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ABSTRACT: We show that the a
tion of 
lassi
al operators asso
iated to the Ma
-

donald polynomials on the basis of S
hur fun
tions, S

�

[X(t� 1)=(q � 1)℄, 
an be

redu
ed to addition in ��rings. This provides expli
it formulas for the Ma
donald

polynomials expanded in this basis as well as in the ordinary S
hur basis, S

�

[X℄,

and the monomial basis, m

�

[X℄.

Introdu
tion

Important developments in the theory of symmetri
 fun
tions rely on the use of the

Ma
donald polynomial basis, fJ

�

(X; q; t)g

�

[M1℄. This basis spe
ializes to several fundamen-

tal bases in
luding the S
hur, Hall-Littlewood, Zonal, and Ja
k. It has been 
onje
tured that

the Ma
donald polynomials o

ur naturally in representation theory of the symmetri
 group

[GH℄. It is also known that these polynomials are eigenfun
tions of a family of 
ommuting

di�eren
e operators with signi�
an
e in many-body physi
s [RS℄.

We �rst reformulate the Ma
donald operators in terms of divided di�eren
es, op-

erators that a
t naturally on the S
hur fun
tion basis. This enables us to show that the

a
tion of the Ma
donald operators on the modi�ed S
hur basis, S

�

[X(t � 1)=(q � 1)℄, pri-

marily amounts to addition in �-rings (Theorem 2.1). The a
tion provides a determinantal

expression for the Ma
donald polynomials expanded in this S
hur basis. By involution this

expression 
an be 
onverted into an expli
it formula for the Ma
donald polynomials in the

usual S
hur basis, S

�

[X℄, and in the monomial basis, m

�

[X℄ (Theorems 3.1 and 3.3). Fur-

ther, it is known that the Ma
donald polynomials 
an be built re
ursively using `
reation

operators'. We reformulate these operators in a manner similar to our expression for the

Ma
donald operators enabling us to give a simple expression for their a
tion on the modi�ed

S
hur fun
tions (Theorem 4.2).

1. Ba
kground

To begin, we 
larify some notation. Sym refers to the ring of symmetri
 fun
tions.
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A partition will be de�ned as a weakly de
reasing sequen
e of non-negative integers, � =

(�

1

; : : : ; �

n

) with `(�), the number of parts of � and �

0

the 
onjugate to �. To a partition �,

there 
orresponds a Ferrers' diagram with �

i

latti
e squares in the i

th

row, from the bottom

to top. For ea
h square s in the diagram of �, we de�ne a(s) and l(s) to be the number of

squares respe
tively to the north and east of s. The order of � is the sum of the parts of

�, denoted j�j. The dominan
e order on � is de�ned su
h that for j�j = j�j, � � � when

�

1

+ � � � + �

i

� �

1

+ � � � + �

i

for all i.

We shall use �-rings, needing only the formal ring of symmetri
 fun
tions Sym to

a
t on the ring of rational fun
tions in x

1

; : : : ; x

n

; q; t, with 
oeÆ
ients in R . The ring Sym

is generated by power sums 	

i

, i = 1; 2; 3 : : :. The a
tion of 	

i

on a rational fun
tion

P

�




�

u

�

=

P

�

d

�

v

�

is by de�nition

	

i

"

P

�




�

u

�

P

�

d

�

v

�

#

=

P

�




�

u

i

�

P

�

d

�

v

i

�

; 1:1

with 


�

; d

�

2 R and u

�

; v

�

monomials in x

1

; : : : ; x

n

; q; t. Sin
e any symmetri
 fun
tion is

uniquely expressed in terms of the power sums, formula 1.1 extends to an a
tion of Sym on

rational fun
tions. In parti
ular, a symmetri
 fun
tion f(X) of X = fx

1

; : : : ; x

n

g 
an be

denoted f [x

1

+ � � � + x

n

℄.

The S
hur fun
tion S

�

, with Y;Z 2 Q [x

1

; : : : ; x

n

; q; t℄, is su
h that

S

�

[Y � Z℄ =

X

�

S

�=�

[Y ℄S

�

[�Z℄ ; 1:2

where S

�

[�Z℄ = (�1)

j�j

S

�

0

[Z℄, with �

0

the partition 
onjugate to �. S
hur fun
tions will be


onsidered as determinants of 
omplete fun
tions:

S

�

[X℄ = det

�

�

�

�

�

�

�

�

S

�

1

[X℄ S

�

1

+1

[X℄ � � � S

�

1

+n�1

[X℄

S

�

2

�1

[X℄ S

�

2

[X℄ � � � S

�

2

+n�2

[X℄

.

.

.

.

.

.

.

.

.

.

.

.

S

�

n

�n+1

[X℄ S

�

n

�n+2

[X℄ � � � S

�

n

[X℄

�

�

�

�

�

�

�

�

; 1:3

as will skew S
hur fun
tions:

S

�=�

[X℄ = det

�

�

�

�

�

�

�

�

S

�

1

��

1

[X℄ S

�

1

+1��

2

[X℄ � � � S

�

1

+n�1��

n

[X℄

S

�

2

�1��

1

[X℄ S

�

2

��

2

[X℄ � � � S

�

2

+n�2��

n

[X℄

.

.

.

.

.

.

.

.

.

.

.

.

S

�

n

�n+1��

1

[X℄ S

�

n

�n+2��

2

[X℄ � � � S

�

n

��

n

[X℄

�

�

�

�

�

�

�

�

: 1:4

In these expressions, S

i

= 0 for i < 0.
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We denote X = x

1

+ � � � + x

n

and a partial alphabet, X

I

= x

i

1

+ � � � + x

i

k

, for

I = fi

1

; : : : ; i

k

g. The 
omplement of X

I

in X will be X




I

. For I = f1; : : : ; kg, we have

X

k

= x

1

+ � � � + x

k

. Two parti
ular elements, X

tq

:= X(t� 1)=(q � 1) and X

t

:= X(t� 1)

will be used throughout the paper.

We shall need the divided di�eren
es �

�

, indexed by elements � of the symmetri


group S(n). In parti
ular, if � is the simple transposition �

i

, we have

�

i

: f �! (f � �

i

f)=(x

i

� x

i+1

) : 1:5

The divided di�eren
es satisfy the Coxeter relations [M2℄

�

i

�

j

= �

j

�

i

; ji� jj > 1; �

i

�

i+1

�

i

= �

i+1

�

i

�

i+1

; 1:6

whi
h imply that �

�


an be written as the produ
t of elementary operators �

i


orresponding

to any redu
ed de
omposition of �. It should be noted that symmetri
 fun
tions in x

i

; x

i+1

are s
alar with respe
t to �

i

and that �

i

� 1 = 0. Consequently, symmetri
 fun
tions in

x

1

; : : : ; x

n


ommute with all �

�

.

We have that �

n�1

� � � �

1

is the Lagrange operator [L1℄,

�

n�1

� � � �

1

: f 2 Sym(1jn� 1) �!

X

i

f(x

i

; x




i

)

R(x

i

; x




i

)

2 Sym(n) ; 1:7

or more generally, �

(kjn�k)

= (�

n�k

� � � �

1

) � � � (�

n�2

� � � �

k�1

)(�

n�1

� � � �

k

) is the Sylvester op-

erator [L1℄,

�

(kjn�k)

: f 2 Sym(kjn� k) �!

X

jIj=k

f(X

I

;X




I

)

R(X

I

;X




I

)

2 Sym(n) ; 1:8

where Sym(kjn� k) is the spa
e of fun
tions symmetri
al in x

1

; : : : ; x

k

and in x

k+1

; : : : ; x

n

,

and where R(X;Y ) is the resultant of two alphabets X and Y ;

R(X;Y ) =

Y

x2X;y2Y

(x� y) : 1:9

These operators may be used to de�ne the Euler-Poin
ar�e 
hara
teristi
 �. In fa
t, in

his study of Riemann-Ro
h theorem, Hirzebru
h de�ned a `�

y

'-
hara
teristi
, or `�

y

'-genus

[H℄,[HBJ℄. We shall use the one 
orresponding to a relative 
ag manifold, 
hanging y into 1=t

. We de�ne the following operators on polynomials in x

1

; : : : ; x

n

,

�

(k)

(1jn�k)

= �

n�1

� � � �

k

R(x

k

;X




k

=t) ; 1:10
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onsidered as a 
omposition of multipli
ation by the resultant followed by a sequen
e of

divided di�eren
es. Note that the image of 1 is (1 + � � � + t

�n+k

) and that the supers
ript

refers to the variable at whi
h the symmetrization begins. We shall also use

�

(kjn�k)

= �

(kjn�k)

R(X

k

;X




k

=t) 1:11

and

�

!(k)

= �

!(k)

Y

1�i<j�k

(x

i

� x

j

=t) ; 1:12

where !(k) is the longest permutation in S(k) and �

!(k)

� 1 = k

t

! = t

�k(k�1)=2

(t)

k

=(1� t)

k

;

where (t)

k

= (1 � t) � � � (1 � t

k

). To 
ompute with �

!(k)

, we shall use the fa
torization

�

!(k)

= (�

k�1

)(�

k�2

�

k�1

) � � � (�

1

� � � �

k�1

):

When operating on elements of Sym(`jk � `), one has

�

!(k)

f = `

t

! (k � `)

t

!�

(`jk�`)

f 8 f 2 Sym(`jk � `) : 1:13

We shall also need the fa
torization

�

(kjn�k)

�

(1)

(1jk�1)

� � ��

(k�2)

(1j2)

�

(k�1)

(1j1)

= �

(1)

(1jn�1)

� � ��

(k�1)

(1jn�k+1)

�

(k)

(1jn�k)

1:14

and the following lemma (proved in the appendix).

Lemma 1.1 For an alphabet C, symmetri
 in x

1

; : : : ; x

n

, and 
(k) = t

�1

+ � � � + t

�n+k

,

one has

�

(k)

(1jn�k)

S

j

[C +X

t

k

℄ = 
(k)S

j

[C +X

t

k�1

℄ + S

j

[C +X

t

℄ : 1:15

2. Ma
donald Operators

This se
tion presents the a
tion of the Ma
donald operators on S

�

[X

tq

℄ as a sum of

determinants. The Ma
donald operators [M1℄ are de�ned as

M

k

= t

(

k

2

)

X

jIj=k

R(tX

I

;X




I

)�

i

k

� � ��

i

1

k = 1; 2; 3; : : : ; 2:1

where the sum is over all k-element subsets I = (i

1

; : : : ; i

k

) of f1; : : : ; ng and

�

l

: f [X℄ �! f [X + (q � 1)x

l

℄ : 2:2

It is more 
onvenient to use a reformulation for these operators in terms of divided di�eren
es,

M

k

= t

(

k

2

)

+k(n�k)

�

(kjn�k)

�

k

� � ��

1

= t

(

k

2

)

�

(kjn�k)

R(tX

k

;X




k

)�

k

� � ��

1

;

2:3
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thanks to 1.8.

We shall express the a
tion ofM

k

on S

�

[X

tq

℄ with formal operators,

�

a

1

a

2

� � � a

n

b

1

b

2

� � � b

n

�

,

a
ting on the 
olumns of an n�n matrix of S
hur fun
tions su
h that for all elements in any


olumn ` , S

�

[Y ℄! S

�+a

`

[Y + b

`

℄. For example;

�

0 30 �5

b

1

Y 0

�

:

0

�

S

11

[A℄ S

4

[B℄ S

8

[C℄

S

0

[A℄ S

2

[B℄ S

13

[C℄

S

1

[A℄ S

2

[B℄ S

3

[C℄

1

A

!

0

�

S

11

[A+ b

1

℄ S

34

[B + Y ℄ S

3

[C℄

S

0

[A+ b

1

℄ S

32

[B + Y ℄ S

8

[C℄

S

1

[A+ b

1

℄ S

32

[B + Y ℄ S

�2

[C℄

1

A

:

2:4

Theorem 2.1 The a
tion of the Ma
donald operators on S

�

[X

tq

℄, with `(�) � n, 
an be

expressed as

M

k

S

�

[X

tq

℄ =

X

1�i

1

<���<i

k

�n

t

(n�i

1

)+���+(n�i

k

)

�

0 � � � 0 � � � 0 � � � 0

0 � � � X

t

� � � X

t

� � � 0

�

S

�

[X

tq

℄ ;

2:5

where X

t

o

urs in 
olumns i

1

; : : : ; i

k

.

For example, if n = 2,

M

1

S

(5;2)

= t

�

�

�

�

S

5

[X

tq

+X

t

℄ S

6

[X

tq

℄

S

1

[X

tq

+X

t

℄ S

2

[X

tq

℄

�

�

�

�

+

�

�

�

�

S

5

[X

tq

℄ S

6

[X

tq

+X

t

℄

S

1

[X

tq

℄ S

2

[X

tq

+X

t

℄

�

�

�

�

; 2:6

or more 
on
isely sin
e X

tq

+X

t

= qX

tq

, using S

i

for S

i

[X

tq

℄ ,

M

1

S

(5;2)

= t

�

�

�

�

q

5

S

5

S

6

qS

1

S

2

�

�

�

�

+

�

�

�

�

S

5

q

6

S

6

S

1

q

2

S

2

�

�

�

�

: 2:7

Proof of Theorem 2.1 The Ma
donald operators,

M

k

= t

(

k

2

)

�

(kjn�k)

R(tX

k

;X




k

)�

k

� � ��

1

; 2:8

a
t �rst with a produ
t of �

i

, de�ned to repla
e x

i

by qx

i

. However, this q-deformation is

a
tually a t-deformation when a
ting on f [X

tq

℄ sin
e

�

`

: f [X

tq

℄! f

�

�

X + (q � 1)x

`

�

�

t� 1

q � 1

�

= f [X

tq

+ (t� 1)x

`

℄ : 2:9

Now for Y = X

tq

�X, if we de�ne a formal operator �

t

`

that sends x

i

! x

i

and x

`

! tx

`

while leaving Y invariant; i.e. Y +X ! Y +X + (t� 1)x

`

, we obtain

R(tX

k

;X




k

)�

k

� � ��

1

S

�

[Y +X℄ = �

t

k

� � ��

t

1

R(X

k

;X




k

)S

�

[Y +X℄ ; 2:10
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where �

i

a
ts on both Y and X on the left hand side of this expression. Further, we have

the following determinantal expression for R(X

k

;X




k

)S

�

[Y +X℄;

R(X

k

;X




k

)S

�

[Y +X℄ =

�

�

�

S

�

i

�k+n

[Y +X

k

℄ � � � S

�

i

�1+n

[Y +X

k

℄S

�

i

+k

[Y +X




k

℄ � � � S

�

i

+n�1

[Y +X




k

℄

�

�

�

i=1���n

;

2:11

where �

i

! �

i

� i + 1 (to obtain this expression see the appendix). Sin
e �

t

k

� � ��

t

1

a
ts

ex
lusively on the �rst k 
olumns of this determinant, we have that

t

�

(

k

2

)

M

k

S

�

[Y +X℄ =

�

(kjn�k)

�

�

�

S

�

i

�k+n

[Y + tX

k

℄ � � � S

�

i

�1+n

[Y + tX

k

℄S

�

i

+k

[Y +X




k

℄ � � � S

�

i

+n�1

[Y +X




k

℄

�

�

�

i=1::n

:

2:12

As it remains to show that this is equivalent to expression 2.5, we pro
eed by giving the

a
tion of �

(kjn�k)

on produ
ts of arbitrary minors of order k on the �rst k 
olumns and of

order n � k on the last n � k 
olumns of this determinant. The a
tion of �

(kjn�k)

on the

whole determinant will then follow by linearity.

Lemma 2.2 For � = (�

1

; : : : ; �

k

), � = (�

1

; : : : ; �

n�k

), and A;B invariant under S(n),

we have

�

(kjn�k)

�

S

�

[A+ tX

k

℄S

�

[B +X




k

℄

�

= t

k(n�k)

X

I

(�1=t)

jIj

�

��

�n+ k + i

k

� � � �n+ k + i

1

tX � � � tX

�

S

�

[A℄

� ��

�i

0

1

� � � �i

0

n�k

X � � � X

�

S

�

[B℄

�

;

2:13

where I = (i

1

; : : : ; i

k

) and (i

0

1

; : : : ; i

0

n�k

) are pairs of 
onjugate partitions.

Proof of lemma De�ne the elements A

0

= A + tX and B

0

= B + X. The produ
t

S

�

[A + tX

k

℄S

�

[B +X




k

℄ 
an be expanded, thanks to 1.2, into produ
ts of S
hur fun
tions in

�X




k

and X

k

(with 
oeÆ
ients in A

0

and B

0

),

S

�

[A+ tX

k

℄S

�

[B +X




k

℄ = S

�

[A

0

� tX




k

℄S

�

[B

0

�X

k

℄

=

X

I;J

S

�=I

[A

0

℄t

jIj

S

I

[�X




k

℄S

�=J

[B

0

℄(�1)

jJj

S

J

0

[X

k

℄ ;

2:14

where I and J are partitions and J

0

is 
onjugate to J . Sin
e `(I); `(J

0

) � k and `(I

0

); `(J) �

n � k, where I

0

is 
onjugate to I, we have I; J

0

� (n � k; : : : ; n � k). Thus the following

property des
ribing two adjoint bases of Sym(k; n� k) as a free module over Sym(n) ([L2℄,

Corollary 2.2),

�

(kjn�k)

�

S

I

[�X




k

℄S

J

[X

k

℄

�

=

n

1 if I = (n� k � J

k

; : : : ; n� k � J

1

)

0 else

; 2:15
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gives

�

(kjn�k)

�

S

�

[A+ tX

k

℄S

�

[B +X




k

℄

�

= t

k(n�k)

X

J

(�1=t)

jJj

S

�=(n�k�J

0

k

;:::;n�k�J

0

1

)

[A

0

℄S

�=J

[B

0

℄:

2:16

The lemma is proved by letting J ! I

0

in the last expression and using the de�nition 1.4 of

skew S
hur fun
tions.

Now applying Lemma 2.2 dire
tly to expression 2.12, we have

M

k

S

�

[Y +X℄

=

X

I

(�1=t)

jIj

t

k(n�k)+k(k�1)=2

�

�n+ k + i

k

� � � �n+ k + i

1

�i

0

1

� � � �i

0

n�k

tX � � � tX X � � � X

�

�

�

�

�

S

�

i

�k+n

[Y ℄ � � � S

�

i

�1+n

[Y ℄S

�

i

+k

[Y ℄ � � � S

�

i

+n�1

[Y ℄

�

�

�

i=1::n

=

X

I

(�1=t)

jIj

t

k(n�k)+k(k�1)=2

�

i

k

� � � i

1

+ k � 1 �i

0

1

+ k � � � �i

0

n�k

+ n� 1

tX � � � tX X � � � X

�

�

�

�

�

S

�

i

[Y ℄ � � � S

�

i

[Y ℄S

�

i

[Y ℄ � � � S

�

i

[Y ℄

�

�

�

i=1::n

:

2:17

For � = (0; : : : ; n � 1) and �

!

the reverse reading of a partition �, we have from [M1℄

that � + �

!

[ ��

0

= �� for some permutation �. The top row of the formal operator in

2.17, �+ (i

k

; : : : ; i

1

;�i

0

1

; : : : ;�i

0

n�k

), may thus be rearranged to �. The rearrangement sends


olumn ` + 1, 
ontaining tX and 
orresponding to index i

k�`

+ `, to 
olumn i

k�`

+ ` + 1.

This requires i

k�`


ommutations with X-
olumns indu
ing a (�1)

i

k�`

. Pro
eeding on all

tX-
olumns yields

M

k

S

�

[Y +X℄ =

X

I

t

k(n�k)+k(k�1)=2�jIj

�

0 � � � 0 � � � 0 � � � 0

X � � � tX � � � tX � � � X

�

S

�

[Y ℄ ; 2:18

where the tX are in 
olumns i

k

+ 1; : : : ; i

1

+ k. Finally, the substitution Y = X

tq

�X with

the shift i

k

+ 1! i

k

; : : : ; i

1

+ k! i

1

gives Theorem 2.1 .

Remark: The image of S

�

[X

tq

℄ under the Ma
donald operatorM

k

in the basis of produ
ts of


omplete fun
tions S

�

[X

tq

℄ = S

�

1

[X

tq

℄S

�

2

[X

tq

℄ : : : 
an be derived from 2.5. However, there

exists a s
alar produ
t for whi
h the S

�

[X

tq

℄ basis is adjoint to the m

�

[X℄ basis, the S

�

[X

tq

℄

basis is adjoint to the S

�

0

[X℄ basis, and M

k

is self-adjoint. This allows that formula 2.5 be


onne
ted to the a
tion of the Ma
donald operators on monomial fun
tions given in [M1℄,VI

3.6.
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3. Ma
donald Polynomials

This se
tion 
ontains determinantal expressions for the Ma
donald polynomials in the

bases, S

�

[X

tq

℄ ; S

�

[X℄ , and m

�

[X℄ , obtained from the a
tion of the operatorM

1

on S

�

[X

tq

℄.

The Ma
donald polynomials [M1℄ 
an be de�ned to be the eigenfun
tions of the

Ma
donald operators. In parti
ular we have , for any partition �,

M

1

J

�

(X; q; t) = [j�j℄J

�

(X; q; t) ; 3:1

where the symbol

[j�j℄ := q

�

1

t

n�1

+ q

�

2

t

n�2

+ � � �+ q

�

n

; 3:2

will be used for any 
omposition � 2 N

n

. Sin
e the eigenvalues are distin
t for ea
h �, any

polynomial that satis�es 3.1 must be proportional to J

�

(X; q; t). It is with this in mind that

we pro
eed to 
onstru
t su
h polynomials using the a
tion of M

1

on S

�

[X

tq

℄.

First, we have that the ordered expansion of S

�

in terms of 
omplete fun
tions is

given, for S

�

= S

�

1

� � � S

�

n

, by

S

�

[X℄ =

X

�2S(n)

(�1)

`(�)

S

�(�+�)��

[X℄ :=

X

�

�(�; �)S

�

[X℄ ; 3:3

summed over all ve
tors � 2 N

n

, where �(�; �) 2 f0;+1;�1g. The set of all � with a


orresponding nonzero �(�; �) is in
luded in the set f��� j �� 2 S(`(�))g where we de�ne

��

i

� = �(: : : ; �

i+1

� 1; �

i

+ 1; : : :). For example, if n = 3,

�(0; 4; 1)

��

2

�!

(0; 0; 5)

��

1

%

��

1

&

� = (3; 1; 1) : (3; 1; 1) �(�1; 1; 5)

&

��

2

%

��

2

�(3; 0; 2)

��

1

�!

(�1; 4; 2)

: 3:4

For � = (3; 1; 1), �(�; �)� = f(3; 1; 1);�(0; 4; 1); (0; 0; 5);�(3; 0; 2)g, sin
e � 2 N

n


annot

have negative 
omponents.

Now, re
all that Theorem 2.1 gives expli
itly

M

1

S

�

[X

tq

℄ =

X

1�i�n

t

n�i

�

0 � � � 0 � � � 0

0 � � � X

t

� � � 0

�

S

�

[X

tq

℄ : 3:5

The expansion of the right hand side, taking into a

ount that S

k

[X

tq

+X

t

℄ = q

k

S

k

[X

tq

℄, is

M

1

S

�

[X

tq

℄ =

X

�2S(n)

(�1)

`(�)

[j�(�+ �)� �j℄S

�(�+�)��

[X

tq

℄ =

X

�

�(�; �) [j�j℄S

�

[X

tq

℄ : 3:6
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The a
tion of the Ma
donald operator M

1

is triangular on the basis, S

�

[X

tq

℄, giving that

M

1

S

�

[X

tq

℄ = [j�j℄S

�

[X

tq

℄ +

X

�

�(�; �)S

�

[X

tq

℄ ; 3:7

where the sum is over all � a permutation of partitions � > �. Formula 3.7 demonstrates

that the eigenspa
es of M

1

are 1-dimensional and reveals the eigenvalues.

For any pair of partitions �; � 2 N

n

of the same weight, let us write

[�℄

��

(q; t) =

X

�

�(�; �)

�

[j�j℄ � [j�j℄

�

; 3:8

where � runs over all distin
t permutations of � 2 N

n

: Note that, in the following, [�℄

��

shall

stand for [�℄

��

(q; t).

Theorem 3.1 Expanded in terms of S

�

[X

tq

℄, the Ma
donald polynomials are

J

�

(X; q; t) =




�

0

(t; q)

v

�

(q; t)

det

�

�

�

�

�

�

�

�

�

�

S

�

[X

tq

℄ : : : S

�

[X

tq

℄ : : :

.

.

.

.

.

.

[�℄

��

: : : [�℄

��

: : :

.

.

.

.

.

.

�

�

�

�

�

�

�

�

�

�

�>�

���

: 3:9

Columns are indexed by all partitions � � �. Aside from the �rst row, the entries are the

polynomials in q; t, [�℄

��

, � > �. The normalization fa
tor 
onsists of

v

�

(q; t) =

Y

�>�

�

[j�j℄ � [j�j℄

�

=

Y

�>�

[�℄

��

; 3:10

and




�

(q; t) =

Y

s2�

�

1� q

a(s)

t

l(s)+1

�

: 3:11

For example, up to a s
alar,

J

2;2;1

(X; q; t)

:

=

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

S

2;2;1

[X

tq

℄ S

3;1;1

[X

tq

℄ S

3;2

[X

tq

℄ S

4;1

[X

tq

℄ S

5

[X

tq

℄

�[1; 3; 1℄ [3; 1; 1℄ 0 0 0

�[2; 0; 3℄ �[3; 0; 2℄ [3; 2; 0℄ 0 0

[1; 0; 4℄ �[0; 4; 1℄ �[1; 4; 0℄ [4; 1; 0℄ 0

0 [0; 0; 5℄ 0 �[0; 5; 0℄ [5; 0; 0℄

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

(3;1;1)

(3;2;0)

(4;1;0)

(5;0;0)

3:12

9



where an entry �[�℄ stands for �

�

[j2; 2; 1j℄ � [j�j℄

�

. Ea
h 
olumn of su
h determinant is

obtained from the ordered expansion of a S
hur fun
tion. For example, the se
ond 
olumn

is given by the expansion of S

3;1;1


omputed in 3.4. Noti
e we 
an limit ourselves to ve
tors

of length `(�) sin
e ea
h entry is the di�eren
e of two ve
tors of whi
h the last n � `(�)


omponents are equal.

Proof of Theorem 3.1 It suÆ
es to 
he
k that

�

[j�j℄ � M

1

�

J

0

�

(X; q; t) = 0, where

J

0

�

(X; q; t) is the determinantal expression 3.9, given that the eigenvalues are distin
t for

ea
h �. The operator a
ts only on the �rst row of the determinant allowing us to use formula

3.6 for the a
tion of M

1

on S

�

[X

tq

℄. This gives

�

[j�j℄ �M

1

�

J

0

�

(X; q; t) = det

�

�

�

�

�

�

�

�

�

�

P

���

[�℄

��

S

�

: : :

P

���

[�℄

��

S

�

: : :

.

.

.

.

.

.

[�℄

��

: : : [�℄

��

: : :

.

.

.

.

.

.

�

�

�

�

�

�

�

�

�

�

: 3:13

The determinant 
an be shown to vanish by examining the 
oeÆ
ient of all S

�

's. The 
o-

eÆ
ient of S

�

is proportional to [�℄

��

= 0. For � > �, the 
oeÆ
ient of S

�

is equal to the

determinant

det

�

�

�

�

�

�

�

�

�

�

[�℄

��

: : : [�℄

��

: : :

.

.

.

.

.

.

[�℄

��

: : : [�℄

��

: : :

.

.

.

.

.

.

�

�

�

�

�

�

�

�

�

�

row 1

row �

; 3:14

whi
h has two identi
al rows, and thus also vanishes.

To verify the normalization, we re
all [M1℄

J

�

(X; q; t) = 


�

0

(t; q)S

�

[X

tq

℄ +

X

�>�




��

S

�

[X

tq

℄ 3:15

and observe that be
ause, from 3.7, [�℄

��

= 0 for � > �, the sub-determinant giving the


oeÆ
ient of S

�

[X

tq

℄ in J

0

�

(X; q; t) is triangular and equals v

�

(q; t).

The formula for J

�

(X; q; t) in terms of S

�

[X

tq

℄ 
an be 
onverted into a similar expres-

sion in terms of the S

�

[X℄ basis by applying to expression 3.9, the involution !

q;t

satisfying

properties [M1℄:

!

q;t

S

�

[X

tq

℄ = S

�

0

[X℄ and !

q;t

J

�

(X; q; t)

:

= J

�

0

(X; t; q); up to a s
alar :

Renormalizing using

J

�

(X; q; t) = 


�

(q; t)S

�

[X℄ +

X

�<�




��

S

�

[X℄ ; 3:16
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we have

Corollary 3.2

J

�

(X; q; t) =




�

(q; t)

u

�

(t; q)

det

�

�

�

�

�

�

�

�

�

�

S

�

[X℄ : : : S

�

[X℄ : : :

.

.

.

.

.

.

[�

0

℄

�

0

�

0

(t; q) : : : [�

0

℄

�

0

�

0

(t; q) : : :

.

.

.

.

.

.

�

�

�

�

�

�

�

�

�

�

�<�

���

; 3:17

where u

�

(q; t) =

Q

�<�

�

[j�

0

j℄� [j�

0

j℄

�

.

The �rst row is the list of S
hur fon
tions S

�

, � � �, the other entries are the polynomials

[�

0

℄

�

0

�

0

(t; q) for � < �.

A determinantal formula for the Ma
donald polynomials in terms of the monomial

basis may now be obtained from formula 3.17 . The interpretation of the entries of the matrix

in 3.17 (aside from the top row) as s
alar produ
ts will allow that we pass to other bases of

symmetri
 fun
tions.

We use the spa
e of polynomials in x

1

; : : : ; x

n

as a free module over the ring of

symmetri
 polynomials. Under the s
alar produ
t, hf; gi = �

!

(fg) , this spa
e has the

following two adjoint bases

�

�x

I

= (�x

1

)

I

1

� � � (�x

m

)

I

m

	

0

m

�I��

and

�

E

I

= e

I

1

[0℄e

I

2

[X

1

℄ � � � e

I

m

[X

m�1

℄

	

0

m

�I��

;

3:18

for � = (0; : : : ;m� 1) and 0

m

= (0; : : : ; 0) 2 N

m

. That is,

h�x

I

; E

��J

i = �

!

�

�x

I

E

��J

�

= Æ

IJ

; I; J � � : 3:19

This result 
an be used to determine the 
oeÆ
ients in the following matrix;

S

�

0

[X

n

℄ = det

�

�

�

�

�

�

�

�

e

�

1

[X

n

℄ e

�

1

+1

[X

n+1

℄ � � � e

�

1

+n�1

[X

2n�1

℄

e

�

2

�1

[X

n

℄ e

�

2

[X

n+1

℄ � � � e

�

2

+n�2

[X

2n�1

℄

.

.

.

.

.

.

.

.

.

.

.

.

e

�

n

�n+1

[X

n

℄ e

�

n

�n+2

[X

n+1

℄ � � � e

�

n

[X

2n�1

℄

�

�

�

�

�

�

�

�

; 3:20

whi
h is obtained by applying the ! involution, !S

k

[X℄ = e

k

[X℄, !S

�

[X℄ = S

�

0

[X℄, to 1.3

and in
reasing the alphabets in ea
h 
olumn with the relation, e

k

[X

l

+ x

l+1

+ � � �+ x

2n�1

℄ =

e

k

[X

l

℄ +

P

2n�l�1

j=1

e

k�j

[X

l

℄ e

j

[x

l+1

+ � � � + x

2n�1

℄. Note that this relation does not 
hange

11



the value of the determinant sin
e it 
orresponds to multipli
ation by a unitriangular matrix.

Now using 3.19 with m = 2n, the 
oeÆ
ients in the expansion of this matrix are

S

�

0

[X

n

℄ =

X

�

0

2�

0

h�x

���

0

; S

�

0

[X

n

℄iE

�

0

; 3:21

where �

0

= (0; : : : ; 0; �

1

; : : : ; �

n

) and �

0

= (0; : : : ; 0; n; : : : ; 2n � 1) for �

0

; �

0

2 N

2n

. Sin
e

the ordered expansion of 3.20, and thus 3.21, must 
oin
ide with the ordered expansion 3.3

of S

�

[X℄ in terms of 
omplete fun
tions, we have

�(�; �) = h�x

���

0

; S

�

0

[X

n

℄i : 3:22

This implies that 3.17 
an be rewritten, using

hfi

��

=

X

�

h�x

���

0

; fi

�

[j�j℄

t;q

� [j�j℄

t;q

�

; 3:23

where the sum is over all distin
t permutations � of � 2 N

n

, as

J

�

(X

n

; q; t) =




�

(q; t)

u

�

(t; q)

det

�

�

�

�

�

�

�

�

�

�

S

�

[X

n

℄ : : : S

�

[X

n

℄ : : :

.

.

.

.

.

.

hS

�

[X

n

℄i

�

0

�

0

: : : hS

�

[X

n

℄i

�

0

�

0

: : :

.

.

.

.

.

.

�

�

�

�

�

�

�

�

�

�

���

�<�

: 3:24

With �(�; �) now de�ned as a s
alar produ
t, we 
an write Ma
donald polynomials in any

linear basis of the spa
e generated by fS

�

g

���

. In parti
ular, we have the following theorem:

Theorem 3.3 The Ma
donald polynomials in terms of monomial symmetri
 fun
tions are

J

�

(X

n

; q; t) =




�

(q; t)

u

�

(t; q)

det

�

�

�

�

�

�

�

�

�

�

m

�

[X

n

℄ : : : m

�

[X

n

℄ : : :

.

.

.

.

.

.

hm

�

[X

n

℄i

�

0

�

0

: : : hm

�

[X

n

℄i

�

0

�

0

: : :

.

.

.

.

.

.

�

�

�

�

�

�

�

�

�

�

���

�<�

: 3:25

For example, J

2;2

(X; q; t) is given by

J

2;2

(X

4

; q; t) =




2;2

(q; t)

u

2;2

(t; q)

det

�

�

�

�

�

�

m

2;2

[X

4

℄ m

2;1;1

[X

4

℄ m

1;1;1;1

[X

4

℄

�[3; 1℄� [1; 3℄ [3; 1℄ 0

[4; 0℄ + [0; 4℄ �3[4; 0℄� [0; 4℄ [4; 0℄

�

�

�

�

�

�

; 3:26

with [�℄ =

�

[j2; 2j℄

t;q

� [j�j℄

t;q

�

. In this expression, the term �3[4; 0℄ appears, for instan
e,

be
ause h�x

(0;1;2;3;0;5)

;m

2;1;1

[X

4

℄i = �3. Again, we work with ve
tors of length `(�), sin
e

adding zeros to � does not 
hange the result. We skip the problem of 
omputing eÆ
iently

all the s
alar produ
ts in the matrix.
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4. Creation Operators

A Ma
donald polynomial asso
iated to any partition 
an be 
onstru
ted by repeated

appli
ation of 
reation operators, B

(n)

k

. Spe
i�
ally,

B

(n)

k

J

�

(X; q; t) = J

�+1

k(X; q; t) : 4:1

The 
reation operators were de�ned originally to be [LV℄,[KN℄

B

(n)

k

=

X

jIj=k

k

X

l=0

(�t)

l

x

I

R(X

I

;X




I

=t)

R(X

I

;X




I

)

M

(I)

l

; 4:2

where I is a k subset of f1; : : : ; ng and M

(I)

a
ts only on x

i

for all i 2 I. We will see that the

a
tion of these operators on the modi�ed S
hur fun
tion basis may be expressed in a manner

similar to that of the Ma
donald operators on this basis, though the former in
reases degrees.

We begin by giving a new expression for the 
reation operators.

Proposition 4.1 The 
reation operators a
ting on the spa
e of symmetri
 fun
tions are

B

(n)

k

=

1

k

t

!

�

(kjn�k)

�

!(k)

x

1

� � � x

k

(1� t


k

) � � � (1� t

k




k

) 4:3

where 


k

= �

1

� � � �

k�1

�

k

.

Proof The binomial expansion of the right hand side of expression 4.3 be
omes

rhs =

1

k

t

!

k

X

l=0

(�1)

l

t

(

l+1

2

)

(t)

k

(t)

k�l

(t)

l

�

(kjn�k)

x

1

� � � x

k

�

!(k)

�

l

� � ��

1

; 4:4

sin
e 


l

k

= �

l

� � ��

1

on symmetri
 fun
tions. Further, the image of su
h a fun
tion under 


l

k

belongs to Sym(ljk � l) allowing that we use property 1.12 of �

!(k)

to obtain

rhs =

1

k

t

!

k

X

l=0

(�1)

l

t

(

l+1

2

)

+l(k�l)

(t)

k

(t)

k�l

(t)

l

l

t

!(k � l)

t

!�

(kjn�k)

x

1

� � � x

k

�

(ljk�l)

�

l

� � ��

1

: 4:5

The de�nition of the Ma
donald operators and �

(kjn�k)

then imply that

rhs =

k

X

l=0

(�t)

l

�

(kjn�k)

R(X

k

;X




k

=t)x

1

� � � x

k

M

(k)

l

: 4:6

Finally, the a
tion of �

(kjn�k)

as des
ribed in 1.8 
on�rms that this expression, and therefore

4.3, are in fa
t equivalent to the original de�nition for the 
reation operators.
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Theorem 4.2 The a
tion of B

(n)

k

on S

�

[X

tq

℄, for `(�) � k, 
an be expressed as

B

(n)

k

S

�

[X

tq

℄ =

k

Y

i=1

��

� � � 0 1 0 � � �

� � � 0 0 0 � � �

�

� t

k�i

�

� � � 0 1 0 � � �

� � � 0 X

t

0 � � �

��

S

�

[X

tq

℄; 4:7

where the i

th


olumn is the only non-zero 
olumn of the operators.

The relation, S

j

[X

tq

+X

t

℄ = S

j

[qX

tq

℄ = q

j

S

j

[X

tq

℄ ; yields immediately

Corollary 4.3 Let f(i; j) = �

i

+ (j � i+ 1). For any `(�) � k we have

B

(n)

k

S

�

[X

tq

℄ =

�

�

�

(1� q

f(i;j)

t

k�j

)S

f(i;j)

[X

tq

℄

�

�

�

i;j�k

: 4:8

For example, when k = 2, we have

B

(n)

2

S

�

1

;�

2

[X

tq

℄ =

��

1 0

0 0

�

� t

�

1 0

X

t

0

����

0 1

0 0

�

� t

0

�

0 1

0 X

t

��

S

�

1

;�

2

[X

tq

℄

=

�

�

�

�

(1� q

�

1

+1

t)S

�

1

+1

[X

tq

℄ (1� q

�

1

+2

)S

�

1

+2

[X

tq

℄

(1� q

�

2

t)S

�

2

[X

tq

℄ (1� q

�

2

+1

)S

�

2

+1

[X

tq

℄

�

�

�

�

:

Proof of Theorem 4.2 In what follows, as we have done in the 
ase of the Ma
donald

operators, we shall use �

t

instead of � in the operator B

k

. This will allow us to use the

a
tion of M

k

on S

�

[Y +X℄ (with Y an alphabet invariant under �

t

) obtained in the previous

se
tion. Letting Y = X

tq

�X in the �nal result will prove the theorem.

First, noti
e from 4.3 that B

(n)

k

= �

(kjn�k)

B

(k)

k

. This given, we will �rst des
ribe the a
tion

of B

(k)

k

on S

�

[Y +X℄.

Claim 4.4 For `(�) � k and �

i

! �

i

� i+ 1, we have

B

(k)

k

S

�

[Y +X℄ =

k

Y

i=1

��

� � � 0 1 0 � � �

� � � 0 0 0 � � �

�

� t

k�i

�

� � � 0 1 0 � � �

� � � 0 X

t

k

0 � � �

��

S

�

[Y +X℄

=

�

�

�

G

�

i

+1

(t

k�1

;X

k

)G

�

i

+2

(t

k�2

;X

k

) � � �G

�

i

+k

(t

0

;X

k

)

�

�

�

i=1::k

:

4:9

where G

h

(t

r

;X

k

) = S

h

[Y +X℄� t

r

S

h

[Y +X +X

t

k

℄.

Proof of Claim With Y

0

= Y +X




k

, expression 4.2, where n = k, yields

B

(k)

k

S

�

[Y +X℄ = x

1

� � � x

k

k

X

l=0

(�t)

l

M

(k)

l

S

�

[Y

0

+X

k

℄; 4:10
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whi
h, using the Ma
donald operator a
tion on S

�

[Y

0

+X

k

℄, gives

B

(k)

k

S

�

[Y +X℄ = x

1

� � � x

k

k

X

l=0

(�t)

l

X

1�i

1

<���<i

l

�k

t

(n�i

1

)+���+(n�i

l

)

�

�

0 � � � 0 � � � 0 � � � 0

0 � � � X

t

k

� � � X

t

k

� � � 0

�

S

�

[Y

0

+X

k

℄ :

4:11

In the last expression, for a �xed l, X

t

o

urs in positions i

1

; :::; i

l

. Comparing su
h terms,

we obtain

B

(k)

k

S

�

[Y +X℄

= x

1

� � � x

k

k

Y

i=1

��

0 � � � 0

0 � � � 0

�

� t

k+1�i

�

0 � � � 0 0 0 � � � 0

0 � � � 0 X

t

k

0 � � � 0

��

S

�

[Y +X℄ ;

4:12

or more 
ompa
tly

B

(k)

k

S

�

[Y +X℄ = x

1

� � � x

k

�

�

�

G

�

i

(t

k

;X

k

)G

�

i

+1

(t

k�1

;X

k

) � � �G

�

i

+k�1

(t

1

;X

k

)

�

�

�

i=1::k

: 4:13

The proof of the 
laim is 
ompleted using the following lemma(proved in the appendix):

Lemma 4.5 For F

j

(t

r

;X

k

) = S

j

[C +X

k

℄� t

r

S

j

[C + tX

k

℄, we have

�

�

�

F

j+1

(t

k�1

;X

k

)F

j+2

(t

k�2

;X

k

) : : : F

j+k

(1;X

k

)

�

�

�

= x

1

� � � x

k

�

�

�

F

j

(t

k

;X

k

)F

j+1

(t

k�1

;X

k

) : : : F

j+k�1

(t;X

k

)

�

�

�

;

4:14

where the expressions between bra
kets must be understood as k � k determinants.

In e�e
t, letting C ! Y

0

, we have F

j

(t

k

;X

k

) ! G

j

(t

k

;X

k

), and thus using 4.14 in 4.13

proves the 
laim.

Expression 4.9 gives that the a
tion of B

(n)

k

= �

(kjn�k)

B

(k)

k

on S

�

[Y +X℄ is

B

(n)

k

S

�

[Y +X℄ = �

(kjn�k)

�

�

�

G

�

i

+1

(t

k�1

;X

k

) : : : G

�

i

+k

(1;X

k

)

�

�

�

i=1::k

: 4:15

The proof of Theorem 4.2 is now equivalent to showing that �

(kjn�k)

a
ts on this determinant

by extending the alphabets from X

k

to X. This will be a
hieved with the following lemma

(proved in the appendix);

Lemma 4.6 For any l � k, we have

�

�

�

G

j+1

(t

k�1

;X

l

)G

j+2

(t

k�2

;X

l

) : : : G

j+k

(1;X

l

)

�

�

�

= �

(1)

(1jl�1)

� � ��

(k�1)

(1jl�k+1)

�

(k)

(1jl�k)

�

�

G

j+1

(t

k�1

;X

k

)G

j+2

(t

k�2

;X

k�1

) : : : G

j+k

(1;X

1

)

�

�

;

4:16
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where, again, the expression between bra
kets are k � k determinants.

Appli
ation of this lemma to expression 4.15, with l = k, gives

B

(n)

k

S

�

[Y +X℄ =

�

(kjn�k)

�

(1)

(1jk�1)

� � ��

(k�1)

(1j1)

�

�

�

G

�

i

+1

(t

k�1

;X

k

)G

�

i

+2

(t

k�2

;X

k�1

) : : : G

�

i

+k

(1;X

1

)

�

�

�

i=1;:::;k

:

4:17

Property 1.14 allows a refa
torization of � that transforms 4.17 into

B

(n)

k

S

�

[Y +X℄ =

�

(1)

(1jn�1)

� � ��

(k)

(1jn�k)

�

�

G

�

i

+1

(t

k�1

;X

k

)G

�

i

+2

(t

k�2

;X

k�1

) : : : G

�

i

+k

(1;X

1

)

�

�

i=1;:::;k

:

4:18

Lemma 4.6 may be applied again, with l = n, giving

B

(n)

k

S

�

[Y +X℄ =

�

�

G

�

i

+1

(t

k�1

;X)G

�

i

+2

(t

k�2

;X) : : : G

�

i

+k

(1;X)

�

�

i=1;:::;k

; 4:19

whi
h proves Theorem 4.2.

Appendix

Proof of Lemma 1.1 Using formula 1.2, we have

S

j

[X

tq

+X

t

k

℄ = S

j

[D + x

t

k

℄ =

j

X

l=0

S

j�l

[D℄S

l

[x

t

k

℄ ; A:1

where D = X

tq

+X

t

k�1

. Further properties of S
hur fun
tions yield, as x

t

k

= tx

k

� x

k

,

S

j

[X

tq

+X

t

k

℄ = S

j

[D℄ +

j

X

l=1

(1� 1=t)S

j�l

[D℄ (tx

k

)

l

= S

j

[D℄ +

j�1

X

l=0

t(x

k

� x

k

=t)S

j�l�1

[D℄ (tx

k

)

l

:

A:2

The alphabet D is invariant under permutations of x

k

; : : : ; x

n

, and thus the �rst term is

invariant up to a 
onstant under �

(k)

(1jn�k)

. Thus, using 1.10, we have

�

(k)

(1jn�k)

S

j

[X

tq

+X

t

k

℄ = (1+t

�1

+� � �+t

�n+k

)S

j

[D℄+�

(k)

(1jn�k)

j�1

X

l=0

t(x

k

�x

k

=t)S

j�l�1

[D℄ (tx

k

)

l

;

A:3
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and are left only to show

�

(k)

(1jn�k)

j�1

X

l=0

t(x

k

� x

k

=t)S

j�l�1

[D℄ (tx

k

)

l

= �S

j

[D℄ + S

j

[X

tq

+X

t

℄ : A:4

The de�nition of �

(k)

(1jn�k)

and (x

k

�x

k

=t)R(x

k

;X




k

=t) = R(x

k

;X




k�1

=t) 
onvert the left hand

side of this expression into

lhs = �

n�1

� � � �

k

R(x

k

;X




k�1

=t)

j�1

X

l=0

tS

j�l�1

[D℄(tx

k

)

l

: A:5

The identity S

n

[x�X=t℄ = R(x;X=t) may be used to eliminate the resultant, and we obtain

lhs = �

n�1

� � � �

k

j�1

X

l=0

tS

j�l�1

[D℄(tx

k

)

l

S

n�k

[x

k

�X




k�1

=t℄ : A:6

A further S
hur fun
tion property allows that the fa
tor x

l

k

be used to in
rease the index of

S

n�k

;

lhs = �

n�1

� � � �

k

j�1

X

l=0

t

l+1

S

j�l�1

[D℄S

n�k+l

[x

k

�X




k�1

=t℄ : A:7

Now we 
an let the divided di�eren
es a
t (see [L1℄ for similar 
omputations). Using the

property �

k

S

l

[x

k

�X




k�1

=t℄ = S

l�1

[x

k

+ x

k+1

�X




k�1

=t℄, we arrive at the expression,

lhs =

j�1

X

l=0

t

l+1

S

j�l�1

[D℄S

l+1

[x

k

+ � � � + x

n

�X




k�1

=t℄ =

j�1

X

l=0

S

j�l�1

[D℄S

l+1

[(X




k�1

)

t

℄

= �S

j

[D℄ + S

j

[D + (X




k�1

)

t

℄ :

A:8

Clearly D + (X




k�1

)

t

= X

tq

+X

t

, whi
h implies that expression A.4 holds.

Proof of formula 2.11 We want to show that

S

�

[Y +X℄R(X

k

;X




k

)

=

�

�

�

S

�

i

�k+n

[Y +X

k

℄ � � � S

�

i

�1+n

[Y +X

k

℄S

�

i

+k

[Y +X




k

℄ � � � S

�

i

+n�1

[Y +X




k

℄

�

�

�

i=1::n

;

A:9

where �

i

! �

i

� i + 1. Let f

i

; i = 1; : : : ; n, denote arbitrary one variable polynomials

in the spa
e of polynomials in x

1

; : : : ; x

n

taken as a free module over the ring of symmetri


polynomials. From the usual Newton's interpolation in one variable ([L1℄, Lemma Ni5), given

su
h f

i

, we have

det

�

�

�

j�1

: : : �

1

f

i

(x

1

)

�

�

1�i;j�n

=

1

�(X)

det

�

�

f

i

(x

j

)

�

�

1�i;j�n

; A:10
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where �(X) =

Q

i<j

(x

j

� x

i

) is the Vandermonde determinant. If in this expression we let

f

i

(x) = S

�

i

+n�1

[Y + x℄, using the identity �

k

S

j

[Y +X

k

℄ = S

j�1

[Y +X

k+1

℄, we obtain

1

�(X)

det

�

�

�

S

�

i

+n�1

[Y + x

j

℄

�

�

�

1�i;j�n

= det

�

�

�

�

j�1

: : : �

1

S

�

i

+n�1

[Y + x

1

℄

�

�

�

1�i;j�n

= det

�

�

�

S

�

i

+n�j

[Y +X

j

℄

�

�

�

1�i;j�n

:

A:11

The alphabets 
an be in
reased in ea
h 
olumn of the determinant on the right hand side of

this expression by using the relation

S

�

i

+n�j

[Y +X

j

℄ = S

�

i

+n�j

[Y +X℄ +

n�j

X

`=1

S

�

i

+n�j�`

[Y +X℄S

`

[�X




j

℄ ;

giving that

det

�

�

�

S

�

i

+n�j

[Y +X

j

℄

�

�

�

1�i;j�n

= det

�

�

�

S

�

i

+n�j

[Y +X℄

�

�

�

1�i;j�n

: A:12

The right hand side may thus be substituted into formula A:11 implying that

S

�

[Y +X℄�(X) =

�

�

�

S

�

i

+n�1

[Y + x

n

℄S

�

i

+n�1

[Y + x

n�1

℄ � � � S

�

i

+n�1

[Y + x

1

℄

�

�

�

i=1::n

: A:13

This result applied to arbitrary minors of order n� k in the �rst n� k 
olumns and of order

k in the last k 
olumns of the right hand side of A:13, gives by linearity,

S

�

[Y +X℄�(X)

=

�

�

�

S

�

i

+n�1

[Y + x

n

℄ � � � S

�

i

+n�1

[Y + x

k+1

℄S

�

i

+n�1

[Y + x

k

℄ � � � S

�

i

+n�1

[Y + x

1

℄

�

�

�

i=1::n

=

�

�

�

S

�

i

+k

[Y +X




k

℄ � � � S

�

i

+n�1

[Y +X




k

℄S

�

i

�k+n

[Y +X

k

℄ � � � S

�

i

+n�1

[Y +X

k

℄

�

�

�

��(X




k

)�(X

k

):

A:14

Finally, with �(X)=

�

�(X

k

)�(X




k

)

�

= R(X

k

;X




k

)(�1)

k(n�k)

; one sees that A:14 is equivalent

to A:9, whi
h proves the assertion.

Proof of Lemma 4.5 As a result of �

i

S

j

[A+ b

i

℄ = S

j�1

[A+ b

i

+ b

i+1

℄; we have

�

i

F

j

(t

r

; A

i

) = F

j�1

(t

r+1

; A

i+1

) ; A:15

allowing that the left hand side of 4.14 be rewritten as

lhs =

�

�

�

�

k�1

::�

1

F

j+k

(1;X

1

); �

k�1

::�

2

F

j+k

(1;X

2

); : : : ; �

k�1

F

j+k

(1;X

k�1

); F

j+k

(1;X

k

)

�

�

�

:

A:16
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We 
an fa
tor out �

k�1

� � � �

1

, sin
e all the 
olumns, ex
ept the �rst one are symmetri
al in

x

1

; : : : ; x

k

. Similarly we 
an fa
tor out su

essively (�

k�1

� � � �

2

); : : : ; �

k�1

to get

lhs = (�

k�1

::�

1

)(�

k�1

::�

2

) � � � (�

k�1

)

�

�

�

F

j+k

(1;X

1

); : : : ; F

j+k

(1;X

k�1

); F

j+k

(1;X

k

)

�

�

�

: A:17

With F

j

(t

r

;X

k

) = x

k

F

j�1

(t

r+1

;X

k

) + F

j

(t

r

;X

k�1

); we 
an substitute x

k

F

j+k�1

(t;X

k

) +

F

j+k

(1;X

k�1

) in the last 
olumn of the matrix. This produ
es a sum of two determinants,

of whi
h the se
ond vanishes thanks to 
olumn k � 1. We thus obtain

lhs = (�

k�1

::�

1

)(�

k�1

::�

2

) � � � (�

k�1

)

�

�

�

F

j+k

(t

0

;X

1

); : : : ; F

j+k

(t

0

;X

k�1

); x

k

F

j+k�1

(t;X

k

)

�

�

�

;

A:18

and by iteration;

lhs = (�

k�1

::�

1

) � � � (�

k�1

)

�

�

�

x

1

F

j+k�1

(t;X

1

); : : : ; x

k�1

F

j+k�1

(t;X

k�1

); x

k

F

j+k�1

(t;X

k

)

�

�

�

:

A:19

The symmetri
 fa
tor x

1

� � � x

k


an be fa
tored out of the determinant and the divided dif-

feren
es may be reintrodu
ed;

lhs = x

1

� � � x

k

�

�

�

�

k�1

� � � �

1

F

j+k�1

(t;X

1

); : : : ; �

k�1

F

j+k�1

(t;X

k�1

); F

j+k�1

(t;X

k

)

�

�

�

: A:20

Transformation on 
olumns of this determinant using relation A.15 
ompletes the proof.

Proof of Lemma 4.6 This identity, as it is a 
onsequen
e of a su
ession of transformations

performed on the 
olumns, 
an be proven by indu
tion on k given that

G

j

(t

r

;X

l

) = �

(k)

(1jl�k)

G

j

(t

r

;X

k

)� 
(k)G

j

(t

r

;X

k�1

) ; A:21

whi
h is a dire
t 
onsequen
e of lemma 1.1. If k = 1, G

j+1

(t

0

;X

0

) = 0 implies that

G

j+1

(1;X

l

) = �

(1)

(1jl�1)

G

j+1

(1;X

1

) ; A:22

whi
h is the 
ase k = 1 of the lemma. Assuming that the lemma holds for a k�1 determinant,

we get

�

�

�

G

j+1

(t

k�1

;X

l

)G

j+2

(t

k�2

;X

l

) : : : G

j+k

(1;X

l

)

�

�

�

= �

(1)

(1jl�1)

� � ��

(k�1)

(1jl�k+1)

�

�

�

G

j+1

(t

k�1

;X

l

)G

j+2

(t

k�2

;X

k�1

) : : : G

j+k

(1;X

1

)

�

�

�

:

A:23

The �rst 
olumn be
omes �

(k)

(1jl�k)

G

j+1

(t

k�1

;X

k

)� 
(k)G

j+1

(t

k�1

;X

k�1

), by relation A.21,

produ
ing a sum of two determinants. As the �rst of these is exa
tly the desired result, the

se
ond must be shown to vanish. Spe
i�
ally, it must be that

�

(1)

(1jl�1)

� � ��

(k�1)

(1jl�k+1)

�

�

�

G

j+1

(t

k�1

;X

k�1

)G

j+2

(t

k�2

;X

k�1

) : : : G

j+k

(1;X

1

)

�

�

�

= 0 : A:24
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The left hand side of this expression may be transformed �rst by using property 1.14 to

refa
tor �

(1)

(1jl�1)

� � ��

(k�1)

(1jl�k+1)

into the form �

(k�1jn�k+1)

�

(1)

(1jk�2)

� � ��

(k�2)

(1j1)

, and then by using

the indu
tion hypothesis, where l = k � 1;

lhs = �

(k�1jn�k+1)

�

(1)

(1jk�2)

� � ��

(k�2)

(1j1)

�

�

�

G

j+1

(t

k�1

;X

k�1

)G

j+2

(t

k�2

;X

k�1

) : : : G

j+k

(1;X

1

)

�

�

�

= �

(k�1jn�k+1)

�

�

�

G

j+1

(t

k�1

;X

k�1

)G

j+2

(t

k�2

;X

k�1

) : : : G

j+k

(1;X

k�1

)

�

�

�

:

A:25

We now have �

(k�1jn�k+1)

applied to a determinant with k 
olumns that satis�es the spe
ial


ase of x

k

= 0 in Lemma 4.5. Thus, the determinant vanishes, proving the lemma.
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