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Abstra
t

We present notes about symmetri
 fun
tions and their generaliza-

tions.

The theory of symmetri
 fun
tions allows to 
ompute with fun
-

tions of several variables without seeing the variables. Histori
ally,

the \variables" were roots of a polynomial, and be
aue it was impos-

sible to expli
it them in degree higher than 4, the 
lassi
s, starting

from Girard [10℄ and Newton [40℄, gave formulas to express power

sums, monomial fun
tions, 
omplete fun
tions in terms of elementary

symmetri
 fun
tions ( = the 
oeÆ
ients).

We shall not get involved into 
hange of bases in the ring Sym

and refer to Ma
donald [37℄ for that topi
.

We prefer to stress the fun
torial aspe
t: symmetri
 fun
tions must

be 
onsidered as operators on the ring of polynomials (in other inde-

terminates), or as operators on ve
tor spa
es or modules.

This is why we adopt the point of view of �-rings, due to Grothen-

die
k, using �

i

, S

i

, 	

i

, instead of the more 
ommon e

i

; h

i

; p

i

. In fa
t,

S
hur fun
tors in pla
e of S
hur fun
tions, are unavoidable as soon as

one takes several alphabets at the same time.

The avantage of �-rings, apart from providing 
ompa
t notations,

is to show that all properties of symmetri
 fun
tions stem from the

Cau
hy kernel

Q

i;j

1=(1 � a

i

b

j

). We should also have re
ourse to the

\plethysm", but our knowledge in this domain is too s
anty to permit

using it widely.

To expli
it the multipli
ative stru
ture on Sym, one relies mostly

on Pieri formulas.
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With these tools only, it just remain to translate in terms of sym-

metri
 fun
tions su
h 
lassi
al topi
s as Eu
lidean division, 
ontinued

fra
tions, Pad�e approximants, orthogonal polynomials, to see S
hur

fun
tions appear.

Instead of using only the invariants of the symmetri
 group, it

is more enlightening to dire
tly use the symmetri
 group itself, and


onsider the di�erent ways it 
an be made to a
t on polynomials. We

put a spe
ial emphasis on the Newton divided di�eren
es whi
h have

been negle
ted during three hundred years.

The basis of S
hubert polynomials 
an be introdu
ed by general-

izing Newton interpolation to several variables.

Fixing the number of variables, one has a non-symmetri
 Cau
hy

kernel, a quadrati
 form, and S
hubert polynomials appear now as

the appropriate generalization of S
hur fun
tions, instead of being a

linear basis for interpolation.

For the moment, we do not 
onsider extensions to the other 
las-

si
al groups, and end these notes with a non-
ommutative tou
h, em-

bedding Sym into the non-
ommutative algebra of Young tableaux.
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We shall handle fun
tions on di�erent sets of indeterminates (
alled al-

phabets, though we shall mostly use 
ommutative indeterminates).

A symmetri
 fun
tion of an alphabet A is a fun
tion of the letters whi
h

is invariant under permutation of the letters of A .

The simpler symmetri
 fun
tions are best de�ned through generating

fun
tions. We shall not use the 
lassi
al notations for symmetri
 fun
tions

(as they 
an be found in Ma
donald's book), be
ause it will be
ome 
lear in

the 
ourse of these le
tures that we need to 
onsider symmetri
 fun
tions as

fun
tors, and 
onne
t them with operations on ve
tor spa
es and representa-

tions. It is a small burden imposed on the reader, but the 
ompa
t notations

that we propose greatly simpli�es manipulations of symmetri
 fun
tions. No-

ti
e that exponents are used for produ
ts, and that S

J

is di�erent from S

J

,

ex
ept if J is of length one (i.e. is an integer).

We need operations on alphabets, the �rst one being the addition, that

is the disjoint union that we shall denote by a `+`-sign :

�

A = fag ; B = fbg

�

7! A + B := fag [ fbg

More operations will be introdu
ed in the se
ond se
tion.

� Generating Fun
tions of symmetri
 fun
tions

Taking an extra indeterminate z, one has three series

�

z

(A ) :=

Y

a2A

(1 + za) ; �

z

(A ) :=

Y

a2A

1

1� za

; 	

z

(A ) :=

1

X

i=1

X

a2A

z

i

a

i

=i (1:1)

the expansion of whi
h gives the elementary symmetri
 fun
tions �

i

(A ) the


omplete fun
tions S

i

(A ), and the power sums  

i

(A ) :

�

z

(A ) =

X

z

i

�

i

(A ) ; �

z

(A ) =

X

z

i

S

i

(A ) ; 	

z

(A ) =

1

X

i=1

z

i

 

i

(A )=i : (1:2)

Sin
e log(1=(1� a) =

P

i>0

a

i

=i, one has

�

z

(A ) = exp (	

z

(A )) ; 	

z

(A ) = log (�

z

(A )) (1:3)

Addition of alphabets implies produ
t of generating series

�

z

(A + B ) = �

z

(A )�

z

(B ) ; �

z

(A + B ) = �

z

(A ) �

z

(B ) : (1:4)
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However, sin
e one 
an invert formal series beginning by 1, or take any

power of them, one 
an extend (1.1) by

�

z

(A � B ) :=

Q

b2B

(1� zb)

Q

a2A

(1� za)

; �

z

(
 A ) = (�

z

(A )




; 
 2 C (1:5)

In other words, formal series beginning by 1 should be treated as generat-

ing series of 
omplete or elementary symmetri
 fun
tions of some alphabet,

that one 
an manipulate without knowing its elements (as one 
an use a

polynomial without being able to fa
torize it!).

Having written A + B for the disjoint union of alphabets for
e us to


onsider a �nite alphabet as the sum of its sub-alphabets of 
ardinality 1, i.e

to identify A and

P

a2A

a.

Given a �nite alphabet A , let Sym(A ) be the ring of symmetri
 polyno-

mials in A . As a ve
tor spa
e, it has (multipli
ative) bases

8

<

:

�

I

(A ) := �

i

1

(A )�

i

2

(A ) � � �

S

I

(A ) := S

i

1

(A )S

i

2

(A ) � � �

	

I

(A ) := 	

i

1

(A )	

i

2

(A ) � � �

;

sum over all k, all partitions I = [i

1

; : : : ; i

k

℄, i

k

� 
ard(A ).

The basis �

I

is due to Newton. Matri
es of 
hange of bases are fairly

well known and 
an be 
omputed by having re
ourse to some 
ombinatorial

obje
ts su
h as Young tableaux, matri
es with �xed row and 
olumn sums,

et
.

The sum of all elements in the orbits of a monomial a

J

under the a
tion of

the symmetri
 groupS(A ) is of 
ourse a symmetri
 fun
tion, 
alledmonomial

fun
tion and we shall denote it 	

J

(A ), (J partition), rather than m

J

.

It has been sin
e long realized that one should use alphabets of in�nite


ardinality, and thus 
onsider a universal ring Sym from whi
h one gets by

spe
ialization the rings Sym(A ), for spe
i�
 alphabets A of �nite 
ardinality

(more generally, we shall use spe
ializations su
h that letters are no more

algebrai
ally independent.

� Matrix generating fun
tions

Let z stands now for the in�nite matrix with diagonal j � i = 1 �lled

with 1's, all other entries being 0's. Now �

z

(A ) is an Toeplitz matrix (i.e. a

matrix with 
onstant values in ea
h diagonal) that we shall denote by S(A );

similarly �

z

(A ) is a matrix denoted L(A ) :

S(A ) =

�

S

j�i

(A )

�

i;j�0

& L(A ) =

�

�

j�i

(A )

�

i;j�0

(1:6)
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Addition or subtra
tion of alphabets still 
orrespond to produ
t of ma-

tri
es

S(A � B ) = S(A )S(B )

�1

& L(A � B ) = L(A ) L(B )

�1

: (1:7)

The advantage of matri
es, 
ompared to formal series, is that they o�er us

their minors, that we shall index by (in
reasing) partitions, or more generally,

by ve
tors with 
omponents in Z. More pre
isely, given I = (i

1

; : : : ; i

n

) 2

Z

n

, J = (j

1

; : : : ; j

n

) 2 Z

n

one de�nes the skew S
hur fun
tion S

J=I

(A ) to

be the minor of S(A ) taken on rows i

1

+ 1; i

2

+ 2; : : : ; i

n

+ n and 
olumns

j

1

+ 1; : : : ; j

n

+ n (the minor is 0 if one of these numbers is < 0). When

I = 0

n

, the minor is 
alled a S
hur fun
tion and one writes S

J

(A ) instead

of S

J=0

n

(A ).

In other words,

S

J=I

(A ) =

�

�

S

j

k

�i

h

+k�h

(A )

�

�

1�h;k�n

: (1:8)

It is 
onvenient to also use determinants in elementary symmetri
 fun
-

tions :

�

J=I

(A ) =

�

�

�

j

k

�i

h

+k�h

(A )

�

�

1�h;k�n

: (1:9)

Of 
ourse, one must not forget that �

i

(A ) = (�1)

i

S

i

(�A ), i 2 Z, and

thus the �

J=I

(A ) are also skew S
hur fun
tions, but indexed by \
olumn

lengths".

We shall also need re
tangular sub-matri
es of S(A ) that we shall 
ontinue

to index the same way: S

J=I

(A ) is the sub-matrix of S(A ) taken on rows

i

1

+ 1; i

2

+ 2; : : : , and 
olumns j

1

+ 1; j

2

+ 2; : : : .

Binet-Cau
hy theorem for minors of the produ
t of two matri
es implies,

taking S(A + B ), the following expansion on skew-S
hur fun
tions

S

J=I

(A + B ) =

X

K

S

J=K

(A )S

K=I

(B ) ; (1:10)

sum over all partitions ( only those K : I � K � J give a non-zero 
ontri-

bution).

Ja
obi's theorem on minors of the inverse of a matrix implies, denoting

by J

�

the 
onjugate partition (obtained by transposing the Ferrers' diagram

of J):

�

J=I

(A ) = S

J

�

=I

�

(A ) = (�1)

jJ=Ij

S

J=I

(�A ) (1:11)

One needs to enlarge the de�nition of a S
hur fun
tion, to be able to play

with di�erent alphabets at the same time.
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Given n, given two sets of alphabets fA

1

; A

2

; : : : ; A

n

g, fB

1

; B

2

; : : : ; B

n

g,

and I; J 2 N

n

, we de�ne the multi-S
hur fun
tion

S

J=I

(A

1

� B

1

; : : : ; A

n

� B

n

) :=

�

�

S

j

k

�i

h

+k�h

(A

k

� B

k

)

�

�

1�h;k�n

: (1:12)

In the 
ase where the alphabets are repeated, we indi
ate by a semi
olon

the 
orresponding blo
k separation : given H 2 Z

p

, K 2 Z

q

, then S

H;K

(A �

B ; C � D ) stands for the multi-S
hur fun
tion with index the 
on
atenation

of H and K, and alphabets A

1

= � � � = A

p

= A , B

1

= � � � = B

p

= B ,

A

p+1

= � � � = A

p+q

= C , B

p+1

= � � � = B

p+q

= D .

These fun
tions are now suÆ
iently general to allow easy indu
tions,

thanks to the following transformation lemma.

Lemma 1 Let S

J

(A

1

� B

1

; : : : ; A

n

� B

n

) be a multi-S
hur fun
tion, and

D

0

; D

1

; : : : ; D

n�1

be a family of �nite alphabets su
h that 
ard(D

i

) � i,

0 � i � n� 1. Then S

J

(A

1

� B

1

; : : : ; A

n

� B

n

) is equal to the determinant

�

�

S

j

k

�i

h

+k�h

(A

k

� B

k

� D

n�h

)

�

�

1�h;k�n

In other words, one does not 
hange the value of a multi-S
hur fun
tion

S

J

by repla
ing in row h the di�eren
e A � B by A � B � D

n�h

. Indeed,

thanks to the expansion (1.10) :

S

j

(A�B�D

h

) = S

j

(A�B )+S

1

(�D

h

)S

j�1

(A�B )+� � �+S

h

(�D

h

)S

j�h

(A�B ) ;

the sum terminating be
ause the S

k

(�D

h

) are null for k > h, we see that the

determinant has been transformed by multipli
ation by a triangular matrix

with 1's in the diagonal, and therefore has kept its value. QED

For example, taking D

0

= ;, D

1

= fxg, D

2

= fy; zg, one has

2

4

S

i

(A

1

� y � z) S

j+1

(A

2

� y � z) S

h+2

(A

3

� y � z)

S

i�1

(A

1

� x) S

j

(A

2

� x) S

h+1

(A

3

� x)

S

i�2

(A

1

) S

j�1

(A

2

) S

h

(A

3

)

3

5

=

=

2

4

1 �y � z yz

0 1 �x

0 0 1

3

5

�

2

4

S

i

(A

1

) S

j+1

(A

2

) S

h+2

(A

3

)

S

i�1

(A

1

) S

j

(A

2

) S

h+1

(A

3

)

S

i�2

(A

1

) S

j�1

(A

2

) S

h

(A

3

)

3

5

and the determinant of the left matrix is equal to S

ijh

(A

1

; A

2

; A

3

).

Taking �A

1

;�A

2

;�A

3

instead of A

1

; A

2

; A

3

, and getting rid of signs be-


ause of \isobarity", one gets by the same token

�

i;j;h

(A

1

; A

2

; A

3

) =

2

4

�

i

(A

1

+ y + z) �

j+1

(A

2

+ y + z) �

h+2

(A

3

+ y + z)

�

i�1

(A

1

+ x) �

j

(A

2

+ x) �

h+1

(A

3

+ x)

�

i�2

(A

1

) �

j�1

(A

2

) �

h

(A

3

)

3

5

6



In the pre
eding lemma, we needed only 
onse
utive elements of a 
olumn

to be 
omplete fun
tions of the same di�eren
e of alphabets, of 
onse
utive

degrees. A similar transformation 
an be performed in rows, when alphabets

are repeated in some 
onse
utive 
olumns, for partitions having repeated

parts.

Lemma 2 Let j; n be two integers, D

0

; : : : ; D

n�1

be a family of alphabets

su
h that 
ard(D

i

) � i, 0 � i � n � 1, and let A , B be two arbitrary

alphabets. Let S

�; j

n

; Æ

(|; A

�

B ; �) be a multi-S
hur fun
tion of whi
h we

have spe
i�ed only n 
olumns.

Then it is equal to the multi-S
hur fun
tion

S

�; j;::: ;j;Æ

(|; A

�

B

�

D

0

; A

�

B

�

D

1

; : : : ; A

�

B

�

D

n�1

; �) :

The notations are a little too heavy for hand-
omputations. Indeed, one

usually play with either indi
es of fun
tions, or with alphabets, but not with

both at the time. For example, in the pre
eding 
ases, one transforms only

alphabets, the indi
es of the 
omplete fun
tions do not 
hange. It seems

appropriate to use \umbral" notations and write alphabets on the border of

the determinant: an entry k in position (i; j) will be interpreted as S

k

(A �B )

if A is written in 
olumn j and �B in row i. Thus the pre
eding determinant

will be written

i j + 1 h + 2

�

�

�y � z

i� 1 j h + 1

�

�

�x

i� 2 j � 1 h

�

�

�

A

1

A

2

A

3

The above lemma implies many fa
torization properties, e.g. for r � 0,

S

J

(A

�

B

�

x) x

r

= S

J;r

(A

�

B ; x) (1:13)

sin
e taking D

1

= D

2

= � � � = fxg fa
torizes the determinant S

J;r

(A

�

B ; x).

More generally, for an alphabet D of 
ardinal � r and J 2 N

r

, one has

S

I

(A

�

B

�

D)S

J

(D ) = S

I;J

(A

�

B ; D ) : (1:14)

Monomial themselves 
an be written as multi-S
hur fun
tions. Given

a totally ordered alphabet A = fa

1

; a

2

; : : : g, denote, for any n, A

n

:=

fa

1

; : : : ; a

n

g. Then, for any J = [j

1

; : : : ; j

n

℄, denoting J

!

:= [j

n

; : : : ; j

1

℄,

one has

a

J

:= a

j

1

1

� � �a

j

n

n

= S

J

!

(A

n

; : : : ; A

2

; A

1

)

Indeed, subtra
t the 
ag 0; A

1

; A

2

; : : : in the su

essive rows, starting

from the bottom one. One sees the monomial appearing in the diagonal, the

7



upper part of the matrix vanishing be
ause it is 
onstituted of S

k

(�(A

j

�A

i

))

for k > (j � i), j � i.

Given two �nite alphabets, the following fa
torization and vanishing prop-

erties impli
itly appear in many 
lassi
al 19-th 
entury texts about elimina-

tion theory (modern referen
e is Berele-Regev ?).

Proposition 3 Let A , B , be of 
ardinalities �; �, p 2 N, I 2 N

p

, J 2 N

�

.

Then

S

i

1

;::: ;i

p

;�+j

1

;::: ;�+j

�

(A � B ) = S

I

(�B )S

J

(A )

Y

a2A ;b2B

(a� b) :

Let J be a partition, J � (� + 1)

�+1

. Then S

J

(A � B ) = 0.

Proof. Subtra
t A in the �rst p rows. One gets the fa
torization

S

I

(�B )S

�+j

1

;::: ;�+j

�

(A � B ) :

Now, using the partition K 
onjugate to [� + j

1

; : : : ; � + j

�

℄, one gets the

fa
torization of S

K

(B � A ) into a S
hur fun
tion of A and S

�

�(B � A ). This

last fun
tion 
an be seen equal to the resultant

Q

a2A ;b2B

(b�a) by subtra
ting

the 
ag 0; B

1

; B

2

; : : : .

The 
ase J too big 
an be treated by adding the same letters to A and

B , so that one is redu
ed to the pre
eding 
ase. But now the fa
tor

Q

(a� b)

vanishes.

Given a �nite alphabet A (that one will totally order: A = fa

1

; : : : ; a

n

g),

Cau
hy and Ja
obi separately de�ned the S
hur fun
tion S

J

(A ) using the

(in�nite) Vandermonde matrix

V (A ) =

�

a

j

i

�

1�i�n;j�0

and the Vandermonde �(A ) :=

Q

i>j

(a

i

� a

j

).

Proposition 4 Let J 2 N

n

. Then S

J

(A )�(A ) is equal to the minor of index

(0

n

; J) of the Vandermonde matrix V (A ).

Proof. Let S

J

(A ) denotes the sub-matrix of S(A) taken on 
olumns j

1

+1; j

2

+

2; : : : ; j

n

+ n. Consider the produ
t V (A )S(�A)S

J

(A ). It 
an be fa
torized

in two manners, using (1.7):

V (A )S(�A)S

J

(A ) = [S

j

(a

i

� A )℄ 1 � i � n; j � 0S

J

(A ) = V (A )S(0) :

However, the S

j

(a

i

� A ) are null for j � n, be
ause they are the elementary

fun
tions (up to sign) of alphabets of 
ardinality n� 1. On the other hand,

8



S

j

(0) = 0, if j 6= 0. In both 
ases, we have obtained matri
es su
h that only

one minor of order n is di�erent from 0. QED

� Cau
hy formula

The most important formula in the theory of symmetri
 fun
tions is the

following expansion, due to Cau
hy.

Let A ; B be �nite alphabets (that we shall suppose of the same 
ardinality

n). Then

K(A ; B ) := 1=

Y

a2A

Y

b2B

(1� ab) =

X

J

S

J

(A )S

J

(B ) ;

sum over all partitions J 2 N

n

.

One will �nd a proof of it using symmetrizing operators, in the exer
ises.

For the moment, let us re
all that this identity is intimately 
onne
ted to

Binet-Cau
hy theorem, applied to Cau
hy's determinant j1=(1� ab)j. This

determinant fa
torizes into the two Vandermonde matri
es V (A )V (B )

tr

and

the minors of these matri
es are exa
tly S
hur fun
tions multiplied by the

Vandermondes �(A ) and �(B ) respe
tively. Now, the determinant itself is

equal to the sum (`(�) denoting the length of a permutation �)

X

�2S(A )

(�1)

`(�)

1

�

(1� a

1

b

1

) � � � (1� a

n

b

n

)

�

�

:

Extra
ting the denominator

Q

1=(1� ab), one has to 
ompute the sum

X

�2S(A )

(�1)

`(�)

�

S

n�1

(1 + b

1

a

1

� b

1

A ) � � � S

n�1

(1 + b

n

a

n

� b

n

A )

�

�

This sum is divisible by �(A )�(B ), be
ause it vanishes when two of the

a's, or two of the b's 
oin
ide. Be
ause of degree, the quotient is a 
onstant

and one has to 
he
k that it is equal to 1.

The last step in the above demonstration miss the 
ru
ial fa
t that what

is involved is Ja
obi symmetrizer

C [a

1

; : : : ; a

n

℄ 3 f 7!

X

�2S(A )

(�1)

`(�)

f

�

1

�(A )

;

sum over all permutations �. Ja
obi's symmetrizer provides a 
onne
tion

with the theory of 
hara
ters (and extends to Weyl's 
hara
ter formula for

the 
lassi
al groups). We postpone this point of view to another se
tion.

� S
alar Produ
t

9



There are other de
ompositions of K(A ; B ) as a sum of produ
ts of sym-

metri
 fun
tions in A and in B . However, there is only one of the type

P

P (A )P (B ) over Z: up to signs, the P 's are all the S
hur fun
tions in-

dexed by partitions in N . Thus K(A ; B ), that we shall 
all Cau
hy kernel,

determines the S
hur fun
tions. One 
an interpret di�erently the kernel, as

de�ning a s
alar produ
t on the spa
e of symmetri
 fun
tions, the S
hur

fun
tions 
onstituting the only orthogonal basis. Now, any expansion of the

type

K(A ; B ) =

X

P

J

(A )Q

J

(B )

de�ne a pair of adjoint bases fP

J

g, fQ

J

g, with respe
t to the 
anoni
al

s
alar produ
t ( ; ) indu
ed by K(A ; B ), i.e. the s
alar produ
t su
h that

(S

J

; S

J

) = 1, for all partition J .

There are some subtleties for what 
on
erns s
alar produ
ts when taking

�nite alphabets, and in the rest of the se
tion, we shall take only in�nite

alphabets.

The expansion

K(A ; B ) =

Y

b

(

Y

a

1

1� ab

) =

Y

b

�

X

b

i

S

i

(A )

�

=

X

I

	

I

(B )S

I

(A )

shows that the basis adjoint to S

I

, I partition, is the monomial basis 	

I

.

The expansion

K(A ; B ) =

Y

a;b

�

X

a

i

b

i

�

=

X

I

	

I

(A )	

I

(B )=z

I

;

where z

I

= m

1

!1

m

1

m

2

!2

m

2

m

3

!3

m

3

� � � (using the exponential notation for

I = [1

m

1

; 2

m

2

; 3

m

3

; : : : ℄), shows that the basis of produ
ts of power sums

is orthogonal, with s
alar produ
t (	

I

;	

I

) = z

I

.

The name kernel is justi�ed by the following property, whi
h is just an-

other way of stating that K(A ; B ) de�nes a s
alar produ
t:

Lemma 5 Let f be a symmetri
 fun
tion and ( ; ) be the s
alar produ
t on

symmetri
 fun
tions in A . Then

(K(A ; B ) ; f(A )) = f(B ) :

� Di�erential 
al
ulus

Having a s
alar produ
t, one 
an now obtain operators adjoint to some

simple ones. We did not use the multipli
ative stru
ture of Sym up to now.

Any symmetri
 fun
tion S 
an be thought as the operator \multipli
ation

by S".

10



De�nition 6 For S 2 Sym, D

S

is the operator adjoint to the multipli
ation

by S, i.e. for every S

0

; S

00

2 Sym one has

(D

S

(S

0

) ; S

00

) = (S

0

; S S

00

) :

S
hur fun
tions play a spe
ial rôle (
f. several proofs in the exer
ises):

Lemma 7 For every I; J 2 N

n

, one has

D

S

I

(S

J

) = S

J=I

;

D

S

I

(	

J

) =

�

	

K

if J = K [ I

0 otherwise

:

The operators D

	

i

are di�erential operators. Indeed, for every integer

i > 0, one has

D

	

i

= i�

	

i

as 
an be 
he
ked by operating on the basis 	

J

: the s
alar produ
t is 
om-

patible with the de
omposition

Sym ' C [	

1

℄
 C [	

2

℄
 C [	

3

℄
 � � � ;

and the equality

(	

i

	

k

i

; 	

m+1

i

) = Æ

k;m

i

m+1

(m+ 1)!

proves the assertion.

The de
omposition of S

J

(A +B ) given in (1.10) involves the S

J=I

, i.e. 
an

be written in terms of the D

S

I

:

S

J

(A + B ) =

X

I

S

I

(A )D

S

I

�

S

J

(B )

�

:

Be
ause S
hur fun
tions are a linear basis, this implies a Taylor formula

8S 2 Sym ; S(A + B ) =

X

I

S

I

(A )D

S

I

�

S(B )

�

:

More generally, any pair of adjoint bases fPg; fQg will give a de
ompo-

sition

8S 2 Sym ; S(A + B ) =

X

P (A )D

Q

�

S(B )

�

:

For example

8S 2 Sym ; S(A + B ) =

X

I

	

I

(A )D

S

I

�

S(B )

�

;

11



8S 2 Sym ; S(A + B ) =

X

J

1

(	

I

; 	

I

)

	

I

(A )D

	

I

�

S(B )

�

:

� Pieri formulas

The \natural"

1

linear basis of Sym(A ) 
onsists of the orbits of mono-

mials under the a
tion of the symmetri
 group. In the present notes, we

shall however only use S
hur fun
tions, whi
h indeed are the \fundamental"

symmetri
 fun
tions.

Still, Sym is a ring, and to re
over its multipli
ative stru
ture, one needs

to des
ribe the produ
t of two S
hur fun
tions. This is given by the so-
alled

Littlewood-Ri
hardson Rule, whi
h is better stated, and proved, in terms of

non-
ommutative symmetri
 fun
tions (
f. last se
tion). Sin
e produ
ts �

I

or S

I

also 
onstitute linear bases, it will be suÆ
ient to des
ribe the produ
t

of general S
hur fun
tions by a 
omplete or elementary symmetri
 fun
tion to

determine the multipli
ative stru
ture. The produ
ts S

r

S

J

and �

r

S

J

, r 2 N ,

J partition, were in fa
t determined by the Italian geometer Pieri in 1873.

They have the remarkable property of being multipli
ity free.

First, let us introdu
e two notations for family of partitions dedu
ed from

a given one I = [i

1

; : : : ; i

n

℄ : fI 
 kg and fI 
 1

k

g respe
tively denote

fI
kg := fJ = [j

0

; : : : ; j

n

℄; 0 � j

0

� i

1

� j

1

� � � � � i

n

� j

n

g; jJ j = jIj+kg ;

fI 
 1

k

g := fJ : J

�

2 fI

�


 kgg :

Lemma 8 Let k be a positive integer, I be a partition. Then one has the

following de
ompositions :

S

k

S

I

=

X

J2fI
kg

S

J

;

�

k

S

I

=

X

J2fI
1

k

g

S

J

:

(1)

Repla
ing I by [0

k

; I℄, the last sum 
an be written

P

H

S

H

, sum over

all H 2 N

n+k

su
h that h

1

� i

1

; : : : ; h

n+k

� i

n+k

are 0 or 1, and jHj =

jIj + k, be
ause the extra terms su
h that H is not a partition index null

determinants.

The involution A 7! �A ex
hanges the two Pieri formulas. Graphi
ally,

the �rst one 
onsists in adding horizontal strips (no two boxes in the same

verti
al) to the diagram of I, the se
ond one, verti
al strips.

1

For the 
lassi
s, monomial fun
tions were the symmetri
 fun
tions. Alphabets being

de�ned as sets of roots of polynomials, the problem was to express the symmetri
 fun
tions

in terms of the �

I

(A ), whi
h were the data. Vandermonde solved this problem, without

explaining his method, and published tables in the M�emoires de l'A
ad�emie for degree up

to 10 { with no mistake, as 
ontrolled by D.Knuth.
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These rules also o

ur in the non 
ommutative world, as shows the fol-

lowing proposition.

Proposition 9 Let R be a ring 
ontaining a family of elements s

J

, J = all

partitions, satisfying (Pieri1) for all r; J . Then the Z-module generated by

the s

J

is a subring, whi
h is a quotient of the ring of symmetri
 polynomials

with 
oeÆ
ient in Z.

The proof follows from the fa
t that there is a natural order on partitions

of the same weight, su
h that the leading term in a produ
t S

r

S

J

is S

(r;J)

,

with (r; J) := in
reasing reordering of [r; j

1

; j

2

; : : : ℄. By re
ursion, it allows

to obtain all S
hur fun
tions, starting from the S

r

's, it proves that they


ommute and 
an be expressed as determinants in the S

r

's .

In the 
ommutative 
ase, the proposition is due to Giambelli, who used it

to 
hara
terize the 
ohomology ring of a Grassmann manifold as a quotient

of Sym. For what 
on
erns me, Pieri's rules are the reason why I met non-


ommutativity, 
ombinatori
s and S
h�utzenberger [20℄ seeing that S
hensted


onstru
tion satis�ed the property

2

S

2

S

J

=

P

S

K

, and that it implied the

general Pieri rules, I realized that it was the only natural way of obtaining

interse
tion of S
hubert 
y
les.

2

In the non 
ommutative 
ase, be
ause multipli
ation is an asso
iative operation, one

needs only to des
ribe produ
ts xy t, x; y letters, t tableau, to get all produ
ts of tableaux

by in
reasing or de
reasing words.
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tions as Operators and �-Rings
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We have used powers of generating fun
tions. Passing from �

z

(A ) to

�

z

(2A ) := (�

z

(A ))

2


an be interpreted as doubling the alphabet A = fag 7!

2A := fa

0

g[fa

00

g, 
omputing the symmetri
 fun
tions in 2A , and eventually

erasing the dia
riti
s on the letters a's.

However, the inverse operation A = fag 7!

1

2

A 
annot be des
ribed in

the same way, whi
h means that one must not sti
k to 
onsidering alphabets

as 
omposed of letters.

More expli
itely, at the level of power sums, multipli
ation by 2 is just

 

i

(2A ) =

X

(a

0

)

i

+

X

(a

00

)

i

= 2 

i

(A ) :

Therefore the alphabet B = k A , k 2 C will be de�ned by

 

i

(B ) := k  

i

(A ) ; i � 1 : (2:1)

Instead of only multiplying alphabets by 
onstants, one 
an go one step

further and realize that every polynomial 
an play the rôle of an alphabet,

i.e. that the  

i

are operators on polynomials ( � 2 C , u monôme):

P =

X

�;u

� u)  

i

(P ) =

X

�;u

�u

i

: (2:2)

The ring Sym, being generated by the  

i

, i = 1; 2; : : : , formulas (2.2)

extend to an a
tion of Sym on the ring of polynomials.

Thus, the generating fun
tions of elementary and symmetri
 fun
tions

be
ome operators, their expli
it a
tion being

P =

X

�;u

�u 7! �

z

(P ) =

Y

(1 + zu)

�

; (2:3)

P =

X

�;u

�u 7! �

z

(P ) =

Y

(1� zu)

��

: (2:4)

Ea
h of formulas (2.2), (2.3) or (2.4) 
an be 
hosen at will to de�ne the

a
tion of symmetri
 polynomials and implies the two others, and the ring of

polynomials, with Sym operating on it, is 
alled a �-ring.

Grothendie
k 
hoose lambda operations, that is, the exterior powers of

ve
tor spa
es, or more generally, �ber bundles, to introdu
e �-rings. In the
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same interpretation, the S

i

are the symmetri
 powers. Algebrai
 topologists

prefers the Adams operations  

i

.

Having taken polynomials as obje
ts, rather than more sophisti
ated

mathemati
al entities, we needed only one axiom (2.2). The general the-

ory of �-rings require three axioms: the 
ompatibility of the �-operations

with addition, produ
t and 
omposition.

Let us remark the di�erent rôle played by 
onstants � and monomials u :

�

 

i

(�) = � ; S

i

(�) =

�

�+i�1

i

�

; �

i

(�) =

�

�

i

�

 

i

(u) = u

i

; S

i

(u) = u

i

; �

i

(u) = 0; i > 1; �

1

(u) = u

(2:5)

When implementing �-rings, one must distinguish between indeterminate


oeÆ
ients � and variables u. The pre
eding terminology is not satisfa
tory;

it is preferable, instead of using the term "monomial" to say element of rank

1 (i.e. non zero element x su
h that �

i

(x) = 0 8i > 1), and avoid the term

"
onstant" for the elements invariant under the  

i

, but rather say binomial

element as a tribute to Rota, be
ause these elements are su
h that their

images �

i

(�) =

�

�

i

�

are binomial 
oeÆ
ients.

Polynomials in one indeterminate are 
onveniently 
oded in a �-ring. Let

A be an alphabet of 
ardinality n. Then

Y

a2A

(x� a) = S

n

(x� A ) =

X

x

n�i

S

i

(�A )

Now, expanding S

n+k

(x� A ), k 2 N , one sees that

S

n+k

(x� A ) = x

k

S

n

(x� A ) : (2:6)

On the other hand, S

n�k

(x � A ) is the 
omponent of positive degree of the

Laurent polynomial x

�k

S

n

(x� A ).

Derivating with respe
t to x the generating fun
tion �

z

(x� A ), one sees

that for any k 2 N , the su

essive derivatives of S

k

(x� A ) are

S

k�1

(2x�A ) ; 2!S

k�2

(3x�A ) ; 3!S

k�3

(4x�A ) ; : : : ; j!S

k�j

((j+1)x�A ) : : :

There are other 
odings. For example, given any A , any n 2 N , and an

element x of rank 1,

�

n

(nx+ A ) =

X

�

n

i

�

x

n�i

�

i

(A ) (2:7)

is a polynomial of degree n.
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Derivating with respe
t to x the generating fun
tion �

z

(nx + A ) = (1 +

zx)

n

�

z

(A ), one sees that the su

essive derivatives are now

n�

n�1

((n� 1)x + A ) ; n(n� 1) �

n�2

((n� 2)x+ A ) ; : : :

Therefore, the integral of �

n

(nx + A ) is

1

n+1

�

n+1

((n + 1)x + A ), up to the

addition of a 
onstant, and more generally, the k-th integral will be

1

(n+ 1) � � � (n+ k)

�

n+k

((n+ k)x + A ) :

We shall see in another se
tion that orthogonal polynomials are also 
on-

veniently expressed in �-rings.

One 
an extends the a
tion of symmetri
 polynomials to rational fun
tions

or formal power series :

 

i

�

P

�u

P

�v

�

=

P

�u

i

P

�v

i

; (2:8)

If q is of rank 1, then one has now

1

1�q

= 1 + q + q

2

+ � � � , i.e.

1

1�q

is

the in�nite alphabet f1; q; q

2

; : : : g and  

i

(

1

1�q

) =

1

1�q

i

, i � 1. Cau
hy had

obtained that :

S

i

(

1

1� q

) =

1

(1� q) � � � (1� q

i

)

(2:9)

Therefore

�

x

(

1

1� q

) =

X

x

i

(1� q) � � � (1� q

i

)

(2:10)

is the q-exponential, equality

1

1�q

= 1+q+q

2

+ � � � implying the fa
torization

�

x

(

1

1� q

) =

1

Y

i=1

1

1� xq

i

(2:11)

Su
h a fa
torization renders the q-exponential sometimes easier to use

than the 
lassi
al exponential.

Some 
lassi
al identities on q-series 
ome from addition in �-rings. For

example, the q-binomial identity

X

i�0

z

i

(1� a)(1� aq) � � � (1� aq

i�1

)

(1� q)(1� q

2

) � � � (1� q

i

)

=

Y

i�0

1� zaq

i

1� zq

i

(2:12)

is 
onsidering z; a; q to be of rank 1, writing z

1�a

1�q

=

z

1�q

+

�za

1�q

and re
ognizing

the left hand side to be �

1

(z

1�a

1�q

), the right one being �

1

(

z

1�q

) �

1

(

�za

1�q

).
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Up to now, we have only used binomial or rank 1 elements. One 
an

\mix" these two fundamental types. Take for example x binomial, q of rank

1, and let y be su
h that y(1� q) is of rank 1. The q-Charlier polynomials

are de�ned by :

Ch

n

(x) := n! �

n

(x� y) : (2:13)

To obtain their expli
it expression, it is safer to introdu
e z := y(1 � q).

Then one 
an expand

�

n

(x�

z

1� q

) =

X

�

n�i

(x)�

i

(

�z

1� q

) =

X

�

n�i

(x)(�z)

i

S

i

(

1

1� q

)

Ch

n

(x) = n!

X

x � � � (x� n+ i + 1)

(n� i)!

(�y)

i

(1� q)

i

(1� q) � � � (1� q

i

)

: (2:14)

For y = 1, q ! 1, on �nds ba
k the 
lassi
al Charlier polynomials ([43℄,

p.64).

Addition, or subtra
tion, of a rank-1 element q must be 
onsidered as

operators. When applying them to S
hur fun
tions indexed by re
tangular

partitions, they be
ome appropriate tools in the theory of Pad�e approxi-

mants. For example, we shall need the following lemmas :

Lemma 10 Let A , B be two elements of a �-ring, q be a rank 1-element,

n; k be two integers. Then

S

k

n

(A � q)S

k

n+1

(A ) � S

k

n

(A )S

k

n+1

(A � q) = qS

(k+1)

n

(A � q)S

(k�1)

n+1

(A ) ;

S

n

k(B )S

(n+1)

k (B �q)�S

n

k (B �q)S

(n+1)

k (B �q) = qS

n

k+1(B )S

(n+1)

k�1 (B �q) :

Proof. Be
ause of homogeneity, one 
an put q = 1 without loss of information.

To simplify indi
es, take n = 2; k = 5. Take the matrix S

555

(A �1), doubling

the �rst 
olumn, this time with 
omplete fun
tions of A , and add a 
olumn

[0; 0; 1℄. Writing the alphabets outside, and the indi
es of 
omplete fun
tions

inside, the matrix to be 
onsidered is

2

6

6

6

6

6

6

4

alphabets 0 A A

�

1 A

�

1 A

�

1

� 5 5 6 7

� 4 4 5 6

0 3 3 4 5

indi
es 0 4 5 6 7

3

7

7

7

7

7

7

5

:

The identity to be shown is just, in terms of minors of this matrix, a Pl�u
ker

relation :

[056℄ [467℄� [046℄[567℄ = [456℄[067℄ ;

17



using that [456℄ = S

5;4;4

(A ; A

�

1; A

�

1) = S

5;4;4

(A ; A ; A

�

1)�S

5;3;4

(A ; A ; A

�

1) =

S

4;4;4

(A ; A ; A

�

1) = S

444

(A ).

The se
ond statement is obtained by putting A = �B + q in the �rst one.

QED

Lemma 11 Let A be an element of a �-ring, q be a rank 1-element, n; k be

two integers. Then

S

k

n

(A

+

q)S

k

n�1

(A

�

q)� qS

(k�1)

n

(A

+

q)S

k+1

n�1

(A

�

q) = S

k

n

(A )S

k

n�1

(A ) ;

and

S

n

k(A

�

q)S

(n�1)

k(A

+

q)� qS

n

k�1(A

�

q)S

(n�1)

k+1(A

+

q) = S

n

k(A )S

(n�1)

k (A ) :

Proof. We have to 
he
k a three-terms quadrati
 relation; on
e more, it 
an

be no other than Pl�u
ker relation. The extra fa
tor q should not puzzle the

reader, be
ause one 
an spe
ialize it to 1, by homogeneity, or, in a more

informative way, make it disappear by noti
ing that

S

k;k�1;J

(A ; A

+

q; B ) = S

k;k�1;J

((A

+

q)

�

q; A

+

q; B ) =

S

k k�1;J

(A

+

q; B ) � qS

k�1 k�1;J

(A

+

q; B ) = �qS

k�1 k�1;J

(A

+

q; B ) :

Take now, for simpli
ity n = 3; k = 5, and the matrix obtained by adding

two 
olumns to S

5

3

(A ) as follows:

alphabets

indexing

2

6

6

6

6

4

5 5 6 7 2

4 4 5 6 1

3 3 4 5 0

A

+

q A A A q

4 5 6 7 q

3

7

7

7

7

5

:

Then one has the relation

[467℄ [56q℄� [456℄ [67q℄ = [567℄ [46q℄ ;

whi
h translates into

S

555

(A

+

q)S

55

(A

�

q)� qS

444

(A

+

q)S

66;0

(A ; q) = S

5

3

(A )S

5;5;0

(A

+

q; A ; q) :

This is what is needed, be
ause S

5;5;0

(A

+

q; A ; q) = S

55;0

(A

+

q; q) = S

55

(A

�

q).

The se
ond statement of the lemma is obtained from the �rst one under

the involution A 7! �A . QED
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Let P (x) and Q(x) be two polynomials in one variable, with respe
tive

roots B , A : P (x) = R(x; B ), Q(x) = R(x; A ).

Algebrai
 operations on these two polynomials preserve the symmetry

in the roots of ea
h of the two polynomials, and thus produ
e symmetri


fun
tions in A and B separately.

Let us look at the iterated division of P and Q, i.e.

P = ?Q+R

1

;

Q = ?R

1

+R

2

;

R

1

= ?R

2

+R

3

; : : :

(2)

the polynomialsR

1

;R

2

;R

3

; : : : being the su

essive remainders, the ?'s being

some polynomial 
oeÆ
ients, of degree 1 in the generi
 
ase, ex
ept possibly

for the �rst step.

Euler found that the �rst remainder R

1


an be 
hara
terized by the fa
t

that it is, up to a s
alar (we mean a fun
tion independent of x, but de-

pending on A and B ), the only polynomial in the spa
e linearly generated

by P (x); Q(x); xQ(x); : : : ; x

m�n

Q(x) of degree � n

�

1, with 
ard(A ) = n,


ard(B ) = m.

In other words, for any integer N , let Pol

N

(A ; B ) be the linear span of

S

m

(x� B ); : : : ; S

N

(x� B ) ; S

n

(x� A ); : : : ; S

N

(x� A ) :

Then R

1

is the only polynomial of degree � n� 1 in Pol

m

(A ; B ).

This result is 
lear when one eliminates the powers x

m

; x

m�1

; : : : ; x

n

in

S

m

(x� B ) by subtra
ting s
alar multiples of S

m

(x� A ); : : : ; S

n

(x� A ): the

pro
ess is triangular and the s
alar by whi
h to multiply the polynomials

S

m

(x� A ); : : : ; S

n

(x� A ) are �xed at ea
h step.

This pro
ess 
an 
onveniently be represented by a determinant

D

1

(A ; B ) :=

�

�

�

�

�

�

�

�

�

�

�

S

0

(�B ) � � � S

m�n

(�B ) S

m

(x� B )

S

0

(�A ) � � � S

m�n

(�A ) S

m

(x� A )

S

�1

(�A ) � � � S

m�n�1

(�A ) S

m�1

(x� A )

.

.

.

.

.

.

.

.

.

S

n�m

(�A ) � � � S

0

(�A ) S

n

(x� A )

�

�

�

�

�

�

�

�

�

�

�

: (Div1)
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Proposition 12 The determinant D

1

(A ; B ) is the �rst remainder of the di-

vision of S

m

(x� B ) by S

n

(x� A ), with 
ard(A ) = n, 
ard(B ) = m.

Proof. If we expand the determinant a

ording to its last 
olumn, we see that

it belongs to the spa
e Pol

m

. To �nd the degree of D

1

in x, one expands

ea
h polynomial in the last 
olumn as follows (this expression is valid for

any k � m; the reader should not be perplexed by the fa
t that we have

introdu
ed 
omplete fun
tions of negative index, whi
h are 0):

S

k

(x� C) = x

m

S

k�m

(�C) + x

m�1

S

k�m+1

(�C) + � � �+ x

0

S

k

(�C) :

Now, subtra
ting 
olumn 1; 2; : : : , multiplied by the respe
tive fa
tors

x

m

; x

m�1

; : : : to the last 
olumn, one sees that all terms of degree > n � 1

disappear. QED

It is now easy to infer the general theorem. We shall not repeat its proof

whi
h is exa
tly the same as for the �rst remainder, apart from di�erent

degrees.

Euler's 
hara
terization remains valid: the r-th remainder is, up to a

s
alar, the unique polynomial of degree � n � r, in the spa
e Pol

m+r�1

. It

is easy to write a determinant whi
h satisfy this 
hara
terization.

Let D

r

(A ; B ) be the following determinant of order m � n + 2r, with

k = m� n+ 2r � 2 :

D

r

(A ; B ) :=

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

S

0

(�B ) � � � S

k

(�B ) S

m+r�1

(x� B )

.

.

.

.

.

.

.

.

.

S

�r+1

(�B ) � � � S

k�r+1

(�B ) S

m

(x� B )

S

0

(�A ) � � � S

k

(�A ) S

m+r�1

(x� A )

.

.

.

.

.

.

.

.

.

S

n+1�m�r

(�A ) � � � S

r�1

(�A ) S

n

(x� A )

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

: (Div2)

Theorem 13 The determinant D

r

(A ; B ) is, up to non-zero s
alar, equal to

the r-remainder in the Eu
lidean division of S

m

(x� B ) by S

n

(x� A ).

For example, withm = 5, n = 4, S

5

(x�B ) = x

5

+2x

4

+3x

3

+4x

2

+3x+2,

S

4

(x� A ) = (x

5

� 1)=(x� 1), one gets the following su

essive remainders,

up to sign :

R

1

=

�

�

�

�

�

�

1 2 3x

3

+ 4x

2

+ 3x+ 2

1 1 x

3

+ x

2

+ x

0 1 x

3

+ x

2

+ x+ 1

�

�

�

�

�

�

= x

3

+ 2x

2

+ x+ 1;
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R

2

=

�

�

�

�

�

�

�

�

�

�

1 2 3 4 3x

2

+ 2x

0 1 2 3 4x

2

+ 3x+ 2

1 1 1 1 x

2

0 1 1 1 x

2

+ x

0 0 1 1 x

2

+ x + 1

�

�

�

�

�

�

�

�

�

�

= 2x

2

+ x + 2;

R

3

=

�

�

�

�

�

�

�

�

�

�

�

�

�

�

1 2 3 4 3 2 0

0 1 2 3 4 3 2x

0 0 1 2 3 4 3x + 2

1 1 1 1 1 0 0

0 1 1 1 1 1 0

0 0 1 1 1 1 x

0 0 0 1 1 1 x + 1

�

�

�

�

�

�

�

�

�

�

�

�

�

�

= 3x + 2; R

4

=

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

1 2 3 4 3 2 0 0 0

0 1 2 3 4 3 2 0 0

0 0 1 2 3 4 3 2 0

0 0 0 1 2 3 4 3 2

1 1 1 1 1 0 0 0 0

0 1 1 1 1 1 0 0 0

0 0 1 1 1 1 1 0 0

0 0 0 1 1 1 1 1 0

0 0 0 0 1 1 1 1 1

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

= 5 :

Remark If S

m

(x�B ) and S

n

(x�A ) have a greatest 
ommon divisorG of order

n � r, then the su

essive remainders will be divisible by G. This implies

that r-th remainder is equal to G (up to a s
alar), and that the remainder

of higher order are null. Conversely, if D

r

(A ; B ) is di�erent from 0, and the

determinants D

p

(A ; B ) are all 0 for p > r, then the greatest 
ommon divisor

of S

m

(x� B ) and S

n

(x� A ) is of degree n� r and equal to D

r

(A ; B ).

Let us noti
e that the determinant D

r

(A ; B ) also furnishes Euler's multi-

pli
ators, i.e. the polynomials C

A

, C

B

su
h that

D

r

(A ; B ) = C

A

R(x; A ) + C

B

R(x; B ) :

Indeed, evaluating D

r

(A ; B ) modulo R(x; A ) 
onsists in 
hanging the last


olumn into [S

m+r�1

(x � B ); : : : ; S

m

(x � B ); 0; : : : ; 0℄. Subtra
ting x to the

alphabets in the �rst r � 1 rows, one gets, as a last 
olumn,

[S

m+r�1

(�B ); : : : ; S

m�1

(�B ); S

m

(x� B ); 0; : : : ; 0 ℄

that is, [ 0; : : : ; 0; R(x� B ); 0; : : : ; 0 ℄, be
ause the S

k

(�B ) are � the elemen-

tary symmetri
 fun
tions of an alphabet of 
ardinality m.

Now the 
ofa
tor of R(x� B ) is the determinant

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

S

0

(�x� B ) � � � S

k

(�x� B )

.

.

.

.

.

.

S

�r+2

(�x� B ) � � � S

k�r+2

(�x� B )

S

0

(�A ) � � � S

k

(�A )

.

.

.

.

.

.

S

n+1�m�r

(�A ) � � � S

r�1

(�A )

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�
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Expanding this last determinant a

ording to the �rst r � 1 rows, one

re
ognize that it is equal to S

�

(A � x � B ), with � = (r � 1)

m�n+r

, k =

m� n + 2r � 2.

By symmetry 
hanging A ; B , one therefore gets

D

r

(A ; B ) = �S

(m�n+r)

r�1

(A

�

x

�

B )R(x; B ) � S

r

m�n+r�1

(B

�

x

�

A )R(x; A ) ;

(Div3)

with signs that spe
ialists will know how to write.

Let us parameterize the remainder by its degree d, to emphasize symmetry

between A and B . Then (Div3) shows that D

r

(A ; B ) 
an be interpreted as a

�rst remainder :

Lemma 14 Let A , B be two alphabets, 
ard(A ) = n, 
ard(B ) = m, d be an

integer : d < m; n. Then the remainder of degree d in the Eu
lidean division

of R(x; B ) by R(x; A ) is equal, up to a 
onstant, to the remainder of

S

(m�d)

n�d�1
(A

�

x

�

B )R(x; B ) = S

(m�d)

n�d�1

;m

(A

�

B ; x

�

B ) (Div4)

modulo R(x; A ), and to the remainder of

S

(n�d)

m�d�1(B

�

x

�

A )R(x; A ) = S

(n�d)

m�d�1

;n

(B

�

A ; x

�

A ) (Div5)

modulo R(x; B ).

One has a more 
ompa
t expression of the remainders, thanks to S
hur

fun
tions. Let us begin with the �rst remainder.

Proposition 15 The �rst remainder in the division of S

m

(x�B ) by S

n

(x�

A ) is equal to

S

1

n�1

;m�n+1

(A � x; A � B ) : (Div6)

Proof. The degree (in x) of S

1

n�1

;m�n+1

(A �x; A �B ) is at most n�1, sin
e x

appears in degree 1 in the n�1 �rst 
olumns. To 
he
k the se
ond 
riterium,

that it belongs to the spa
e Pol

m

(A ; B ) we write

S

1

n

�1;m�n+1

(A � x; A � B ) = S

1

n

�1;m�n+1

�

A � x; (A � x) + (x� B )

�

and expand, a

ording to S

k

(

�

A � x; (A � x) + (x � B )

�

=

P

i

S

k�i

(A �

x)S

i

(x� B ). One has

S

1

n

�1;m�n+1

�

A �x; (A �x)+ (x� B )

�

=

1

X

i=0

S

1

n

�1;m�n+1�i

(A �x)S

i

(x� B ) :

Now, this sum de
omposes into 3 sums, a

ording to the range of i, noting

k := m� n+ 1:
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� i � k� 1. The fun
tions S

1

n

�1;m�n+1�i

(A � x) fa
torize into S

1

n

(A �

x)S

m�n�i

(A ), that is, are s
alar multiple of S

1

n

(A � x) = �S

n

(x� A ). The

se
ond fa
tor S

i

(x� B ) is of degree � k � 1.

� k < i < m Then the S
hur fun
tions S

1

n�1

0

; : : : ; S

1

n�1

2�n

are null,

having two identi
al 
olumns.

� i = m. The 
orresponding term is S

1

n�1

;�n+1

(A � x)S

m

(x� B ), that

is �S

0:::0

(A � x)S

m

(x� B ). This term also belongs to the spa
e Pol

m

(A ; B ),

and this �nishes the proof of the proposition. QED

We have given a detailed proof by 
he
king Euler's 
onditions. In fa
t,

there is a three-lines proof, by just writing x� B = (x

�

A ) + (A

�

B ). Then

S

m

(x� B ) =

X

0�i�n�1

S

i

(x� A )S

m�i

(A

�

B ) + S

n

(x� A )

X

i�n

x

i�n

S

m�i

(A

�

B ) ;

using the fa
torizations S

n+j

(x� A ) = x

j

S

n

(x� A ). The remainder is equal

to the �rst sum, whi
h is nothing but the expansion of (�1)

n�1

times the

determinant of S

1

n�1

;m�n+1

(A

�

x; A

�

B ). QED

Now, we are ready to give the general theorem. The S
hur fun
tion

given below is 
learly of degree � n � r. To 
he
k that it belongs to the

spa
e Pol

m+r�1

is straightforward for those persons 
uent in manipulations

of determinants. We shall rather use spe
ializations to get hold of it.

Theorem 16 The r-remainder in the division of S

m

(x� B ) by S

n

(x� A )

is equal to

S

1

n�r

; (m�n+r)

r

(A � x; A

�

B ) : (Div7)

Proof. Put x = a 2 A , A

0

:= A n a. Subtra
t A

0

to the alphabets of the �rst

row, then a in the last r � 1 
olumns. The alphabets are now

2

6

6

6

4

0 � � � 0 a� B �B � � � �B

A : : : A A � B A

0

� B � � � A

0

� B

.

.

.

.

.

.

.

.

.

.

.

.

A : : : A A � B A

0

� B � � � A

0

� B

3

7

7

7

5

and the �rst row is null, but for the entry R(a; B ), whose 
ofa
tor is S

0:::0

(A

0

)�

S

(r�1)

m�n+r

(A � a� B ). This spe
ialization therefore 
oin
ides with the one

of D

r

(A ; B ) and thus the S
hur fun
tion is equal to the r-th remainder, being

identi
al in suÆ
iently many points. QED

For example, for r = 3; n = 6; m = 7, the third-remainder S

111;444

(A

�

x; A

�

B )

is equal to the following determinant (writing the alphabets at the bottom
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of the 
olumn in whi
h they appear, and writing a "�" for a zero entry; a \0"

stands for the fun
tion S

0

) :

alphabet

�

�

�

�

�

�

�

�

�

�

�

�

�

�

1 2 3 7 8 9

0 1 2 6 7 8

� 0 1 5 6 7

� � 0 4 5 6

� � � 3 4 5

� � � 2 3 4

A � x A � x A � x A � B A � B A � B

�

�

�

�

�

�

�

�

�

�

�

�

�

�

This determinant spe
ializes, for x = a into

S

6

(a� B )S

000

(A )S

44

(A � a� B ) :

We have restri
ted to the \generi
 
ase" where A and B are independent

alphabets. However, one 
an freely spe
ialize variables in the algebrai
 iden-

tities that we have written, if no disaster o

urs like a zero in denominator.

For example, the determinantal expression (Div7) of the remainder of degree

d is an expression of the G.C.D. of R(x; A ) and R(x; B ) when A \ B is of


ardinality d.

Companion Matrix

One 
an use linear algebra to express the �rst remainder. Let A be

still of 
ardinality n. Let Pol

n

be the spa
e of polynomials of degree �

n� 1; it has basis fx

0

; x

1

; : : : ; x

n�1

g. Let u be the morphism: Pol

n

7! Pol

n

\multipli
ation by x modulo Sn(x� A )".

Let C(A ) (resp. C(A )) be the matrix the n � 1 (resp. n � n) matrix

expressing the remainders of x

0

; x

1

; : : : (resp. x

1

; : : : ; x

n

) modulo S

n

(x�A ).

These two matri
es are 
alled 
ompanion matri
es of S

n

(x � A ). The ma-

trix expressing u in the basis of powers of x is C(A ) is pre
isely C(A ) and

its powers are sub-matri
es of C(A ). We know from (?) that the remain-

der of x

k

is S

1

n�1

; k�n+1

(A � x; A ), and therefore the 
oeÆ
ients of the re-

mainder of x

k

are hook-S
hur fun
tions, up to sign. They 
an be written

S

k;0

n�1

(A ); S

k�1;0

n�2

(A ); : : : ; S

k�n+1

(A ). Finally

C(A ) =

h

S

k�i;0

n�i�1
(A )

i

0�k; 0�i�n�1

For example, for n = 3, the in�nite 
ompanion matrix is

C(A ) =

2

4

S

000

S

100

S

200

S

300

S

400

S

500

� � �

S

�10

S

00

S

10

S

20

S

30

S

40

� � �

S

�2

S

�1

S

0

S

1

S

2

S

3

� � �

3

5
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=

2

4

1 0 0 S

300

S

400

S

500

� � �

0 1 0 S

20

S

30

S

40

� � �

0 0 1 S

1

S

2

S

3

� � �

3

5

=

2

4

1 0 0 S

111

S

112

S

113

� � �

0 1 0

�

S

11

�

S

12

�

S

13

� � �

0 0 1 S

1

S

2

S

3

� � �

3

5

and the �nite one is

C(A) =

2

4

0 0 S

111

1 0

�

S

11

0 1 S

1

3

5

:

Suppose that all the elements of A are distin
t. Let f be any polynomial.

Then the 
omposite of \multipli
ation by f(x), and taking the remainder"

is diagonal in the basis fS

n�1

(x + a � A )g

a2A

, with diagonal 
omposed of

f(a) : a 2 A . Indeed, sin
e f(x) � f(a) is a multiple of (x � a), then

f(x)S

n�1

(x+a�A ) is 
ongruent to f(a)S

n�1

(x+a�A ) modulo S

n

(x�A ).

The tra
e of this morphism is therefore

P

a2A

f(a), and ea
h power sum

 

k

(A ) =

P

a2A

a

k

appears as the tra
e of u

k

.

The resultant of two polynomials R(x; A ) and R(x; B ) 
an, of 
ourse, be

expressed with the help of a 
ompanion matrix. Indeed, the determinant of

the matrix R (C(A ); B ) fa
torizes into the produ
t

Y

b2B

det (C(A ) � b) =

Y

b2B

R(A ; b) = R(A ; B ) ;

and the result applies to any pair of polynomials, not ne
essarily in fa
torized

form.

Wronski Algorithm

Wronski's method is di�erent: he uses only division by a single polynomial

S

n

(x� A ), instead of dividing by the su

essive remainders.

Let us 
all normalized di�eren
e of two polynomials of degree m;n : m �

n, any linear 
ombination of them whi
h is of degree � m � 1 (thus it is

de�ned up to multipli
ation by a non-zero s
alar).

Wronski's �rst step is to take the remainders of S

m

(x�B ); S

m+1

(x�B ); : : :

modulo S

n

(x� A ). Then he builds a triangular table with these remainders

in the �rst row, the entries of the su

essive rows being the normalized di�er-

en
es of the two entries next to to it in the row just above (our de�nition of

normalized di�eren
e is impre
ise when two 
onse
utive polynomials on row

r are of degree < n�r, be
ause any linear 
ombination of them 
an be taken

to �ll the next row { we shall not be interested by possible degenera
ies).

The �rst entry of row r is a linear 
ombination of the remainders of

S

m

(x� B ); : : : ; S

m+r�1

(x� B )
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and it is not diÆ
ult to see that it is in fa
t a linear 
ombination of

S

m

(x� B ); : : : ; S

m+r�1

(x� B ); S

n

(x� A ); : : : ; S

m+r�1

(x� A ) :

Therefore, it is the r-th remainder.

For example, for the pair S

5

(x � B ) = x

5

+ 2x

4

+ 3x

3

+ 4x

2

+ 3x + 2,

S

4

(x � A ) = x

4

+ x

3

+ x

2

+ x + 1 seen above, Wronski algorithm produ
es

the following table of normalized di�eren
es :

x

3

+ 2x

2

+ x + 1 x

3

� 1 �x

3

� x

2

� 2x� 1 �x

2

+ 1

2x

2

+ x+ 2 x

2

+ 2x+ 2 x

2

� 1

3x+ 2 2x+ 3

5

The �rst row 
ontains the remainders of S

5

(x � B ); : : : ; S

8

(x � B ) modulo

S

4

(x� A ) ; the su

essive remainders are the �rst entries of ea
h row.

Division and 
ontinued fra
tions

Let us take m = n+1, and perform the Eu
lidean division of S

n+1

(x�B )

by S

n

(x�A ), normalizing the su

essive remainders, by taking them unitary:

R

r

= x

n�r

+ � � � .

The iterated division produ
es a sequen
e of unitary polynomials of degree

1, Q

r

, as well as 
onstants 


r

, su
h that R

�1

= S

n+1

(x�B ), R

0

= S

n

(x�A ),

R

r�1

= 
Q

r

R

r

� 


r+1

R

r+1

: (Div1)

From the expression of the remainders seen above, one dedu
e the quo-

tients Q

r

= x+ �

r

, with

�

r

=

S

1;(r+1)

r

(A ; A � B )

S

(r+1)

r

(A � B )

�

S

1;r

r�1

(A ; A � B )

S

r

r�1

(A � B )

�

However, these 
oeÆ
ients 
an be written using only A � B ,

�

r

=

S

1(r+1)

r

(A � B )

S

(r+1)

r

(A � B )

�

S

1r

r�1

(A � B )

S

r

r�1

(A � B )

� (Div2)

be
ause

S

1;(r+1)

r

(A ; A

�

B ) = S

1;(r+1)

r

(A

�

B

+

B ; A

�

B ) =

S

1;(r+1)

r

(A

�

B ) + S

1

(B )S

(r+1)

r

(A

�

B ) :
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The terms S

1

(B ) 
ompensate ea
h other.

For example, writing J for S

J

(A � B ), one has

�

0

= [1℄; �

1

=

[12℄

[2℄

� [1℄; �

2

=

[133℄

[33℄

�

[12℄

[2℄

; �

3

=

[1444℄

[444℄

�

[133℄

[33℄

; : : :

Re
ursions (Div1) 
an be put in a 
ontinued fra
tion form :

Proposition 17 Let n be an integer, A ; B be two alphabets, jA j = n, jB j =

n + 1. Let y = 1=x. Let

�

r

:= S

(r�1)

r�2

(A � B )S

(r+1)

r

(A � B )=S

r

r�1

(A � B )

2

; r � 1 :

Let �

0

; �

1

; : : : be the 
oeÆ
ients appearing in the Eu
lidean division of S

n+1

(x�

B ) by S

n

(x�A ). Then the 
ontinued fra
tion expansion of the rational fun
-

tion

S

n+1

(x� A ) = S

n+1

(x� B ) =

Y

(1� ay) =

Y

(1� by) =

X

y

j

S

j

(B � A )

is

1

(1 + �

0

y)�

y

2

�

1

(1 + �

1

y)�

y

2

�

2

(1 + �

2

y)�

y

2

�

3

.

.

.

=

1

�

1 + [1℄y

�

+

y

2

[2℄

1 +

�

[12℄

[2℄

�

[1℄

�

y +

y

2

[33℄=[2℄

2

1 +

�

[133℄

[33℄

�

[12℄

[2℄

�

y +

y

2

[2℄[444℄=[33℄

2

.

.

.

where J denotes S

J

(A � B ).

The above 
ontinued fra
tion expansion of �

y

(B�A ) stops be
ause S

J

(A �

B ) = 0 for all J � (n+2)

n+1

. However, letting n tends towards in�nity, and

putting B = 0, one gets the 
ontinued fra
tion expansion of �

y

(�A ) = �

�y

(A )

for any A ( but now the link with Eu
lidean division has be
ome obs
ure !).

For example, for A := fag, one gets

1� ay =

1

1 + ay +

a

2

y

2

1� ay
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For A of 
ardinality 2, it is still possible to 
he
k dire
tly that

1� y�

1

(A ) + y

2

�

2

(A ) =

1

1 + S

1

y +

y

2

S

2

1 + (

S

12

S

2

� S

1

)y +

y

2

S

33

=S

2

2

1�

S

12

S

2

y

The Eu
lidean division of x

3

by x

2

� x�

1

+ �

2

produ
es indeed the two

su

essive quotients x + �

1

, x�

(�

1

)

3

�2�

1

�

2

(�

1

)

2

��

2

= x�

S

3

S

2

= x+ (

S

12

S

2

� S

1

)

Wronski's 
ontinued fra
tion 
an be obtained from Stieltjes'one by \
on-

densation" of terms two by two. But to des
ribe it, we need to approa
h


ontinued fra
tions from a broader point of view than only Eu
lidean divi-

sion, and this what is done in the next se
tion.
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Re
ipro
al Di�eren
es and 
ontinued fra
tions

'
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o

'
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oo

o

'
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o

'
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o

'
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o
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'

ooo

oo

o

'

ooo

oo

o

'
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'
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o

'
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o

'

ooo

oo

o

Fra
tions

a

b

were known to Egyptian and Chinese mathemati
ians some

thousand years ago. It is natural to iterate them and 
onsider expressions

like a

1

+

b

2

a

2

, a

1

+

b

2

a

2

+

b

3

a

3

: : : Putting the dots inside the fra
tion, one gets

a 
ontinued fra
tion

a

1

+

b

2

a

2

+

b

3

a

3

+

b

4

.

.

.

(Cf1)

that we already en
ountered in the pro
ess of Eu
lidean division.

Stopping the 
ontinued fra
tion at step n, and redu
ing it to a fra
tion,

one gets the n-th 
onvergent of the 
ontinued fra
tion. The Fren
h terminol-

ogy Les R�eduites is more appropriate, be
ause 
onvergen
e is not always au

rendez-vous.

Euler wrote a fundamental treatise (De Fra
tionibus 
ontinuis, Comm. A
ad.

S
. Imp. Petropol. 9 (1737)) and found re
ursions between 
onse
utive 
on-

vergents whi
h 
an 
onveniently be written in matrix form :

Proposition 18 The 
onvergents of a 
ontinued fra
tion

P

n

Q

n

:= a

1

+

b

2

a

2

+

b

3

a

3

+

b

4

.

.

.

+

b

n

a

n


an be expressed through multipli
ation of 2� 2 matri
es:

�

P

n

Q

n

�

=

�

a

1

1

1 0

� �

a

2

1

b

2

0

� �

a

3

1

b

3

0

�

� � �

�

a

n�1

1

b

n�1

0

� �

a

n

b

n

�

Proof. Write

�

a

3

1

b

3

0

�

� � �

�

a

n�1

1

b

n�1

0

� �

a

n

b

n

�

=

�

�

�

�
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Suppose the theorem is true for

a

2

+

b

3

� � �+

b

n

a

n

=

a

2

� + �

�

On the other hand,

�

a

1

1

1 0

� �

a

2

1

b

2

0

� �

a

�

�

=

�

a

1

a

2

� + b

2

� + a

1

�

a

2

�+ �

�

The two entries of this last ve
tor are exa
tly the numerator and denom-

inator of

a

1

+

b

2

a

2

�+ �

�

=

a

1

(a

2

� + �) + b

2

�

a

2

� + �

QED

Continued fra
tion 
an be used in interpolation of one variable fun
tions.

There are two approa
hes : either one wants the interpolant to 
oin
ide

with the fun
tion in a given point up to a 
ertain order, or one wants the

interpolant to 
oin
ide with the fun
tion in a set of distin
t points (of 
ourse,

one 
an mix the two approa
hes).

Let us �rst look at the approximation of a formal series that one 
an


hoose to be �

z

(A ).

Choosing all a

i

= 1, and repla
ing the b

i

's by zb

i

, one gets a 
ontinued

fra
tion of the type

1 +

zb

2

1 +

zb

3

1 +

zb

4

.

.

.

For generi
 b

i

's, one sees by indu
tion that the degrees in z of the su

es-

sive 
onvergents P

n

(z)=Q

n

(z) are

d

o

(P

2n

) = n; d

o

(Q

2n

) = n� 1; d

o

(P

2n+1

) = n; d

o

(Q

2n+1

) = n

starting with P

2

=Q

2

= (1 + zb

2

)=1. Choosing appropriate (and unique)

b

2

; : : : ; b

n

allows to approximate �

z

(A ) up to order n � 1 in
luded, and the

rational fra
tion P

n

(z)=Q

n

(z) is uniquely determined (up to multipli
ation of

both numerator and denominator by a 
ommon s
alar). The expli
it expres-

sion of the b

i

's for the expansion of a rational fun
tion of the type �

z

(A � B )

was �rst found by Heilerman (Crelle J. 23(1845) 174{188, 48(1852)190-206,

Muir II, p.361-365) and 
an be rewritten in the following theorem usually

as
ribed to Stieltjes :
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Theorem 19 The series �

z

(A ) admits a 
ontinued fra
tion expansion

1 +

zb

2

1 +

zb

3

.

.

.

with

b

2n

=

S

n

n

S

(n�1)

n�2

S

n

n�1

S

(n�1)

n�1

& b

2n+1

=

S

(n+1)

n

S

(n�1)

n�1

S

n

n

S

n

n�1

2) The 
onvergents are

P

2n

Q

2n

= (�1)

n�1

z

S

n

n

(A + 1=z)

S

(n�1)

n�1

(A � 1=z)

&

P

2n+1

Q

2n+1

= (�1)

n

z

S

n

n+1

(A + 1=z)

S

(n+1)

n

(A � 1=z)

The �rst parameters are

b

2

= S

1

; b

4

= S

22

=S

2

S

1

; b

6

= S

333

S

2

=S

33

S

22

; : : :

b

3

= �S

2

=S

1

; b

5

= S

33

S

1

=S

22

S

2

; b

7

= S

444

S

22

=S

333

S

33

; : : :

while the �rst 
onvergents are

P

2

Q

2

= zS

1

(A +

1

z

) ;

P

4

Q

4

= �z

S

22

(A +

1

z

)

S

3

(A �

1

z

)

;

P

6

Q

6

= z

S

333

(A +

1

z

)

S

44

(A �

1

z

)

; : : :

P

1

Q

1

= 1 ;

P

3

Q

3

= �

S

11

(A +

1

z

)

S

2

(A �

1

z

)

;

P

5

Q

5

=

S

222

(A +

1

z

)

S

33

(A �

1

z

)

; : : :

To prove the theorem, we need to rewrite some S
hur fun
tions :

Lemma 20 Let k; n 2 N, A be arbitrary, and z be an indeterminate. Then

(�

1

z

)

n

S

k

n

(A �

1

z

)

�

S

0

(A ) + � � �+ z

k+n�1

S

k+n�1

(A )

�

� S

(k�1)

n+1

(A +

1

z

)

modulo terms of degree � k(n + 1) in A .

Proof. Up to a power of z and a sign, the left hand side is equal to

1

z

n

S

k

n

;0

(A ;

1

z

)S

k+n�1

(A +

1

z

) =

�

�

�

�

�

�

S

k

(A ) � � � S

k+n�1

(A )

1

z

0

S

k+n�1

(A

+

1

z

)

.

.

.

.

.

.

.

.

.

S

k�n

(A ) � � � S

k�1

(A )

1

z

n

S

k+n�1

(A

+

1

z

)

�

�

�

�

�

�

Up to terms of degree� k(n+1), this determinant 
oin
ide with S

k

n

;k�1

(A ; A

+

1

z

) =

�S

k�1+n;(k�1)

n

(A

+

1

z

; A ). The expansion of this determinant in terms of 1=z is

a sum of determinants whi
h, up to zero terms, is the same as the expansion
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of z

�n

S

k�1;(k�1)

n

(A

+

1

z

; A ) = z

�n

S

(k�1)

n+1

(A

+

1

z

). Che
king signs and powers

of z, one gets the lemma. QED

Proof of theorem. The 
onvergents are the only rational fun
tions with Tay-

lor's expansion 
oin
iding with �

z

(A ) up to degree n. However, thanks to

lemma, the expressions written for P

n

=Q

n

have also the same property.

As for the expli
it expression of the b

i

's, let us 
he
k by indu
tion that

they give the right 
onvergents. Re
all that the indu
tion on 
onvergents is

�

P

n

Q

n

�

=

�

P

n�1

Q

n�1

� �

1 1

b

n

0

�

; the 
ase n = 7 will be 
onvin
ing enough. Thus one

has P

7

= P

6

+ zb

7

P

5

, and this gives for b

7

the following expression (do not

forget to normalize the P

i

's !) :

b

7

=

P

7

� P

6

P

5

=

�

z

4

S

3333

(A

+

1

z

)

S

333

(A )

�

z

3

S

333

(A

+

1

z

)

S

33

(A )

�

=

z

3

S

222

(A

+

1

z

)

S

22

(A )

As usual, the looked for relation is a�orded by a matrix

indexing

alphabets

2

6

6

6

6

6

6

4

0 1 2 4 5 6

� S

0

z

3

S

3

S

4

S

5

S

6

� � z

2

S

2

S

3

S

4

S

5

� � zS

1

S

2

S

3

S

4

S

0

� S

0

S

1

S

2

S

3

0 0 A

+

1

z

A A A

3

7

7

7

7

7

7

5

The reader will re
ognize that the produ
ts of minors :

[2; 4; 5; 6℄ [0; 1; 4; 5℄� [0; 2; 4; 5℄ [1; 4; 5; 6℄ = [0; 4; 5; 6℄ [1; 2; 4; 5℄

indeed leads to b

7

= �S

444

S

22

=S

333

S

33

QED

Given a fun
tion f(x

1

; x

2

; : : : ), one uses the following re
ipro
al of di�er-

en
es asso
iated to a pair x

i

; x

j

x

i

� x

j

f(: : : x

i

: : : x

j

: : : )� f(: : : x

j

: : : x

i

: : : )

:

One 
an start from a fun
tion of x

1

(
onsidered as a fun
tion of the x

i

's) and

iterate these re
ipro
al of di�eren
es, at least while no zero 
omes in denom-

inator. However, one prefers to modify slightly the pre
eding operations.

Given a fun
tion f(x) and an alphabet x

1

; x

2

; : : : , de�ne re
ursively fun
-

tions [i; j; : : : ; h℄ of x

i

; x

j

; : : : ; x

h

, whi
h are 
alled re
ipro
al di�eren
es of

f , by

[1℄ = f(x

1

) ; [12℄ =

x

1

� x

2

f(x

1

)� f(x

2

)
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[123℄ =

x

2

� x

3

[12℄� [13℄

+ [1℄

� � �

[12 � � �n℄ =

x

n�1

� x

n

[1 � � �n� 2; n� 1℄� [1 � � �n� 2; n℄

+ [1 � � �n� 2℄

Asso
iate to this sequen
e the 
ontinued fra
tion

g(x ; 1234 : : : ) := [1℄ +

x� x

1

[12℄ +

x� x

2

[123℄� [1℄ +

x� x

3

[1234℄� [12℄ + � � �

Proposition 21 (Thiele Interpolation) The 
ontinued fra
tion g(x ; 1 : : : n)

takes values f(x

i

) at points x = x

1

; : : : ; x

n

.

Proof. Take n = 4 for simpli
ity of indi
es. One has a symmetry in the

last two interpolation points: g(x; 1234) = g(x; 1243). Indeed, [123℄ � [1℄ +

x�x

3

[1234℄�[12℄

= [124℄�[1℄+

x�x

4

[1234℄�[12℄

be
ause [1234℄ = [1243℄ (a divided di�eren
e,

or a re
ipro
al di�eren
e in x

3

; x

4

furnishes a fun
tion symmetri
al in x

3

; x

4

).

Now, g(x; 1234) 
oin
ides with g(x; 123) for x = x

1

; x

2

; x

3

, and g(x; 1243)


oin
ides with g(x; 124) for x = x

1

; x

2

; x

4

. Supposing the proposition true

for the previous order, one thus obtains it for the next one QED

Remark. One 
ould have taken simpler re
ipro
al di�eren
es, re
ursively de-

�ned by

[1 : : : n℄

0

:=

x

n�1

� x

n

[1 � � �n� 2; n� 1℄

0

� [1 � � �n� 2; n℄

0

However these fun
tions are not symmetri
al in x

1

; : : : ; x

n

, 
ontrary to the

[1 : : : n℄, as we shall see later, and are not easily expressed as S
hur fun
tions.

The 
ontinued fra
tion g(x ; 1 : : : n) is of the type (Cf1), with b

2

; b

3

; : : :

of degree 1 in x. As for 
onvergents, for even n, deg(P

n

) = n=2, deg(Q

n

) =

n=2 � 1; for odd n, deg(P

n

) = deg(Q

n

) = (n � 1)=2. Now, sin
e P

n

=Q

n

interpolates f(x) in n points, 
ounting the number of parameters, we see

that P

n

(x) and Q

n

(x) are unique, up to multipli
ation of both by the same

s
alar. This uniqueness will allow us in the next theorem to express the


onvergents of Thiele's 
ontinued fra
tion as S
hur fun
tions.

Theorem 22 Given an alphabet Y of 
ardinality k, let f(x) be the polyno-

mial f(x) := S

k

(x � Y). Then the 
onvergents of Thiele 
ontinued fra
tion

for f are expressible as S
hur fun
tions:

�

P

2n

= S

1

n

; (k�n)

n

(X

2n

� x; X

2n

� Y)

Q

2n

= S

(k�n)

n�1

(X

2n

� x� Y)
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�

P

2n+1

= S

1

n

; (k�n)

n+1

(X

2n+1

� x; X

2n+1

� Y)

Q

2n+1

= S

(k�n)

n

(X

2n+1

� x� Y)

Be
ause of the uniqueness of a rational interpolant at n points with sum

of degrees of the numerator and denominator � n� 1, we have only to 
he
k

that P

n

=Q

n


oin
ides with f(x) at points x = x

1

; : : : ; x

n

.

Let us reason on an example, and take n = 6; k = 7. Then P

6

=

S

111; 444

(X

6

� x; X

6

� Y) =

=

�

�

�

�

�

�

�

�

�

�

�

�

�

�

1 2 3 7 8 9

0 1 2 6 7 8

� 0 1 5 6 7

� � 0 4 5 6

� � � 3 4 5

� � � 2 3 4

X

6

� x X

6

� x X

6

� x X

6

� Y X

6

� Y X

6

� Y

�

�

�

�

�

�

�

�

�

�

�

�

�

�

Take any i � 6 and subtra
t (X � x

i

) to the alphabets in the top row.

Sin
e degrees are in
reasing by 1 when passing from 
olumn 4 to 5, 5 to 6, one


an similarly subtra
t x

i

to 
olumns 5 and 6. Alphabets in the determinant

are now, with B = X

6

� x

i

� Y,

�

�

�

�

�

�

�

�

0 0 0 x

i

� Y �Y �Y �Y

X

6

� x

i

X

6

� x

i

X

6

� x

i

X

6

� Y B B B

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

X

6

� x

i

X

6

� x

i

X

6

� x

i

X

6

� Y B B B

�

�

�

�

�

�

�

�

Be
ause S

j

(�Y) = 0 for j > 6, the elements of the top row vanish all,

ex
ept for S

7

(x

i

� Y). The 
ofa
tor of this non-zero element fa
torizes into

S

000

(X

6

� x

i

) = 1, and S

44

(X

6

� x

i

� Y). On the other hand Q

6

(x) =

S

44

(X

6

� x � Y), and therefore the spe
ialization of P

6

(x)=Q

6

(x) in x

i

is

equal to S

7

(x

i

� Y) QED

One 
an noti
e that the numerators P

n

of Thiele's 
onvergents 
an be

obtained in the Eu
lidean division of f(x) by S

n

(x�x

1

� � � ��x

n

): they are

the \middle remainders".

Re
ipro
al di�eren
es 
an themselves be expressed as S
hur fun
tions :

Proposition 23 Given an alphabet Y and an integer k, let f(x) be the poly-

nomial f(x) := S

k

(x� Y). Then the re
ipro
al di�eren
e of f [1; 2; : : : ; n℄,

n = 1; 2; : : : , of order n, is a quotient of two S
hur fun
tions of x

1

+ � � � +

x

n

� Y :

[1; : : : ; 2m+ 1℄ = S

(k�m)

m+1

=S

(k�m�1)

m

;

[1; : : : ; 2m℄ = S

(k�m�1)

m�1

=S

(k�m)

m
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For example,

[1℄ = S

k

; [123℄ = S

(k�1)

2

=S

k�2

; [12345℄ = S

(k�2)

3

=S

(k�3)

2

: : :

[12℄ = 1=S

k�1

; [1234℄ = S

k�3

=S

(k�2)

2

; [123456℄ = S

(k�4)

2

=S

(k�3)

3

: : :

Proof. On
e more, we need only Pl�u
ker relations, but twi
e! Let us see

how to obtain [1; : : : ; 7℄, knowing [1; : : : ; 6℄ and [1; : : : ; 5℄. Take k = 9 for

example, and write S

J

(A ) for S

J

(A + x

1

+ � � �+ x

5

�Y). From the exer
ises,

we know that

S

55

(x

6

)=S

666

(x

6

)�S

55

(x

7

)=S

666

(x

7

) = (x

7

�x

6

)S

555

(x

6

+

x

7

)S

66

()=S

666

(x

6

)S

666

(x

7

) ;

and therefore

[1; : : : ; 7℄ = �

S

666

(x

6

)S

666

(x

7

)

S

555

(x

6

+

x

7

)S

66

()

+

S

777

()

S

66

()

:

However, one has also that

S

666

(x

6

)S

666

(x

7

)� S

555

(x

6

+

x

7

)S

777

() = S

6666

(x

6

+ x

7

)S

66

() ;

when
e the required expression

[1; : : : ; 7℄ = S

6666

(x

1

+ � � �+ x

7

� Y)=S

555

(x

1

+ � � �+ x

7

� Y) :

QED
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Given a formal series f(z) :=

P

z

n

S

n

, with S

0

= 1, one wants a rational

fun
tion

Q

b2B

(1�zb)=

Q

a2A

(1�za) (with no fa
tor 
ommon to the numerator

and the denominator) whose Taylor expansion 
oin
ides with f(z) up to the

order 
ard(A )+
ard(B ) (whi
h is the maximum that one 
an expe
t, 
ounting

the number of parameters). In other words, one wants the �rst S

i

to be the


omplete fun
tions S

i

(A � B ).

Writing the rational fun
tion, up to a power of z, as follows

R(

1

z

; B )

R(

1

z

; A )

= �

R(

1

z

+ A ; B )

R(

1

z

+ B ; A )

; (Pad1)

one 
ould stop there, be
ause the numerator and denominator of the last

expression are fun
tions of A � B , i.e. are expressible in terms of 
oeÆ
ients

of the series. However, it would not be polite towards Pad�e, and we shall pro-

vide some 
omments about the di�erent expressions of the rational fun
tion

atta
hed to his name.

Let us �rst remark that the extra fa
tor that we have introdu
ed, R(A ; B ),

is by hypothesis di�erent from 0 (the rational fun
tion is redu
ed).

Now, our expression, with 
ard(A ) = �, 
ard(B ) = �, is, thanks to the

expression of the resultant

S

(�+1)

�
(B

�

A �

1

z

)=S

(�+1)

�

(A

�

B �

1

z

)

= �S

�

�+1

(A

�

B +

1

z

)=S

(�+1)

�

(A

�

B �

1

z

) (Pad2)

Do not forget that, for any A , any x of rank 1, on has the de
ompositions

S

k

(A + x) =

P

i

x

i

S

k�i

(A ), S

k

(A � x) = S

k

(A )� xS

k�1

(A ). This shows how

to expand the pre
eding fun
tions in terms of x.

In fa
t, using our favorite transformations on S
hur fun
tions, we 
an

restri
t 1=z to only one 
olumn and write the rational fun
tion :

S

�; �

�

(A � B +

1

z

; A � B )=S

(�+1)

�

; 0

(A � B ;

1

z

) (Pad3)

These expressions 
an be found in the literature: the last expression is

due to Ja
obi (?), while Sylvester (?) gave the right hand side of (Pad2).
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The expli
it expansion of the numerator and the denominator of the Pad�e

approximant, in terms of the S
hur fun
tions of A � B , is

S

�

�

+ zS

1�

�

+ z

2

S

2�

�

+ � � �+ z

�

S

��

�

S

�

�

� zS

�

��1

;�+1

+ z

2

S

�

��2

;(�+1)

2

+ � � �+ (�z)

�

S

(�+1)

�

: (Pad4)

For example, for � = 1; � = 1, one gets

S

1

+ zS

11

S

1

� zS

2

= 1 + zS

1

+ z

2

S

2

+ z

3

S

22

=S

1

+ z

4

S

222

=S

11

+ � � � ;

for � = 1; � = 2,

S

11

+ zS

111

S

11

� zS

12

+ z

2

S

22

= 1 + zS

1

+ z

2

S

2

+ z

3

S

3

+ z

4

S

114

+ S

15

� S

222

S

11

+ � � � ;

for � = 2; � = 1,

S

2

+ zS

12

+ z

2

S

22

S

2

� zS

3

= 1 + zS

1

+ z

2

S

2

+ z

3

S

3

+ z

4

S

33

S

2

+ � � �

and for � = 2; � = 2,

S

22

+ zS

122

+ z

2

S

222

S

22

� zS

23

+ z

2

S

33

= 1+zS

1

+z

2

S

2

+z

3

S

3

+z

4

S

4

+

S

144

� 2S

234

+ S

333

S

22

+� � �

We have supposed that R(A ; B ) be di�erent from 0, that is, we have sup-

posed the non-vanishing of the Hankel determinant S

�

�

(A �B ) of 
oeÆ
ients

of the initial series. Spe
ialists know what to do in the degenerate 
ases.

Write [�=�℄ for the approximant whose denominator is of degree �, and

numerator of degree � (we only 
onsider the generi
 
ase, where there is no

indetermina
y, nor any drop of degree).

Usually, the [�=�℄ are displayed in a two-dimensional table (let us take

� = 0; 1; ::= horizontal axis), and one is interested in giving relations between

neighbours. Now, the alphabets A and B are variable and we shall avoid using

them. Say that the fun
tion to be interpolated is �

z

(D ).

Be
ause [�

�

1=�℄ and [�=�℄ are approximations of 
onse
utive orders of

the same fun
tion, one sees that [�=�℄� [�

�

1=�℄ is a rational fun
tion with

a numerator redu
ed to 
z

�+�

, with 
 2 Sym. In fa
t, we have already

en
ountered the relation

S

k

n

(A +x)S

k

n�1

(A �x)�xS

(k�1)

n

(A +x)S

(k+1)

n�1

(A �x) = S

k

n

(A )S

k

n�1

(A ) ;

and its image under A 7! �A .
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This relation gives us

[�=�℄� [�

�

1=�℄ = (�1)

�

z

���

S

�

�

(D )S

�

�+1

(D )

S

�

�

(D � 1=z)S

(�+1)

�

(D � 1=z)

; (Pad5)

as well as

[�=�℄� [�=�

�

1℄ = (�1)

�

z

�+1��

S

�

�

(D )S

(�+1)

�

(D )

S

(�+1)

��1

(D � 1=z)S

(�+1)

�

(D � 1=z)

:

(Pad6)

Now, one 
an relate the inverse of di�eren
es between [�=�℄ and its North,

East, South, West neighbours, as shows the following lemma, due to Wynn.

Lemma 24 The elements of a generi
 Pad�e table satisfy :

1

[�=�

+

1℄� [�=a℄

+

1

[�=�

�

1℄� [�=a℄

=

1

[�

�

1=�℄� [�=a℄

+

1

[�

+

1=�℄� [�=a℄

(Pad7)

Proof. Remember relation [Bazin ?℄

�

�

�

�

�

�

[C12℄ [C13℄ [C14℄

[C32℄ [C33℄ [C34℄

[C25℄ [C35℄ [C45℄

�

�

�

�

�

�

= 0

for the minors of order n of a matrix n � 1, C being a set of integers of


ardinality n� 2.

Apply this relation to the matrix obtained from S

(�+1)

�

(D � x) by re-

peating the �rst 
olumn, with the alphabet D , and adding the two 
olumns

[1; 0; : : : ; 0℄ and [0; : : : ; 0; 1℄. Expli
itely, with � = 3, � = 5, I mean the

matrix


olumns

2

6

6

6

6

4

1 0 S

6

(D ) S

6

(D � x) S

7

(D � x) S

8

(D � x) S

9

(D � x)

0 0 S

5

(D ) S

5

(D � x) S

6

(D � x) S

7

(D � x) S

8

(D � x)

0 0 S

4

(D ) S

4

(D � x) S

5

(D � x) S

6

(D � x) S

7

(D � x)

0 1 S

3

(D ) S

3

(D � x) S

4

(D � x) S

5

(D � x) S

6

(D � x)

1 2 3 4 C C 5

3

7

7

7

7

5

:

Using that [34 C℄ = S

6;555

(D ; D

�

x) = S

65;55

(D ; D

�

x) � xS

64;55

(D ; D

�

x) =

xS

55;55

(D ; D

�

x) = xS

5555

(D ), one gets the relation

�

�

�

�

�

�

S

66

(D

�

x) S

555

(D ) S

555

(D

�

x)

�S

666

(D ) 0 xS

5555

(D )

S

777

(D

�

x) S

6666

(D ) S

6666

(D

�

x)

�

�

�

�

�

�

= 0 ;
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whi
h expands into

S

777

(D

�

x)S

555

(D )xS

5555

(D ) + S

666

(D )S

555

(D )S

6666

(D

�

x)�

S

666

(D )S

6666

(D )S

555

(D

�

x)� S

66

(D

�

x)S

6666

(D )xS

5555

(D ) = 0 ,

whi
h is the Wynn identity redu
ed to the same denominator (up to the


ommon fa
tor S

(�+1)

�

(D

�

x)).

See in the exer
ises a step by step proof of Wynn's identity.

Eu
lidean division 
an be put into use to provide re
ursions between Pad�e

entries. Let [�=�℄ denote a Pad�e approximant of the fun
tion �

�z

(A ). Then

the following lemma, due to Krone
ker, relates the approximants [n � j=j℄,

j = 0; : : : ; n for any �xed n.

Lemma 25 Let n be an integer. De�ne P

�1

= z

n+1

, P

0

= S

n

(1 � zA ),

Q

�1

= 0, Q

0

= 1, and for j = 0; : : : ; n� 1,

P

j+1

= �P

j�1

+ �

j

P

j

Q

j+1

= �Q

j�1

+ �

j

Q

j

; (Pad8)

that is, �P

j+1

is the remainder of the division of P

j�1

by P

j

, and �

j

is the

quotient.

Then P

j

=Q

j

is the Pad�e approximant of type [n

�

j=j℄ of �

�z

(A ), and

P

j

Q

j+1

� P

j+1

Q

j

= z

n+1

:

Proof. The su

essive remainders have des
ribed in the third se
tion. Up to

normalization, they are

z

1�n

S

2

n�1

(A

�

z); z

2�n

S

3

n�2

(A

�

z); z

3�n

S

4

n�3

(A

�

z); : : :

On the other hand, equations (Pad8) implies that the determinant

�

�

�

�

P

j

P

j+1

Q

j

Q

j+1

�

�

�

�

is independent of j, and this determines the Q

j

's knowing the P

j

's. Re
og-

nizing in this determinant relation (?), one gets that Q

1

; Q

2

; : : : are, up to

the same normalization as the P

j

's,

S

1

(A + z); S

22

(A + z); : : : ; S

j

j
(A + z); : : : :

Che
king values in z = 0, one indeed re
ognizes that P

j

=Q

j

is the [n� j=j℄-

approximant. QED

Pad�e approximants are rational interpolants of f(z). But in interpola-

tion theory, one wants to write expressions depending upon the values of

f(z) at spe
i�
 points y

1

; y

2

; : : : 2 Y. The pre
eding 
ase, that is, requiring
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the equality of the �rst terms in Taylor expansions around z = 0 must be


onsidered as the 
ase where all y

i

's are 
on
entrated in 0.

Already Cau
hy had solved the rational interpolation problem in 1820,

writing a summation generalizing Lagrange interpolation. We shall rather

use the following determinantal expression, and give its relation with Pad�e

expressions.

Lemma 26 Let f(z) be a fun
tion of one indeterminate, and let �; � 2 N.

Let P (z)=Q(z), deg(P ) � �, deg(Q) � �, 
o��n
ide with f(z) at points y 2 Y,


ard(Y) = �+�+1, . Then P and Q are determined, up to a fa
tor, by the

following identity :

Y

8

<

:

�

�

�

�

�

�

�

�

�

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

1 y � � � y

�

y

�

f(y) � � � yf(y) f(y)

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Q(z) zQ(z) � � � z

�

Q(z) z

�

P (z) � � � zP (z) P (z)

�

�

�

�

�

�

�

�

�

= 0

(Pad9)

Proof. Multiply row y by the 
orresponding fa
tor Q(y). The new determi-

nant is an alternating fun
tion in y

1

; : : : ; y

�+�+1

; z of degree � �+� in ea
h

letter. Being divisible by the Vandermonde in Y + z, it must be null. QED

To get more 
ompa
t expressions of P and Q, let us suppose that f(z) is

a polynomial that we shall write f(z) = S

N

(z � D ).

The denominator Q(z) is proportional to

�

�

�

�

�

�

�

�

�

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

1 y � � � y

�

y

�

f(y) � � � yf(y) f(y)

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 0 � � � 0 z

�

� � � z 1

�

�

�

�

�

�

�

�

�

:

Extra
ting the Vandermonde �(Y) from the upper part, one transforms

the pre
eding determinant into a determinant of 
omplete fun
tions :

�

�

�

�

�

�

�

�

�

S

0

(Y) � � � S

�

(Y) S

N+�

(Y � D ) � � � S

N

((Y � D )

.

.

.

.

.

.

.

.

.

.

.

.

S

����

(Y) � � � S

��

(Y) S

N��

(Y � D ) � � � S

N����

((Y � D )

0 � � � 0 z

�

� � � z

0

�

�

�

�

�

�

�

�

�

:

The determinant fa
torizes into its North-West part ( equal to S

0

�+1(Y) = 1)

and its South-East part in whi
h one re
ognizes the permuted of

S

(N��)

�

;0

(Y � D ; z) = S

(N��)

�

(Y � D � z) :
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Similarly, P (z) is proportional to

�

�

�

�

�

�

�

�

�

S

0

(Y) � � � S

�

(Y) S

N+�

(Y � D ) � � � S

N

((Y � D )

.

.

.

.

.

.

.

.

.

.

.

.

S

����

(Y) � � � S

��

(Y) S

N��

(Y � D ) � � � S

N����

((Y � D )

z

0

� � � z

�

0 � � � 0

�

�

�

�

�

�

�

�

�

:

Subtra
ting z to alphabets in 
olumns 2; : : : ; �+1, the bottom row be
omes

[1; 0; : : : ; 0℄ and what remains of the determinant after suppressing the �rst


olumn and bottom row (and permuting the last 
olumns) is the S
hur fun
-

tion S

1

�

;(N��)

�+1(Y � z;Y � D ). This fun
tion is in fa
t the remainder of

degree � in the Eu
lidean division of S

N

(z � D ) by R(z;Y), as one 
ould

have realized beforehand without 
omputation!

In summary, one has

Lemma 27 The approximant of type [�=�℄ of the fun
tion S

N

(z � D ) ob-

tained from the interpolation set Y of 
ardinality � + � + 1 is

S

1

b

;(N��)

�+1
(Y � z;Y � D ) = S

(N��)

�

(Y � D � z) : (Pad10)

Questions of 
onvergen
e are at the heart of the Pad�e approximation

paradigm, and we have only tou
hed upon the relevant algebrai
 identities.

This algebrai
 part is a small part of the story, however for what 
on
erns it

proper, we disagree with most of the 
lassi
s.

First, the theory is full of quadrati
 relations between minors, and no

referen
e is usually given to Pl�u
ker relations, whi
h are more general and

more understandable that the 3 terms or 5 terms relations 
ommonly met in

the theory.

Se
ondly, many fun
tions 
an be identi�ed with S
hur fun
tions. When

restri
ting to S
hur fun
tions indexed by re
tangular partitions, one 
an dis-

pense with symmetri
 fun
tion theory. However, indu
tions involve other

partitions than the re
tangular ones, and this be
omes 
umbersome when

restri
ting to Hankel or Toeplitz determinants.

Thirdly, using partitions is the only way of easily seeing that a fun
tion

appearing in a 
ertain pro
ess is the same S
hur fun
tion as the one pertain-

ing to another theory. Even to identify some 
oeÆ
ients in the Eu
lidean

division of two polynomials (when they are not the leading terms) would be


umbersome without referen
e to S
hur fun
tions.

In the fourth pla
e, this is a book about the beauties of symmetri
 fun
-

tions and their generalizations.
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Symmetrizing operators
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Divided di�eren
es �

�

have been introdu
ed by Newton to solve the in-

terpolation problem in one variable. We shall also need the isobari
 divided

di�eren
es �

�

.

In the 
ase where � is a simple transposition s

i

ex
hanging a

i

and a

i+1

,

writing then �

i

; �

i

, the operators (a
ting on their left) are :

(

�

i

=

1

(a

i

�a

i+1

)

(1 + s

i

) = (1� s

i

)

1

(a

i

�a

i+1

)

�

i

=

1

(1�a

i+1

=a

i

)

(1 + s

i

) = a

i

�

i

(3)

More expli
itely, �

i

and �

i

are the operators on fun
tions f(a

1

; : : : ; a

n

)

of several variables, a
ting only on the pair (a

i

; a

i+1)

:

(

f �

i

=

f(:::a

i

;a

i+1

::: )�f(:::a

i+1

;a

i

::: )

a

i

�a

i+1

f �

i

=

a

i

f(:::a

i

;a

i+1

::: )�a

i+1

f(:::a

i+1

;a

i

::: )

a

i

�a

i+1

(4)

We shall 
he
k below that ea
h of the families of operators fs

i

g, f�

i

g,

f�

i

g separately satis�es the Moore/Coxeter braid relations (writing fD

i

g in

ea
h of these three 
ases) :

D

i

D

j

= D

j

D

i

if ji� jj � 2 ; D

i

D

i+1

D

i

= D

i+1

D

i

D

i+1

(5)

One 
an noti
e that, for what 
on
erns squares, one has

�

i

�

i

= 0 ; �

i

�

i

= �

i

; s

i

s

i

= 1 : (6)

Both divided di�eren
es �

i

and isobari
 divided di�eren
es �

i

are spe
ial


ases of lo
al rational operators of the type

D

i

= P (a

i

; a

i+1

) +Q(a

i

; a

i+1

) s

i

; (7)

where P (x; y) and Q(x; y) are two �xed rational fun
tions of two variables.

In [24℄ [26℄, one determines the 
onditions on P and Q whi
h ensures that

the D

i

's satisfy braid relations and preserve polynomials. These operators

happen to satisfy an He
ke relation, i.e. there exists 
onstants q

1

; q

2

su
h

that

(D

i

� q

1

)(D

i

� q

2

) = 0 ; 8i � 1 : (8)
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To represent the He
ke algebra, one usually take

T

i

= �

i

(q

1

+ q

2

)� q

2

s

i

; i � 1: (9)

It is 
onvenient to represent the symmetri
 group by its Cayley graph,


alled permutohedron, whi
h des
ribes how permutations are su

essively

generated by produ
ts of simple transpositions, starting from the identity

permutation. Paths in this oriented graph are exa
tly the redu
ed de
ompo-

sitions.

Now the same graph 
an des
ribe operators, the edges now being inter-

preted as simple divided di�eren
es, or isobari
 divided di�eren
es instead

of simple transpositions. One has in fa
t more general operator satisfying

the braid relations, and more general relations involving parameters (Yang-

Baxter equations).

Divided di�eren
es satisfy a Leibniz formula, as easily seen from the def-

inition:

fg�

i

= f (g�

i

) + f�

i

g

s

i

: (10)

In parti
ular, symmetri
 fun
tions in a

i

; a

i+1

are s
alars for �

i

and �

i

:

g = g

�

i

) fg �

i

= f�

i

g and fg �

i

= f�

i

g : (11)

When a

i+1

tends towards a

i

, the divided di�eren
e �

i

be
omes the usual

derivative with respe
t to a

i

. However, in that limit one loses the fa
t that

symmetri
 fun
tions in a

i

; a

i+1


ommute with the operator, whi
h is a prop-

erty whi
h greatly simplify 
omputations. Indeed, to 
ompute the image of

a fun
tion under �

i

, one will try to write it as a fun
tion in a

i

; a

i+1

as simple

as possible, the 
ompli
ations being pushed to the 
oeÆ
ients (whi
h are

symmetri
al in a

i

; a

i+1

and involve the other variables).

Complete fun
tions behave "ni
ely" with respe
t to divided di�eren
es.

Indeed, let A

i

= fa

1

; : : : ; a

i

g, and let B be a se
ond alphabet symmetri
al in

a

i

; a

i+1

(i.e. invariant under s

i

, whi
h is the 
ase for example if it 
ontains p


opies of a

i

, and of a

i+1

). Then

S

k

(A

i

� B ) �

i

= S

k�1

(A

i+1

� B )

and similarly

S

k

(A

i

� B ) �

i

= S

k

(A

i+1

� B ) :

This property is easier to show on the generating fun
tion:

�

z

(A

i

� B ) =

Q

b2B

(1� zb)

Q

j=i

j=1

(1� a

j

)

=

�

Q

b2B

(1� zb)

Q

j=i+1

j=1

(1� a

j

)

�

(1� za

i+1

)
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and, the fa
tor inside parentheses being symmetri
al, one is left to 
he
k that

the image of (1� za

i+1

) under �

i

is z.

Now, we 
an 
he
k the braid relations. Divided di�eren
es whi
h involve

two disjoint pairs of variables 
learly 
ommute, thus we have only to show

�

i

�

i+1

�

i

= �

i+1

�

i

�

i+1

, and �

i

�

i+1

�

i

= �

i+1

�

i

�

i+1

. To simplify indi
es, let us


he
k it for i = 1, and only for the divided di�eren
es, the 
omputation being

similar for the �

i

's.

Instead of applying three times the de�nition of �

i

to expand �

2

�

1

�

2

, one

makes it a
t on monomials that one writes as S
hur fun
tions:

a

�

1

a

�

2

a




3

= S


;�;�

(A

3

; A

2

; A

1

)

Now, the �rst and third 
olumn of S


��

are symmetri
al in a

2

; a

3

, and thus

the image of the determinant is a similar determinant, be
ause we have to

operate only on the middle 
olumn:

S


;�;�

(A

3

; A

2

; A

1

)

�

2

�! S


;��1;�

(A

3

; A

3

; A

1

) :

Now, the new determinant has its �rst 
olumns symmetri
al in a

1

; a

2

and

be
omes S


;��1;��1

(A

3

; A

3

; A

2

) under �

1

, and �nally, under �

2

again :

S


;��1;��2

(A

3

; A

3

; A

3

) = S


;��1;��2

(A

3

)

whi
h is a usual S
hur fun
tion in three variables. The result being symmet-

ri
al in a

1

; a

2

; a

3

, the image of the same monomial under �

1

�

2

�

1

produ
es

the same S
hur fun
tion (however, to apply �

1

�

2

�

1

, one writes the starting

monomial as a S
hur fun
tion in a

1

+ a

2

+ a

3

; a

2

+ a

3

; a

3

).

Be
ause monomials are a linear basis of polynomials, this 
omputation

implies the braid relation �

1

�

2

�

1

= �

2

�

1

�

2

.

The pre
eding 
omputation was not really ne
essary. Indeed, we did

not use that �

1

; d

2


ommute with multipli
ation by symmetri
 fun
tions in

a

1

; a

2

; a

3

. Knowing that the spa
e Z[a

1

; a

2

; a

3

℄ is a module (in fa
t free) over

Sym(a

1

; a

2

; a

3

), with basis

1; a

1

; a

2

; a

2

1

; a

1

a

2

; a

2

1

a

2

we see that both �

1

�

2

�

1

and �

2

�

1

�

2

de
rease degree by 3, and thus send the

basis to 0, apart from the last element whi
h is sent to a 
onstant (ne
essarily

non-zero, be
ause none of the operators is identi
ally null). We shall see later

a good reason why the 
onstant is in both 
ases equal to 1.

The braids relations imply the following lemma (knowing that two re-

du
ed de
ompositions of a permutation di�er by a sequen
e of transforma-

tions s

i

s

j

= s

j

s

i

or s

i+1

s

i

s

i+1

= s

i

s

i+1

s

i

).
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Lemma 28 Given a permutation � and a redu
ed de
omposition � = s

i

s

j

� � � s

k

,

then the produ
t �

i

�

j

� � ��

k

(resp. �

i

�

j

� � ��

k

) is independent of the 
hoi
e of

the redu
ed de
omposition of �. One denotes it �

�

(resp. �

�

).

Let now the 
ardinality of A be n, and let ! be the maximal element of

S

n

. Then writing any monomial in A as a S
hur fun
tion, the same type

of 
omputation as in the 
ase of three variables shows that the image of a

monomial under �

!

or �

!

is a S
hur fun
tion:

a

i

1

n

� � �a

i

n

1

�

!

= S

I

(A

n

) ; a

i

1

n

� � �a

i

n

1

�

!

= S

I��

(A

n

) ;

where I = [i

1

; : : : ; i

n

℄, � = [0; : : : ; n� 1℄, I � � = [i

1

� 0; : : : ; i

n

� n+ 1℄.

Instead of taking the group algebra ofS(A ) with 
onstant 
oeÆ
ients, one


an use the algebra generated by rational fun
tions in A , and permutations.

This is the proper way of 
ombining multipli
ation by elements of Pol(A )

and symmetrizing operators. Indeed, M.P. S
h�utzenberger and I 
alled this

algebra algebra of divided di�eren
es to stress the fa
t that divided di�er-

en
es, or permutations a
t on the 
oeÆ
ients, that one 
an 
hoose to write

on the left or on the right. When writing P , it means now \multipli
ation by

P". The algebra is nowadays 
alled the aÆne He
ke algebra (Cherednik [4℄

de�ned a double aÆne He
ke algebra, by using the aÆne symmetri
 group

instead of the symmetri
 group).

This algebra 
ontains all our symmetrizing operators, for example :

�

i

= (1� s

i

)

1

x

i

� x

i+1

=

1

x

i

� x

i+1

(1 + s

i

)

T

i

= (q

1

x

i

+ q

2

x

i+1

)�

i

+ q

2

=

q

1

x

i

+ q

2

x

i+1

x

i

� x

i+1

(1 + s

i

) + q

2

(12)

It has linear bases : f� 2 S(A )g, f�

�

; � 2 S(A )g, f�

�

; � 2 S(A )g,

fT

�

; � 2 S(A )g, and many others. An interesting problem is to write expli
it

matri
es of 
hanges of bases.

For example, even to pass from the T

q

1

;q

2

�

to the T

r

1

;r

2

�

, that is just to

let the pair of eigenvalues be di�erent, is not as straightforward as it would

seem.

Indeed, by spe
ializing the parameters q

1

; q

2

; r

1

; r

2

, one 
overs all the

known 
hange of bases. We shall en
ounter later S
hubert polynomials,

whi
h appear for both 
hanges � 7! �

�

and �

�

7! �. Let us just say a

word about how to express any element of the aÆne He
ke algebra in the

basis of permutations.

We �rst need a straightforward lemma, introdu
ing a se
ond alphabet B

of 
ardinality n :
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Lemma 29 Let K = K(A ; B ) =

Q

n�i>j�1

(a

i

� b

j

). Then K(A

�

; A ) = 0 if

� is not the identity permutation.

Using these vanishing properties, one obtains expansions by just spe
ial-

izing the images of K :

Proposition 30 Let

H =

X

�2S(A )

� h

�

; with h

�

2 Rat(A ; B ) : (13)

Then

KH

�

�

B=A

�

= (�1)

`(�)

h

�

Y

n�i>j�1

(a

i

� a

j

) (14)

We shall also need the expli
it 
hange of bases between the He
ke algebra

with parameters (1; 0) and the He
ke algebra with parameters (�1; 0) (both

are 0-He
ke algebras. The �

i

, i = 1; : : : ; n

�

1, are algebrai
 generators of the

�rst one, the �

i

:= �

i

� 1, i = 1; : : : ; n

�

1, are generators of the se
ond.

Proposition 31 The �

�

and �

�

, � 2 S(A ) are related by the relations

�

�

=

X

���

�

�

�

�

=

X

���

(�1)

`(�)�`(�)

�

�

;

(15)

where the order is the Ehresmann-Bruhat order on the symmetri
 group.

Proof. Let s

i

be su
h that `(�s

i

) > `(�). Then it is known that the interval

[1; �℄ is 
omposed of pairs (�; �s

i

), and of singletons � su
h that `(�s

i

) > `(�).

For the pairs, one has

(�

�

+ �

�

i

) �

i

= �

�

+ �

�

i

and for the singletons, one has

�

�

�

i

= �

�

(�

i

+ 1) = �

�

+ �

�

i

:

Knowing now that the 
omplement of [1; �℄ in the interval [1; � s

i

℄ is made

of the permutations �

i

, this proves the �rst part by indu
tion on the length

of �. The proof of the se
ond part is similar. QED
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To any "generi
" linear fun
tional L on Pol(x) is asso
iated a (unique)

family of orthogonal polynomials:

L(P

m

(x)P

n

(x)) = 0 if m 6= n ; L(P

n

(x)P

n

(x)) = 1 :

One 
an formally suppose that there exists an alphabet A su
h that the

moments L(x

n

) are the 
omplete fun
tions of A , i.e.

L(x

n

) = S

n

(A ) ; n � 0 :

Now L is a linear fun
tional, that we shall note L

A

, with values in symmetri


fun
tions:

L

A

: Pol(x) 7! Sym(A ) :

The linear fun
tional 
an be thought as a quadrati
 form on the spa
e of

polynomials in x, 
ompatible with produ
t :

(f(x) ; g(x)) := LA

�

f(x)g(x)

�

= (f(x)g(x) ; 1) :

As 
ould be expe
ted, the orthogonal polynomials P

n

(x) are S
hur fun
-

tions, as shown by the following theorem.

Theorem 32 Given an alphabet A of in�nite 
ardinality, then there exists

non zero-
onstants 


n

2 Sym(A ) su
h that the orthogonal polynomials asso-


iated to L

A

are

P

n

(x) = 


n

S

n

n

(A � x) ; n = 0; 1; : : :

Proof. On 
an write the orthogonality relations as L

A

(P

n

(x)x

m

) = 0, m < n.

However, S

n

n

(A � x) x

m

= S

n

n

;m

(A ; x) and its image under L

A

is obtained

by repla
ing the last 
olumn of powers of x by 
omplete fun
tions of A , i.e.

one has

L

A

(S

n

n

;m

(A ; x)) = S

n

n

;m

(A ) :

This determinant vanishes for m < n, having two identi
al 
olumns QED

Noti
e that the fun
tional L

A


an also be interpreted as a symmetrizing

operator. Indeed, when A is of �nite 
ardinality n, let ! be the maximal

permutation in S

n

. Then

a

k

1

�

!

= S

k

(A ) ; k = 0; 1; 2; : : : ;
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and thus, for any polynomial f(x) , one has

L

A

�

f(x)

�

= f(a

1

) �

!

:

Sin
e a

J

�

!

= S

J

(A ), J 2 N , there is no diÆ
ulty in extending the de�nition

of �

!

to an alphabet of in�nite 
ardinality, as is needed in the theory of

orthogonal polynomials.

Instead of handling orthogonality relations, one 
an introdu
e reprodu
ing

kernels, i.e. fun
tions K

n

(x; y) of two variables having the property that

L

A

(K

n

(x; y) f(x)) = f(y) for all f(x) of degree � n in x.

Darboux-Christo�el theorem gives the expli
it expression of these kernels:

Theorem 33 Let K

n

(x; y) =

P

n

(x)P

n�1

(y)�P

n

(y)P

n�1

(x)

x�y

. Then, up to a s
alar,

K

n

(x; y) = S

(n+1)

n�1

(A � x� y)

and

L

A

(K

n

(x; y) f(x)) = f(y) ; 8f : deg(f) � n :

Proof. For simpli
ity of indi
es, let us take n = 3. The two determinants

expressing P

3

(x) = S

333

(A � x) = S

3330

(A ; x) and P

2

(x) = S

22

(A � x) =

S

220

(A ; x) have many 
ommon entries. To take advantage of it, one 
an use

Pl�u
ker relations between maximal minors of a re
tangular matrix:

[a; b; �; �; : : : ℄�[
; d; �; �; : : : ℄�[a; 
; �; �; : : : ℄�[b; d; �; �; : : : ℄ = [a; d; �; �; : : : ℄�[b; 
; �; �; : : : ℄

Let us apply these relations to the 4 � 6 matrix of 
omplete fun
tions

(denoted by their exponent; the alphabets are 
onstant in ea
h 
olumn and

written at the bottom)

0 3 4 5 3 3

� 2 3 4 2 2

� 1 2 3 1 1

� 0 1 2 0 0

alphabets A A A A x y


olumn index 0 3 4 5 x y

Taking for a; b; 
; d the indi
es 0; 3; x; y and 
orresponding minors (having

in 
ommon 
olumns 3,4), Pl�u
ker relation writes

[0; 3; 4; y℄ [3; 4; 5; x℄

S

022;0

(A ; y) S

333;0

(A ; x)

�

[0; 3; 4; x℄ [3; 4; 5; x℄

S

022;0

(A ; y) S

333;0

(A ; x)

=

[0; 3; 4; 5℄ [3; 4; x; y℄

S

0222

(A ) S

3;3;1;0

(A ; x; y)

Now, subtra
ting x + y to all rows but the last two ones of S

3310

, one gets

S

33;1;0

(A ; x; y) = S

33

(A � x� y)S

1;0

(x; y)
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and �nally

�

P

2

(y)P

3

(x)� P

2

(x)P

3

(y)

�

1

x� y

= S

222

(A )S

33

(A � x� y)

QED

In [L-Sh℄ I have shown with Shi He how to generalize Darboux-Christo�el

formula to a set fx

1

; : : : ; x

k

g, k � 2, instead of fx; yg.

The fun
tions to 
onsider are now S
hur fun
tions

S

n

n�k+1(A � x

1

� � � � � x

k

) ;

and they still have some reprodu
ing properties whi
h are explained in the

note [L-Sh℄.

The reader will have noti
ed that the fun
tions S

n

n

(A � x) already ap-

peared many times. Indeed, one has

Theorem 34 Let A be an alphabet and let y = 1=x. Let

�

y

(A ) =

1

(1� �

0

y)�

y

2

�

1

(1� �

1

y)�

y

2

�

2

(1� �

2

y)�

y

2

�

3

.

.

.

be the Wronski 
ontinued fra
tion for the series �

y

(A ). Then the orthogo-

nal polynomials S

n

n

(A � x) are the denominators of the 
onvergents. The

numerators are the \adjoint polynomials" Q

n

:= xS

(n�1)

n+1

(x + A ), n � 2.

Moreover, Q

n

(1=y)=yP

n

(1=y) is the Pad�e approximant of degree [n

�

1; n℄

in x of �

y

(A).

For example the �rst terms are

1

1� yS

1

=

Q

1

P

1

;

1

1� S

1

y +

y

2

S

11

1� (

S

12

S

11

� S

1

)y

=

Q

2

P

2

=

xS

111

(x+ A )

S

22

(A � x)

1

1� S

1

y +

y

2

S

11

1� (

S

12

S

11

� S

1

)y +

y

2

S

222

(S

11

)

2

(1� (

S

223

S

222

�

S

12

S

11

)y)

=

Q

3

P

3

=

xS

2222

(x + A )

S

333

(A � x)
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In presenting the work of Wronski, we had interpolated the series �

y

(A )

instead of �

y

(A ). The two expansions are ex
hanged by y 7! y, and 
onju-

gating partitions indexing S
hur fun
tions.

Orthogonal polynomials satisfy three-terms re
urren
e relations, whi
h

are equivalent to the 
ontinued fra
tion expansion given above (with �

0

= 1,

P

0

= 1) :

P

n+1

� (x� �

n

) + �

n

P

n�1

= 0

The adjoint polynomials Q

n

satisfy the same re
ursion, but with initial


onditions Q

0

= 0; Q

1

= 1.

We have preferred to give similar expressions to P

n

and Q

n

. However,

one 
an also write P

n

= S

n

n

; 0

(A ; x) and Q

n

= �S

n

n

;�1

(A ; A + x) to break

the symmetry in P and Q.

All formulas satis�ed by the polynomials P

n


an be adapted to the adjoint

polynomials Q

n

. For example, one has a Darboux-Christo�el kernel :

Q

n

(x)Q

n�1

(y)�Q

n

(y)Q

n�1

(x)

x� y

= �

n

n�1

(A ) �

(n+1)

n�2

(A + x+ y) :

For example,

�

Q

2

(y)Q

3

(x)�Q

2

(x)Q

3

(y)

�

1

x� y

= �

33

(A ) �

4

(A + x + y) :

One 
an \shift" the linear fun
tional L

A

by a �nite alphabet B , de�ning

Pol(x) 3 f ; L

A ;B

(f) = L

A

(f(x)R(x; B )) :

Christo�el obtained the asso
iated orthogonal polynomials :

Proposition 35 Let B = fb

1

; : : : ; b

k

g. Then the orthogonal polynomials

relative to L

A ;B

are

P

n;k

(x) = S

(n+k)

n

(A � B � x) ;

and P

n;k

(x)R(x;B) is proportional to the determinant

�

�

P

n�1+j

(b

i

)

�

�

1�i;j�k+1

;

with b

k+1

:= x.

Proof. The veri�
ation that P

n;k

(x) is orthogonal to x

0

; : : : ; x

n�1

is the same

as for L

A

, apart from 
hanging A into A � B , and shifting indi
es.

The determinant is divisible by the Vandermonde �(B + x). Evaluat-

ing the image of the quotient multiplied by a fun
tion of x under L

A ;B

is
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the same as 
omputing the image of the last row, multiplied by the same

fun
tion, under L

A

. Therefore P

n;k

(x) is orthogonal (with respe
t to L

A ;B

)

to x

0

; : : : ; x

n�1

, while being of degree n in x. It must be proportional to

S

(n+k)

n

(A � B � x). The expli
it fa
tor 
omes from the polarized Bazin

formula given in the Appendix. QED

One 
an noti
e that Christo�el polynomials generalize the Darboux-Christo�el

kernels, and indeed, they have reprodu
ing properties already alluded to.
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S
hubert Polynomials
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We want to be able to perform algebrai
 
omputations in the ring of

polynomials in a

1

; a

2

; : : : ; in a manner similar to what we did in the 
ase

of Sym(A ), that is independently of the number of variables; in parti
ular,

we want to avoid expanding a polynomial in the basis of monomials, but

rather use operations on 
ombinatorial obje
ts to repla
e algebrai
 
ompu-

tations on polynomials. Moreover, we want this 
ombinatori
s to extend the


ombinatori
s of symmetri
 polynomials.

Of 
ourse, a generi
 polynomial of degree 5 in 6 variables depends on

�

10

5

�


oeÆ
ients, whatever way one 
hooses to represent it. Any spe
i�
 tool

is unlikely to be interesting in the generi
 
ase, but will apply only to the

des
ription of spa
es of polynomials satisfying some requirements.

Let us show how Newton point of view 
an be used.

Given a fun
tion of one variable (the time t), let B = fb

1

; b

2

; b

3

; : : :g,


onsider the divided di�eren
es with respe
t to B and let

f

�

; f

��

; f

���

; : : :

denote

f(b

1

)�

1

; f(b

1

) �

1

�

2

; f(b

1

) �

1

; �

2

�

3

; : : :

Then the formula of Newton to interpolate f(t) from its values at time

b

1

; b

2

; : : : is

f(t) = f(b

1

) + f

�

(t� b

1

) +

f

��

(t� b

1

)(t� b

2

) + f

���

(t� b

1

)(t� b

2

)(t� b

3

) + � � � (16)

the expansion being exa
t if n + 1 points b

i

are used and f is a polynomial

of degree � n.

When b

1

; b

2

; : : : all 
ollapse to 0, then equation (16) be
omes Taylor's

formula

f(t) = f(0) + f

0

(0) t+ f

00

(0)=2! t

2

+ � � � ;

the fa
torials in the denominator being 
lear by putting b

i

= i� and letting �

tend to 0.

Sin
e divided di�eren
es are the dis
rete analogues of derivatives, the

question is :

What is the dis
rete analogue of Taylor's formula in several variables ?
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In other words, what are the 
oeÆ
ients of the images of f(a

1

; a

2

; : : : )

under the possible di�erent divided di�eren
es (evaluated in b

1

; b

2

; b

3

; : : : ) in

the expansion of f(a

1

; a

2

; : : : ) ?

The answer, that I obtained with Mar
el-Paul S
h�utzenberger some years

ago (
f. [23℄), is as simple as in the 
ase of one variable. The universal


oeÆ
ients, 
alled S
hubert polynomials due to their relevan
e to geometry,


an be de�ned re
ursively as follows:

1) They are polynomials Y

v

(A ; B ) in two in�nite totally ordered sets of

variables A = fa

1

; a

2

; : : : g, B = fb

1

; b

2

; : : : g, indexed by ve
tors v 2 N

1

(from now on, we shall suppose that they have only a �nite number of non-

zero 
omponents).

2) They are globally stable under divided di�eren
es in the a

i

's, that is,

the image of a S
hubert polynomial is either 0 or a S
hubert polynomial.

3) When v is weakly de
reasing (one says v is dominant, or is a de
reasing

partition, deleting the terminal zeros), then

Y

v

=

Y

(i;j)2Diagr(v)

(a

i

� b

j

) ; (17)

produ
t on all boxes in the diagram of v: one sta
ks v

1

; v

2

; v

3

; : : : boxes in

su

essive rows, pa
king them to the left. A box in position (i; j) gives a

fa
tor (a

i

� b

j

).

4) Given v 2 N

1

and i 2 N su
h that v

i

> v

i+1

, writing vs

i

for

[v

1

; : : : ; v

i�1

; v

i+1

; v

i

� 1; v

i+2

; : : : ℄, one has

�

i

(Y

v

) = Y

vs

i

: (18)

One does not write what happens when v

i

� v

i+1

, be
ause in that 
ase

Y

v

is the image of some Y

v

0

under �

i

, (pre
isely v

0

= [v

1

; : : : ; v

i�1

; v

i+1

+

1; v

i

; v

i+2

; : : : ℄). The vanishing �

2

i

= 0 implies that �

i

(Y

v

) = 0 in that 
ase.

On the indi
es of S
hubert polynomials, the a
tion of divided di�eren
es

amounts to sorting (and de
reasing), in other words, amounts to use the

symmetri
 group. Thus, be
ause divided di�eren
es satisfy the braid rela-

tions, it just remains, for ensuring that the above de�nition is 
onsistent, to


he
k that if a dominant polynomial 
an be obtained from another one by a

sequen
e of divided di�eren
es, then it 
oin
ides with the produ
t given by

the diagram indexing it.

Be
ause the set of partitions is a latti
e (with respe
t to interse
tion and

union of diagrams), 
ompatibility of dominant polynomials boils down to the

following lemma.

Lemma 36 Given a dominant v 2 N

1

, and n 2 N su
h that v � � :=

[n � 1; n� 2; : : : ; 1; 0; 0; : : : ℄ (
omponentwise), then there exists at least one
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hain of divided di�eren
es su
h at ea
h step a �

i

is applied to a dominant

S
hubert polynomial of the type (a

i

� b

j

) g, with g symmetri
al in a

i

; a

i+1

(and therefore the image is a dominant S
hubert polynomial 
orresponding to

a diagram with the box of 
oordinate (i; j) erased, the fa
tor (a

i

�b

j

) be
oming

1 under �

i

).

The proof of the lemma 
onsists in peeling o� boxes of a stair
ase diagram,

in su
h a way as to have, at a step where �

i

will be used, 
olumns i and i+1

of lengths di�ering by 1. This 
an be realized by erasing boxes from top to

bottom, in su

essive diagonals, as indi
ated by the following example for

v = [6; 6; 6; 2; 2; 0; 0; : : : ℄, n = 9 (boxes are numbered in the order they are

peeled o�).

1

8 2

13 9 3

10 4

14 11 5

6

12 7

Now, if Y

�

was the produ
t

Q

i;j;i+j�n

(a

i

� b

j

), then Y

v

, as obtained by

the above pro
ess, will be the produ
t of fa
tors (a

i

� b

j

) 
orresponding to

the boxes whi
h are left. Therefore, the de�nition of S
hubert polynomials

is 
onsistent. QED

Newton's polynomials 
ould be 
hara
terized by their vanishing proper-

ties, be
ause they are written in terms of their roots. Similarly, when v is

dominant, and di�erent from [0; 0; : : : ℄, one 
an also easily write the vanishing

properties of Y

v

.

When v is dominant and 6= 0

n

, then Y

v

vanishes under the spe
ialization

a

1

= b

1

; a

2

= b

2

; a

3

= b

3

; : : : ( we write Y

v

(B ; B ) = 0). Indeed all the fa
tors

in the main diagonal of the diagram of v vanish.

Using that �

�

=

P

���

h

�

(A ) �, with some rational 
oeÆ
ients h

�

(A )

depending only on A , the order on S(A ) being the Ehresmann-Bruhat order,

one 
an 
he
k the vanishing property Y

v

(B ; B ) for all indi
es v 2 N

n

, v 6= 0

n

.

Let us for a moment index produ
ts of divided di�eren
es by ve
tors,

instead of permutations.

Given K = [k

1

; k

2

; : : : ℄ 2 N

n

, let

�

k

:= (�

1

� � ��

k

1

) (�

2

� � ��

k

2

+1

) (�

3

� � ��

k

3

+2

) : : : ;

that is, �

k


onsists in produ
ts of blo
ks of 
onse
utive divided di�eren
es,

of respe
tive lengths k

1

; k

2

; : : : , starting with �

1

; �

2

; : : : respe
tively.
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We 
an now state the multivariate Newton interpolation formula. For

any polynomial in a

1

; a

2

; : : : , one has :

f(A ) =

X

K2N

1

f

�

K

(B )Y

K

(A ; B ) : (19)

Proof. One has to test (19) on a linear basis of polynomials in A (with 
o-

eÆ
ients in anything, for example fun
tions of B ). One takes the S
hubert

polynomials fY

J

g as su
h a basis. Now, one has to 
he
k whether the follow-

ing equations are true :

Y

J

(A ; B ) =

X

K2N

1

(Y

J

)

�

K

(B )Y

K

(A ; B ) : (20)

But the Y

�

K

J

are either zero, or S
hubert polynomials, and they all vanish

under the spe
ialization A = B , ex
ept for Y

[0;0;::: ℄

= 1. Now, Y

�

K

J


an be

Y

[0;0;::: ℄

only when k

1

+k

2

+ � � � = j

1

+j

2

+ � � � , for degree reason. By re
ursion

on the rightmost non-zero 
omponent of J , say j

`

, one sees that k

i

= 0, i > `

and k

`

= j

`

. Finally K = J and equation (20) be
omes the identity

Y

J

(A ; B ) = Y

[0;0;::: ℄

(B ; B )Y

J

(A ; B ) : (21)

This proves equation (19) in full generality. QED

The original Newton formula has not been lost. When f depends only on

a

1

, then f

�

K

is 0 if K is not of the type K = [n; 0; 0; : : : ℄ for some integer n.

In that 
ase, Y

K

is dominant, 
orresponding to a row diagram with n boxes,

and indeed the Newton polynomial is

Y

[n;0;0;::: ℄

= (a

1

� b

1

) (a

2

� b

2

) � � � (a

n

� b

n

) :

55



'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o
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We have obtained many properties of symmetri
 fun
tions from the ex-

isten
e of a Cau
hy kernel giving rise to a s
alar produ
t. This approa
h


an be extended to the ring Z[A ℄ of polynomials in n indeterminates : A =

fa

1

; a

2

; : : : ; a

n

g. This time, we shall have a Sym(A )-quadrati
 form. In

fa
t, we shall 
onsider Z[A ℄ as a module over Sym(A ), and to have more


exibility, we introdu
e a se
ond alphabet B = fb

1

; b

2

; : : : ; b

n

g, and denote

by Pol(A ) the ring

Pol(A ) = Q [A ; B ℄=

�

Sym(A ) = Sym(B )

�

as a module over Q [B ℄
Sym(A ) (that we shall still denote Sym(A ), having

identi�ed any symmetri
 fun
tion of A with the same symmetri
 fun
tion in

B .

We shall see that Pol(A ) is a free Sym(A )-module. Indeed, we have

already at our disposal the tools to des
ribe it.

First, the appropriate quadrati
 form is de�ned by using the maximal

divided di�eren
e of S(A ) :

Pol(A ) 3 f; g ) (f ; g) = (fg ; 1) := �

!

(fg) 2 Sym(A ) (22)

Lemma 37 The divided di�eren
es �

i

, i = 1; : : : ; n�1, are self-adjoint with

respe
t to ( ; ). Therefore, for � 2 S(A ), �

�

is adjoint to �

�

�1

.

Moreover � is adjoint to (�1)

`(�)

�

�1

.

Proof. Given any i < n, fa
torize ! = �

i

�. Then (f �

i

; g) =

�

f�

i

g �

i

�

�

�

.

Be
ause f �

i

is a s
alar for �

i

, the pre
eeding expression is equal to

�

(f�

i

) (g�

i

)

�

�

�

and the symmetry between f and g implies that it is also equal to (f ; g�

i

).

By produ
t, one gets the assertion for every �

�

.

Similarly

(f� ; g) = f

�

g �

!

= f g

�

�1

��

!

= (�1)

`(�)

f g

�

�1

�

!

= (�1)

`(�)

(f ; g�

�1

) :

QED
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Let

K(A ; B ) :=

Y

n�i>j�1

(a

i

� b

j

) : (23)

The following proposition shows that it is a reprodu
ing kernel.

Proposition 38 For any f 2 Pol(A ), one has

f

�

A ; K(A ; B )

�

� f(B ) (24)

(we have written � instead of an equality to point out that we are iden-

tifying symmetri
 fun
tions in A with those of B ).

Proof. Any polynomial in A 
an be written as a linear 
ombination of a

I

; I �

� = [n � 1; : : : ; 1; 0℄, with 
oeÆ
ients in Sym(A ). However, a

I

K(A ; B ) is

a linear 
ombination of monomials a

I+J

; I � �; J � [0; 1; : : : n

�

1℄, that is,

of monomials having an exponent I + J � (n � 1)

n

. The image of su
h a

monomial under �

!

is 0, ex
ept if all its exponents are di�erent, and this is

pre
isely the 
ase where I+J is a permutation of �. In that 
ase �

!

(a

I+J

) =

�1.

Therefore, the image of ea
h monomial a

I+J

is independent of A , and one


an spe
ialize A to B in the expression

�

!

�

f(A )K(A ; B )

�

=

X

�2S(A )

(�1)

`(�)

f(A

�

)K(A

�

; B )

1

�(A )

However K(B

�

; B ) is 0 if � is not the identity permutation, and the summa-

tion redu
es to a single term

f(B )K(B ; B )=�(B ) = f(B ) :

QED

Now, we shall see that S
hubert polynomials are 
ompatible with the

quadrati
 form (are \almost" an orthonormal basis, up to a twist).

We �rst need to write them di�erently, using permutations rather than

ve
tors. Indeed, given � = [�

1

; : : : ; �

n

℄ 2 S(n), its 
ode is the ve
tor 
[�℄ =

[


1

; : : : ; 


n

℄ su
h that 


i

:= 
ard(j > i; �

j

< �

i

), 1 � i � n.

It is immediate that � 7! 
[�℄ is a bije
tion between S(n) and the ve
tors


 2 N

n

su
h that 
 � � (i.e. 


i

� n� i, i = 1; : : : ; n).

We shall write X

�

or Y


(�)

indi�erently for the same S
hubert polynomial.

Equivalently, S
hubert polynomials for S(n) are de�ned by

8

<

:

X

!

(A ; B ) =

Y

1�i;j�n; i+j�n

(a

i

� b

j

)

X

�

(A ; B ) = X

!

(A ; B ) �

!�

(25)
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Noti
e that K(A ; B ) = X

!

(A

!

; B ).

Proposition (38) 
an be generalized.

Theorem 39 For any f 2 Pol(A ), any permutation � 2 S(n), one has

�

f(A ) ; X

�!

(A

!

; B )

�

� f �

�

�1

(B )

Proof. One has

X

�!

(A

!

; B ) = X

!

(A ; B ) �

!�!

! = X

!

(A ; B )!

�

!�

!�!

!

�

= X

!

(A ; B )! �

�

;

and one 
an shift the divided di�eren
e �

�

to the left of ( ; ) thanks to lemma

(37). Now the formula results from proposition 38 for the fun
tion f �

�

�1

QED

Corollary 40 The quadrati
 form ( ; ) is non-degenerate. The spa
e Pol(A )

is a free module over Sym, with the two adjoint bases fX

�

(A ; B )g and

fX

�!

(A

!

; B )g, � 2 S(A ).

More pre
isely

�

X

�

(A ; B ) ; X

�!

(A

!

; B )

�

= Æ

�;�

:

Any element of Pol(A ) expands into the basis of S
hubert polynomials

X

�

, � 2 S(A ) as follows :

f(A ) �

X

�

�

f ; X

�!

(A

!

; B )

�

X

�

(A ; B )

� f�

�

�1

(B )X

�

(A ; B )

(26)

Newton interpolation has given another expansion in terms of S
hubert

polynomials, this time with 
oeÆ
ients independent of A ; in expansion26,

the 
oeÆ
ients, on the 
ontrary, belong to Sym(A ). For example, for n = 2,

this expansion is

a

2

1

� b

2

1

+ (a

1

+ a

2

)(a

1

� b

1

)

while Newton states

a

2

1

= b

2

1

+ (b

1

+ b

2

)(a

1

� b

1

) + (a

1

� b

1

)(a

1

� b

2

) :

Both equations 
oin
ide modulo Sym(A ) = Sym(B ).

More generally, the two expansions are identi
al if f(A ) is a linear 
om-

bination of the a

I

; I � �, with 
oeÆ
ients in B .

One 
an view S
hubert polynomials as a basis of Pol(A ) depending on pa-

rameters b

1

; : : : ; b

n

, and let the parameters vary. Indeed, let C = f


1

; : : : ; 


n

g.

Then the following theorem shows that the matrix of 
hange of bases is given

by spe
ializations of S
hubert polynomials :
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Theorem 41 Let A ; B ; C be three alphabets of 
ardinal n, and let � 2 S(n).

Then

X

�

(A ; C ) =

X

�;�

X

�

(A ; B )X

�

(B ; C ) ;

sum over all redu
ed fa
torizations � = �� (i.e. fa
torizations su
h that

`(�) + `(�) = `(�)).

To have the non nullity of X

�

�

�

�1

is the same as to require that the

produ
t (��

�1

)(�) be redu
ed. Taking into a

ount that X

�

(A ; C ) belong

to the span of monomials in A of degree � �, the theorem follows from


orollary(40) QED
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al
ulus on symmetri
 fun
tions.
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To be able to perform 
omputations independently of the number of vari-

ables motivated the 
reation of algebrai
 and 
ombinatorial tools already at

the start of the theory of symmetri
 fun
tions.

We have mostly used a s
alar produ
t on Sym to get expansions in

di�erent bases, and symmetrizing operators like divided di�eren
es to provide

re
ursions.

However, Cayley, Sylvester, Ma
Mahon were taking another approa
h,

by systematizing the fa
t that Sym 
an be 
onsidered in di�erent ways as

a ring of polynomials (in the elementary symmetri
 fun
tions, the 
omplete

fun
tions, or the powers sums for example).

They used di�erential 
al
ulus on these variables, and 
hara
terized for

example the invariants they were looking for, like the dis
riminant, as solu-

tions of di�erential equations.

This point of view is now mu
h relevant to the modern trends of the

theory of symmetri
 fun
tions. One 
an even mix di�erentials and divided

di�eren
es, as in the 
ase of Dunkl operators.

We shall adopt an even simpler strategy, by operating on the �rst variable

a

1

only, inside an element of Sym(a

1

; : : : ; a

n

), and symmetrizing afterwards

to go ba
k to Sym(A ). This is how one 
an write the Debiard-Sekigu
hi-

Ma
donald operator

Sym(A ) 3 f(a

1

; : : : ; a

n

) 7! f(qa

1

; : : : ; a

n

) 7!

f(qa

1

; : : : ; a

n

)

Y

i�2

(ta

1

� a

i

)

�

1

�! � � �

�

n�1

�! DSM(f)

Let us �rst use derivatives in a

1

, withD :=

d

d

a

1

, and let A = fa

1

; : : : ; a

n

g.

Lemma 42 Let K be any fun
tion of a

1

, with 
oeÆ
ients in Sym(A ). Let

r = r

K

be the operator

Sym(A ) 3 f 7! r(f) := �

!

(KD(P )) :

Then r is a derivation, i.e.

r(fg) = r(f) � g + f � r(g) :
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Indeed D(fg) = D(f) g+ f D(g), and f; g being symmetri
al, 
ommutes

with �

!

.

By varying K = K(a

1

), one 
an obtain as many di�erential operators as

is needed to �ll a grant appli
ation :

Proposition 43 Let j 2 N, 1 � j � n.

1) Let K = (�a

1

)

1�j

. Then r =

d

d

�

j

2) Let K = (�1)

n�1

a

1�j�n

1

(a

1

� � �a

n

). Then r = j

d

d

	

j

Proof. Be
ause the r's are derivations, we have only to 
he
k their a
tion on

algebrai
 bases of Sym(A ). In the �rst 
ase,

D(�

i

(A )) = D(�

i

(A � a

1

) + a

1

�

i�1

(A � a

1

) = �

i�1

(A � a

1

)

and �

i�1

(A � a

1

) a

1�j

1

= S

1

i�1

;1�j

(A ; a

1

) is sent by �

!

on S

1

i�1

;1�j

(A ) whi
h

is 0, ex
ept for S

1

i�1

;1�j

(A ) = (�1)

j�1

S

0:::0

(A ).

In the se
ond, D(	

i

(A ) = ia

i�1

1

, and ia

i�1

1

a

2�j�n

1

a

2

� � �a

n

is sent by �

!

onto iS

1

n�1

;i�j�(n�1)

(A ) = (�1)

n�1

i if i = j, and sent to 0 otherwise. QED

Having at our disposal the derivatives with respe
t to elementary sym-

metri
 fun
tions or power sums, one 
an 
ombine them to obtain more so-

phisti
ated di�erential operators. One 
an for example �nd in this way rep-

resentations of the Witt or Virasoro algebras ([15℄). Another appli
ation is

to des
ribe the produ
t by a 
onjuga
y 
lass, in the group algebra of the

symmetri
 group, as a di�erential operator.

We shall detail in a more 
omplete version vertex operators whi
h are

needed in the theory of symmetri
 fun
tions.
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One way to better understand symmetri
 fun
tions is to de�ne non-


ommutative symmetri
 fun
tions. There are several ways to do it. For

example, sin
e symmetri
 polynomials are polynomials in the elementary

symmetri
 fun
tions, then one 
an take formal non 
ommutative variables

�

i

and 
laim that the free algebra generated by them is the ring of non-


ommutative symmetri
 polynomials. There is some grounds to this 
laim,

see [8℄.

We shall take here a simpler point of view, de�ning an a
tion on the free

algebra, and pi
king out some appropriate invariants as generalizations of

S
hur fun
tions. Indeed, 
onsidering S
hur fun
tions are sums of \tableaux"

is the point of view introdu
ed by Littlewood [34℄, whi
h 
ould be better

understood after the work of S
hensted [45℄.

Let us take a totally ordered alphabet A = fa

1

< a

2

< : : : g. In the

examples, we shall usually take A = f1; 2; : : : ; ng.

A nonde
reasing word v 2 A

�

is 
alled a row. Let u = x

1

� � �x

r

and

v = y

1

� � � y

s

be two rows (x

i

; y

j

2 A). We say that u dominates v (u B v)

if r � s and for i = 1; : : : ; r, x

i

> y

i

. Clearly, every word w has a unique

fa
torization w = u

1

� � �u

k

as a produ
t of rows of maximal length. A tableau

is a word w su
h that u

1

Bu

2

B : : :Bu

k

. It is 
ustomary to think of tableaux

as planar obje
ts and to represent w as the left justi�ed superposition of its

rows. For instan
e, taking A = f1 < 2 < : : : g,

t = 68 4556 223357 1112444

is a tableau whose planar representation is

6 8

4 5 5 6

2 2 3 3 5 7

1 1 1 2 4 4 4

Similarly, a stri
tly de
reasing word is 
alled a 
olumn. Reading from top

to bottom the lengths of the rows of a tableau t, one gets an (in
reasing)

partition sh(t) whi
h is 
alled the shape of t.

A word (in parti
ular a tableau) is standard if it is a permutation of

1; 2; 3; : : : . Any word 
an be standardized by indexing, from left to right, the

62



di�erent o

urren
es of the same letter (and renormalizing after that, the

alphabet to be 1; 2; : : : ). For example

2 1 22 111 7! 2

1

1

1

2

2

2

3

1

2

1

3

1

4

7! stand(2 122111) = 5 1 67 234 :

S
hensted des
ribed an algorithm to asso
iate to any word w a tableau

P (w). This algorithm 
an in fa
t be tra
ed ba
k to Robinson. One 
an give

an algebrai
 formulation to this algorithm by de�ning, after Knuth [16℄ the

pla
ti
 relations

xzy � zxy (x � y < z) ; (27)

yxz � yzx (x < y � z) : (28)

Two words are 
ongruent i� they di�er by a sequen
e of pla
ti
 relations.

The pla
ti
 algebra Pla
(A ) is the quotient of the free algebra under the

pla
ti
 relations. The pla
ti
 algebra is an intermediate quotient between

the free algebra Z[A

�

℄ and the algebra of polynomial :

Z[A

�

℄ � Pla
(A ) = Z[A

�

= �℄ � Pol(A ) = Z[A ℄ :

Let us note ev the proje
tion map (evaluation) onto Pol(A ).

Given a word w = [x

1

; : : : ; x

`

℄, not only 
an one �nd the tableau P (w),

but one 
an also re
ord the sequen
e of shapes of

P (x

1

); P (x

1

x

2

); : : : ; P (x

1

x

2

� � �x

`

) :

This sequen
e 
an be en
oded into a standard tableau Q(w) by labeling the

boxes of the su

essive shapes in the order of their 
reation.

We 
an now give S
hensted's result :

Theorem 44 Ea
h word w is 
ongruent to a tableau and only one tableau,

whi
h is no other than P (w).

The morphism w 7! (P (w); Q(w)) is a bije
tion, and thus the elements

of the pla
ti
 
lass of w are in bije
tion with standard tableaux of the same

shape as P (w).

The 
lass of w is mapped, under standardization, to the 
lass of stand(w).

Moreover Q(w) = Q(stand(w)).

Let u be a word. De�ne the free S
hur fun
tion S

u

of index u to be the

sum of all words w su
h that Q(w) = stand(P (u)).

We shall see that the 
ommutative image of S

u

is the S
hur fun
tion

S

J

(A ), where J is the shape of P (u). But already, we noti
e that the image

of S

u

in Pla
(A ) is equal to the sum of all tableaux of shape J , sum that we

shall still denote S

J

(A ).
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Now, given t, and a row [x

1

; x

2

; : : : ℄, then an analysis of S
hensted's


onstru
tion [16℄ shows that the shape of P (t x

1

x

2

� � � ) is obtained by adding

to the shape of t an horizontal strip of boxes ( the boxes being added from

left to right). This implies, in fa
t, that Pieri's formulas are satis�ed by S
hur

fun
tions in the pla
ti
 algebra. Thanks to Giambelli's 
hara
terization of

the ring of symmetri
 fun
tion, it gives the following theorem whi
h allow us

to re
over symmetri
 fun
tions at the level of the pla
ti
 algebra [20℄ :

Theorem 45 The ring Sym(A ) is 
anoni
ally embedded into the pla
ti


algebra, by sending a S
hur fun
tion S

J

(A ) to the sum of all tableaux of

shape J .

Pieri formula (for any partition J , any positive integer k)

S

J

(A )S

k

(A ) =

X

I2fJ
kg

S

I

(A )

indu
es a bije
tion

f(t; u) : sh(t) = J; shape(u) = kg  ! ft : sh(t) = Ig :

Commutativity of the produ
t in Sym(A ) has interesting 
onsequen
es

at the level of Pla
(A ).

For example, using also Pieri for left multipli
ation, one gets a bije
tion

f(t; u) : sh(t) = J; sh(u) = kg  ! f(v; t) : sh(v) = k; sh(t) = Jg

whi
h is used to provide a statisti
s on tableaux related to Hall-Littlewood

polynomials (J = 1 suÆ
es for that purpose).

The fa
t the module generated by the non 
ommutative S
hur fun
tions

is an algebra gives an interesting des
ription of the de
omposition 
oeÆ
ients

of produ
ts

S

I

(A )S

J

(A ) =

X

K

g

K

I;J

S

K

(A ) :

Say that a word w is a Yamanou
hi word i�, for every fa
torization w =

w

0

w

00

, then jw

00

j

1

� jw

00

j

2

� jw

00

j

3

� � � � . In parti
ular, a Yamanou
hi tableau

is of the type

y

�

:= � � � 3

�

3

2

�

2

1

�

1

; with � � � � �

3

� �

2

� �

1

:

Noti
e that a Yamanou
hi tableau is determined by its shape, as well as by

its 
ommutative evaluation.

It is easy to 
he
k :

64



Lemma 46 A word is Yamanou
hi i� it belongs to the 
lass of a Yamanou
hi

tableau.

The se
ond part of the following proposition is the 
elebrated Littlewood-

Ri
hardson rule [35℄, the �rst part is due to M.P. S
h�utzenberger [46℄ :

Proposition 47 Given three partitions I; J;K, and a tableau t

3

: sh(t

3

) =

K, the number of solutions of the equation

t

1

t

2

� t

3

; sh(t

1

) = I; sh(t

2

) = J; sh(t

3

) = K

is independent of the 
hoi
e of the tableau t

3

, and equal to g

K

I;J

.

In parti
ular, the number of solutions is equal to the number of tableaux

t

1

su
h that t

1

y

J

is a Yamanou
hi word in the 
lass of y

K

.

We have just seen that Littlewood-Ri
hardson rule is a 
onsequen
e of the

embedding of Sym(A ) in Pla
(A ), whi
h in turn follows from Pieri formula

at the level of S
hensted 
onstru
tion.

There is a stronger statement in the free algebra, whi
h is even easier to

prove, and that I have used in di�erent 
onstru
tions with M.P. S
h�utzenberger

[22℄.

Theorem 48 Let A

0

and A

0 0

be two sub-alphabets su
h that a

0

< a

00

, for all

a 2 A

0

, a

00

2 A

0 0

. Given two tableaux t

0

2 A

0

�

and t

00

2 A

0 0

�

one has

0

�

X

P (w

0

)=t

0

w

0

1

A

0

�

X

P (w

00

)=t

00

w

00

1

A

=

X

t2SH(t

0

;t

00

)

X

P (w)=t

w

where SH(t

0

; t

00

) is the set of all tableaux t su
h that tj

A

0

= t

0

and P (tj

A

0 0

) = t

00

,

that is, of all tableaux t o

urring in the shu�e produ
t of t

0

and a word in

the pla
ti
 
lass of t

00

.

Thus the shu�e of a pla
ti
 
lass of A

0

and a pla
ti
 
lass of A

00

is a union

of pla
ti
 
lasses of A (identifying a 
lass and the sum of its elements). It is

in fa
t a dire
t 
onsequen
e of the following :

Lemma 49 Let B be an interval in the alphabet A . Then

w � w

0

) wj

B

� w

0

j

B

Proof. of lemma. It is enough to 
he
k the lemma in the 
ase when w

0

di�ers from w by a single pla
ti
 transformation, and this amounts to the

observation that erasing x or z in 27 or 28, we are left with xy = xy or

yz = yz. QED
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Proof. of Theorem 48. The words o

urring in the shu�e are exa
tly those w

su
h that wj

A

0

� t

0

and wj

A

0 0

� t

00

. By the above Lemma, this set of words is

saturated with respe
t to the pla
ti
 
ongruen
e, hen
e is a union of pla
ti



lasses. QED

We refer to [30℄ for a stronger statement involving free S
hur fun
tions

S

u

.

Let us now reintrodu
e the missing entity, S(A ), by de�ning an a
tion

on words 
ompatible with the pla
ti
 relations.

In the 
ase of an alphabet of 
ardinality 2, the a
tion of S

2

is in fa
t


ommonly used in 
omputer s
ien
e. Let the letters be ')' and '(', with the

order ) � ( . Given a word w, pair all su

essive parentheses (: : : ) . The

sub-word of un-paired letters is of the type )

m

(

n

. Change it, inside w, into

the subword )

n

(

m

.

More generally, given an integer i, and a word w, treat a

i

as ')' and a

i+1

as '(' to ex
hange the number of o

urren
es of a

i

and a

i+1

in the word w,

and denote by s

i

(w) the resulting word (this is an a
tion on values, we denote

it on the left). It is 
lear that w 7! s

i

(w) is an involution on words, but in

fa
t it is even a representation of the symmetri
 group, as show the following

theorem (
f. [22℄).

Theorem 50 The operator s

i

on words preserves the Q-symbol and pre-

serves tableaux :

P (s

i

(w)) = s

i

�

P (w)

�

& Q(s

i

(w)) = Q(w) :

The operators �

i

satisfy the Moore-Coxeter relations

s

2

i

= 1 ; (29)

s

i

s

j

= s

j

s

i

(ji� jj > 1) ; (30)

s

i

s

i+1

s

i

= s

i+1

s

i

s

i+1

: (31)

Proof. The �rst part is 
he
ked dire
tly, the ex
hange of unpaired letters

being 
ompatible with S
hensted's 
onstru
tion.

Equations (29,30) are immediate. The �rst part of the theorem restri
ts


he
king of (31) to tableaux in 1; 2; 3, with no more than two rows be
ause


omplete 
olumns 321 
an be ignored. We refer to ([30℄) to �nish the proof.

QED

Be
ause the a
tion of the symmetri
 group preserves the Q-symbol, all

the free S
hur fun
tions S

u

are invariants under this a
tion, but they are no

more a linear basis of the invariants.

The easiest way to generate words in a pla
ti
 
lass is to use the 
ele-

brated jeu de taquin due to M.P. S
h�utzenberger. To de�ne it, one needs the
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notion of skew Young tableaux, and their deformations through verti
al and

horizontal moves of boxes in su
h a way that weakly in
reasing 
onditions in

rows, and stri
tly de
reasing 
onditions in 
olumns are satis�ed at any step.

Noti
e that the pla
ti
 
lass of a tableau with two rows 
ontains produ
ts

of two rows whi
h are determined by their lengths :

Lemma 51 Let t be a tableau of shape [�; �℄. Then for any pair of integers

(
; Æ), � � 
; Æ � �, 
 + Æ = �+ �, there exists a unique pair of rows (u; v):

juj = 
, jvj = Æ, su
h that uv � t.

The jeu de taquin is a way to get su

essively all these words; in fa
t they


ome as a string, the two ends being the tableau and the 
ontre-tableau.

Ex
hanging the rôle of the P and Q-symbols, one gets a right a
tion of

the symmetri
 group whi
h is the 
ounterpart of theorem (50), and su
h that

elementary transpositions are des
ribed by (51).

Theorem 52 Given a tableau t of shape J 2 N

`

, then for any permutation

� 2 S

`

, there exist in the pla
ti
 
lass of t a unique word whi
h is a produ
t

of rows, whose sequen
e of lengths is J

�

.

We have lifted the permutation a
tion of the symmetri
 group at the

level of the free algebra. More generally, one 
an lift the a
tion of elementary

isobari
 di�eren
es, or of the generators T

i

of the He
ke algebra, to the free

algebra, but these elements do not satisfy Moore-Coxeter relations any more,

though they behave as if they indeed were satisfying these relations when one

starts from a dominant weight (
f. [27℄). We refer to Littlemann [32℄, [33℄

for more general 
onstru
tions in the framework of Ka
-Moody algebras.
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Operators on isobari
 determinants

One of the main properties of the di�erent determinants expressing a

S
hur fun
tion is that all terms in their expansion have the same degree. A

natural question is then :

how to in
rease degrees by 1 ?

It is appropriate to 
onsider more general \weights" than degree. For our

purposes, the following 
ase will be general enough.

Let V be a ve
tor spa
e of fun
tions of a variable x 2 C , with values in

a 
ommutative ring. Given two integers 1 � k � n, de�ne T

+

k

(resp. T

�

k

) to

be the operator on V


n

sending f

1

(x

1

)
 � � � 
 f

n

(x

n

) on

X

�2f0;1g

n

; �

1

+���+�

n

=k

f

1

(x

1

� �

1

)
 � � � 
 f

n

(x

n

� �

n

) :

The following theorem is not diÆ
ult to 
he
k (this has been my �rst

en
ounter with the theory of symmetri
 fun
tions through manipulations of

isobari
 determinants ([18℄).

Theorem 53 Let n be a positive integer. Then T

+

0

= 1; T

+

1

; : : : ; T

+

n

(resp.

T

�

0

= 1; T

�

1

; : : : ; T

�

n

generate a 
ommutative algebra isomorphi
 to Sym(n),

the algebra of symmetri
 polynomials in n variables, the image of T

�

k

being

�

k

.

Thus any symmetri
 polynomial S gives rise to two operators T

�

S

, ob-

tained by expressing S in the basis �

J

.

The operators T

+

k

; T

�

k


an be made a
t on V


n

2

, 
onsidered as a spa
e of

matri
es

�

f

ij

(x

ij

)

�

1�i;j�n

, but now there are two natural ways to de�ne their

a
tion, either by 
olumns :




T

�

k

�

[f

ij

(x

ij

)℄

�

=

X

�2f0;1g

n

; j�j=k

�

f

ij

(x

ij��

j

)

�

;

or by rows:

r

T

�

k

�

[f

ij

(x

ij

)℄

�

=

X

�2f0;1g

n

; j�j=k

�

f

ij

(x

ij��

i

)

�

:

Symmetry between rows and 
olumns of a matrix entails the following

lemma, when evaluating the determinants appearing in




T or

r

T :

Lemma 54 Given any matrix

�

f

ij

(x

ij

)

�

1�i;j�n

, then

X

�2f0;1g

n

; j�j=k

�

�

f

ij

(x

ij��

j

)

�

�

=

X

�2f0;1g

n

; j�j=k

�

�

f

ij

(x

ij��

i

)

�

�

: (32)
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Indeed, any term in the expansion of the determinant of the original ma-

trix will be transformed a

ording to T

�

k

and will be found in the expansion

of one of the determinants of ea
h side of equation (32).

By abuse of language, we shall write




T

�

k

�

jf

ij

(x

ij

)j

�

and

r

T

�

k

�

jf

ij

(x

ij

)j

�

for the above two sums of determinants.

Let A be of 
ardinality n. Then the two algebras generated by the T

�

k


an

be made a
t on Sym(A ), by making them operate on the Ja
obi-Trudi de-

terminants of 
omplete fun
tions expressing S
hur fun
tions, and extending

the a
tion by linearity.

Theorem 55 Let A be of 
ardinality n and S belong to Sym(n). Then T

+

S

is the operator \multipli
ation by S(A )" and T

�

S

a
ts by f(A ) 7! D

S

(f)(A ).

Proof. We have to test the a
tion of the T

�

k

= T

�

�

k

on the linear basis of

S
hur fun
tions S

J

(A ), but we shall rather take the Vandermonde minors V

J

.

Multiplying V

J

by a monomial a

K


an be realized by in
reasing exponents

by k

1

; : : : ; k

n

in su

essive rows. Therefore

�

k

(A )V

J

(A ) =

r

T

+

k

(V

J

(A )) :

Noti
e that




T

r

k

(V

J

(A )) =

X

�2f0;1g

n

; j�j=k

V

J+�

(A ) = �(A )

X

�

S

J+�

(A ) = �(A )




T

+

k

(S

J

(A )) :

Therefore one has T

k

(S

J

(A )) = �

k

(A )S

J

(A ) as wanted, but one has also

proved Pieri formula by the same token.

Some 
are is needed to identify T

�

k

by using its a
tion on V

J

(A ) rather

than S

J

(A ). The operator is not \multipli
ation by �

k

(A

_

)", be
ause the

operation of de
reasing degrees by 1 sends a

0

i

onto 0, and not onto 1=a

i

.

However, if J � 1

n

, then

�

k

(A

_

)S

J

(A ) = �

n�k

(A )S

J=1

n

(A ) = T

�

k

(S

J

(A ) :

To identify T

�

k

, we use

r

T

�

k

operating on S
hur fun
tions. The image of

S

j

(A ) is a sum of

�

n

k

�

determinants, ea
h of whi
h is null ex
ept for the last

one

S

J=0

n�k

1

k
(A ) = D

�

k
S

J

(A ) :

The operator




T

�

k

allows us to re
over the dual Pieri formula :

S

J=0

n�k

1

k(A ) =




T

�

k

(S

J

(A )) =

r

T

�

k

(S

J

(A )) =

X

�2f0;1g

n

; j�j=k

S

J��

(A) ;
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be
ause one 
an restri
t the pre
eding sum to terms su
h that J � � is a

partition, the other terms are 0 (having two identi
al 
olumns). QED

The operators T

�

	

K

have been 
onsidered by Muir, who obtained the fol-

lowing 
orollary :

Corollary 56 Let K; J be two partitions in N

n

. Then

	

K

(A )S

J

(A ) =

X

H=perm(K)

S

J+H

(A ) ;

D

	

K

�

S

J

(A )

�

=

X

H=perm(K)

S

J�H

(A ) ;

sum over all di�erent permutations H of K.

As in the 
ase of elementary fun
tions seen above, if there exists ` su
h

that K � � := `

n

� J , then

T

�

	

K

(V

J

(A )) = T

�

	

��K

(V

J��

(A )) =

	

��K

(A )

	

�

(A )

V

J

(A ) = 	

K

(A

_

)V

J

(A ) ;

and in that 
ase T

�

	

K

is also realized by a multipli
ation.

The spe
ial 
ase of Muir's rule for K = [k; 0

n�1

℄ is 
alled Murnaghan-

Nakayama rule. The a
tion of D

	

k

on a S
hur fun
tion S

J


onsists in sub-

tra
ting in all possible manners k to a part of J . To get S
hur fun
tions, up

to sign, indexed by partitions, one must reorder the 
olumns of the determi-

nant S

J+[0���0 k 0���0℄

. This 
orrespond to subtra
ting in all possible manners a


onne
ted ribbon of length k to the diagram of J , taking as a sign (�1)

h�1

,

h being the height of the ribbon. This rule is iterated to 
ompute values of

irredu
ible 
hara
ters of symmetri
 groups.

Conversely, multipli
ation by 	

k

(A ) is realized by adding 
onne
ted rib-

bons of length k to the diagram of J .

We have seen that




T

�

(S

J

(A )) is restri
ted to a single non-zero determi-

nant. This property is in fa
t true for any S
hur fun
tion :

Lemma 57 Let A be of 
ardinality n, and K;L be two partitions in N

n

.

Then

r

T

+

S

L

�

S

K

(A )

�

= det

�

S

k

j

+j�i+`

n+1�i

(A )

�

;

r

T

�

S

L

�

S

K

(A )

�

= det

�

S

k

j

+j�i�`

i

(A )

�

= S

K=L

(A ) :

70



If A is of 
ardinality bigger than n, and K;L 2 N

n

, one still has

r

T

+

S

L

�

S

K

(A )

�

=




T

+

S

L

�

S

K

(A )

�

=

X

H2N

n

(S

K

S

L

; S

H

)S

H

(A ) ;

but it is not equal to S

L

(A )S

K

(A ).

For example,

r

T

1

(S

25

(A )) =

�

S

3

S

7

S

1

S

5

�

= S

35

(A ) + S

26

(A ) = S

1

(A ) � S

125

(A ) :

The T

k

operators 
an be applied to other determinants than Ja
obi-Trudi

determinants, or Vandermondes. For example, let f(x) be the fun
tion

f(x) = 1=x if x 2 N

n

and 0 otherwise

To a ve
tor x = [x

1

; : : : ; x

n

℄, asso
iate the matrix

D(x) := [f(x

j

+ j � i)℄ :

Then

r

T

+

2

�

D([2; 4; 4; 6℄)

�

=

�

�

�

�

�

�

�

�

1

3!

1

6!

1

7!

1

10!

1

2!

1

5!

1

6!

1

9!

1

0!

1

3!

1

4!

1

8!

0

1

2!

1

3!

1

7!

�

�

�

�

�

�

�

�

=




T

+

2

�

D([2; 4; 4; 6℄)

�

=

= D([3; 4; 5; 6℄) +D([3; 4; 4; 7℄) +D([2; 5; 5; 6℄) +D([2; 4; 5; 7℄) ;

the zero determinants like D([3; 5; 4; 6℄) not having been written.

In that 
ase, the operator T

+

2

does not 
orrespond to a multipli
ation.

In fa
t D(x) is the dimension of the irredu
ible representation of index x

of the symmetri
 group, and the equality of dimension 
an be obtained by

spe
ialization of

S

3557=0011

= S

3456

+ S

3447

+ S

2556

+ S

2457

:

We leave it to the reader to use the T operators to show that, for A of


ardinality n, and two partitions K = [k

1

; : : : ; k

n

℄, L = [`

1

; : : : ; `

n

℄, one has

det

�

	

k

i

+`

j

+i+j

(A )

�

1�i;j�n

= S

K

(A )S

L

(A ) det

�

	

i+j

(A )

�

:
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Exa
t sequen
es

The notion of exa
t sequen
e is widely used in algebrai
 geometry. It

applies to 
ategories of obje
ts we do not wish to use here. Let us just use

the notion of exa
t sequen
e of integers.

De�nition 58 (0 = m

0

; m

1

; : : : ; m

k

; m

k+1

= 0) is an exa
t sequen
e i�

the partial alternating sums

m

j

�m

j�1

+m

j�2

� � � � �m

0

; j = 0; : : : ; k + 1

are non-negative.

This notion also applies to representations of the symmetri
 group (in


har. 0) : (0 = V

0

; V

1

; : : : ; V

k

; V

k+1

) is an exa
t sequen
e i� all sequen
es

m

0

(�); : : : ; m

k+1

(�) are exa
t, for all partitions �, where m

i

(�) is the multi-

pli
ity of the irredu
ible representation of index � in V

i

.

It no less applies to elements of the free or pla
ti
 algebra : (0 =

f

0

; f

1

; : : : ) is exa
t i� for any word, the sequen
e of its 
oeÆ
ients in f

0

; f

1

; : : :

is exa
t.

The reader will have understood alone what is an exa
t sequen
e of sym-

metri
 fun
tions, be
ause he will favor the S
hur fun
tions as the basis on

whi
h to test 
oeÆ
ients.

I have used in my thesis [?℄ that determinantal expressions like Ja
obi-

Trudi determinant 
an be repla
ed by exa
t sequen
es.

Given a square matrixM , denote byM

j

the minor obained by suppressing

its last row and its j-th 
olumn.

Lemma 59 Let K = [k

1

; : : : ; k

n

℄ be a partition, let M be the Ja
obi-Trudi

matrix expressing S

K

. Then

0;M

1

S

k

1

�n+1

; M

2

S

k

2

�n+2

; : : : ; M

n

S

k

n

; S

K

; 0

is an exa
t sequen
e in Sym.

Proof. Ea
h minor M

i

is a S
hur fun
tion, and its produ
t by a 
omplete

fun
tion is given expli
itely by Pieri formula. One noti
es that if a S
hur

fun
tion appears in the sequen
e, then it apears also at the pre
eding or

following step, and only there. Thus, the restri
tion of the sequen
e to any

S

J

appearing in it is of the type

0; 0; : : : ; 0; S

J

; S

J

; 0; : : : ; 0 ;

and this insures exa
tness.

Sin
eSym(A ) is a sub-algebra of the pla
ti
 algebra, the pre
eding lemma

entails a similar statement in the pla
ti
 algebra, but now S
hur fun
tions

are sums of words :
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Lemma 60 Let K = [k

1

; : : : ; k

n

℄ be a partition. Then

0; S

k

2

+1;::: ;k

n

+1

S

k

1

�n+1

; S

k

1

;k

3

+1;::: ;k

n

+1

S

k

2

�n+2

; : : : ; S

k

1

;::: ;k

n�1

S

k

n

; S

K

; 0

is an exa
t sequen
e in the pla
ti
 algebra.

The restri
tion of the sequen
e to any word w whi
h appears in it, is of

the type

0; : : : ; 0; w; w; 0; : : : ; 0 :

Iterating Lapla
e expansion of Ja
obi-Trudi determinant, one obtains a

sequen
e of produ
ts of 
omplete fun
tions whi
h is no less exa
t :

Proposition 61 Let K 2 N be a partition, A and alphabet. Let

M

`

:=

X

�; `(�)=`

S

(K+�)

�

��

(A ) :

Then

0; S

K

; M

0

; M

1

; : : : ; M

(

n

2

)

; 0

is an exa
t sequen
e in the pla
ti
 algebra.

For example, in the 
ase of K = [2; 2; 2℄, one has the exa
t sequen
e

0; S

222

; S

222

; S

312

+ S

213

; S

330

+ S

411

; S

420

; 0 :

Restri
ting it to the 
lass of the tableau

3

2 2

1 1 1

, one �nds

0; 0; 23 12 11 + 13 22 11; 123 2 11 + 23 112 1; 0; 0; 0 :

Instead of tableaux and produ
ts S

J

, one 
ould use paths, whether inter-

se
ting or not, and relate the pre
eding proposition to Gessel and Viennot

[9℄ 
onstru
tions on Ja
obi-Trudi type determinants.

Multipli
ation by a S
hur fun
tion, and Littlewood-Ri
hardson rule 
an

be formulated in terms of exa
t sequen
es.

Instead of S
hur fun
tions, one 
an also handle vexillary S
hubert poly-

nomials, or 
ag S
hur fun
tions, and their spe
ializations su
h as fa
torial

S
hur fun
tions.
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Chapter 1

Ex. 1 Let A be arbitrary, k be a positive integer. Expand the produ
t

S

k

(1� zA ) in the basis of S
hur fun
tions.

Ex. 2 Let I 2 N

m

, J 2 N

n

. Given H 2 N

n

, denote H

!

+ J := (j

1

+

h

n

; : : : ; j

n

+ h

1

). Che
k that

S

I;J

(A ; B ) =

X

H

(�1)

jHj

S

I=H e

(A )S

J+H

!

(B ) ;

sum over all partitions H 2 N

n

, H � m

n

.

In parti
ular, for n = 1, one has

S

I;j

(A ; B ) =

X

0�h�m

(�1)

h

S

I=1

h(A )S

j+h

(B ) :

Ex. 3 De�ne a vertex operator on Sym as a formal series in z by

r := exp

�

X

n�1

z

n

	

n

=n

�

exp

�

X

n�1

z

�n

D

	

n

=n

�

and expand it a

ording to powers of z:

r =

+1

X

�1

r

n

:

For any ` 2 N , any v = [v

1

; : : : ; v

`

℄ 2 Z

`

, show that r

v

`

� � �r

v

1

(1) is equal to

the S
hur fun
tion of index v.

See ?? for more general operators, due to Jing, \
reating" Hall-Littlewood

polynomials.

Ex. 4 Give the relations between the S
hur fun
tions in A , and the S
hur

fun
tions in A

_

:= f1=a : a 2 A g, A a �nite alphabet

Ex. 5 Let I = [i

1

; : : : ; i

r

℄ be a partition, n an integer : n � i

r

. Che
k that

�

I;0

n

(A ; B ) = �

I

(A � B ) :
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Ex. 6 Express S

J;r

(A ; x) as a determinant of smaller order when r < 0 (this

is not the 
ase (1.13)).

Ex. 7 Let A , B be arbitrary, and let k be a positive integer. Show that

(�1)

k+2

S

1

k

;2

(A ; A

�

B ) = S

1;k+1

(B

�

A ;�A ) + S

k+2

(B ) :

Ex. 8 Compute the S
hur fun
tions S

J

(A � B ) when A and B are of 
ardi-

nality 1 or 2.

Ex. 9 Let A be of 
ardinality n, and I; J 2 N

n

. Show that the determinant

�

�

S

j

k

+k�h+i

n�h+1

(A )

�

�

fa
torizes into S

J

(A )S

I

(A ). What 
an be said if n is not the 
ardinality of

A ?

Ex. 10 Let A be an alphabet of 
ardinality n. Des
ribe an algorithm to ex-

press the S

k

(A ) and 	

k

(A ), k > n, in terms of respe
tively S

1

(A ); : : : ; S

n

(A ),

	

1

(A ); : : : ;	

n

(A ).

Ex. 11 Let A be an alphabet of 
ardinality n. Show, after Cau
hy and

Laguerre, that elements of Sym(A ) are rational fun
tions of

	

1

(A );	

3

(A ); : : : ;	

2n�1

(A )

(resp. S

1

(A ); S

3

(A ); : : : ; S

2n�1

(A )).

Ex. 12 Let A be any alphabet, m;n be two integers. Che
k that the adjoint

matrix of S

m

n

(A ) is the matrix of the quadrati
 formQ(x; y) := S

(m+1)

n�1

(A�

x� y).

Chapter 2

Ex. 13 Let x

1

; : : : ; x

n

; y be rank 1-elements. Compute

P

i

1=(y � x

i

).

Ex. 14 Let A be arbitrary, x of rank 1, n; p 2 N . Show that

S

n

(A )�

�

k

1

�

S

n

(A�x)+

�

k

2

�

S

n

(A�2x)+� � �+(�1)

k

�

k

k

�

S

n

(A�kx) = x

k

S

n�k

(A ) :

Ex. 15 Given two positive integers m;n, border the matrix S

m

n

(A ) by a

�rst 
olumn [x

n

; : : : ; x

0

; 0℄ and a bottom row [0; y

0

; : : : ; y

n

℄. Show that the

determinant of this new matrix is equal to S

(m+1)

n�1

(A

�

x

�

y), taking x; y to

be rank 1-elements.
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Ex. 16 Let A be an alphabet. Grothendie
k de�ned fun
tions 


i

(A ) by the

generating fun
tion




z

(A ) =

X

z

i




i

(A ) := �

z=(1�z)

(A ) :

De�ne a

ordingly the alphabet A

�

by �

i

(A

�

) = 


i

(A ), i � 0.

Show that

�

i

(A

�

) = �

i

(A + i� 1)

rS

i

(A

�

) = S

i

(A + i� 1)

r	

i

(A

�

) =

i�1

X

j=0

(�1)

j

�

i

j

�

	

i�j

(A ) :

Show that the transformation A 7! A

�

satis�es (�A )

�

= �A

�

, (A + B )

�

=

A

�

+ B

�

, but that in general, (A B )

�

6= A

�

B

�

.

Ex. 17 Let the Gauss polynomial

�

n

i

�

be S

i

((1� q

n�i+1

)=(1� q)), with q of

rank 1. Show that

�

m+ n + 1

n

�

=

n

X

0

q

j

�

m + j

j

�

�

m + n

k

�

=

X

j

q

(n�j)(k�j)

�

n

j

� �

m

k � j

�

:

Ex. 18 Let p; r be positive integers. Show that

X

k�0

q

k(p+r)

(1� q

�p

) � � � (1� q

k�1�p

)

(1� q

1+r

) � � � (1� q

k+r

)(1� q

�1

) � � � (1� q

�k

)

=

1

(1� q

1+r

) � � � (1� q

p+r

)

Ex. 19 Let A be arbitrary, p binomial, n 2 N . Show that

nS

n

(pA ) � (p

+

n

�

1)S

n

�

1

(pA ) �

1

(A ) + (2p

+

n

�

2)S

n

�

2

(pA ) �

2

(A ) � � � �

� � � � ((n

�

1)p+ 1)S

0

(pA ) �

n

(A ) = 0 :

Ex. 20 Let A be arbitrary. Show that the produ
t of

h

(�1)

i+j

�

j

(i)

i

0�i;j�n

by

h

S

j

(iA )

i

0�i;j�n

is a triangular matrix. Express its entries in the S

I

(A )

basis.
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Ex. 21 Let A be of 
ardinality n, and A

der

be the alphabet of roots of

S

n�1

(2x� A ) (we shall 
all it the derived alphabet). Show that

S

k

(A � A

der

) =  

k

(A )=n ; k = 1; 2; : : : :

Show that, for any a 2 A ,

S

n

n�1

(A � A

der

� 2a) = (�1)

n�1

�(A )

2

;

i.e. is equal to the dis
riminant

Q

i<j

(a

i

� a

j

)

2

, up to a sign.

Ex. 22 (Sylvester, Colle
t.W.1, p.502). Let A be of 
ardinality n, and let

A

der

its derived alphabet. For any positive integer k, let P

k

(x) := S

k

k(A �

A

der

�x), with x of rank 1. Show that for any k > 0, any 0 � j < k, one has

X

a2A

a

j

P

k

(a) = 0 ;

and that

�

�

�

P

0

(a)

2

; P

1

(a)

2

; : : : ; P

n�1

(a)

2

�

�

�

a2A

= 0 :

Ex. 23 Let x be su
h that 8n 2 N , S

n

(1 + x) = 1 + nx. Compute the

S

J

(1 + x), J partition, without expansion of determinants.

Ex. 24 Let the Bernoulli alphabet B be de�ned by �

z

(B ) = z=(1�exp(�z)),

i.e. S

k

(B ) = B

k

=k!, with B

k

= Bernoulli number (normalization B

1

= 1=2).

Show that this alphabet 
an be de�ned by the equations

8k > 0; S

k

((k + 1)B ) = 1 ;

or by the equations

8k > 1; 	

k

(B ) = �S

k

(B ) & 	

1

(B ) = 1=2 :

Ex. 25 S�eries de Fa
ult�es (N�ordlund, Le�
ons sur les s�eries d'interpolation, Gauthiers-

Villars, Paris(1926)). A \s�erie de fa
ult�es" is a series of the type

f(z; A ) := 1+

S

1

(A )

z

+

S

2

(A )

z(z + 1)

+

2!S

3

(A )

z(z + 1)(z + 2)

+� � � =

X

+

S

n

(A )

(n+ 1)S

n+1

(z)

;

where z is of binomial type and A arbitrary.

Show that for every binomial element y, one has f(z; A ) = f(z + y; A + y).

Dedu
e that

d

dz

f(z; A ) = �

X

�

S

n�1

(A )=1 + � � �+ S

0

(A )=n

�

=(n+ 1)S

n+1

(z) :

Express the produ
t f(z; A ) f(z; B ) as a s�erie de fa
ult�es.
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Ex. 26 Vertex operators [Vertex2℄ Let A be of in�nite 
ardinality, x; y be

rank-1 elements.

De�ne T

x

, T

�x

to be the ring homomorphisms Sym(A ) 7! Sym(A )[[x℄℄ :

T

x

(S

k

(A )) =

X

i

x

i

S

k�i

(A ) ; (?)

T

�x

(�

k

(A )) =

X

i

(�x)

i

�

k�i

(A ) : (??)

Che
k the twisted 
ommutations, for any f 2 Sym(A ) :

T

x

(�

y

(A ) f) =

1

1� xy

�

y

(A )T

x

(f)

T

�x

(�

�y

(A ) f) =

1

1� xy

�

�y

(A )T

�x

(f)

T

x

(�

�y

(A ) f) = (1� xy)�

�y

(A )T

x

(f)

T

�x

(�

y

(A ) f) = (1� xy) �

y

(A )T

�x

(f)

Ex. 27 Let A be arbitrary, k; n be two integers, x be a rank-1 element. Show

that

S

k

n

(A

�

x)S

k

n+1

(A ) � S

k

n

(A )S

k

n+1

(A

�

x) = xS

(k+1)

n

(A

�

x)S

(k�1)

n+1

(A ) :

For example,

S

55

(A

�

x)S

555

(A ) � S

55

(A )S

555

(A

�

x) = xS

66

(A

�

x)S

444

(A ) :

Ex. 28 Let A ; B be alphabets; take on Sym(A )
Sym(B ) the tensor prod-

u
t of the usual s
alar produ
ts.

Show that 	

I

(A

�

B )	

J

(A

+

B ), (I; J) running over all pairs of partitions, is

an orthogonal basis of Sym(A ) 
Sym(B ).

Ex. 29 Let k; n 2 N , A

0

; : : : ; A

n�1

be n alphabets. Take on Sym(A

0

) 


� � � 
 Sym(A

n�1

) the tensor produ
t of the usual s
alar produ
t on ea
h

Sym(A

i

).

Show that

Y

i

S

�

i

�

A

i

� �

1

([k℄)A

i�1

+ �

2

([k℄)A

i�2

� � � � � �

k

([k℄)A

i�k

�

is the adjoint basis of

Y

i

S

�

i

�

A

i

+ S

1

([k℄)A

i+1

+ � � �+ S

n�1�i

([k℄)A

n�1

�
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the indexing set being all n-tuple of partitions (�

0

; : : : ; �

n�1

); [k℄ := 1 + q +

� � �+ q

k

, with q of rank 1; A

i

:= 0 for i < 0.

The 
ase k = 1 is due to B.Le
ler
 and H.Miya
hi (Some 
losed formulas for


anoni
al bases of Fo
k spa
es (2001)). For example, for n = 4, k = 1, the

adjoint bases are the following elements, indexed by all possible quadruples

of partitions :

S

�

0

(A

0

)S

�

1

(A

1

� qA

0

)S

�

2

(A

2

� qA

1

)S

�

3

(A

3

� qA

2

) ;

S

�

0

(A

0

+ qA

1

+ q

2

A

2

+ q

3

A

3

)S

�

1

(A

1

+ qA

2

+ q

2

A

3

)S

�

2

(A

2

+ qA

3

)S

�

3

(A

3

) :

Chapter 3

Ex. 30 Let f(x) be a polynomial and A be an alphabet of 
ardinality n.

Show that f(x) is 
ongruent, modulo S

n

(x� A ), to the quotient

�

�

�

�

�

�

f(a) 1 a a

2

� � � a

n�1

.

.

.

.

.

.

.

.

.

.

.

.

0 1 x x

2

� � � x

n�1

�

�

�

�

�

�

1

�(A )

:

Ex. 31 Find ba
k the �rst remainder of the division of S

m

(x�B ) by S

n

(x�

A ), applying Pl�u
ker relations to the following matrix of 
omplete fun
tions

(denoted only by their exponents) :

alphabets

2

6

6

4

0 � � � n m n

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

�n � � � 0 m� n 0

A � � � A A � B + x x

3

7

7

5

Ex. 32 Use Pl�u
ker relations to re
over, following Wronski, that the r + 1-

th remainder in the division of S

m

(x � B ) by S

n

(x � A ) is the normalized

di�eren
e of the r-th remainders of S

m

(x� B ) and S

m+1

(x� B ).

Ex. 33 Let A be of 
ardinality n, x of rank 1. Give the su

essive remainders

in the Eu
lidean division of x

n+1

by S

n

(1� xA ).

Ex. 34 Let A be an alphabet, with jA j = n. Extra
t from the 
ompanion

matrix of A the (in�nite) Vandermonde matrix. Dedu
e from it that any

S
hur fun
tion 
an be expressed as determinant of hook fun
tions S

1

i

j

(A ).

Ex. 35 Let A be an alphabet, with jA j = n. Let X := fx

1

; : : : ; x

k

g be an

alphabet, k � n. Show that the remainder of any minor of order k of the

in�nite Vandermonde matrix V(X) modulo the polynomials S

n

(x

i

� A ), is a

sum of produ
ts of minors of the �nite Vandermonde matrix of width n, by

S
hur fun
tions in A .
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Ex. 36 Let A ; B be two alphabets, jA j = jB j = n. Express the matrix of

B�ezout's morphism

\Multipli
ation by S

n

(x� B ) modulo S

n

(x� A )"

in the basis fS

0

(x � A ); : : : ; S

n�1

(x � A )g, and �nd ba
k the expression of

B�ezout's matrix in terms of S

n

n

(A � B ), using that S

i

(x � A )S

n

(x � B ) =

(�1)

i

S

1

i

; n

(A ; x � B ) = (�1)

i

S

1

i

; n

(A ; (x � A ) + (A � B )).

Ex. 37 The 
oeÆ
ients of the su

essive remainders in Sturm sequen
e (for

the division of a polynomial R(x; A ) by its derivative) are symmetri
 fun
-

tions of A . Find them.

Ex. 38 (Hypergeometri
 alphabet). Let a; b be elements of binomial type,

a; b 62 N , and x be rank-1 element. De�ne the alphabet A by �

i

(A ) :=

�

i

(a)=�

i

(b), i = 1; 2; : : : . Let, for any n 2 N , �(n; a; b) = �

n

(nx� A ).

Show that the derivative of �(n; a; b) with respe
t to x is equal to n�(n �

1; a; b), and that the respe
tive remainders of �(n; a; b) with respe
t to �(n�

1; a + k; 
 + `), with [k; l℄ = [1; 0℄; [0; 0℄; [0;�1℄; [�1; 0℄; [�1;�1℄ or [�1;�2℄,

are proportional to some �(n� 2; a

0

; b

0

).

In parti
ular, show after Stieltjes (Sur les polynômes de Ja
obi, Comptes

Rendus, 100 (1885) 620), that the Sturm sequen
e asso
iated to �(n; a; b)

(i.e. the Eu
lidean division of �(n; a; b) by �(n� 1; a; b)) is the sequen
e

�(n� i� 1; a� i; b� 2i); i = 1; 2; : : : ;

up to fa
tors to be determined.

Show in parti
ular that the dis
riminant of �(n; a; b) fa
torizes into fa
tors

whi
h are linear in a and b.

For another method to prove this last point, see next exer
ise.

Ex. 39 Let a; b be elements of binomial type, a; b 62 N , and let n 2 N . De�ne

A and B by the equations

�

i

(A ) :=

�

n

i

�

�

i

(a)=�

i

(b) & �

i

(B ) :=

�

n� 1

i

�

�

i

(a)=�

i

(b); i = 1; 2; : : :

Compute the S

k

n

(A

�

B ), for k � n� 1.

Ex. 40 Let A ; B be two alphabets: jA j = n, jB j = m. Let S be the n �1

matrix S :=

h

S

m+j�i

(A � B )

i

0�i�n�1;0�j

. Let C(A ) be the in�nite 
ompanion

matrix of S

n

(x� A ). Show that S fa
torizes into

S= S

m

n

(A � B ) C(A ) :
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Dedu
e, for every J 2 N

n

the following fa
torization :

S

m

n

+J

(A � B ) = R(A ; B )S

J

(A ) :

Dedu
e also the expression of a S
hur fun
tion S

J

(A ) as a determinant of

hook-fun
tions S

1

i

j

(A ).

For example, for n = 3; m = 5, writing the alphabets below the matri
es,

and trun
ating them to width 7 as a �rst approximation to 1, one has

2

4

S

5

S

6

S

7

S

8

S

9

S

10

S

11

S

4

S

5

S

6

S

7

S

8

S

9

S

10

S

3

S

4

S

5

S

6

S

7

S

8

S

9

3

5

=

2

4

S

5

S

6

S

7

S

4

S

5

S

6

S

3

S

4

S

5

3

5

2

4

1 � � S

300

S

400

S

500

S

600

� 1 � S

20

S

30

S

40

S

50

� � 1 S

1

S

2

S

3

S

4

3

5

A � B A � B A

Ex. 41 Let A : jA j = n be su
h that all a 2 A are distin
t, and let Q

a

:=

S

n�1

(x � A + a). Show that the morphism u de�ned in se
tion(B�ezout) is

diagonal in basis fQ

a

g

a2A

, with diagonal fS

n

(a� B )g.

Ex. 42 Relate the expressions given by Sturm for the su

essive remainders

of a polynomial by its derivative to the expression of the remainders as S
hur

fun
tions.

Chapter 4

Ex. 43 Let a

1

+

b

2

a

2

+b

3

=���

be a 
ontinued fra
tion. Che
k from the matrix

expression that the parameters 
an be re
overed from the 
onvergents :

a

n

=

P

n�2

Q

n

� P

n

Q

n�2

P

n�2

Q

n�1

� P

n�1

Q

n�2

& b

n

=

P

n

Q

n�1

� P

n�1

Q

n

P

n�2

Q

n�1

� P

n�1

Q

n�2

Ex. 44 (R.Rogers, On the representation of 
ertain series as 
ontinued fra
tions,

Pro
. London M.S. 4 (1907)72-89) Give the Taylor expansion of a 
ontinued

fra
tion 1

.�

1�

�

b

1

z=(1� b

3

z=(� � � ))

�

�

Ex. 45 Given � 2 C , show that (1+ z)

�

has a 
ontinued fra
tion expansion

a

1

+

b

2

a

2

+b

3

=���

with a

1

= 1; a

2n

= 2n�1; a

2n+2

= 2, b

2n

= (n�1+�)z; b

2n+1

=

(n � �)z. Obtain, as a limit, the 
ontinued fra
tion for the exponential:

a

1

= 1; a

2n

= 2n � 1; a

2n+2

= 2, b

2n

= z; b

2n+1

= �z. Do not forget

the logarithm: log(1 + z) has a 
ontinued fra
tion expansion with a

n

= n,

n = 0; 1; : : : , and b

2

= z, b

2n+1

= b

2n+2

= z n

2

, n = 1; 2; : : :
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Ex. 46 Continued fra
tion expansions 
an also be found for divergent se-

ries. Che
k, after Euler (De transformatione seriei divergentis.., A
ta A
ad.

S
.Petropoli (1784)), that the series

P

z

n

n! has a 
ontinued fra
tion expansion

1+

b

2

z

1+b

3

z=���

with [b

2

; b

3

; : : : ℄ = [1;�2;�1;�3;�2; : : : ;�n�1;�n; : : : ℄. Intro-

du
e an extra parameter � 2 C and show that

P

z

n

n!S

n

(�) admits a 
ontin-

ued fra
tion expansion with [b

2

; b

3

; : : : ℄ = [�;���1;�1;���2;�2; : : : ;���

n;�n; : : : ℄ ( re
all that n!S

n

(�) = �(� + 1) � � � (� + n� 1)).

Ex. 47 Given two in�nite sequen
es [a

1

; a

2

; : : : ℄, [b

2

; : : : ℄, let

K

n

([a

1

; : : : ; a

n

℄; [b

2

; : : : ; b

n

℄)

be the n� n following determinant (with only three non zero diagonals):

K

n

([a

1

; : : : ; a

n

℄; [b

2

; : : : ; b

n

℄ :=

�

�

�

�

�

�

�

�

�

�

a

1

b

2

0 � � �

�1 a

2

b

3

0 � � �

0

.

.

.

.

.

.

.

.

.

.

.

. a

n�1

b

n

�1 a

n

�

�

�

�

�

�

�

�

�

�

Show, after Sylvester (Colle
ted Work I, p.609-629 and 641-644 ) that the 
on-

vergents of the fra
tion a

1

+

b

2

a

2

+b

3

=���

are

P

n

=Q

n

= K([a

1

; : : : ; a

n

℄; [b

2

; : : : ; b

n

℄)=K([a

2

; : : : ; a

n

℄; [b

3

; : : : ; b

n

℄)

Ex. 48 Let [a

1

; : : : ; a

n

℄, [b

2

; : : : ; b

n

℄ be two sequen
es. The Ja
obi matrix

J([a

1

; : : : ; a

n

℄; [b

2

; : : : ; b

n

℄) is the tridiagonal symmetri
 matrix, with main

diagonal equal to [a

1

; : : : ; a

n

℄ and its neighbours to [b

2

; : : : ; b

n

℄. Ja
obi's


ontinued fra
tion is

1

u� a

1

�

b

2

2

u� a

2

�

b

3

2

u� a

3

� � � �

. Show that its n-th


onvergent P

n

=Q

n

is su
h that P

n

is the 
hara
teristi
 polynomial of

J([a

2

; : : : ; a

n

℄; [b

3

; : : : ; b

n

℄) and Q

n

, of J([a

1

; : : : ; a

n

℄; [b

2

; : : : ; b

n

℄).

Ex. 49 Let A be an alphabet of 
ardinality 2, and let �

1

= �

1

(A ), �

2

=

�

2

(A ). Show that the n-th 
onvergent of �

1

�

�

2

�

1

��

2

=���

is S

n

(A )=S

n�1

(A ).

Ex. 50 (Contra
tion of a 
ontinued fra
tion). Sin
e

1 +

az

1 + bz=X

= 1 + az �

abz

2

bz +X
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one 
an 
ontra
t Stieltjes' 
ontinuous fra
tion for �

z

(A ), or its inverse �

�z

(A )

by grouping terms two by two. There are two manners to do it:

1

1 +

za

1

1 +

za

2

1 +

za

3

.

.

.

=

1

1 + za

1

+

z

2

a

1

a

2

1 + z(a

2

+

a

3

) +

z

2

a

3

a

4

1 + z(a

4

+

a

5

) +

z

2

a

5

a

6

.

.

.

1 +

za

1

1 +

za

2

1 +

za

3

.

.

.

= 1 +

za

1

1 + za

2

�

z

2

a

2

a

3

1 + z(a

3

+

a

4

)�

z

2

a

4

a

5

1 + z(a

5

+

a

6

) +

z

2

a

6

a

7

.

.

.

Show that the �rst 
ontra
tion gives ba
k Wronski's 
ontinuous fra
tion for

�

�z

(A ).

For the se
ond 
ontra
tion, show that one 
an rewrite the 
oeÆ
ients

a

3

+ a

4

=

S

222

� S

33

S

1

S

22

; a

5

+ a

6

=

S

2

S

3333

� S

11

S

444

S

22

S

33

;

a

2n�1

+ a

2n

=

S

(n�1)

n�2

S

n

n+1

� S

(n�2)

n�1

S

(n+1)

n

S

(n�1)

n�1

S

n

n

:

Ex. 51 Let f(x) be a fun
tion. Let T

r

(f) be the limit of Thiele's re
ipro
al

di�eren
e [x

1

; : : : ; x

r+1

℄, for x

1

= � � � = x

r+1

= x. Show that T

0

(f) =

f; T

1

(f) = 1=D(f), where D is the derivative with respe
t to x, and that

T

r

(f) = T

r�2

(f) +

r

D(T

r�1

(f))

Dedu
e Thiele's expansion of f in the neighbourhood of x :

f(x+ �) = f(x) +

�

T

1

(f) +

�

2T

1

(T

1

(f)) +

�

3T

1

(T

2

(f)) +

�

4T

1

(T

2

(f)) +

�

.

.

.
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Ex. 52 (O.Perron, Die Lehre von den Kettenbr�u
hen, Leipzig 1929) Put f(x) =

e

x

in the pre
eding exer
ise. Show that T

2n

(e

x

) = (�1)

n

e

x

and T

2n+1

(e

x

) =

(�1)

n

(n + 1) e

�x

. Transform Thiele's expression into

e

�

= 1 +

�

1�

�

2 +

�

3�

�

2 +

�

5�

�

.

.

.

Chapter 5

Ex. 53 Let f(z) := �

z

(B )=�

z

(A ) be a rational fra
tion. Given two integers

m;n, write the numerator and the denominator of the Pad�e approximant

P=Q of f(z) of degree [�=�℄ as determinants with entries the elementary

symmetri
 fun
tions in A or B .

Ex. 54 Let A be an alphabet of in�nite 
ardinality, m;n be two positive

integers, K � [1; : : : ; m

+

n℄ be a subset of 
ardinality n. Find a polynomial

Q(z) = S

n

(1� zB ) of degree n su
h that

S

k

(A � B ) = 0 8k 2 K :

Thus P (z) := S

m+n

(1 + z(A

�

B )) is a polynomial of degree � m + n su
h

that

P=Q � �

z

(A) mod(x

m+n+1

) ;

but, 
ontrary to the 
ase of a Pad�e approximant, the numerator is of degree

� m+ n, having n 
oeÆ
ients null.

Ex. 55 Let �; � be two integers, and [�=�℄ the Pad�e approximant of �

z

(D ).

Give the Taylor expansion of [�=�℄.

In parti
ular des
ribe expli
itely the 
oeÆ
ient of z

�+�+1

.

Ex. 56 (Baker and Grave-Morris, p.339) Let f(z) be a fun
tion of one vari-

able, �; � two positive integers, Y = fy

0

; : : : ; y

�+�

g � C . Write 
Y

n

for

y

0

; : : : ; y

n

, and Y

�1

for the void set. Write [i : : : j℄ for the image of f(y

i

)

under the produ
t of divided di�eren
es �

y

i

;y

i+1

� � ��

y

j�1

;y

j

, and [i : : : j; z℄ for

the image of [i : : : j℄ under �

y

j

;z

. When i > j put [i : : : j℄ = 0.
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Let moreover P (z)=Q(z) be the rational interpolant of f(z) of type [�=�℄ at

points Y.

Show that Q(z) is proportional to

�

�

�

�

�

�

�

�

[� : : : (�

+

1)℄ � � � [� : : : (�

+

�)℄ R(z;Y

��1

)

.

.

.

.

.

.

.

.

.

[1 : : : (�

+

1)℄ � � � [1 : : : (�

+

�)℄ R(z;Y

0

)

[0 : : : (�

+

1)℄ � � � [0 : : : (�

+

�)℄ R(z;Y

�1

)

�

�

�

�

�

�

�

�

:

Show that

�

f(z)Q(z)� P (z)

�

=R(z;Y) is equal to the determinant

�

�

�

�

�

�

�

�

[� : : : (�

+

1)℄ � � � [� : : : (�

+

�)℄ [� : : : (�

+

�); z℄

.

.

.

.

.

.

.

.

.

[1 : : : (�

+

1)℄ � � � [1 : : : (�

+

�)℄ [1 : : : (�

+

�); z℄

[0 : : : (�

+

1)℄ � � � [0 : : : (�

+

�)℄ [0 : : : (�

+

�); z℄

�

�

�

�

�

�

�

�

: (?)

Ex. 57 Compute the verti
al and horizontal distan
e 2 di�eren
es in a Pad�e

table (for �

z

(A )) : [�=�℄� [�

�

2=�℄ and [�=�℄� [�=�

�

2℄.

Ex. 58 Let A be arbitrary, k; n be integers, x be a rank-1 element. Show

that

S

k

n

(A

�

x)S

(k+1)

n

(A ) = S

k

n

(A )S

(k+1)

n

(A

�

x)� xS

k

n+1

(A )S

(k+1)

n�1

(A

�

x) :

Use this formula, in 
onjun
tion with ex(Wynn1) to reprove Wynn's formula.

Ex. 59 (Montsessus) Let f(z) be a meromorphi
 fun
tion in the unit disk.

Poles are of total multipli
ity n, and di�erent from 0.

Show that the sequen
e of Pad�e approximants [m=n℄, m ! 1, 
onverges

towards f(z) in any point in the disk, di�erent from a pole.

The reader, having only algebrai
 tools at his disposal, 
an suppose that

f(z) = �

z

(A � B ), with 
ard(A ) = n, 
ard(B ) <1, and jaj > 1; 8a 2 A .

Chapter 6

Ex. 60 Show how to obtain the �rst remainder in the Eu
lidean division of

two polynomials, using divided di�eren
es.

Ex. 61 Given two alphabets A ; B , of respe
tive 
ardinalities n;m, n � m

and let 0 < r � m;n. Find the remainder of S

(r�1)

m�n+r

(A �B �x)S

m

(x�B )

modulo S

n

(x� A ).
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Ex. 62 : Fa
torization of the Vandermonde matrix.

Let A be of 
ardinality n, and V :=

�

a

n�j

i

�

1�i;j�n

. Let A

k

:= fa

1

; : : : ; a

k

g.

Using Newton to interpolate ea
h a

k

i

in A

i�1

show that V fa
torizes into

V =

�

R(a

i�1

; A

j�1

)

��

S

j�i

(A

i

)

�

(with R(x; ;) = 1). De
ompose the two matri
es into produ
ts of matri
es

with entries in the set f0; 1; a

1

; : : : ; a

n

; (a

j

� a

i

) : 1 � i < j � ng.

Ex. 63 Let A be in�nite, and, for any k, let A

k

denote fa

1

; : : : ; a

k

g. Expand

the 
hara
teristi
 polynomial of the (right-justi�ed) n� n Pas
al matrix

M :=

�

�

j�i

(A

i�1

)

�

1�i;j�n

:

Chapter 7 Orthogonal Polynomials 4371

Ex. 64 Let A be an alphabet and let

R

be the linear fun
tional su
h that

R

t

k

= S

k

(A ), k � 0. Show that

R

�

t;x

(P (t)) is equal to the adjoint polyno-

mial Q

n

(x) = S

(n�1)

n+1

(A + x).

Ex. 65 Gauss quadrature. Let L

A

be the linear fun
tional atta
hed to a

generi
 alphabet A :

L

A

(x

k

) = S

k

(A ) ; k � 0 :

Let B be the set of zeroes of P

n

(x) := S

n

n

(A � x). Show that

L

A

(f(x)) = (P

n�1

; P

n�1

)

X

b2B

f(b)=P

n�1

(b)R(b; B � b)

for any polynomial of degree � 2n� 1. The reader 
an use the basis

fx

k

P

n

(x) : k = 0; : : : ; n

�

1g [ fx

k

P

n�1

(x) : k = 0; : : : ; n

�

2g [ fP

2

n�1

(x)g

to test the statement.

When the linear fun
tional L

A

is de�ned by an integral, the formula gives a

way of 
omputing the integral of a polynomial by a �nite sum on the zeroes

of P

n

.

Ex. 66 Given an alphabet A = fa

1

; : : : ; a

n

g, write

P

1<i�n

1=(a

1

� a

i

) as a

fun
tion of a

1

and A .

Knowing that the Hermite polynomialH

n

(x) satisfy the di�erential equation

D

2

H

n

� 2xDH

n

+ 2nH

n

= 0 ;
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with D :=

d

dx

, use the pre
eding result to prove that

a

1

=

X

1<i�n

1=(a

1

� a

i

)

when A is spe
ialized to the set of roots of H

n

, a

1

being any root.

Ex. 67 Let A be an in�nite alphabet, x an indeterminate, and 	

0

a param-

eter. De�ne a linear fun
tional L on polynomials in x by

L(x

0

) =  

0

; L(x

i

) = 	

i

(A ) ; i > 0 :

Find the orthogonal polynomials asso
iated to L.

Ex. 68 Let A be an in�nite alphabet, x

1

; : : : ; x

n

be indeterminates of sum

X. Let L

j

, j = 1; : : : ; n, be the linear fun
tional on C [x

j

℄ de�ned by L

j

(x

k

j

) =

S

k

(A ), k � 0, and let L be the produ
t of the L

j

's.

Show that, for every J 2 N

n

,

L

�

S

J

(X)�(X)

2

�

= (�1)

n(n�1)=2

n!S

J+(n�1)

n

(A ) :

Noti
e the 
orollary 
orresponding to J = 1

n

, with z of rank 1 :

L

�

R(X; z)�(X)

2

�

= �S

n

n

(A � z) :

Ex. 69 Let x be a rank-1 element, L be the linear fun
tional x

j

7! S

j

(A ),

k be a positive integer. Show that

L

�

S

(k+1)

k(A � 2x)

�

= (�1)

k

(k + 1)S

k

k+1(A ) :

Dedu
e that

L

�

S

k

k(A � x)

2

�

= (�1)

k

S

k

k�1(A )S

k

k+1 (A ) :

Ex. 70 (Stieltjes). Let g(t) be a positive 
ontinuous fun
tion of t 2 [0; 1℄,

satisfying

R

1

0

g(t)dt = 1. De�ne A by S

k

(A ) :=

R

1

0

g(t)t

k

dt, k = 1; 2; : : : .

Given any positive integer n, and indeterminates x

1

; : : : ; x

n

, remark that the

quadrati
 form

Q(x

1

; : : : ; x

n

) :=

Z

1

0

g(t)(

X

x

i

t

i�1

)

2

dt

is positive, and dedu
e from it that

(�1)

n(n�1)=2

S

(n�1)

n

(A ) � 0 :

91



More generally, show that any minor of the Hankel matrix

�

S

i+j

(A )

�

i;j�0

is

positive.

Consider the 
ase g(t) = �

t

(B ) (whi
h is `generi
'), and express the S
hur

fun
tions of A in terms of B .

Given any k, evaluate the multiple integral

Z

1

0

x

k

1

g(x

1

)

Z

1

0

� � �

Z

1

0

x

k

n

g(x

n

)

Y

1�i<j�n

((x

i

� x

j

)

2

dx

1

� � �dx

n

and 
on
lude, on
e more, that the Hankel determinant jS

k+j�i

(A )j

1�i;j�n

is

positive (the pre
eding exer
ise 
ould have been used).

Mixed Exer
ises, to rea
h 100

Ex. 71 (Newton's re
ursions) Show that

k�

k

= �

k�1

	

1

� �

k�2

	

2

+ �

k�3

	

3

� � � � � �

0

	

k

:

Dedu
e Brios
hi' re
ursions

kS

k

= S

k�1

	

1

+ S

k�2

	

2

+ S

k�3

	

3

+ � � �+ S

0

	

k

:

Ex. 72 Show that

n!S

n

=

�

�

�

�

�

�

�

�

�

�

2�

1

�

0

0 � � � 0

4�

2

3�

1

2�

0

� � � 0

.

.

.

.

.

.

.

.

.

.

.

.

(2n� 2)�

n�1

(2n� 3)�

n�2

(2n� 4)�

n�3

� � � (n� 1)�

0

n�

n

(n� 1)�

n�1

(n� 2)�

n�2

� � � �

1

�

�

�

�

�

�

�

�

�

�

(only the last row is irregular).

Ex. 73 (Waring's Formula) Show that

1

k

	

k

=

X

(�1)

`(J)+k

(`(J)� 1)!

m

1

!m

2

! � � �

�

J

;

sum over all partitions J = 1

m

1

2

m

2

� � � of weight jJ j = k.

For example,  

6

=6 = ��

6

+�

5

�

1

��

4

�

2

1

+�

3

�

3

1

��

2

�

4

1

+1=6�

6

1

+3=2�

2

1

�

2

2

�

2�

1

�

2

�

3

+ �

2

�

4

� 1=3�

3

2

+ 1=2�

2

3

Identify the s
alar produ
ts (	

k

;	

J

).

Ex. 74 Compute the s
alar produ
ts (�

k

;	

J

).
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Ex. 75 Let A be an alphabet of 
ardinality n. Show that the S

k

(A ) satisfy

a linear re
urren
e of order n. What are the terms of negative index of this

re
urrent sequen
e ?

Ex. 76 Let A ; B be two alphabets, 
ard(A ) = n > 
ard(B ). De�ne $

k

, k 2 Z

as the Taylor 
oeÆ
ient of degree k of �

z

(A � B ) in z = 0 when k � 0, and

as the Taylor 
oeÆ
ient of ��

z

(A � B ) in z =1 when k < 0.

Show that $

k

is a linear re
urren
e of order n, and that the pre
eding exer
ise

is the 
ase B = 0.

For I 2 N

n

, J 2 Z

n

, de�ne $

J=I

to be the minor of the Toeplitz matrix

�

$

j�i

�

i�0;j2Z

taken on rows I and 
olumns J . Show that

$

(J�1

n

)=I

= (�

n

(A ))

�1

$

J=I

:

Ex. 77 Let A be an alphabet of 
ardinality n, and let B be arbitrary. Repla
e

ea
h entry a

k

of the Vandermonde matrix V (A ) by S

k

(a+ B ). Compute the

minors of order n of this new matrix.

Ex. 78 Show that

	

k

= S

k

� S

1;k�1

+ S

1;1;k�2

� � � �+�S

1

k :

Ex. 79 Murnaghan-Nakayama formula) Let J 2 N

n

. Show that

D

	

k(S

J

) =

X

i

S

J�[0

i

;k;0

n�1�i

℄

:

Ex. 80 For n 2 N , express sin(r�)= sin(�) and 
os(n�) in terms of 
os(�), by

identifying them to symmetri
 fun
tions in � exp(

p

�1�) .

Ex. 81 Let A be an alphabet of 
ardinality n, and k 2 N . Show that

Y

1�i<j�n

S

k

(a

i

+ a

j

)

is equal to a S
hur fun
tion.

Ex. 82 Let A be an alphabet of 
ardinality n, and S a symmetri
 fun
tion.

Show that the determinant obtained from the Vandermonde �(A ) by repla
-

ing its last 
olumn [a

n�1

1

; a

n�1

2

; : : : ℄ by the partial derivatives [

d

d

a

1

(S);

d

�

a

2

(S); : : : ℄

is equal to

(S;	

n

)�(A ) :
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Ex. 83 Let A be an alphabet, A

der

the alphabet of roots of the derivative of

R(x; A ). For any integer k, express S

k

(x� A

der

) in the basis of fS

i

(x� A )g.

Ex. 84 Let A be an alphabet of 
ardinality n, and let S be an homogeneous

symmetri
 polynomial in A of degree d � n. Show that

(S;�

d

) = S(B ) ;

where B is the set of roots of

x

n

� x

n�1

+ x

n�2

� � � �+ (�1)

n

:

Ex. 85 Show that, for any r 2 N ,

x(x+ 1) � � � (x+ r � 1) =

X

J:jJj=r

x

`(J)

r!

(	

J

;	

J

)

:

What be
omes the left hand side when the summation is restri
ted to par-

titions with all parts odd ? For example, one gets, for n = 2; : : : ; 6 the

following values x

2

, x

3

+ 2x, 8x

2

+ x

4

, x

5

+ 20x

3

+ 24x, x

6

+ 40x

4

+ 184x

2

.

Ex. 86 Let k 2 N . Show that

X

J

m

k

	

J

(	

J

;	

J

)

is a sum of S
hur fun
tions with 
oeÆ
ients �1, where m

k

:= multipli
ity of

k in J = 1

m

1

2

m

2

� � � .

Ex. 87 A be an alphabet of 
ardinality n, and let v 2 N

n

. Write �(A + v)

for

Q

i<j

(a

i

+ v

i

� a

j

� v

j

). Let K be partition. Evaluate

X

I

(S

K

; S

I

)�(A + I) ;

sum over all ve
tors I 2 N

n

, jIj = jKj.

Ex. 88 Compute

det( 1=(a

i

+ a

j

) )

1�i;j�n

:

Ex. 89 Let A ; B be alphabets of 
ardinality n, D another alphabet. Com-

pute

det

�

�

�

�

R(a; D ) � R(b; D )

a� b

�

�

�

�

a2A ;b2B

:
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Ex. 90 Let A ; B be alphabets of 
ardinality n, p 2 N . Compute

det

�

(a

i

+ b

j

)

p

�

1�i;j�n

:

Ex. 91 Let A be of 
ardinality n, B of 
ardinality 2n. Compute

det

�

1

b

i

� a

1

;

1

(b

i

� a

1

)

2

; : : : ;

1

b

i

� a

n

;

1

(b

i

� a

n

)

2

�

1�i�n

Ex. 92 Let A ; B be alphabets of 
ardinality n. Compute

det

�

a

i

+ b

j

a

i

� b

j

�

1�i;j�n

:

Ex. 93 Let A be of 
ardinality n, B be a set of n 
omplex numbers. Express

det( (1� a

i

)

b

j

)

1�i;j�n

=�(A )

in the basis of S
hur fun
tions of A .

Ex. 94 Let A ; B be arbitrary. Expand

�

�

�

�

�

P

i�0

S

i

(A )S

i

(B )

P

i�0

S

i+1

(A )S

i

(B )

P

i�0

S

i

(A )S

i+1

(B )

P

i�0

S

i

(A )S

i

(B )

�

�

�

�

�

Ex. 95 Border the determinant S

m

n

(A ) by a �rst 
olumn [x

n�1

; : : : ; x

0

; 0℄

and a bottom row [0; y

0

; : : : ; y

n�1

℄. Use it to show that

S

�

(A )S

�

(A �x�y) = S

�

(A �x)S

�

(A �y)�xy S

m

n

(A )S

(m+2)

n�2

(A �x�y) ;

with� := (m+1)

n�1

. For example, the determinant

�

�

�

�

�

�

�

�

x

2

S

2

(A ) S

3

(A ) S

4

(A )

x S

1

(A ) S

2

(A ) S

3

(A )

x

0

S

0

(A ) S

1

(A ) S

2

(A )

0 1 y y

2

�

�

�

�

�

�

�

�

allows to 
he
k that

S

33

(A )S

33

(A � x� y) = S

33

(A � x)S

33

(A � y)� xy S

222

(A )S

4

(A � x� y) :

Ex. 96 Let A ; B be alphabets of respe
tive 
ardinalities �,�. Show that the

resultant R(A ; B ) is a divisor of

�

�

�

�

�

�

�

�

�

�

�

�

�

�

	

0

(A ) 	

1

(A ) � � � 	

�+�

(A )

.

.

.

.

.

.

.

.

.

	

�

(A ) 	

�+1

(A ) � � � 	

�+�

(A )

1 b

1

� � � b

�+�

1

.

.

.

.

.

. � � �

.

.

.

1 b

�

� � � b

�+�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�
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and �nd the quotient.

In parti
ular, if � = 1, B = x, then the pre
eding determinant is a multiple

of the polynomial in x with A as roots (Brios
hi 1854, Muir II, p.342).

Ex. 97 Let A ; B be alphabets of respe
tive 
ardinalities �,�. For any k 2 N ,

let

P

k

:=

X

a2A

a

r�1

R(a; B )=S

�

(2a� A)

Show (after Brios
hi, 1854, Muir II p.349) that the resultant is equal, up to

sign, to

det(P

i+j

)

0�i;j���1

:

Ex. 98 Let A ; B be alphabets of respe
tive 
ardinalities �,�. Let p be an

integer. Show, after Pomey, that the greatest 
ommon divisor of R(x; A ) and

R(x; B ) is of degree p if �

(��p+1)

��p

;n

(B � A ; B � A � x) is identi
ally null,

and �

(��p)

��p

(B � A ) is di�erent from 0.

Ex. 99 Let A ; B be alphabets of respe
tive 
ardinalities �,�. Write P =

R(A ; x), Q = R(B ; x). Show that

0 =

�

�

�

�

�

�

�

�

�

�

�

(A )

�

P 0 0 � � � �

�

(B )

�

Q 0 � � �

�

��1

(A ) �

�

(A )

�

P 0 � � � �

��1

(B ) �

�

(B )

�

Q � � �

�

��2

(A ) �

��1

(A ) �

�

(A )

�

P � � � �

��2

(B ) �

��1

(A ) � � �

.

.

.

.

.

.

.

.

. � � �

.

.

.

.

.

. � � �

�

�

�

�

�

�

�

�

�

i.e. that the determinant that one obtain from the usual expression of the

resultant by repla
ing �

�

(A ) by �

�

(A ) �P and �

�

(B ) by �

�

(B ) �Q is null.

Ex. 100 Let A be an alphabet, and B be the ring B := C [x℄=R(x; A ). Let

g(x) be any polynomial in x. Show that the norm of g(x) in B (i.e. the deter-

minant of the morphism \multipli
ation by g(x)") is equal to the resultant

of g(x) and R(x; A ).

Ex. 101 Let A be an alphabet of 
ardinality n. Show that the determinant

of order 2n

�

�

�

�

�

�

�

�

�

�

�

�

�

�

0

(A ) �

1

(A ) � � � �

2n�1

(A )

.

.

.

.

.

.

.

.

.

�

�n+1

(A ) �

�n+2

(A ) � � � �

n

(A )

S

0

(�A ) S

1

(�A ) � � � S

2n�1

(�A )

.

.

.

.

.

.

.

.

.

S

�n+1

(�A ) S

�n+2

(�A ) � � � S

n

(�A )

�

�

�

�

�

�

�

�

�

�

�

�

�

is equal to

Q

i�j

(a

i

+ a

j

)

2

.
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