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Abstra
t

We evaluate di�erent Hankel determinants of Rogers-Szeg�o polyno-

mials, and dedu
e from it 
ontinued fra
tion expansions for the gener-

ating fun
tion of RS polynomials. We also give an expli
it expression

of the orthogonal polynomials asso
iated to moments equal to RS poly-

nomials, and a de
omposition of the Hankel form with RS polynomials

as 
oeÆ
ients.

1 De�nitions and Notations

Let (a)

n

= (a; q)

n

= (1�a)(1�aq) � � � (1�aq

n�1

). The q-binomial 
oeÆ
ient,

or the Gauss polynomial, is

�

n

k

�

=

(q; q)

n

(q; q)

k

(q; q)

n�k

=

(q

n

� 1)(q

n�1

� 1) � � � (q

n�k+1

� 1)

(q

k

� 1)(q

k�1

� 1) � � � (q � 1)

;

whi
h is equal to the number of k-dimensional ve
tor subspa
es of the n-

dimensional ve
tor spa
e V

n

(q) over the �nite �eld GF (q).
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The Rogers-Szeg�o polynomials are de�ned by

h

n

(t; q) =

n

X

k=0

�

n

k

�

t

k

= (q)

n

X

t

k

(q)

k

(q)

n�k

: (1.1)

They are some variants of q-Hermite polynomials whi
h play an important

role in the theory of basi
 hypergeometri
 series [1℄. For t = 1, Rogers-Szeg�o

polynomials spe
ialize to the Galois numbers of Goldman and Rota [5, p. 77℄

(
f. also [7℄):

G

n

=

n

X

k=0

�

n

k

�

:

Let us introdu
e some notations related to symmetri
 fun
tions (
f. [8℄).

Given two sets of indeterminates A;B (we say alphabets), the 
omplete

symmetri
 fun
tions S

i

(A � B), i 2 Z, of the formal di�eren
e A � B are

de�ned by the following generating fun
tion (using another variable z) :

�

z

(A�B) =

X

i�0

S

i

(A�B)z

i

=

Q

b2B

(1� bz)

Q

a2A

(1� az)

: (1.2)

More generally, for any polynomial P =

P

(
;u)


 u, 
 2 C , u monomial,

and any extra variable q, we de�ne S

i

(P ) and S

i

(P=(1�q)) by the generating

fun
tions

�

z

�

X

(
;u)


u

�

=

X

i

z

i

S

i

(P ) =

Y

(
;u)

(1� zu)

�


(1.3)

�

z

�

P

1� q

�

=

X

i

z

i

S

i

�

P

1� q

�

=

Y

(
;u)

1

Y

j=0

(1� zq

j

u)

�


(1.4)

With these notations, a variable x is identi�ed with the alphabet fxg of

order 1, and (1 � q)

�1

with the in�nite alphabet f1; q; q

2

; : : :g. Any formal

series

P

n�0

z

n

S

n

, with S

0

= 1, 
an be formally fa
torized, i.e. identi�ed

with �

z

(A) for some alphabet A su
h that S

n

= S

n

(A), n 2 N.

Our basi
 ring R is the ring of rational fun
tions in two variables q; t

and some alphabets A;B; : : :.

For any element � 2 R, any n 2 N, any I = (i

1

; : : : ; i

n

) 2 N

n

, the S
hur

fun
tion S

I

(�) is equal to the determinant [9℄ :

S

I

(�) =

�

�

S

i

s

+s�r

(�)

�

�

1�r;s�n

:
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2 Re
ursion for Rogers-Szeg�o Polynomials

Taking 
oeÆ
ients of powers of z in (1.2), one gets

S

n

(A�B) =

n

X

k=0

S

k

(A)S

n�k

(�B): (2.1)

From (2.1), we see that the Rogers-Szeg�o Polynomial h

n

(t; q) 
an be

written as:

(q)

n

S

n

�

1 + t

1� q

�

:

Lemma 2.1 Let B;C be two alphabets of order less than or equal to m.

Then S

n

:= S

n

�

B�C

1�q

�

, n 2 N, satis�es the following re
urren
e:

m

X

r=0

�

S

r

(�B)� S

r

(�C)q

n�r

�

S

n�r

= 0: (2.2)

Proof. Writing �B +

B�C

1�q

= �C + q

B�C

1�q

, then from (2.1), together with

the fa
t that S

n

(�B) = 0 = S

n

(�C), for n > m, we get that

X

S

r

(�B)S

n�r

�

B � C

1� q

�

=

X

S

r

(�C)q

n�r

S

n�r

�

B �C

1� q

�

:

�

Lemma 2.1 implies the following re
ursion :

Corollary 2.2 Let h

n

(t; q) be the Rogers-Szeg�o polynomial. Then

h

n

(t; q) = (1 + t)h

n�1

(t; q)� t(q

n�1

� 1)h

n�2

(t; q): (2.3)

Proof. Taking B = f1; tg; C = ; in Lemma 2.1, we have

(1� q

n

)S

n

�

1 + t

1� q

�

� (1 + t)S

n�1

�

1 + t

1� q

�

+ tS

n�2

�

1 + t

1� q

�

= 0: (2.4)

Substituting S

n

�

1+t

1�q

�

= h

n

(t; q)=(q)

n

in Equation (2.4), we derive the

re
ursion immediately. �
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Remark. Goldman and Rota [5℄ proved the re
ursion

G

n+1

= 2G

n

+ (q

n

� 1)G

n�1

; G

0

= 1 ; G

1

= 2 ;

using ve
tor spa
es over �nite �elds. Nijenhuis, Solow and Wilf [10℄ gave a

bije
tive proof for the same re
ursion. K. Hikami and B. Basu-Malli
k [6℄

gave also a re
ursion for generalized Rogers-Szeg�o polynomials.

3 Determinants of Rogers-Szeg�o Polynomials

Theorem 3.1 Let A be the alphabet de�ned by S

i

(A ) = h

i

(t; q), i 2 N. We

have

S

n

n

(A ) = t

(

n

2

)

q

(

n+1

3

)

(q)

0

(q)

1

� � � (q)

n�1

h

n

(t; q

�1

); (3.1)

S

n

n

;m

(A ) = (q)

0

(q)

1

� � � (q)

n

t

(

n+1

2

)

q

(

n+1

3

)

�

m

n

�

h

m�n

(t; q): (3.2)

In parti
ular,

S

n

n+1(A ) = (q)

0

(q)

1

� � � (q)

n

t

(

n+1

2

)

q

(

n+1

3

)

: (3.3)

Proof. Denote X =

1+t

1�q

. By de�nition,

S

n

n

(A ) =

�

�

h

n+j�i

(t; q)

�

�

1�i;j�n

=

�

�

(q)

n+j�i

S

n+j�i

(X)

�

�

1�i;j�n

= (q)

1

� � � (q)

n

�

�

�

�

(q

n�i+2

)

j�1

S

n+j�i

(X)

�

�

�

1�i;j�n

: (3.4)

We 
an write re
ursion (2.4) as

(q

k

)

m

S

k+m�1

(X)

= (1 + t)(q

k

)

m�1

S

k+m�2

(X)� t(1� q

m�1

)(q

k

)

m�2

S

k+m�3

(X)

�tq

m�1

(q

k�1

)

m�1

S

k+m�3

(X): (3.5)

Applying identity (3.5) on 
olumns n; n� 1; : : : ; 2 of the determinant in

4



(3.4) su

essively, it be
omes

(�t)

n�1

q

n�2

q

n�3

� � � q

0

�

�

�

�

�

�

�

�

�

�

�

�

S

n

(X) S

n�1

(X) (q

n

)

1

S

n

(X) � � � (q

n

)

n�2

S

2n�3

(X)

S

n�1

(X) S

n�2

(X) (q

n�1

)

1

S

n�1

(X) � � � (q

n�1

)

n�2

S

2n�4

(X)

� � � � � � � � � � � �

S

2

(X) S

1

(X) (q

2

)

1

S

2

(X) � � � (q

2

)

n�1

S

n�1

(X)

S

1

(X) S

0

(X) (q)

1

S

1

(X) � � � (q)

n�2

S

n�2

(X)

�

�

�

�

�

�

�

�

�

�

�

:

Repeating the same transformation, we will �nally rea
h

(�t)

(

n

2

)

q

(

n

3

)

�

�

�

�

�

�

�

�

�

�

�

S

n

(X) S

n�1

(X) � � � S

1

(X)

S

n�1

(X) S

n�2

(X) � � � S

0

(X)

� � � � � � � � �

S

2

(X) S

1

(X) � � � 0

S

1

(X) S

0

(X) � � � 0

�

�

�

�

�

�

�

�

�

�

�

= t

(

n

2

)

q

(

n

3

)

S

1

n

(X):

Noting that

S

1

n

(X) = (�1)

n

S

n

�

�

1 + t

1� q

�

=

q

(

n

2

)

(q)

n

h

n

(t; q

�1

);

we obtain

S

n

n

(A ) = t

(

n

2

)

q

(

n+1

3

)

(q)

1

� � � (q)

n�1

h

n

(t; q

�1

):

For m � 0, de�ne

W

n;m

=

S

n

n

;m

(A )

(q)

0

(q)

1

� � � (q)

n

=

�

�

�

�

�

�

�

�

�

�

S

n

(X) (q

n+1

)

1

S

n+1

(X) � � � (q

n+1

)

n�1

S

2n�1

(X) (q

n+1

)

m

S

n+m

(X)

S

n�1

(X) (q

n

)

1

S

n

(X) � � � (q

n

)

n�1

S

2n�2

(X) (q

n

)

m

S

n+m�1

(X)

� � � � � � � � � � � � � � �

S

1

(X) (q

2

)

1

S

2

(X) � � � (q

2

)

n�1

S

n

(X) (q

2

)

m

S

m+1

(X)

S

0

(X) (q)

1

S

1

(X) � � � (q)

n�1

S

n�1

(X) (q)

m

S

m

(X)

�

�

�

�

�

�

�

�

�

�

:
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Applying identity (3.5) on the last 
olumn of W

n;m

, we transform it into

W

n;m

= (1 + t)W

n;m�1

� t(1� q

m�1

)W

n;m�2

+

�

�

�

�

�

�

�

�

�

�

�

S

n

(X) � � � (q

n+1

)

n�1

S

2n�1

(X) (q

n

)

m�1

S

n+m�2

(X)

S

n�1

(X) � � � (q

n

)

n�1

S

2n�2

(X) (q

n�1

)

m�1

S

n+m�3

(X)

� � � � � � � � � � � �

S

1

(X) � � � (q

2

)

n�1

S

n

(X) (q)

m�1

S

m�1

(X)

S

0

(X) � � � (q)

n�1

S

n�1

(X) 0

�

�

�

�

�

�

�

�

�

�

�

After su

essive su
h transformations, one �nally obtains

W

n;m

= (1+t)W

n;m�1

�t(1�q

m�1

)W

n;m�2

+t

n

q

m�1

q

(

n�1

2

)

W

n�1;m�1

: (3.6)

Noting that

t

(

n+1

2

)

q

(

n+1

3

)

�

m

n

�

h

m�n

(t; q)

satis�es the re
ursion (3.6) and 
oin
ides with W

n;m

for (0;m), (n; 0) and

(n; 1), we get (3.2). �

4 Continued Fra
tions for Rogers-Szeg�o Polynomial

There are three main types of 
ontinued fra
tion expressions for formal

series. They are all obtained by evaluating some Hankel determinants. We

refer to Stieltjes [11℄, Wall [12℄ and Brezinski [4℄. The determinants given

by Theorem 3.1 allow us to write the following three 
ontinued fra
tions.

Theorem 4.1 The generating fun
tion of Rogers-Szeg�o polynomials h

n

(t; q)

6



is equal to ea
h of the three following 
ontinued fra
tions:

1

X

n=0

h

n

(t; q)z

n

=

1

1�

z


1

1�

z


2

1�

z


3

� � �

=

1

1� �

0

z +

�

1

z

2

1� �

1

z +

�

2

z

2

1� �

2

z +

�

3

z

2

� � �

;

1

X

n=0

h

n

(t; q)z

�n�1

=

1

z +

1

�

1

�

1

+

1

z

�

2

+

1

�

1

�

3

+ � � �

;

where

�

m

=

(

(�1)

n�1

q

(

n

2

)

h

n

(t; q

�1

)h

n�1

(t; q

�1

)

t

n�1

(q)

n�1

; m = 2n� 1;

(�1)

n

t

n

(q)

n

q

(

n

2

)

h

2

n

(t; q

�1

)

; m = 2n;




m

=

(

q

n�1

h

n

(t; q

�1

)

h

n�1

(t; q

�1

)

; m = 2n� 1;

�t(1� q

n

)

h

n�1

(t; q

�1

)

h

n

(t; q

�1

)

; m = 2n;

�

n

= q

n�1

t(1� q

n

);

�

n

= q

n

(1 + t):
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Remark. In our notations, Stieltjes' parameters, for the series

P

z

n

S

n

(A ),

are [8℄

�

m

=

(

(�1)

n�1

S

n

n

(A )S

(n�1)

n�1 (A )

S

(n�1)

n
(A )

2

; m = 2n� 1;

(�1)

n

S

n

n+1
(A )S

(n�1)

n (A )

S

n

n

(A )

2

; m = 2n;

�

n

=

S

n

n+1
(A )S

(n�2)

n�1
(A )

S

(n�1)

n(A )

2

= �


2n




2n�1

;




n

= �

n

�

n�1

;

�

n

=

S

n

n

;n+1

(A )

S

n

n+1(A )

�

S

(n�1)

(n�1)

;n

(A )

S

(n�1)

n
(A )

:

5 Hankel Forms

To any alphabet A is asso
iated a Hankel form

H(A ; x) =

1

X

i;j=0

S

i+j

(A )x

i

x

j

:

The problem of de
omposing Hankel forms into sums of squares has also

been solved by Stieltjes [3℄. He found the 
oeÆ
ients, that we denote by ?,

su
h that

H(A ; x) = (x

0

+ ?x

1

+ � � � )

2

+ ?(x

1

+ ?x

2

+ � � � )

2

+ ?(x

2

+ ?x

3

+ � � � )

2

+ � � � :

Theorem 5.1 (Stieltjes) Let A be a generi
 alphabet. With A

0

= A , de-

�ne the alphabets A

1

; A

2

; : : : by the generating series

�

z

(A

k

) = S

k

k+1

(A )

�1

1

X

j=0

S

k

k

; k+j

(A )z

j

:

Then the form K(A ; x; y) =

1

P

i;j=0

S

i+j

(A )x

i

y

j

de
omposes as

K(A; x; y) = �

1

�

(x+ y)A

0

�

� xyS

11

(A )�

1

�

(x+ y)A

1

�

+ � � �

+ � � �+ (�xy)

n

S

n

n+1
(A )

S

(n�1)

n(A )

�

1

�

(x+ y)A

n

�

+ � � � :

8



Substituting Equation (3.2) into the above identity, we instantly derive

that

Corollary 5.2 For Rogers-Szeg�o polynomials h

n

(t; q), we have

1

X

i;j=0

h

i+j

(t; q)x

i

y

j

=

1

X

n=0

(�t)

n

(q)

n

q

(

n

2

)

�

 

1

X

u=0

h

u

(t; q)

�

n+ u

u

�

x

n+u

! 

1

X

v=0

h

v

(t; q)

�

n+ v

v

�

y

n+v

!

Comparing the 
oeÆ
ients of t

m

s

n

of both sides, we get the following

formula due to Askey and Ismail [2℄:

h

m+n

(t; q) =

minfm;ng

X

k=0

�

n

k

��

m

k

�

(�t)

k

(q)

k

q

(

k

2

)

h

m�k

(t; q)h

n�k

(t; q):

6 Orthogonal Polynomials

Let

R

be a linear fun
tional on polynomials in x su
h that there exists a

family of orthogonal polynomials fP

n

(x)g:

Z

P

m

(x)P

n

(x) = 0 if m 6= n ;

Z

P

n

(x)P

n

(x) = 


n

6= 0 :




n

is 
alled the normalization 
onstant.

Identifying the moments

R

x

n

to the 
omplete fun
tions S

n

(A) of some

alphabet A, we 
an rewrite the 
lassi
al expressions of orthogonal polyno-

mials in term of symmetri
 fun
tions:

P

n

(x) = S

n

n

(A� x); 


n

= (�1)

n

S

(n�1)

n(A)S

n

n+1
(A); n � 0: (6.1)

Theorem 6.1 Let

R

A

be the linear fun
tional with moments equal to the

Rogers-Szeg�o polynomials:

R

A

x

n

= h

n

(t; q). Then

P

n

(x) =

n

X

k=0

(�1)

k

�

n

k

�

q

(

k

2

)

h

k

(t; q

�1

)x

n�k

= (q)

n

S

n

�

x� 1� t

1� q

�

;

are its asso
iated orthogonal polynomials, with normalization 
onstant




n

= t

n

q

(

n

2

)

(q � 1)(q

2

� 1) � � � (q

n

� 1):
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Proof. Start with

S

n

n

(A � x) =

�

�

�

�

�

�

�

�

�

�

S

n

(A ) S

n+1

(A ) � � � S

2n�1

(A ) x

n

S

n�1

(A ) S

n

(A ) � � � S

2n�2

(A ) x

n�1

� � � � � � � � � � � � � � �

S

1

(A ) S

2

(A ) � � � S

n

(A ) x

1

S

0

(A ) S

1

(A ) � � � S

n�1

(A ) 1

�

�

�

�

�

�

�

�

�

�

;

and write X =

1+t

1�q

. The same kind of transformation as for Theorem 3.1

allows us to write the pre
eding determinant as

(q)

0

(q)

1

� � � (q)

n

�

�

�

�

�

�

�

�

�

�

S

n

(X) � � � (q

n+1

)

n�1

S

2n�1

(X) x

n

=(q)

n

S

n�1

(X) � � � (q

n

)

n�1

S

2n�2

(X) x

n�1

=(q)

n�1

� � � � � � � � � � � �

S

1

(X) � � � (q

2

)

n�1

S

n

(X) x

1

=(q)

1

S

0

(X) � � � (q)

n�1

S

n�1

(X) 1

�

�

�

�

�

�

�

�

�

�

= (q)

0

(q)

1

� � � (q)

n

(�t)

(

n

2

)

q

(

n

3

)

�

�

�

�

�

�

�

�

�

�

S

n

(X) S

n�1

(X) � � � S

1

(X) x

n

=(q)

n

S

n�1

(X) S

n�2

(X) � � � S

0

(X) x

n�1

=(q)

n�1

� � � � � � � � � � � � � � �

S

1

(X) S

0

(X) � � � 0 x

1

=(q)

1

S

0

(X) 0 � � � 0 1

�

�

�

�

�

�

�

�

�

�

= (q)

1

� � � (q)

n

t

(

n

2

)

q

(

n

3

)

n

X

k=0

(�1)

n�k

x

n�k

(q)

n�k

S

1

k

(X)

= (�1)

n

(q)

1

� � � (q)

n�1

t

(

n

2

)

q

(

n

3

)

n

X

k=0

(�1)

k

�

n

k

�

q

(

k

2

)

h

k

(t; q

�1

)x

n�k

;

After normalization, we �nally get the polynomials

P

n

(x) =

n

X

k=0

(�1)

k

�

n

k

�

q

(

k

2

)

h

k

(t; q

�1

)x

n�k

= (q)

n

S

n

�

x� 1� t

1� q

�

;

with normalization 
onstant




n

= t

n

q

(

n

2

)

(q � 1)(q

2

� 1) � � � (q

n

� 1):

�
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