.

For instance, when n = 2, the two polynomials Q1(t), Q2(t) are given by
Q1(t) =1 — (a1 + arzaz Cll_gl)t + (a12 sz a1—21 apg — aiz d) t (164)

Q2(t) =1 — (a2 + a1 any Clz_ll)t + (a2 a a2—11 agy — 21 A1) . (165)
Writing for short @Q;(¢) = 1 — tr;(A)t + det;(A)¢? for i = 1, 2, one can check that
tI’l(A) 0 detl(A) 0
A% — A =0 166
( 0 tma(d)) T 0 dety(y) T (166)

the Cayley-Hamilton theorem for the generic matrix of order 2. The general result is as
follows. Set

Q)= S (=1 LY, (167)

0<i<n
Ly o0
Li(A) = : : , (168)
0 L (A)

for every 1 <1 < n.
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Theorem 8.17 The generic noncommutative matriz A satisfy the following polynomial
equation, the coefficients of which are diagonal matrices with entries in K £ A %

> (1) Lj(A) A" =0 .

0<j<n

(169)

Proof — One has to check that the i-th row vector of the left-hand side of (169) is zero.
But this is exactly what is done in the proof of Proposition 8.16. Indeed, keeping the
notations therein, the coefficients L;Z)(A) of

Sn(ai) SZn—l(ai)
Ql(t) B Sl(ozz) . Sn(ozz) tn:_l 7 (170)
SO(OQ) Sn—l(ai) t"

form a system of solutions A; for the linear system (162), and therefore satisfy (161). O

Due to the significance of the polynomials Q;(t), we shall give different expressions
of them. The first expression, already encountered, is formula (170). Expanding this
quasi-determinant by its last column, we compute the coefficients

Sl ) San-i(ai) Sn_i(ai) ... Son_a(ai) |7
7 . n—k—1 Sk_H(OéZ) Sk—|—n(az) Oz o .
Lilk(A) =(=1) Se1(ar) oot Sipna(ai) Sk(: 2 SHn—:l( ) izl
So(ai) v Sumafag) |00 Sn-1(@)

Recalling that (¢, ;) = A(—¢,a;)~", we obtain by means of (145) the following ex-
pressions in terms of the elementary symmetric functions A;(o;)

‘AO(O@)A— tA(og) +... + (Xt)” An(ai)] A/?\z+1(04i) ﬁzn—l(%’)
—1 ol &; .. —1 n n—1105 n O 2n—20 O
O:t) = () + +( ) (o) ( ) ;( ) o
(—1)" " Ao(ai) + (=)™ Ai(ev) Ao(ai) An(ev)
Ana () Agn-1(ai)
L(i) . Ak—l(ai) An(ai) A2n—2(ai)
R (A) = : ) : (172)
Np—npr(ar)  Ag(an) An(er)

Also, as shown in the Proof of 8.16, Q;(t) can be expressed in terms of the entries of A*,
(k)

that we denote by a;;”. Indeed, one has

aff) aiy) o al
W= : 173
Qill) ag) ag) e agi) (=t (173)
ag?) agg) e agg) "

98



One can recognize in (173) the exact noncommutative analog of Krylov’s expression for
the characteristic polynomial of a matrix (¢f. [Gan]). Thus we find again that, when
specialized to the commutative generic matrix, all the polynomials @;(¢) reduce to the
familiar characteristic polynomial (up to the change of variable v = ¢~*). In particular,
the leading coefficients of the Q;(¢) provide n noncommutative analogs of the determinant,
that we shall call the n pseudo-determinants of the generic n x n matrix A, and denote

by det;(A),7 = 1,..., n. They admit the following quasi-determinantal expressions,
obtained from (172) and (173)
An(az) An—l—l(ai) A2n—1(ai)
A%— 3 A% 3 s A~n— 3
dety(A) = | (@) Aalos) e Agua(on) ) (174)
Al(Oéi) AQ(O@) An(ozz)
aty’ atf’ aly!
det;(A) = (—=1)"'| ‘ ‘ 175
all ey all)

We shall illustrate the results of this section on two important examples, namely, the
case of the Lie algebra ¢gl,,, and the case of the quantum group G'L,(n).

Example 8.18 We take A to be the matrix F, of standard generators of U(gl,) (cf.
Section 7.5). In this specialization, the pseudo-determinants det;( £, ) are all equal to the
Capelli determinant. More precisely, we have, using the notations of 7.5

1—t(€11—|—n—1) —t€12 Ce —teln
—tle 1—t(egy+n—2) ... —teqy,

Qi) = det(T — (B, + (n— ) =| (Caztn=2) oo tem |
—ten —tens 1—te,,

for all i = 1,...,n. Let Q(u) = u" Qi(u™') = det(ul — (E, + (n — 1)I)) denote the
characteristic polynomial of E,. By Theorem 8.17, Q(E,) = 0. Consider an irreducible
finite-dimensional gl,-module V' with highest weight A = (A1, ..., A,). It follows from
Section 7.5 that the coefficients of Q(u) belong to the center of U(gl,), and act upon V
as the elementary symmetric fonctions of the commutative variables Ay +n — 1, Ay +n —
2, ..., An. Therefore, if we denote by E) = (egﬁ)) the matrix whose (¢, j)-entry is the
image of e;; in the module V', we find that

II (B —(x+n—k)=0,

1<k<n

the so-called characteristic identity satisfied by the generators of gl,,.

Example 8.19 Here, A is taken to be the matrix A, = (a;;) of the generators of the
quantum group GGL,(n). Recall that the a;; are subject to the following relations
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;e = q_la”aik for k < l, Qi = q_la]«kaik for 1 < j,
Ai1G 5k = 104 for 1 < j, k< l,
Aipj] — G0 = (q_l—q) a0 5 for 1 < j, k<.

In this specialization, the pseudo-determinants det;(A,) are all equal, up to a power of ¢,
to the quantum determinant

a1 a1 . A1p

a a Ce a
21 22 2n o (_ )_g(g) i a
: : .. : : q Ligay =+ “njony -
. . . . Uesn

ant [27%%)) . Apn g

The other coefficients of the Q;(t) also specialize to polynomials in the «;;, and one
recovers the quantum Cayley-Hamilton theorem proved by Zhang in [Zh]. For instance,
when n = 3, one obtains

+ (q_l

and for n = 2, the Cayley-Hamilton theorem assumes the form

Qi(t) =1 — (ay + ¢ Tazs + ¢ azs)t

a1 dig @11 a3 _9 |22 G323

+ q_1

11 G122 d13
2 -2 3
" —q a1 gy Aoz | t
q q

31 G432 a33

(a1 G22 31 433 32 433

q

-1/2 0

—1
_ q _ g 0
Az - (q1/2a11 +q 1/26122) ( 0 q1/2) A, + (ar1a22 — ¢ 161126121) ( 0 q) =

In view of these examples, some questions arise naturally. The coefficients L;i)(A)
involved in the Cayley-Hamilton theorem for the generic noncommutative matrix A are

) [Y IR
thus belonging to the skew field generated by the a;;. Moreover, the L;Z)(A) depend on the
index ¢, that is, the coefficients of the noncommutative characteristic polynomial are no
longer scalars but diagonal matrices. It seems to be an interesting problem to investigate

the following classes of matrices.

fairly complicated expressions in terms of the entries a;; of A, involving inverses a;:, and

1. The matrices A for which the coefficients L;i)(A) are polynomials in the entries a;;.

2. The matrices A for which the coefficients L;i)(A) do not depend on 1.

As shown by the previous examples, the matrix F, of generators of U(gl,) belongs to
both classes, while the matrix A, of generators of GGL,(n) belongs to the first one.
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9 Appendix : automata and matrices over noncom-
mutative rings

Identities between quasi-determinants can often be interpreted in terms of automata. We
present here the basic notions of this theory. More information can be found for instance
in the classical references [BR] or [Eil].

Let K be a field and let A be a noncommutative alphabet. A K-automaton of order
n over A is a triple A = (I, u, F') where

1. I is a row vector of K, called the initial vector,
2. p1 is a monoid morphism from the free monoid A* into M,,(K),

3. F a column vector of K™, called the final vector.

One can represent graphically an automaton by a labeled graph (also denoted A) which
is defined by

e the set of vertices of A is [1,n] (they are called the states of A),

for every i,7 € [1,n] and for every a € A, there is an arrow going from ¢ to j and

labeled by u(a);; a,
o for every vertex ¢ € [1,n], there is an arrow pointing on ¢ and labeled by I,

o for every vertex i € [1,n], there is an arrow issued from ¢ and labeled by F;,

with the convention that one does not represent an arrow labelled by 0. In other words,
the generic form of the graph A is the following

I pla)i; a e 1

F F,

Note that the graph can be identified with the automaton since it encodes both the vectors
I, F' and the matrices (1(a))qea which completely define the morphism p. The behaviour
of A is the formal noncommutative power series over A defined by

A= > (Tpw)Flw € K<<A>> .

weA*
The behaviour of A has a simple graphical interpretation. For every path m= (i1,...,541)
in the graph A going from ¢; to 7,41 and indexed by the word w = a;y ... a,, we define

the cost ¢(m) by
C(T{') = [il /“L(al)ilﬂé cee /’L(an)inyin+l Fin+1 .
In other words, the cost of a path is just the product of the elements of k& that index the

different arrows it encounters on its way. Defining the cost c4(w) of a word w relatively
to A, as the sum of the costs of all paths indexed by w in A, we have by definition,

A= Z ca(w)w .

wEA*
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It is not difficult to show that

A

1 (X wtaa) o

a€A

where the star M* of a matrix M is defined by

M =(I-M)"'=Y M". (176)

n>0

It follows that

I- ( > /,L(a)a) = culw)w .
ag€A weA*

A series [ € K << A>> is said to be recognizable if there exists a K-automaton A
over A for which f = A. On the other hand, one can also define a notion of rational
noncommutative series in K << A >>. A series [ € K << A>> is rational in the sense
of automata theory if it belongs to the subalgebra K,,; << A >>, which is the smallest
subring of K" << A >> which contains K < A > and which is closed under inversion of
formal series. One then has the following fundamental theorem of Schiitzenberger (1961)

(see [BR] or [Eil] for a proof).
Theorem 9.1 A series f € K << A>> s rational if and only if it is recognizable.

The link between this notion of rationality and the one considered in Section 8 of the
present paper is provided by a result of Fliess ([F1], see also [Ca]): when the free field is
realized as the subfield of the field of Malcev-Neumann series over the free group F(A)
generated by the K-algebra of F'(A), one has K, << A>>= K<< A>>N K£A¥.

For our purposes, we need only the following particular case. We take A = {a;;, 1 <
i,7 < n}tand u(a;;) = E;j, where E;; denotes the n x n matrix with only one nonzero
entry equal to 1 in position ¢, . The graph A is then the complete oriented graph on n
vertices, the arrow from ¢ to 7 being labelled by a;;. Thus, for n = 2, the graph A is for
instance

12

a1y (| ( : 92

21

Denoting also by A the n x n matrix (a,;), we then have
A=TA"F .

In particular, taking all the entries of I and F' equal to zero with the exception of one
equal to 1, one obtains a graphical interpretation for any entry of the star of a matrix.
That is, denoting by P;; the set of words associated with a path from ¢ to j, one has

(A*)” = Z w .

wEPy;
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This leads to the classical formula (see e.g. [BR])
( ay; a2 ) _ ( (a11 + arz a3y ag1)* aly arg (agz + az ajy ar2)” )
a1 Q22 ahy @21 (@11 + ar2 a3y agy)* (a9 + azr ajy ara)* '
Indeed, the entry (1,1) of the matrix in the right-hand side of (177) represents the set of
words labelling a path from 1 to 1 in the automaton A associated with the generic matrix

of order 2. Here, the star of a series s in the a;; with zero constant coefficient is defined,
as in (176), by setting s* = 3,50 s".
Observe that formulas (2.2) are exactly the images of (177) under the involutive field
automorphism ¢ of K £ A% defined by
. 11— (2794 if s :j
o) ={ 10 (17
(see [Co] p. 89), which maps the generic matrix A on I — A, so that «(A*) = A~L.

(177)

As an illustration, let us sketch an automata theoretic proof of Proposition 2.6. The
quasi-determinant in the left-hand side of (19) can be written as

Aap
—1 a3n

D = Ud1p — (Clll a1 ... al,n—l) ([n—l - M) . 5 (179)
pp

where M denotes the strictly upper triangular matrix defined by

0 azx ... azn—

0 0 R ¢ o |
M =

0o 0o ... 0

Relation (179) shows that D is essentially equal to the behaviour of the automaton A,,_4
defined by

o the set of states of A, 1 is1,2,....n—1,
o the only edges in A,_; go from 7 to j with ¢+ < j and are labeled by a;41 ;,

e cach state 7 is equiped with an initial and a final arrow, respectively labeled by ay;
and by a@;41,.

We give below the automaton 4, which illustrates the general structure of A4,,.

24
/ a93 \
ass
an A 22 /L 433 v /\ 14
L 2 3 3
ags Cl12/( Q45 ‘Yw \1‘55
34
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It is now clear that

D =ay, + Z ay; ( Z words labelling paths from ¢ to j in A,—1) ajq1,0 ,

<J

which is the right-hand side of (19).
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