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ABSTRACT: We show that the action of classical operators associated to the Mac-
donald polynomials on the basis of Schur functions, Sy [X (¢t — 1)/(¢ — 1)], can be
reduced to addition in A—rings. This provides explicit formulas for the Macdonald
polynomials expanded in this basis as well as in the ordinary Schur basis, S)\[X],
and the monomial basis, m[X].

Introduction

Important developments in the theory of symmetric functions rely on the use of the
Macdonald polynomial basis, {J)(X;¢q,t)}x [M1]. This basis specializes to several fundamen-
tal bases including the Schur, Hall-Littlewood, Zonal, and Jack. It has been conjectured that
the Macdonald polynomials occur naturally in representation theory of the symmetric group
[GH]. It is also known that these polynomials are eigenfunctions of a family of commuting
difference operators with significance in many-body physics [RS].

We first reformulate the Macdonald operators in terms of divided differences, op-
erators that act naturally on the Schur function basis. This enables us to show that the
action of the Macdonald operators on the modified Schur basis, Sy[X (¢t — 1)/(¢ — 1)], pri-
marily amounts to addition in A-rings (Theorem 2.1). The action provides a determinantal
expression for the Macdonald polynomials expanded in this Schur basis. By involution this
expression can be converted into an explicit formula for the Macdonald polynomials in the
usual Schur basis, S)[X], and in the monomial basis, my[X] (Theorems 3.1 and 3.3). Fur-
ther, it is known that the Macdonald polynomials can be built recursively using ‘creation
operators’. We reformulate these operators in a manner similar to our expression for the
Macdonald operators enabling us to give a simple expression for their action on the modified
Schur functions (Theorem 4.2).

1. Background

To begin, we clarify some notation. Sym refers to the ring of symmetric functions.
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A partition will be defined as a weakly decreasing sequence of non-negative integers, A =
(A1,...,An) with £(X), the number of parts of A and A’ the conjugate to A\. To a partition A,
there corresponds a Ferrers’ diagram with ); lattice squares in the i** row, from the bottom
to top. For each square s in the diagram of A, we define a(s) and [(s) to be the number of
squares respectively to the north and east of s. The order of A is the sum of the parts of
A, denoted |A|. The dominance order on X is defined such that for |A\| = |u|, A < p when
AL+ A < pp 4+ pg for all g

We shall use A-rings, needing only the formal ring of symmetric functions Sym to
act on the ring of rational functions in z1,...,x,,q,t, with coefficients in R. The ring Sym
is generated by power sums V;, ¢ = 1,2,3.... The action of ¥; on a rational function
Yo Cala/ D5 dgvg is by definition

o, Doa Calia | Dog Calily 11

2 - R .
Zﬁ dgug Eﬂ dﬁvzﬁ

with ¢,,ds € R and u,,vs monomials in z1,...,2,,q,t. Since any symmetric function is

uniquely expressed in terms of the power sums, formula 1.1 extends to an action of Sym on
rational functions. In particular, a symmetric function f(X) of X = {z1,...,2,} can be
denoted flzy + - + zy,].

The Schur function Sy, with Y, Z € Q[z,...,z,,q,t], is such that

S\Y 2] = > SyulY1Su[+7], 1.2

where S, [—Z] = (—1)I#S,/[Z], with p’ the partition conjugate to y. Schur functions will be
considered as determinants of complete functions:

Sx [X] Su+X] o Syn1[X]
SA[X] = det SM_,l[X] SAZ,[X] SA2+",_2[X] : 1.3
SvonitlX] Sa,wialX] - SyIX]
as will skew Schur functions:
Sx—m [X] Sni+t—ue[X] o Shin—1op, [X]
Sy ulX] = det SA2—1‘—u1 [X] 5A2—f12[X] SA2+n—?—un[X] »
SnonttmlX] SninsrwmlX] o Sy X]

In these expressions, S; = 0 for ¢ < 0.



We denote X = z; + -+ 4+ z,, and a partial alphabet, X; = z;, +--- + z;,, for
I = {i1,...,ix}. The complement of X; in X will be X§. For I = {1,...,k}, we have
Xy =21+ -+ + 2. Two particular elements, X' := X (¢t —1)/(¢— 1) and X! := X (¢t — 1)
will be used throughout the paper.

We shall need the divided differences 0, indexed by elements p of the symmetric
group G(n). In particular, if p is the simple transposition o;, we have

8i Zf—) (f—O'if)/(.’Il'i—.’Il'i+1). 1.5
The divided differences satisfy the Coxeter relations [M2]
0;0; = 0;0;, [i—j|>1; 0;0;410; = 0;410;0i41 , 1.6

which imply that 0, can be written as the product of elementary operators d; corresponding
to any reduced decomposition of p. It should be noted that symmetric functions in z;, x;41
are scalar with respect to 0; and that 0; - 1 = 0. Consequently, symmetric functions in

Z1i,...,T, commute with all d,,.

We have that 0,,_1 --- 0y is the Lagrange operator [L1],

s ooy € Symllln—1) — Y HEED

)

€ Sym(n) , 1.7

or more generally, Ojn—k) = (Op—g---01) -+ (Op—2 - Op—1)(Op_1--- Ok) is the Sylvester op-
erator [L1],
f(X1, X7)

Okin—rk) : S kln —k) — ——cS 1.8

where Sym(k|n — k) is the space of functions symmetrical in z1,...,z; and in zg41,..., %y,
and where R(X,Y’) is the resultant of two alphabets X and YV ;

R(X,Y) = [] (z—y). 1.9

reX,yeY

These operators may be used to define the Euler-Poincaré characteristic x. In fact, in
his study of Riemann-Roch theorem, Hirzebruch defined a ‘x,’-characteristic, or “x,’-genus
[H],[HBJ]. We shall use the one corresponding to a relative flag manifold, changing y into 1/¢
. We define the following operators on polynomials in z1, ..., zy,

Xy = Onoive Ok Rl XE/1), 1.10
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considered as a composition of multiplication by the resultant followed by a sequence of
divided differences. Note that the image of 1 is (14 --- + ¢~"*%) and that the superscript
refers to the variable at which the symmetrization begins. We shall also use

X(kln—k) = On—k) R(Xk, X;/t) L.11
and
Xowk) = Oum) H (vs —x;/t), 1.12
1<i<j<k

where w(k) is the longest permutation in &(k) and x,k) - 1 = k¢! = t=RE=D2(1), /(1 = 1)k
where (t)p = (1 —t)---(1 — t¥). To compute with ,), we shall use the factorization
Ou(ky = (Ok—1)(Op—20k—1) - (01 -+ Op—1).

When operating on elements of Sym(¢|k — ¢), one has
Xo) [ = b (k=Odxer-of VYV feSym(lk—1). 1.13

We shall also need the factorization

(1) (k=2) (k—1) _ (1) (k—1) (k)
X(kln—k)X(1]k—1) """ X()2) X)) = X@an-1) " XQn—k+1)X(1|n—k) 1.14

and the following lemma (proved in the appendix).

Lemma 1.1 For an alphabet C, symmetric in ©1,...,%y,, and c(k) = t71 + .- 4 ¢tk

one has

X(hnp) SilC + X1 = (k) S;[C + Xf_\] + S;[C + X']. 1.15

2. Macdonald Operators

This section presents the action of the Macdonald operators on S\[X'] as a sum of
determinants. The Macdonald operators [M1] are defined as

My = t&) 3 R(tX1,X5) 05, - ©;, k=1,2,3,..., 2.1
\I|=k
where the sum is over all k-element subsets I = (i1,...,i;) of {1,...,n} and
Or: f[X] — fIX 4+ (¢— D)z . 2.2

It is more convenient to use a reformulation for these operators in terms of divided differences,

k
My = t(2)+k(n_k)X(k|n—k)®k"‘@1

i 2.3
= t(2)3(k|n—k) R(tXy, Xj) Ok - 01,
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thanks to 1.8.

We shall express the action of M}, on Sy[X '] with formal operators, R

by by -+ byl
acting on the columns of an n x n matrix of Schur functions such that for all elements in any

column ¢ , Sg[Y] — Sp4q,[Y + be]. For example;

0 30 -5 SulA]  SaB]  Ss[C] Su[A+bi] Ssu[B+Y] S3[C]
! Si1[A]  S2[B]  Ss[C] Si[A+b1] Ss[B+Y] S_»[C]

Theorem 2.1 The action of the Macdonald operators on S\[X'?], with £(\) < n, can be
expressed as

N 0O --- 0 - 0 --- 0
MkSA[th] — | Z p(n=i1)+-+(n—iy) [0 oxtooxt o 0] S)\[th],
1< << <n
2.5
where Xt occurs in columns i1,. .., 0.
For example, if n = 2,
_ Ss[ X' + Xt Sg[X] S5[X1]  Sg[ X' + X1]
MlS(5,2) =1 ‘ Sl[th —i—Xt] 52[th] + Sl[th] Sz[th —I—Xt] ) 2.6
or more concisely since X' + X' = ¢ X' using S; for S;[X*?] ,
M. S - ¢°Ss  Se S5  q°Ss 2.7
12(:2) qS1 S S1 S|’ '
Proof of Theorem 2.1 The Macdonald operators,
My = &) 8y g R(EX4, X§) O - Oy, 2.8

act first with a product of ©;, defined to replace z; by qz;. However, this ¢-deformation is
actually a t-deformation when acting on f[X!] since

O : FIXM] = f [(X + (¢ — Day) - % — FIXT 4 (t— )] 2.9

Now for Y = X' — X, if we define a formal operator ©) that sends z; — z; and z, — tz,
while leaving Y invariant; ie. ¥ +X =Y + X + (¢t — 1)z, we obtain

R(th,X;é) Or--- 01 S)\[Y -l-X] = @Z @i R(Xk,X;é) S)\[Y +X] , 2.10



where ©; acts on both Y and X on the left hand side of this expression. Further, we have
the following determinantal expression for R(Xy, Xf) S\[Y + X];

R(Xp, Xj) SAlY + X] =
Sai—k-i-n[Y + Xk] T Sai—l-i-n[Y + Xk]Sai+k[Y + Xlic:] T Sarl-n—l[Y + X,‘é] )

i=1--n
2.11
where a; — \; — i + 1 (to obtain this expression see the appendix). Since O ---©! acts

exclusively on the first £ columns of this determinant, we have that
k
t_(2)MkS)\[Y + X] =
8(kln—k) Sa—k4n[Y + Xk - Sa;—14n Y + EXE]Sa,4.[Y + Xi] - Sagna[Y + X(]|

AT
As it remains to show that this is equivalent to expression 2.5, we proceed by giving the
action of d|,—x) on products of arbitrary minors of order £ on the first k¥ columns and of
order n — k on the last n — k columns of this determinant. The action of O,y on the

whole determinant will then follow by linearity.

Lemma 2.2 For a = (ag,...,ar), B = (B1,---,Bn-k), and A, B invariant under &(n),

we have
Opin—r) (SalA +1XIS5[B + Xi]) = =03 (—1/p)1
I
—n+k+ip - —nt+k+i —il e i,
(Ut ) ([ s
2.13
where I = (iq,...,1) and (i\,...,i, _,) are pairs of conjugate partitions.

Proof of lemma  Define the elements A’ = A+ tX and B’ = B + X. The product
Sa[A +tX])Sp[B + Xf] can be expanded, thanks to 1.2, into products of Schur functions in
— X and X}, (with coefficients in A" and B’),

Sa[A + tXy] Sﬁ[B + Xi] = Sa[A’ —tX;] SB[B’ — Xk]
= 3 SayrlAS - X518, (BN (-D)V IS Xy, 2
1,0

where I and J are partitions and J' is conjugate to J. Since ¢(1),4(J") < k and £(I"),4(J) <
n — k, where I’ is conjugate to I, we have I,J" C (n — k,...,n — k). Thus the following
property describing two adjoint bases of Sym(k,n — k) as a free module over Sym(n) ([L2],
Corollary 2.2),

c 1 fl=mn—-k—Ji,....,n —k—J
8(k|n—k)(sf[_Xk]SJ[Xk]):{0 olse ( k Do 2.15
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gives

Ottty (Sal A+ £X0] S5[B + Xf1) = 500 S (1180 p 0y o[ 51B)
J

2.16
The lemma is proved by letting J — I’ in the last expression and using the definition 1.4 of
skew Schur functions. O

Now applying Lemma 2.2 directly to expression 2.12, we have

M S\Y + X]
T tX tX X - X
X |Sai—k4n[Y ] Sas—14n[Y]Sa;+5[Y ] - Sas4n-1[Y] —1n
. B 1] 1k (n—k)+k(k—1)/2 ik o 1+ k—1 —i’1+k —Z';L_k-i-n— 1
- ;( /" [tX tX X X

x Sai [Y] U Sai [Y]Saz [Y] e Saz[y]

i=1l..n

2.17
For p = (0,...,n — 1) and A“ the reverse reading of a partition A\, we have from [M1]
that p + A U =\ = op for some permutation o. The top row of the formal operator in
2.17, p+ (ig,. .. 01, —1%},...,—%,_), may thus be rearranged to p. The rearrangement sends
column /¢ + 1, containing tX and corresponding to index ix_g + £, to column 45, + ¢ + 1.
This requires i;_, commutations with X-columns inducing a (—1)"*-¢. Proceeding on all
tX-columns yields

MyS\Y 4+ X] = Yokemmsktenenn O b 0o 0 g v, 28
I

where the tX are in columns iy + 1,...,4; + k. Finally, the substitution Y = X% — X with
the shift i + 1 — i, ...,41 + k — 11 gives Theorem 2.1 . O

Remark: The image of S)[X'] under the Macdonald operator My in the basis of products of
complete functions S#[X"] = S, [X"]S,,[X"]... can be derived from 2.5. However, there
exists a scalar product for which the S#[X'] basis is adjoint to the m,[X] basis, the Sy [X "]
basis is adjoint to the Sy/[X] basis, and My, is self-adjoint. This allows that formula 2.5 be
connected to the action of the Macdonald operators on monomial functions given in [M1],VI
3.6.



3. Macdonald Polynomials

This section contains determinantal expressions for the Macdonald polynomials in the
bases, S,[X"],S,[X], and m,[X], obtained from the action of the operator M; on S, [X"].

The Macdonald polynomials [M1] can be defined to be the eigenfunctions of the
Macdonald operators. In particular we have , for any partition A,

where the symbol
[laf] = q* "7 + ¢ " o g 3.2

will be used for any composition a € N". Since the eigenvalues are distinct for each A, any
polynomial that satisfies 3.1 must be proportional to Jy(X;q,t). It is with this in mind that
we proceed to construct such polynomials using the action of M; on Sy[X!].

First, we have that the ordered expansion of S, in terms of complete functions is
given, for S* = S,, -+ S,,,, by

SulX] = Y (- STEEIPIX] =Y " e(p, ) S¥[X] 3.3
ceB(n) @

summed over all vectors @ € N", where €(p,) € {0,4+1,—1}. The set of all « with a
corresponding nonzero €(u,«) is included in the set {op|od € &S(¢(p))} where we define
oib=—(-.oyphir1 — Lypui +1,...). For example, if n = 3,

_(Oa4a 1) _6—2 (07075)

—

p=(3,1,1) : (3,1,1) —(-1,1,5) . 34

SN
SR

_(3a0a2) _6—1 (_17472)

—

For p = (3,1,1), e(p, )« = {(3,1,1),—(0,4,1),(0,0,5),—(3,0,2)}, since « € N" cannot

have negative components.

Now, recall that Theorem 2.1 gives explicitly

mei 1O o0 0
M, S,[X*] = Z t [0 o Xt L 0] SulX']. 3.5

1<i<n
The expansion of the right hand side, taking into account that Sp[X'? + X*] = ¢¥S,[X 1], is

My Su[X") = Y (=D o(u+p) = pl] STHFOTPIXH) =N e, ) [|of] S*[XT] . 3.6
UEG(n) «a



The action of the Macdonald operator M; is triangular on the basis, S\[X??], giving that

My S,[XM) = [l S*IXM] + Y e(n, ) SY[XM], 3.7

where the sum is over all @ a permutation of partitions v > u. Formula 3.7 demonstrates
that the eigenspaces of M; are 1-dimensional and reveals the eigenvalues.

For any pair of partitions u, v € N of the same weight, let us write

N (a,8) =D elp,a) ([A] = [al]) , 3.8

[0}

where o runs over all distinct permutations of v € N". Note that, in the following, [A],, shall
stand for [A],. (¢, 1).

Theorem 3.1  Ezpanded in terms of Sy[X"], the Macdonald polynomials are
SaXt] L. S, [X1]

(¢ . .
v (t:9) o ' ’ . 3.9

J)\(X§Qat):,v)\(q’t) My oo N

v>X
>

Columns are indexed by all partitions p > X. Aside from the first row, the entries are the
polynomials in q,t, [N, v > A. The normalization factor consists of

oa(a,t) = TT (120 = 0el1) = TP 3.10

w>A n>A

and

ex(gq,t) = H (1 —q“(s)tl(s)'H) . 3.11
SEA

For example, up to a scalar,

S22, [XM] S311[X1] S3a[X*] Sup[XT] S5[X*]
—[1,3,1]  [3,1,1] 0 0 0 | @i
Jop1(X;q.t) = | —[2,0,3]  —[3,0,2]  [3,2,0] 0 0 |@2o 312
[1,0,4]  —[0,4,1] —[1,4,0] [4,1,0] 0 | (410
0 [0,0, 5] 0 —[0,5,0]  [5,0,0] | (5,00




where an entry +[a] stands for +([|2,2,1]] — [|e]]). Each column of such determinant is
obtained from the ordered expansion of a Schur function. For example, the second column
is given by the expansion of S3 ;1 computed in 3.4. Notice we can limit ourselves to vectors
of length /() since each entry is the difference of two vectors of which the last n — £())

components are equal.

Proof of Theorem 3.1 It suffices to check that ([|)\|] — Ml)Jﬁ\(X;q,t) = 0, where
J{(X;q,t) is the determinantal expression 3.9, given that the eigenvalues are distinct for

each A. The operator acts only on the first row of the determinant allowing us to use formula
3.6 for the action of M; on S,[X"]. This gives

ZﬂZAP‘]AB S EBZMP‘]I/«B 7

(I = M1)J5(X;q,t) = det 3.13

Mw e W

The determinant can be shown to vanish by examining the coefficient of all S%’s. The co-
efficient of S* is proportional to [A]xx = 0. For 8 > ), the coefficient of S? is equal to the

determinant

Axg oo Mg .| rowl
det| - : : 3.14
Mg oo [Mug - row 3
which has two identical rows, and thus also vanishes.
To verify the normalization, we recall [M1]
INX5q,t) = exn(t,q) SAX™]+ ) exnSu[X™] 3.15

w>A

and observe that because, from 3.7, [A],, = 0 for u > v, the sub-determinant giving the
coefficient of S)[X"] in J§(X;q,t) is triangular and equals vy (g, t). O

The formula for Jy(X;g,t) in terms of S)[X??] can be converted into a similar expres-
sion in terms of the S,[X] basis by applying to expression 3.9, the involution w,; satisfying
properties [M1]:

wg tSA[X™] = Sy [X] and wqtJr(X;q,t) = Jn(X;t,q), up to ascalar.
Renormalizing using

J)\(X7q7t) = C)\(qat) S)\[X]_'_ZC)\M SM[X] ) 3.16
pn<A
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we have
Corollary 3.2
Sa[X] . S, [X]

C)\(qvt) . :
ot O W (ta) o Wew(ta) .|

v< A
w<A

Ia(X;q,t) 3.17

where uy(q,t) = HM<>\([|XH - HNIH)

The first row is the list of Schur fonctions S, 4 < A, the other entries are the polynomials
(N (t,q) for v < A.

A determinantal formula for the Macdonald polynomials in terms of the monomial
basis may now be obtained from formula 3.17 . The interpretation of the entries of the matrix
in 3.17 (aside from the top row) as scalar products will allow that we pass to other bases of

symmetric functions.

We use the space of polynomials in z,...,2, as a free module over the ring of
symmetric polynomials. Under the scalar product, (f,g) = 0,(fg), this space has the
following two adjoint bases

{‘(ij = (_xl)ll '”(_xm)lm}omg]gp a’nd {EI = 611[01612[)(1]”'elm[Xm—l]}omgIgp7

3.18
for p=(0,...,m —1) and 0™ = (0,...,0) € N™. That is,
(@, E,_;) = 0, (f’Ep_J) — 617, I,JCp. 3.19
This result can be used to determine the coefficients in the following matrix;
ex [Xn] ex+1[Xnp1] o expn—1[Xon_1]
S [X,] = det e)\z—%[Xn] €x, [).(n+1] 6)\2+n—2.[X2n—1] | 390
eAn—n;rl[Xn] e)\n—n+.2 [Xn+1] e, [AXL2n—1]

which is obtained by applying the w involution, wSk[X]| = ex[X], wSA[X] = Sy [X], to 1.3
and increasing the alphabets in each column with the relation, ex[X; + 241 + -+ + z2,_1] =

ex[Xi] + Ziizl_l ex—;lXi) ejlzi+1 + -+ + z2,—-1]. Note that this relation does not change

11



the value of the determinant since it corresponds to multiplication by a unitriangular matrix.

Now using 3.19 with m = 2n, the coefficients in the expansion of this matrix are

SvlXa]= Y (@, Sv[Xn]) Eo | 391

o’ €p’

where o = (0,...,0,01,...,a,) and p' = (0,...,0,n,...,2n — 1) for o, p' € N*" . Since
the ordered expansion of 3.20, and thus 3.21, must coincide with the ordered expansion 3.3
of S)[X] in terms of complete functions, we have

e\, ) = (27, Sy [Xa]) . 3.22
This implies that 3.17 can be rewritten, using

<f>)\l/ = Z(jp_a’7f> (H)‘Ht,q - [|Oé

[0}

ltw) > 3.23

where the sum is over all distinct permutations a of v € N", as

SalXnl ... SulXal

t . .
A1) g0 ' ' . 3.94

J)\(Xn;%t) ’U,)\(t, q) <S)\[Xn]>)\’y’ <Su[Xn]>)\’1/’

w<A
v< A

With €(u, @) now defined as a scalar product, we can write Macdonald polynomials in any
linear basis of the space generated by {S,},<x. In particular, we have the following theorem:

Theorem 3.3  The Macdonald polynomials in terms of monomial symmetric functions are

m[Xn] m, [ Xy, ]
C)\(qat) .
In(Xn;q,t et 3.25
)\( q ) 'U,)\(t, q) (m)\[XnD)\/,,/ (mM[XnD)\/y/
: : <X
v<A
For example, Jy 2(X;q,t) is given by
Cs 2(q t) m2,2[X4] m2,1,1[X4] m1,1,1,1[X4]
J2,2(X4; q, t) = % det _[3a 1] - [1a 3] [37 1] 0 ) 3.26
2t @) | 0] 40,4] -3[4,00-[0,4]  [4,0

with [o] = ([|2,2]¢,q — [|@[lt,¢)- In this expression, the term —3[4,0] appears, for instance,
because (z(0123:95) my ) 1[Xy]) = —3. Again, we work with vectors of length £()\), since
adding zeros to a does not change the result. We skip the problem of computing efficiently
all the scalar products in the matrix.
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4. Creation Operators

A Macdonald polynomial associated to any partition can be constructed by repeated
application of creation operators, B,(Cn). Specifically,

B IN(X5q.t) = i (Xiq.t). 4.1

The creation operators were defined originally to be [LV],[KN]

R(Xp, X§/t)
B(n) _ lI ) AT M 4.9
' g:kzz; R(Xr,Xp) ~*

where I is a k subset of {1,...,n} and M) acts only on z; for all i € I. We will see that the
action of these operators on the modified Schur function basis may be expressed in a manner
similar to that of the Macdonald operators on this basis, though the former increases degrees.
We begin by giving a new expression for the creation operators.

Proposition 4.1 The creation operators acting on the space of symmetric functions are

n 1
Bl(c) — k_t'X(k|n—k)Xw(k)$1"'xk(l_tQk)"'(l_thk) 4.3

where Qp =01+ 0,—109.

Proof The binomial expansion of the right hand side of expression 4.3 becomes

k
1 lt ) o
rhs = k—zg () X(kln—k) T1 """ Tk Xw(k) Or - O, 4.4
since Qf,c = ©;---0O; on symmetric functions. Further, the image of such a function under Q%

belongs to Sym(I|k — ) allowing that we use property 1.12 of x,,x) to obtain

k l(l+1)+l(k l)(t)k ' '
rhs = 2_: DO L'k = DX (kpn—r)®1 - Tk Xapo—t) ©1---©1 . 4.5

The definition of the Macdonald operators and X (x|,—x) then imply that

k
rhs = > (=)' On_r) R(Xu, XE/t) w1 -~y M »
=0

Finally, the action of d(x|,—x) as described in 1.8 confirms that this expression, and therefore
4.3, are in fact equivalent to the original definition for the creation operators. O
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Theorem 4.2  The action of B,(cn) on Sx\[X], for £(\) < k, can be expressed as
k 0 1 0 : 0 1 0
s s = T1([70 0 o 0 D] =7 [0 0 e o ) sbrm
i=
where the i column is the only non-zero column of the operators.
The relation, S;[X% + X' = §;[¢X"] = ¢/ S;[X*1], yields immediately
Corollary 4.3 Let f(i,7) = i+ (j —i+1). For any £(\) < k we have

BV Si[X") = ‘(1—qf(i’j)tk_j)sf(i,ﬁ[th] 4.8

ij<k

For example, when k£ = 2, we have
(n) ta I 1 0 0 1| |0 1 tq
BZ S)\l,)\2[X ] - (|:0 0:| t |:Xt 0 0 0 t 0 Xt S)\l,)\2[X ]

(1= gMH) Sy, 41 [XM] (1 — ¢ F2)S8, 12X "]
(1—g»t)Sy,[X™] (1 — ¢S\, 41[X "]

Proof of Theorem 4.2 In what follows, as we have done in the case of the Macdonald
operators, we shall use ©! instead of © in the operator Bj. This will allow us to use the
action of My on Sy[Y + X] (with Y an alphabet invariant under ©') obtained in the previous
section. Letting Y = X' — X in the final result will prove the theorem.

First, notice from 4.3 that B,(Cn) = X(k|n—k)B;(gk)- This given, we will first describe the action
of B on S,[Y + X].

Claim 4.4 For/(\) <k and a; = \; — i+ 1, we have

k
e 0010 .- [0 1 0 --
B,ik)S)\[thX] H([ 0 0 0 ] -t [ 0 Xt 0 ...])SA[Y“LX]

=1

= ‘Gai+1(tk_17 Xk)Gai-l-z(tk_za Xk) T Gai-l-k (tOJ Xk)

i=1..k

4.9
where Gp,(t", X) = Sp[Y + X] — t"Sp[Y + X + X}].
Proof of Claim With Y’ =Y + X7, expression 4.2, where n = k, yields
k
B SA\Y + X] =212 Y ()M S\[Y! + Xy, 4.10
=0
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which, using the Macdonald operator action on Sy[Y' + X], gives

k
B S\Y + X] =2y -2, S (—t) Y ity
=0

1<i1 <-<i; <k 4.11
0O --- 0 -+ 0 --- 0 ,
X [0 e XE o XE - 0] SAY" + Xi] -
In the last expression, for a fixed [, Xt occurs in positions iy, ...,4;. Comparing such terms,
we obtain
BM S\IY + X]
k
_ 0 0 _ k41l—i 0 0 0
= 1 :vkl_[l<[0 0] t 0 0 X! 0 0 S\Y + X],
1=
4.12
or more compactly
B,(Ck) S)\[Y + X] = X1 Tk ‘Gai (tk,Xk)Gai+1(tk_1,Xk) T Gai-l—k—l(tlan) N . 4.13
1=1..

The proof of the claim is completed using the following lemma(proved in the appendix):
Lemma 4.5 For F;(t", X;) = S;[C + Xi] — t"S;[C + tXy], we have

Fii (" X)) Fya (P72, X)) .. Fr(1, Xi)
4.14
= X1 ---Tg Fj(tk,Xk)Fj+1(tk_1,Xk)...Fj+k_1(t,Xk) s

where the expressions between brackets must be understood as k x k determinants.
In effect, letting C — Y’, we have F;(t*, X;) — G;(t*, X}), and thus using 4.14 in 4.13
proves the claim. O

Expression 4.9 gives that the action of B,(cn) = X(k|n—k) B,(Ck) on Sy\[Y + X] is
B SAIY + X] = Xkpnor)|Cast1 (8F7L X5) - Gy (1, X5) . 4.15
The proof of Theorem 4.2 is now equivalent to showing that x x|n—x) acts on this determinant

by extending the alphabets from Xj; to X. This will be achieved with the following lemma
(proved in the appendix);

Lemma 4.6 For anyl > k, we have

Gt (71, X)) Gy (P72 X7) L Gy (1, X,)‘

?

1 k-1 k _ _
= XEl|)l—1) T XEl|l—)k+1)XE1|)l—k) ‘GjJrl(tk lan)Gj+2(tk 2ach—l) e Gj-HC(laXl)‘

4.16
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where, again, the expression between brackets are k x k determinants.

Application of this lemma to expression 4.15, with [ = k, gives

B{™ S,\[Y + X]

X(k|ln—k) X8|)k_1) Xglleu)l) Gai-{—l(tk_lu Xk)Gai—i-Z(tk_za Xk—l) s Gai-{—k(la Xl) .

i=1,...,k

4.17
Property 1.14 allows a refactorization of y that transforms 4.17 into

(n)
BV S\ Y + X] =
X(1hn1) " X3ty | Garst (71 Xi) G a (72, X 1) - G (1L, X)Ly

4.18
Lemma 4.6 may be applied again, with [ = n, giving
B S,\[Y + X] = ‘Gaﬁl(t’“_l,X)Gai+2(t’“_2,X)...Gai+k(1,X)‘i:1,m7k , 4.19
which proves Theorem 4.2. O
Appendix
Proof of Lemma 1.1 Using formula 1.2, we have
J
SiIX"+ X[ = Sj[D+ai] = Y S [D]Si[}] Al
=0
where D = X' + X} . Further properties of Schur functions yield, as =t =tz — zy,
J
S;[Xt 4+ Xxt] = S,;[D] + 2(1 — 1/t)8;_1[ D] (tzy)"
A2
= +Z (zx — x1/t)Sj_1_1[D] (txy)"
The alphabet D is invariant under permutations of zg,...,x,, and thus the first term is
invariant up to a constant under XE’ffn_ k)" Thus, using 1.10, we have
j—1
X iy SIX XL = (Lt et ) S DX S b= /)81 [D) (b))
=0
A3
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and are left only to show
j—1
o Stk — 2k /S, D] (te)| = —S;[D)+ S;[X"+ XY, A4
=0

The definition of XE’1€|)n—k) and (z — zy/t)R(zg, X5 /t) = R(zk, Xf_,/t) convert the left hand

side of this expression into
j—1
lhs = Op_1--- Ok Rlzg, X{_1/t) D tS;__1[D](tzs)" . A5
1=0

The identity S, [z — X/t] = R(z, X/t) may be used to eliminate the resultant, and we obtain
Jj—1

ths = Op_1-- Ok Y S -1 [D)(tar) Spplzr — X5 _1/1] . A6
1=0

A further Schur function property allows that the factor 2} be used to increase the index of
Sn—k;

j—1
lhs = Op—1 -+ Ok Ztl+1sj—l—l[D]Sn—k+l [Q}k — X,?_l/t] . AT
1=0
Now we can let the divided differences act (see [L1] for similar computations). Using the
property Oy Si[zr, — Xp_1/t] = Si—i[zr + xp+1 — X5_,/t], we arrive at the expression,

j—1 Jj—1

lhs = ZtHlSj—l—l[D]SlH[ﬂ?k +otm, = Xp g/t = Z Sj—l—l[D]SlJrl[(Xﬁ—l)t] A8

1=0 1=0 :
= —S;[D] + 8;[D + (X;_1)'] .

Clearly D + (Xf_,)' = X' + X', which implies that expression A.4 holds. O
Proof of formula 2.11 We want to show that

SAlY + X]R(Xj, Xi)

= Sai—k+n[y + Xk] T Sai—1+n[y + Xk]Sai+k[Y + XI?] T Sai+n—1[Y + Xﬁ] 1’
1=1..n
A9

where a; — A\; — ¢+ 1. Let f;,7 = 1,...,n, denote arbitrary one variable polynomials
in the space of polynomials in x4, ..., z, taken as a free module over the ring of symmetric

polynomials. From the usual Newton’s interpolation in one variable ([L1], Lemma Nib), given
such f;, we have

B 1

1)‘1§i,j§n ~ AX) A.10

det ‘8j_1...81fi($ det ‘fl(.’L‘J

MNicijen
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where A(X) = [[;;(z; — z;) is the Vandermonde determinant. If in this expression we let
fi(z) = Sa,+n—1[Y + z], using the identity 0pS;[Y + Xi] = S;_1[Y + Xj41], we obtain

1
m det Sai+n—1[Y + Q}j] 1<ij<n = det ‘8]'_1 . 8lSai+n_1[Y + Q}l]‘

= det

S Y X-‘ .
a;+n .7[ + J] ].Si,jsn

The alphabets can be increased in each column of the determinant on the right hand side of
this expression by using the relation

n—jy

Sarl-n—j[y + Xj] = Sa¢+n—j[Y + X] + Z Sarl-n—j—f[y + X]Sﬂ[_Xﬂ )
=1
giving that
Y + X - ni[Y X‘ . A12
det |So,+n—j;[Y + Xj] L<ijen det [Sq;4n—;[Y + ]19’]5”

The right hand side may thus be substituted into formula A.11 implying that

Sy\[Y + X]A(X) = A13

Saz-l—n 1[Y+$n]sal+n 1[Y+$n 1] a1+n 1[

l..n

This result applied to arbitrary minors of order n — k in the first n — k& columns and of order
k in the last k& columns of the right hand side of A.13, gives by linearity,

SAlY + X]A(X)

Satn—1[Y + @]+ Sa,pn-1[Y + Trg1]Sas4n—1[Y + i) Sagn—1[Y + @1]

i=1l..n
=[Sl + XE]- - SavtnoalV + XilSa,-kinlY +Xel-+ SapnoalY + Xil|
X A(Xp)A(XE).
A.14
Finally, with A(X)/(A(Xk)A(XF)) = R(Xg, X£)(—1)¥(=F) one sees that A.14 is equivalent
to A.9, which proves the assertion. O
Proof of Lemma 4.5 As a result of 9;S;[A + b;] = S;_1[A + b; + b;41], we have
O Fi(t", Ai) = Fj1 (" Aiya), A.15
allowing that the left hand side of 4.14 be rewritten as
lhs = 8k_1..81Fj+k(1,X1),8k_1..82Fj+k(1,X2) (9k 1 +k(1 Xk 1) Fj-l—k(lan)‘ .
A.16
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We can factor out 0y_1 --- 01, since all the columns, except the first one are symmetrical in
Z1,...,Tk. Similarly we can factor out successively (Og—1---02),...,0k_1 to get

lhs = (ak_l..al)(ak_l..az)---(ak_l)‘pﬂku,xl),...,Fj+k(1,Xk_1),Fj+k(1,Xk)‘. AT

With Fj(tT,Xk) = .’I?ij_l(tr_'_l,Xk) + Fj(tr,Xk_l), we can substitute :Eij+k_1(t,Xk) +
Fj1r(1,X;—_1) in the last column of the matrix. This produces a sum of two determinants,
of which the second vanishes thanks to column k£ — 1. We thus obtain

th = (8k_1..81)(8k_1..82)--'(8k_1)‘Fj+k(t0,X1),...,Fj+k(t0,Xk_l),.’L‘ij+k_1(t,Xk) y
A.18

and by iteration;

Ihs = (Op_1..01) - -- (8k_1)‘$1Fj+k_1(t,X1), .. ,xk_le+k_1(t,Xk_l),:kajJrk_l(t,Xk)‘ .
A.19
The symmetric factor = -- -z can be factored out of the determinant and the divided dif-
ferences may be reintroduced;

lhs = xy-- xk‘ak—l 01 Fjpp-1(t, X1), .. aak—le+k—1(tan—1)aFj+k—1(tan)‘ . A20
Transformation on columns of this determinant using relation A.15 completes the proof. [
Proof of Lemma 4.6 This identity, as it is a consequence of a sucession of transformations
performed on the columns, can be proven by induction on k£ given that

Gi(t, X)) = X{ih_p Gi (", Xx) — c(k) G;(t", Xx_1) , A.21

which is a direct consequence of lemma 1.1. If k = 1, G;41(t°, Xp) = 0 implies that

1

Gin(1,X) = Xy Gin(1,X1), A.22

which is the case k = 1 of the lemma. Assuming that the lemma holds for a &k —1 determinant,
we get

G (tF 7 X)) Gy (tF 72, X)) . Gy (1, Xy)
A.23
k— _ _
= XERl—l)”'Xglﬂ_l)k_{_l) G (tF 7 X)) G (872, Xp1) - G (1, X)) -

The first column becomes ngfl_k)GjH(tk_l,Xk) — ¢(k) Gj41(t*71, Xy _1), by relation A.21,
producing a sum of two determinants. As the first of these is exactly the desired result, the
second must be shown to vanish. Specifically, it must be that

1 k—1 — _
X1y Xk | Girt (7 X)) Gipa (72, Xp 1) o Ggn(1, X0) | = 0. A.24
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The left hand side of this expression may be transformed first by using property 1.14 to

refactor X8|)z-1) e XE’fﬁ_lLH) into the form X(k—l|n—k+1)X8|)k_2) e XE’;H?, and then by using

the induction hypothesis, where [ = k — 1;

lhs = X(k—1|n—k+1)X8|)k_2)"'Xgla_l)z) Gj+1(tk_1,Xk—l)Gj+2(tk_2,Xk_1)...Gj+k(1,X1)

= X(h—1pn-k+1)|Gj41 (Y Xpo1) G (72, Xi_1) .. Gjn(1, Xi—1) | -

A.25
We now have x(x—1jn—x+1) applied to a determinant with £ columns that satisfies the special
case of x = 0 in Lemma 4.5. Thus, the determinant vanishes, proving the lemma. O
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