SYMMETRIC FUNCTIONS AND
COMBINATORIAL OPERATORS ON
POLYNOMIALS

Alain Lascoux
CNRS, Institut Gaspard Monge, Université de Marne-la-Vallée
77454 Marne-la-Vallée Cedex, France

Alain.Lascoux@Quniv-mlv.fr

Abstract

We present notes about symmetric functions and their generaliza-
tions.

The theory of symmetric functions allows to compute with func-
tions of several variables without seeing the variables. Historically,
the “variables” were roots of a polynomial, and becaue it was impos-
sible to explicit them in degree higher than 4, the classics, starting
from Girard [10] and Newton [40], gave formulas to express power
sums, monomial functions, complete functions in terms of elementary
symmetric functions ( = the coefficients).

We shall not get involved into change of bases in the ring Gym
and refer to Macdonald [37] for that topic.

We prefer to stress the functorial aspect: symmetric functions must
be considered as operators on the ring of polynomials (in other inde-
terminates), or as operators on vector spaces or modules.

This is why we adopt the point of view of A-rings, due to Grothen-
dieck, using A?, S%, ¥, instead of the more common e;, h;, p;. In fact,
Schur functors in place of Schur functions, are unavoidable as soon as
one takes several alphabets at the same time.

The avantage of A-rings, apart from providing compact notations,
is to show that all properties of symmetric functions stem from the
Cauchy kernel ]; ;1/(1 — a;b;). We should also have recourse to the
“plethysm”, but our knowledge in this domain is too scanty to permit
using it widely.

To explicit the multiplicative structure on Gym, one relies mostly
on Pieri formulas.



With these tools only, it just remain to translate in terms of sym-
metric functions such classical topics as Euclidean division, continued
fractions, Padé approximants, orthogonal polynomials, to see Schur
functions appear.

Instead of using only the invariants of the symmetric group, it
is more enlightening to directly use the symmetric group itself, and
consider the different ways it can be made to act on polynomials. We
put a special emphasis on the Newton divided differences which have
been neglected during three hundred years.

The basis of Schubert polynomials can be introduced by general-
izing Newton interpolation to several variables.

Fixing the number of variables, one has a non-symmetric Cauchy
kernel, a quadratic form, and Schubert polynomials appear now as
the appropriate generalization of Schur functions, instead of being a
linear basis for interpolation.

For the moment, we do not consider extensions to the other clas-
sical groups, and end these notes with a non-commutative touch, em-
bedding Gym into the non-commutative algebra of Young tableaux.
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Symmetric functions
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We shall handle functions on different sets of indeterminates (called al-
phabets, though we shall mostly use commutative indeterminates).

A symmetric function of an alphabet A is a function of the letters which
is invariant under permutation of the letters of A.

The simpler symmetric functions are best defined through generating
functions. We shall not use the classical notations for symmetric functions
(as they can be found in Macdonald’s book), because it will become clear in
the course of these lectures that we need to consider symmetric functions as
functors, and connect them with operations on vector spaces and representa-
tions. It is a small burden imposed on the reader, but the compact notations
that we propose greatly simplifies manipulations of symmetric functions. No-
tice that exponents are used for products, and that S’ is different from S,
except if .J is of length one (i.e. is an integer).

We need operations on alphabets, the first one being the addition, that
is the disjoint union that we shall denote by a ‘+‘-sign :

(A:{a}, ]Bz{b}) —  A+B:={a}U{b

More operations will be introduced in the second section.

e Generating Functions of symmetric functions
Taking an extra indeterminate z, one has three series

A (A) = H(1+za) , 0,(A) == H 1 —lza : ZZ a'fi (

a€A aC€A i=1 ach

the expansion of which gives the elementary symmetric functions A*(A) the
complete functions S*(A), and the power sums 1;(A) :

=Y FA(A), 0.(A) =) 2 S(A), T.(A) = Zzwi(A)/i - (1.2)

Since log(1/(1 —a) = >,.,a'/i, one has
0.(A) =exp (V,(4) , V. (A) =log(o.(A)) (1.3)
Addition of alphabets implies product of generating series

AA+B) = LA)AMB) , o (A+B) =0, (A)o,(B) . (1.4)



However, since one can invert formal series beginning by 1, or take any
power of them, one can extend (1.1) by

(1 - 2b)
HaEA(l - ZCL) 7

In other words, formal series beginning by 1 should be treated as generat-
ing series of complete or elementary symmetric functions of some alphabet,
that one can manipulate without knowing its elements (as one can use a
polynomial without being able to factorize it!).

Having written A + B for the disjoint union of alphabets force us to
consider a finite alphabet as the sum of its sub-alphabets of cardinality 1, i.e
to identify A and ) _, a.

Given a finite alphabet A, let Sym(A) be the ring of symmetric polyno-
mials in A. As a vector space, it has (multiplicative) bases

o,(A—B): o.(cA) = (0,(A)° , ceC (1.5)

AI(A) — Ai1(A)Ai2 (A) .
SI(A) = SU(A)SE(A)--- |
UHA) = U1(A)T2(A)--.

sum over all k, all partitions I = [iy,... x|, ix < card(A).

The basis Al is due to Newton. Matrices of change of bases are fairly
well known and can be computed by having recourse to some combinatorial
objects such as Young tableaux, matrices with fixed row and column sums,
etc.

The sum of all elements in the orbits of a monomial e’ under the action of
the symmetric group G(A) is of course a symmetric function, called monomial
function and we shall denote it W;(A), (J partition), rather than m,.

It has been since long realized that one should use alphabets of infinite
cardinality, and thus consider a universal ring Gym from which one gets by
specialization the rings Gym(A), for specific alphabets A of finite cardinality
(more generally, we shall use specializations such that letters are no more
algebraically independent.

e Matrix generating functions

Let z stands now for the infinite matrix with diagonal j —¢ = 1 filled
with 1’s, all other entries being 0’s. Now 0,(A) is an Toeplitz matrix (i.e. a
matrix with constant values in each diagonal) that we shall denote by S(A);
similarly A,(A) is a matrix denoted L(A) :

S(A) = (sj—i(A)) & L(A) = (Af'—i(A)) (1.6)

1,520 0,520



Addition or subtraction of alphabets still correspond to product of ma-
trices

S(A+B) =S(A)SB)* & L(A+B)=LA)LMB* . (1.7)

The advantage of matrices, compared to formal series, is that they offer us
their minors, that we shall index by (increasing) partitions, or more generally,
by vectors with components in Z. More precisely, given I = (iy,... ,i,) €
7", J = (ji,---,jn) € Z" one defines the skew Schur function S;;(A) to
be the minor of S(A) taken on rows i; + 1,95 +2,... 4, + n and columns
J1+1,..., 7, + n (the minor is 0 if one of these numbers is < 0). When
I = 0", the minor is called a Schur function and one writes S;(A) instead
of SJ/On (A)

In other words,

Syi(A) = \Sjk*ih““*"(A) \1 hkn - (1.8)

It is convenient to also use determinants in elementary symmetric func-
tions :

Ayr(A) = \Ajk*i“’“*h(A) \1 hk<n (1.9)

Of course, one must not forget that A'(A) = (—=1)'S*(—A), i € Z, and
thus the A,/;(A) are also skew Schur functions, but indexed by “column
lengths”.

We shall also need rectangular sub-matrices of S(A) that we shall continue
to index the same way: S;/;(A) is the sub-matrix of S(A) taken on rows
11+ 1,729+ 2,..., and columns 7; + 1,7, + 2,....

Binet-Cauchy theorem for minors of the product of two matrices implies,
taking S(A + B), the following expansion on skew-Schur functions

Sy(A+B) = Syk(A) Sk/i(B) (1.10)

sum over all partitions ( only those K : I C K C .J give a non-zero contri-
bution).

Jacobi’s theorem on minors of the inverse of a matrix implies, denoting
by J~ the conjugate partition (obtained by transposing the Ferrers’ diagram
of J):

Agjr(B) = Syyr~(A) = (=1)111S; 1 (—A) (1.11)

One needs to enlarge the definition of a Schur function, to be able to play
with different alphabets at the same time.



Given n, given two sets of alphabets {A;, Ay, ... A}, {By,Bs,...,B,},
and I,.J € N*, we define the multi-Schur function

SJ/[(Al - IBl, e ,Aﬂ - IBn) = ‘ Sjkfi;f#kfh(Ak - Bk) ‘lgh,kgn . (]_]_2)

In the case where the alphabets are repeated, we indicate by a semicolon
the corresponding block separation : given H € ZP, K € 79, then Sy, (A —
B; C — D) stands for the multi-Schur function with index the concatenation
of H and K, and alphabets A, = -+ = A, = A B, = --- =B, = B,
App1 = =8y =C By = =B =D

These functions are now sufficiently general to allow easy inductions,
thanks to the following transformation lemma.

Lemma 1 Let S;(A; — By,... A, — B,) be a multi-Schur function, and
Dy, Dy,...,D,_1 be a family of finite alphabets such that card(D;) < i,
0<i<mn-—1. Then S;(A; —By,... ,A, —B,) is equal to the determinant

‘ Sjrz'thkfh(Ak — B - Dﬂ*h) ‘1§h,k§n

In other words, one does not change the value of a multi-Schur function
Sy by replacing in row h the difference A — B by A — B — D,_;,. Indeed,
thanks to the expansion (1.10) :

S;(A—B—D},) = S;(A—B)+S; (~Dy) S;_1 (A—B)+- - -+S,(~Dy) S;_n(A—B) ,

the sum terminating because the Si(—Dj,) are null for £ > h, we see that the

determinant has been transformed by multiplication by a triangular matrix

with 1’s in the diagonal, and therefore has kept its value. QED
For example, taking Dy = 0, D; = {z}, Dy = {y, 2}, one has

Si(Ar —y—2) Sjri(Ae —y—2) Spia(As —y—2)

Si-1(Ay — ) Sj(Ag — ) Shp1(ds —2) | =
Si—2(A1) Sj-1(Az) Sn(As)

1 —Yy—2 Yz Sz(Al) Sj+1(A2) Sh+2(A3)

= |0 1 —T| - Sz’—l(Al) S] (Ag) Sh+1 (Ag)

0 0 1 Si—a(Ar) Si1(Ag)  Sh(As)
and the determinant of the left matrix is equal to Sjj (A1, Ag, Ag).
Taking —A;, —Ay, —A; instead of Ay, Ay, Az, and getting rid of signs be-
cause of “isobarity”, one gets by the same token

Az(Al + y + Z) Aj+1(A2 + y + Z) Ah+2(A3 + Yy —+ Z)

Ai;j;h(Al;Ag;Ag) = Ai—l(Al +ZL‘) Aj(AQ +-’17) Ah—l—l(AS —|—.’L‘)
Ai,Q(Al) Ajfl(Ag) Ah (A?))



In the preceding lemma, we needed only consecutive elements of a column
to be complete functions of the same difference of alphabets, of consecutive
degrees. A similar transformation can be performed in rows, when alphabets
are repeated in some consecutive columns, for partitions having repeated
parts.

Lemma 2 Let j,n be two integers, Dy,... ,D,_1 be a family of alphabets
such that card(D;) < i, 0 < i < n —1, and let A, B be two arbitrary
alphabets. Let S, jn,.(d; A-B; &) be a multi-Schur function of which we
have specified only n columns.

Then it is equal to the multi-Schur function

So;j,...,j;o(*; Af]B*]D)OaAf]B*]DIJ I AfIB*]D)n—l; ‘) .

The notations are a little too heavy for hand-computations. Indeed, one
usually play with either indices of functions, or with alphabets, but not with
both at the time. For example, in the preceding cases, one transforms only
alphabets, the indices of the complete functions do not change. It seems
appropriate to use “umbral” notations and write alphabets on the border of
the determinant: an entry £ in position (4, j) will be interpreted as Sy(A+B)
if A is written in column 7 and +B in row ¢. Thus the preceding determinant

will be written o
¢t J+1h+2|—y—=z

i—1 7 h+1 —x
i—275—1 h
A Ay A
The above lemma implies many factorization properties, e.g. for r > 0,
SJ(A—IB—x) = SL]J-(A_B, l‘) (113)
since taking Dy =Dy = - .- = {x} factorizes the determinant S;,(A-B, x).

More generally, for an alphabet D of cardinal < r and J € N", one has
S[(A*]B*D) SJ(D) = S[”](A*IB, D) . (114)

Monomial themselves can be written as multi-Schur functions. Given
a totally ordered alphabet A = {aj,as,...}, denote, for any n, A, :=
{ai,...,a,}. Then, for any J = [j1,...,js], denoting J* = [j.,...,j1],
one has
o’ =al' - alr = Sy (An, ... Ay, Ay)

Indeed, subtract the flag 0,A;,Ay,... in the successive rows, starting
from the bottom one. One sees the monomial appearing in the diagonal, the
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upper part of the matrix vanishing because it is constituted of S,(—(4A; —A4;))
for k> (j —1), j > 1.

Given two finite alphabets, the following factorization and vanishing prop-
erties implicitly appear in many classical 19-th century texts about elimina-
tion theory (modern reference is Berele-Regev 7).

Proposition 3 Let A, B, be of cardinalities o, 3, p € N, I € NP, J € N2,
Then

Sitvesiptirseniria (A —B) = S1(=B) S5 (8) ][ (a—b).

a€NbEB
Let J be a partition, J 2 (8 + 1)**!. Then S;(A — B) = 0.

Proof. Subtract A in the first p rows. One gets the factorization
S1(=B) Sgju.....5+ja (A —B) .

Now, using the partition K conjugate to [5 + ji,..., 5 + ja|, one gets the
factorization of Sk (B — A) into a Schur function of A and S,s(B — A). This
last function can be seen equal to the resultant [[,c, yep (b—a) by subtracting
the flag 0, B, B, ....

The case J too big can be treated by adding the same letters to A and
B, so that one is reduced to the preceding case. But now the factor [J(a —b)
vanishes.

Given a finite alphabet A (that one will totally order: A = {ay,... ,a,}),
Cauchy and Jacobi separately defined the Schur function S;(A) using the
(infinite) Vandermonde matriz

V(A) = [aj

l] 1<i<n;§>0
and the Vandermonde A(A) :== [T, ;(a; — a;).

Proposition 4 Let J € N*. Then S;(A) A(A) is equal to the minor of index
(0™, J) of the Vandermonde matriz V (A).

Proof. Let S ;(A) denotes the sub-matrix of S(A) taken on columns j; +1, jo+

2,...,jn+n. Consider the product V(A)S(—A)S,(A). It can be factorized
in two manners, using (1.7):

V(A)S(=4)S,(A) = [Sj(a; —A)] 1 <i <n;j > 08S,(A) =V(4)S(0) .

However, the S;(a; — A) are null for j > n, because they are the elementary
functions (up to sign) of alphabets of cardinality n — 1. On the other hand,

8



S;(0) =0, if j # 0. In both cases, we have obtained matrices such that only
one minor of order n is different from 0. QED

e Cauchy formula

The most important formula in the theory of symmetric functions is the
following expansion, due to Cauchy.

Let A, B be finite alphabets (that we shall suppose of the same cardinality
n). Then

K(AB) =1/ HaEA HbEBu —ab) = ZJ S;(A)S;(B) ,

sum over all partitions J € N”.

One will find a proof of it using symmetrizing operators, in the exercises.
For the moment, let us recall that this identity is intimately connected to
Binet-Cauchy theorem, applied to Cauchy’s determinant |1/(1 — ab)|. This
determinant factorizes into the two Vandermonde matrices V(A) V (B)" and
the minors of these matrices are exactly Schur functions multiplied by the
Vandermondes A(A) and A(B) respectively. Now, the determinant itself is
equal to the sum (¢(o) denoting the length of a permutation o)

> (1)) 1

TES(A) ((1 —aby) - (1 - Cbnbn))ar |

Extracting the denominator [[1/(1 — ab), one has to compute the sum

3~ (S“—1(1 4 byay — biA) -+ S"H L+ byay — bnA)) Y
oE€G(A)

This sum is divisible by A(A) A(B), because it vanishes when two of the
a’s, or two of the b’s coincide. Because of degree, the quotient is a constant
and one has to check that it is equal to 1.

The last step in the above demonstration miss the crucial fact that what
is involved is Jacobi symmetrizer

_1\lo) po __ —
C[al,---,an]BfHU;;A)( D Xy

sum over all permutations o. Jacobi’s symmetrizer provides a connection
with the theory of characters (and extends to Weyl’s character formula for
the classical groups). We postpone this point of view to another section.

e Scalar Product



There are other decompositions of K (A, B) as a sum of products of sym-
metric functions in A and in B. However, there is only one of the type
Y>> P(A)P(B) over Z: up to signs, the P’s are all the Schur functions in-
dexed by partitions in N. Thus K(A,B), that we shall call Cauchy kernel,
determines the Schur functions. One can interpret differently the kernel, as
defining a scalar product on the space of symmetric functions, the Schur
functions constituting the only orthogonal basis. Now, any expansion of the

type
B) =) Ps(A) Q. (B)

define a pair of adjoint bases {P;}, {Qs}, with respect to the canonical
scalar product (, ) induced by K(A,B), i.e. the scalar product such that
(Sy,S,) =1, for all partition J.

There are some subtleties for what concerns scalar products when taking
finite alphabets, and in the rest of the section, we shall take only infinite
alphabets.

The expansion

K(AB) = H(H — ab H(Z bSi(A)) =D v (B) S’

shows that the basis adjoint to S?, I partition, is the monomial basis ¥;.
The expansion

_ 1‘! (Z aibi) Z Ol (M) (B)/2; |

where zr = my!1™'my!12™2my!13™ - - (using the exponential notation for
I = [1™ 2m2 3ms 1), shows that the basis of products of power sums
is orthogonal, with scalar product (¥;,¥;) = z;.

The name kernel is justified by the following property, which is just an-
other way of stating that K(A, B) defines a scalar product:

Lemma 5 Let f be a symmetric function and (, ) be the scalar product on
symmetric functions in A. Then

(K(AB), f(A) = f(B) .

e Differential calculus

Having a scalar product, one can now obtain operators adjoint to some
simple ones. We did not use the multiplicative structure of Gym up to now.
Any symmetric function S can be thought as the operator “multiplication
by S”.

10



Definition 6 For S € Gym, Dg is the operator adjoint to the multiplication
by S, i.e. for every S',S" € Gym one has

(Ds(S"), 8"y = (5", SS") .
Schur functions play a special réle (cf. several proofs in the exercises):

Lemma 7 For every I,J € N", one has
Ds,(S1) = Sy,

(U ifJ=KUI
Ds, () = { 0 otherwise

The operators Dy, are differential operators. Indeed, for every integer
t > 0, one has
= 10y,

as can be checked by operating on the basis ¥”/: the scalar product is com-
patible with the decomposition

Sym ~ C[¥,] @ C[¥,] @ C[¥3] @ - - -,
and the equality
(U, W% W) = 6 d™ T (m+ 1)!

proves the assertion.
The decomposition of S;(A+1B) given in (1.10) involves the S;/;, i.e. can
be written in terms of the Dg,:

Sy(A+B) = S5/(A) Ds, (S,(B)) .

I

Because Schur functions are a linear basis, this implies a Taylor formula
VS € Sym, S(A+B) = ZSI ) Ds, (S(B)) -
More generally, any pair of adjoint bases { P}, {Q} will give a decompo-
sition
VS € &ym, S(A+B) =>_ P(A) Do (S(B)) .

For example

VS € Gym, S(A+B) = qu[ ) Dg1 (S(B))

11



VS e®ym, SA+B) =) ﬁqﬂ(m Dy1 (S(B)) .

e Pieri formulas

The “natural” ! linear basis of Gym(A) consists of the orbits of mono-
mials under the action of the symmetric group. In the present notes, we
shall however only use Schur functions, which indeed are the “fundamental”
symmetric functions.

Still, Gym is a ring, and to recover its multiplicative structure, one needs
to describe the product of two Schur functions. This is given by the so-called
Littlewood-Richardson Rule, which is better stated, and proved, in terms of
non-commutative symmetric functions (cf. last section). Since products A’
or ST also constitute linear bases, it will be sufficient to describe the product
of general Schur functions by a complete or elementary symmetric function to
determine the multiplicative structure. The products S"S; and A"S;, r € N,
J partition, were in fact determined by the Italian geometer Pieri in 1873.
They have the remarkable property of being multiplicity free.

First, let us introduce two notations for family of partitions deduced from
a given one I = [iy,... ,i,] : {I ® k} and {I ® 1*} respectively denote

{Io1F}:={J:J e {I"®k}}.

Lemma 8 Let k be a positive integer, I be a partition. Then one has the
following decompositions :

k _

5751 = ZJE{I@k} Si
k _E :

AR5 = Je{I®1k} S

Replacing I by [0%,]], the last sum can be written Y, Sy, sum over
all H € N*** such that hy — 4y,... ,hyik — inpr ave 0 or 1, and |H| =
|I| + k, because the extra terms such that H is not a partition index null
determinants.

(1)

The involution A — —A exchanges the two Pieri formulas. Graphically,
the first one consists in adding horizontal strips (no two boxes in the same
vertical) to the diagram of I, the second one, vertical strips.

!For the classics, monomial functions were the symmetric functions. Alphabets being
defined as sets of roots of polynomials, the problem was to express the symmetric functions
in terms of the AZ(A), which were the data. Vandermonde solved this problem, without
explaining his method, and published tables in the Mémoires de I’Académie for degree up
to 10 — with no mistake, as controlled by D.Knuth.

12



These rules also occur in the non commutative world, as shows the fol-
lowing proposition.

Proposition 9 Let R be a ring containing a family of elements s;, J = all
partitions, satisfying (Pieril) for all v,J. Then the Z-module generated by
the sy is a subring, which is a quotient of the ring of symmetric polynomials
with coefficient in Z.

The proof follows from the fact that there is a natural order on partitions
of the same weight, such that the leading term in a product S,.S; is S 5,
with (r, J) := increasing reordering of [r, ji, J2,...]. By recursion, it allows
to obtain all Schur functions, starting from the S,’s, it proves that they
commute and can be expressed as determinants in the S,’s .

In the commutative case, the proposition is due to Giambelli, who used it
to characterize the cohomology ring of a Grassmann manifold as a quotient
of Gym. For what concerns me, Pieri’s rules are the reason why I met non-
commutativity, combinatorics and Schiitzenberger [20] seeing that Schensted
construction satisfied the property ? SoS; = > Sk, and that it implied the
general Pieri rules, I realized that it was the only natural way of obtaining
intersection of Schubert cycles.

2Tn the non commutative case, because multiplication is an associative operation, one
needs only to describe products zy t, x,y letters, ¢ tableau, to get all products of tableaux
by increasing or decreasing words.

13
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Symmetric Functions as Operators and A\-Rings
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We have used powers of generating functions. Passing from o,(A) to
0.(2A) := (0,(A))? can be interpreted as doubling the alphabet A = {a} —
2A = {d'}U{d"}, computing the symmetric functions in 2A, and eventually
erasing the diacritics on the letters a’s.

However, the inverse operation A = {a} — 1A cannot be described in
the same way, which means that one must not stick to considering alphabets
as composed of letters.

More explicitely, at the level of power sums, multiplication by 2 is just

Ui(28) =) (@) + ) (") = 2¢4(A) .
Therefore the alphabet B =k A, k£ € C will be defined by
Vi(B) :=ki(A) , i>1. (2.1)

Instead of only multiplying alphabets by constants, one can go one step
further and realize that every polynomial can play the role of an alphabet,
i.e. that the ¢; are operators on polynomials ( « € C, u monome):

P:Zaujwi(P):Zaui. (2.2)

a,u

The ring Gym, being generated by the ¢, ¢ = 1,2,..., formulas (2.2)
extend to an action of Gym on the ring of polynomials.

Thus, the generating functions of elementary and symmetric functions
become operators, their explicit action being

P=> aur A(P) =[] +zu), (2.3)

P=) aur o (P) =[]0 -2u)". (2.4)

Each of formulas (2.2), (2.3) or (2.4) can be chosen at will to define the
action of symmetric polynomials and implies the two others, and the ring of
polynomials, with Gym operating on it, is called a A-ring.

Grothendieck choose lambda operations, that is, the exterior powers of
vector spaces, or more generally, fiber bundles, to introduce A-rings. In the

14



same interpretation, the S* are the symmetric powers. Algebraic topologists
prefers the Adams operations ;.

Having taken polynomials as objects, rather than more sophisticated
mathematical entities, we needed only one axiom (2.2). The general the-
ory of A-rings require three axioms: the compatibility of the A-operations
with addition, product and composition.

Let us remark the different role played by constants o and monomials « :

{d)i(a) =a, Sa)=(""""), A
Yilw) =u',  S'u)=u',  A(u) =

When implementing A-rings, one must distinguish between indeterminate
coefficients v and variables u. The preceding terminology is not satisfactory;
it is preferable, instead of using the term ”"monomial” to say element of rank
1 (i.e. non zero element = such that A’(z) = 0 Vi > 1), and avoid the term
”constant” for the elements invariant under the v;, but rather say binomial
element as a tribute to Rota, because these elements are such that their
images A'(«) = (9) are binomial coefficients.

():Z(>) 1, A(u)=u (2:5)

Polynomials in one indeterminate are conveniently coded in a A-ring. Let
A be an alphabet of cardinality n. Then

H(:r—a) Sz — A Zl‘n LS~

a€A
Now, expanding S"**(z — A), k € N, one sees that
St (r — A) = 2" S"(x — A) . (2.6)

On the other hand, S"~%(x — A) is the component of positive degree of the
Laurent polynomial z % S™(z — A).

Derivating with respect to x the generating function o,(x — A), one sees
that for any k € N, the successive derivatives of S¥(x — A) are

SEr2r—A), 21S¥ 23w —A), 31SF B 4r—A) ... 1S+ 1)z —A). ..

There are other codings. For example, given any A, any n € N, and an
element x of rank 1,

AN(nz+A) =Y <”> 2" AN(A) (2.7)

7

is a polynomial of degree n.
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Derivating with respect to x the generating function \,(nz + A) = (1 +
zx)" X\, (A), one sees that the successive derivatives are now

nA" H((n =1z +A), n(n—1)A"?*((n-2)z+4), ...

Therefore, the integral of A™(nx + A) is —A"*'((n + 1)z + A), up to the

addition of a constant, and more generally, the k-th integral will be

1
(n+1)---(n+k)

A" ((n+ k)x + A) .

We shall see in another section that orthogonal polynomials are also con-
veniently expressed in A-rings.

One can extends the action of symmetric polynomials to rational functions

or formal power series :
(X au) Y au

If ¢ is of rank 1, then one has now 1%(1 =14+q+¢+---, ie. liq is

the infinite alphabet {1,¢,¢% ...} and wi(%_q) = 1+qi7 i > 1. Cauchy had
obtained that :

1 1

Si(l—q): (I—q)-(1-4q")

(2.9)
Therefore .

1 T
g = 2 (1-q)--(1—q) (210)

is the g-exponential, equality 1%(1 = 14+q+¢?+--- implying the factorization

1 1
Op(——) = . 2.11

Such a factorization renders the g-exponential sometimes easier to use
than the classical exponential.

Some classical identities on g-series come from addition in A-rings. For
example, the ¢-binomial identity

S (1-a)l—aq)---(1-ag 1) _ 11 1 — zag' (2.12)

1-q¢(1-¢*--(1-4¢) 1 —zq

i>0 i>0

. . . .« . 1701 _ z —za . .
is considering z, a, ¢ to be of rank 1, writing e T T 1o and recognizing

the left hand side to be Ul(zi%‘;), the right one being o1(7%;) 01(7%;)-
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Up to now, we have only used binomial or rank 1 elements. One can
“mix” these two fundamental types. Take for example x binomial, ¢ of rank
1, and let y be such that y(1 — ¢) is of rank 1. The ¢-Charlier polynomials
are defined by :

Chy(z) :==nlA"(x —y) . (2.13)
To obtain their explicit expression, it is safer to introduce z := y(1 — q).
Then one can expand
z — . o 1
ATL T — — An 7 AZ An—l T —z ’LS’L .
@)=Y ()(_q) S A a2 S ()
_”'Z (z—n+i+1) (=y)( q) (2.14)

(n —)! 1=q)--(1—-4q)
For y = 1, ¢ — 1, on finds back the classical Charlier polynomials ([43],
p.64).

Addition, or subtraction, of a rank-1 element ¢ must be considered as
operators. When applying them to Schur functions indexed by rectangular
partitions, they become appropriate tools in the theory of Padé approxi-
mants. For example, we shall need the following lemmas :

Lemma 10 Let A, B be two elements of a A-ring, ¢ be a rank I1-element,
n, k be two integers. Then

Skn (A - q)Skn+1 (A) - Skn (A)Skn+l (A - q) = qS(k_H)n (A - q)S(kfl)n-f—l (A) s
Snk (]B)S(n+1)k (IB— q) - Snk (]B— q)S(n+1)k (]B— q) = ank+1 (]B)S(n_,_l)kfl (IB— q) .

Proof. Because of homogeneity, one can put ¢ = 1 without loss of information.
To simplify indices, take n = 2,k = 5. Take the matrix Ss55(A— 1), doubling
the first column, this time with complete functions of A, and add a column
[0,0,1]. Writing the alphabets outside, and the indices of complete functions
inside, the matrix to be considered is

-alphabets 0 A A1 A1 A*l-

5 9 6 7
- 4 5 6
03 3 4 5

W

indices 0 4 5 6 7

The identity to be shown is just, in terms of minors of this matrix, a Pliicker
relation :

056] [467] — [046][567] = [456][067] ,
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llSiIlg that [456] = 8574,4 (A, A*l, A- ].) = 55,474(A, A, A*l)—8573,4 (A, A, A*l) =
Saaa(A A A1) = Suu(A).

The second statement is obtained by putting A = —B -+ ¢ in the first one.
QED

Lemma 11 Let A be an element of a A\-ring, ¢ be a rank 1-element, n,k be
two integers. Then

Sk (A+q) Sgn-1(A-q) — ¢Sk—1)n (A+q) Sy 1n-1(A-q) = Sin (A)Sgn-1(A)
and

Snk (A*Q)S(n_l)k (A+q) - ankq(qu)S(n_l)kH (A+q) = Snk (A)S(n_l)k (A) .

Proof. We have to check a three-terms quadratic relation; once more, it can
be no other than Pliicker relation. The extra factor ¢ should not puzzle the
reader, because one can specialize it to 1, by homogeneity, or, in a more
informative way, make it disappear by noticing that

Sk,k—l,J(AJ A+QJ ]B) - Sk,k—l,J((A‘FQ)*q; A+q7 IB) =
Skkfl,J(A"'qa]B) — ¢Sk kq,J(AﬂlaB) = —qSk1 kq,J(AH]aB) .

Take now, for simplicity n = 3, kK = 5, and the matrix obtained by adding
two columns to Ss:(A) as follows:

5 5 6 7 2
4 4 5 6 1
3 3 4 5 0
alphabets A+ q A A A q
indexing 4 5 6 7T q

Then one has the relation
[467] [56¢] — [456] [67¢] = [567] [46¢] ,
which translates into
Ss55(A+q) S55(A-q) — ¢S144(A+q) Ses 0(A, q) = S53(A)S550(A+q, A, q) .

This is what is needed, because Ss50(A+q, A, q) = S550(A+q, q) = Ss55(A-q).
The second statement of the lemma is obtained from the first one under
the involution A — —A. QED
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Euclidean Division
PO B

Let P(z) and Q(z) be two polynomials in one variable, with respective
roots B, A: P(z) = R(z,B), Q(z) = R(x, A).

Algebraic operations on these two polynomials preserve the symmetry
in the roots of each of the two polynomials, and thus produce symmetric
functions in A and B separately.

Let us look at the iterated division of P and @, i.e.

P = *Q + Rl ,
Q = *Rl + Rg s (2)
Rl :*R2+R3,
the polynomials Ry, Ro, R3, ... being the successive remainders, the x’s being

some polynomial coefficients, of degree 1 in the generic case, except possibly
for the first step.

Euler found that the first remainder R; can be characterized by the fact
that it is, up to a scalar (we mean a function independent of x, but de-
pending on A and B), the only polynomial in the space linearly generated
by P(z),Q(x),zQ(z),... , 2™ "Q(x) of degree < n-1, with card(A) = n,
card(B) = m.

In other words, for any integer N, let Poly (A, B) be the linear span of

S™(x —B),...,SN(x—B); S"(x —A),... ,SN(x - A) .

Then R, is the only polynomial of degree < n — 1 in Pol,, (A, B).

This result is clear when one eliminates the powers 2™, 2™, ... 2" in
S™(x — B) by subtracting scalar multiples of S™(x — A),... ,S"(z — A): the
process is triangular and the scalar by which to multiply the polynomials
S™(x—A),...,S"(x — A) are fixed at each step.

This process can conveniently be represented by a determinant

So(—B) - Sy u(-B)  Sn(x—B)
So(—A) - Sp on(—A)  Sn(z—A)

Dy (A B) := | 5- (—A) -+ Spnoi(=A) Spoa(z —A)| (Divl)
Sin(cA) o SoA) Sule—A)




Proposition 12 The determinant Dy (A, B) is the first remainder of the di-
vision of S™(x — B) by S™(z — A), with card(A) = n, card(B) = m.

Proof. If we expand the determinant according to its last column, we see that
it belongs to the space Pol,,. To find the degree of D; in x, one expands
each polynomial in the last column as follows (this expression is valid for
any k < m; the reader should not be perplexed by the fact that we have
introduced complete functions of negative index, which are 0):

Sz — C) = 3" Sm(=C) + 2™ Sy i1 (=C) + - - + 2°Si(=C) .

Now, subtracting column 1,2,..., multiplied by the respective factors
2™, ™1, ... to the last column, one sees that all terms of degree > n — 1
disappear. QED

It is now easy to infer the general theorem. We shall not repeat its proof
which is exactly the same as for the first remainder, apart from different
degrees.

Euler’s characterization remains valid: the r-th remainder is, up to a
scalar, the unique polynomial of degree < n — r, in the space Pol,, 4, 1. It
is easy to write a determinant which satisfy this characterization.

Let D,(A,B) be the following determinant of order m — n + 2r, with
k=m-—n+2r—2:

So(=B) -+ Sp(=B)  Spiri(z—B)
s,m: (-B) - Sk,r+:1(—]B%) Sm(x:— B)
D,(A,B) = . (Div2)
S()(—A) e Sk(—A) Sm—l—r—l(x - A)
Sn+1_m:_,(—A) . sr_li—A) Sn(x:— A)

Theorem 13 The determinant D, (A, B) is, up to non-zero scalar, equal to
the r-remainder in the Euclidean division of S™(x — B) by S™(z — A).

For example, with m =5, n =4, S®>(z—B) = 2°+22* + 323 + 422+ 31+ 2,
S*(x — A) = (z° — 1)/(z — 1), one gets the following successive remainders,
up to sign :

12 3a3+422+32+2
Ri=|11 2°+ 2°+ =z =23 422 4+ 1,
01 224+ 224+ xz+1
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1234322422
0123422 +3x+2
Ro=|1111 2a? =22% +u + 2,
0111 22+ =
0011 22+ z+1

123432000
1234320 012343200
0123432 001234320
0012343242 000123432

Rs=]11111100 =3z+2,Ry4=|111110000|=5.

0111110 011111000
001111x 001111100
000111x+1 000111110

000011111

RemarkIf S™(x—B) and S™(x—A) have a greatest common divisor G of order
n — r, then the successive remainders will be divisible by G. This implies
that r-th remainder is equal to G (up to a scalar), and that the remainder
of higher order are null. Conversely, if D, (A, B) is different from 0, and the
determinants D, (A, B) are all 0 for p > r, then the greatest common divisor
of S™(x — B) and S™(x — A) is of degree n — r and equal to D, (A, B).

Let us notice that the determinant D, (A, B) also furnishes Euler’s multi-
plicators, i.e. the polynomials C'y, Cy such that

'DT(A,B) = CAR(.Z‘,A) +Cp R(.’L‘,]B) .

Indeed, evaluating D,(A,B) modulo R(x,A) consists in changing the last
column into [Sy4r—1(z —B),... ,Sp(x —B),0,...,0]. Subtracting = to the
alphabets in the first » — 1 rows, one gets, as a last column,

[Sonir_1(=B), ..., Sp_1(—B), Sm(z —B),0,... ,0]

that is, [0,...,0, R(x —B),0,... ,0], because the Si(—B) are & the elemen-
tary symmetric functions of an alphabet of cardinality m.
Now the cofactor of R(z — B) is the determinant

So(—z—B) -+  Si(~z —B)
Sl B) Sl
So(—A) e Si-A)

Sn+1m5r(_A) e ST1E(—A)
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Expanding this last determinant according to the first » — 1 rows, one
recognize that it is equal to Sp(A —x — B), with O = (r — )™ " k =
m—n-+2r—2.

By symmetry changing A, B, one therefore gets

D,(AB) = S niry—1 (A-2-B)R(2,B) £ Sym-nir—1 (B-2-A)R(z,A) |
(Div3)
with signs that specialists will know how to write.
Let us parameterize the remainder by its degree d, to emphasize symmetry
between A and B. Then (Div3) shows that D, (A, B) can be interpreted as a
first remainder :

Lemma 14 Let A, B be two alphabets, card(A) = n, card(B) = m, d be an
integer : d < m,n. Then the remainder of degree d in the Euclidean division
of R(z,B) by R(x,A) is equal, up to a constant, to the remainder of

S(m,d)n—d—l (Af.’lf*]B) R(ZL‘, IB) = S(m,d)n—d—l,m(A*IB, .’L‘*IB) (DZU4)
modulo R(x,A), and to the remainder of

S(n,d)m—d—l (B—%—A) R(l‘, A) = S(n,d)m—d—l,n(]B—A, l‘—A) (DZU5)
modulo R(z,B).

One has a more compact expression of the remainders, thanks to Schur
functions. Let us begin with the first remainder.

Proposition 15 The first remainder in the division of S™(x —B) by S™(x —
A) is equal to
Sin-tmnt1(A — 2, A—B) . (Div6)

Proof. The degree (in z) of Sin-1 y_ni1(A—x, A—DB) is at most n—1, since x
appears in degree 1 in the n — 1 first columns. To check the second criterium,
that it belongs to the space Pol,,(A,B) we write

Slnfl,mfrH»l(A — T, A — ]B) = Slnfl,m,TH,l (A — T, (A - .T) + (.T - B))

and expand, according to S’“((A —z, (A —2x)+ (z — ]B)) = 3, SFi(A —
2)S*(z — B). One has

Sl"—l,m—n-i—l (A— xZ, (A— .’17) + (.’L‘ - IB)) = Z Sl"—l,m—n—l—l—i(A_ .’L‘)SZ (.’L‘ —IB) .
1=0

Now, this sum decomposes into 3 sums, according to the range of 7, noting
k:=m-n+1:
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e | <k—1. The functions Sin_1 m—n+1—i(A — z) factorize into Sy (A —
T)Sm-n—i(A), that is, are scalar multiple of Si»(A —x) = £5™(x — A). The
second factor S;(z — B) is of degree < k — 1.

e Lk < i < m Then the Schur functions Sin-1g,...,Sin-19_, are null,
having two identical columns.

e ¢ =m. The corresponding term is Sin-1_,41(A — x) Sy, (z — B), that
is £S5y 0(A—x) S, (x —B). This term also belongs to the space Pol,,(A,B),
and this finishes the proof of the proposition. QED

We have given a detailed proof by checking Euler’s conditions. In fact,
there is a three-lines proof, by just writing z — B = (z—A) + (A-B). Then

SMr—B)= Y S(r—A)S"T(AB)+S"(x—A)> 2T"S"HA-B) ,

0<i<n—1 i>n

using the factorizations S"™(z — A) = 275" (x — A). The remainder is equal
to the first sum, which is nothing but the expansion of (—1)"~! times the
determinant of Syn-1,, 11 (A-z, A-B). QED

Now, we are ready to give the general theorem. The Schur function
given below is clearly of degree < n — r. To check that it belongs to the
space Pol,,._1 is straightforward for those persons fluent in manipulations
of determinants. We shall rather use specializations to get hold of it.

Theorem 16 The r-remainder in the division of S™(x — B) by S™(x — A)
15 equal to

Slnfr, (m—n—l—r)r (A - ZE, A—B) . (DZ'U?)

Proof. Put x =a € A, A’ := A\ a. Subtract A’ to the alphabets of the first
row, then a in the last » — 1 columns. The alphabets are now

0O - 0 a—B -B -.- -B
A ... AA-BAN-B -~ AN-B
A ... AA-BAN-B -~ A-B

and the first row is null, but for the entry R(a,B), whose cofactor is Sg_o(A’)x
Sr—1ym-n+r (A —a — B). This specialization therefore coincides with the one
of D,(A,B) and thus the Schur function is equal to the r-th remainder, being
identical in sufficiently many points. QED
For example, for r = 3,n = 6, m = 7, the third-remainder Sy11,444 (A-2; A-B)
is equal to the following determinant (writing the alphabets at the bottom
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of the column in which they appear, and writing a ”-” for a zero entry; a “0”
stands for the function SY) :

1 3 7 8 9
1 2 6 7 8
1 5 6 7
0 4 5 6
3 4 5
alphabetA—lL' A—z2 A—2 A—-B A-B A-B

This determinant specializes, for x = a into

SG(Q — B) Sooo(A) S44(A —a— ]B) .

We have restricted to the “generic case” where A and B are independent
alphabets. However, one can freely specialize variables in the algebraic iden-
tities that we have written, if no disaster occurs like a zero in denominator.
For example, the determinantal expression (Div7) of the remainder of degree
d is an expression of the G.C.D. of R(x,A) and R(x,B) when AN B is of
cardinality d.

Companion Matrix

One can use linear algebra to express the first remainder. Let A be
still of cardinality n. Let Pol,, be the space of polynomials of degree <
n — 1; it has basis {2° z',..., 2"7'}. Let u be the morphism: Pol, — Pol,
“multiplication by  modulo Sn(z — A)”.

Let C(A) (resp. C(A)) be the matrix the n X oo (resp. n x n) matrix
expressing the remainders of z°, z', ... (resp. z',..., ") modulo S™(z — A).
These two matrices are called companion matrices of S™(x — A). The ma-
trix expressing u in the basis of powers of = is C'(A) is precisely C(A) and
its powers are sub-matrices of C(A). We know from (?) that the remain-
der of z* is Sin-1 j_p1(A — z,A), and therefore the coefficients of the re-

mainder of z¥ are hook-Schur functions, up to sign. They can be written
Sk,[)n—l (A), Skfl,O"—Q (A), ey Skfn+1(A)- Flnally

C(A) = Sk—i,O"*i* (A)

0<k,0<i<n—1

For example, for n = 3, the infinite companion matrix is

Sooo S100 S200 S300 Saoo  Sso0
C(A) = |S_i0 Soo S S Sz Sio
S, S Sy Si So Sy

24



1 0 0 Ssp0 Sio Sso0 - 1 00 Sin Sz Sus
=10 1 0 Sy S S ---|=[010 =-5S1 -Si2 -Si3
o001 S5 S S --- 001 S5 S, Ss
and the finite one is
CA)=1{1 0 -Su
01 s |

Suppose that all the elements of A are distinct. Let f be any polynomial.
Then the composite of “multiplication by f(z), and taking the remainder”
is diagonal in the basis {S" '(z + a — A)}4ea, with diagonal composed of
f(a) : a € A Indeed, since f(x) — f(a) is a multiple of (x — a), then
f(x) S" Yz +a—A) is congruent to f(a) S" ' (z+a—A) modulo S™(z — A).
The trace of this morphism is therefore ) ., f(a), and each power sum
Yr(A) =Y, o appears as the trace of u”.

The resultant of two polynomials R(z, A) and R(xz,B) can, of course, be
expressed with the help of a companion matrix. Indeed, the determinant of
the matrix R (C'(A),B) factorizes into the product

[ det (C(&) —b) = [ R(A,b) = R(A,B)

and the result applies to any pair of polynomials, not necessarily in factorized
form.

Wronski Algorithm

Wronski’s method is different: he uses only division by a single polynomial
S™(x — A), instead of dividing by the successive remainders.

Let us call normalized difference of two polynomials of degree m,n : m >
n, any linear combination of them which is of degree < m — 1 (thus it is
defined up to multiplication by a non-zero scalar).

Wronski’s first step is to take the remainders of S™(z—B), S™*! (z—B), . ..
modulo S"(z — A). Then he builds a triangular table with these remainders
in the first row, the entries of the successive rows being the normalized differ-
ences of the two entries next to to it in the row just above (our definition of
normalized difference is imprecise when two consecutive polynomials on row
r are of degree < n—r, because any linear combination of them can be taken
to fill the next row — we shall not be interested by possible degeneracies).
The first entry of row r is a linear combination of the remainders of

S™(z —B),...,S™"(z — B)
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and it is not difficult to see that it is in fact a linear combination of
S™z —B),...,S"" (z—B); S"(x—A),..., Sz - A) .

Therefore, it is the r-th remainder.

For example, for the pair Ss(z — B) = 2% + 22* + 323 + 422 + 32 + 2,
Sz — A) = 2* + 2® + 2% + 2 + 1 seen above, Wronski algorithm produces
the following table of normalized differences :

4+ 2r2 41 +1 3 —1 -2 -2z -1 —a?+1
22 +x +2 x4 25 + 2 2 -1
3x + 2 2r +3
5
The first row contains the remainders of S5(z — B),... , Ss(x — B) modulo

Sy(x — A) ; the successive remainders are the first entries of each row.

Division and continued fractions

Let us take m = n+1, and perform the Euclidean division of S"!(z —B)
by S™(x—A), normalizing the successive remainders, by taking them unitary:
Rr:x”*T_F..._

The iterated division produces a sequence of unitary polynomials of degree
1, Q,, as well as constants c,, such that R_; = S"*'(z—B), Ry = S"(z—A),

RT,1 = CQTRT — Cr+1Rr+1 . (DZUl)

From the expression of the remainders seen above, one deduce the quo-
tients @), = x + (., with
C _ 517(T+1)T (A, A — ]B) . Slyrrfl(A, A - IB) .
! S(T«Fl)" (A — B) Srr—l (A — ]B)

However, these coefficients can be written using only A — B,

C _ Sl(r+1)7‘ (A - IB) . Slrrfl (A - IB) .
" S(T—l—l)r (A - B) Srr—l (A - B)

(Div2)
because

Sl,(r—l—l)r (Aa A_B) = Sl,(r-i—l)r (A_IB-"I& A_B) =
1,41y (A-B) + S'(B) S(r1yr (A-B) .
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The terms S!(B) compensate each other.
For example, writing J for S;(A — B), one has

12] [133]  [12] [1444]  [133]

144
=Ml G=Tg ~ U&= g o= g g

Recursions (Divl) can be put in a continued fraction form :

Proposition 17 Let n be an integer, A, B be two alphabets, |A] = n, |B| =
n+1. Lety =1/x. Let

pr = S(-1y-2(A — B) Siri1y (A —B) /S (A=B)* , r > 1.

Let (o, (i, . .. be the coefficients appearing in the Euclidean division of S™ ™ (z—
B) by S™(x—A). Then the continued fraction expansion of the rational func-
tion

§" Mz —A) /S (@ =B) = [[@ —ay) /[~ by) =Dy (B - A)

18

1
(14 Goy) — Y21 .
(1+ Cy) — Y 2 .
(14 Goy) — 222
B 1
N y?[2]
(et 1+ (22, y*[33/[2)”

[133] [12],  y°[2][444]/[33]"

g g v

where J denotes S;(A — B).

The above continued fraction expansion of o, (B—A) stops because S, (A—
B) = 0 for all J O (n+2)""'. However, letting n tends towards infinity, and
putting B = 0, one gets the continued fraction expansion of o, (—A) = A_,(A)
for any A ( but now the link with Euclidean division has become obscure !).
For example, for A := {a}, one gets

1
a2u?

1—ay=
1+ay+

1—ay
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For A of cardinality 2, it is still possible to check directly that
1

L= YA (&) +y*A%(A) = 5
2

14+ Sy + 3
1 (32 gy 4 TR
Sa

The Euclidean division of 23 by 22 — xA! + A? produces indeed the two
successive quotients x + Al x — % =r— g—; =+ (55—122 - 51)
Wronski’s continued fraction can be obtained from Stieltjes’one by “con-
densation” of terms two by two. But to describe it, we need to approach
continued fractions from a broader point of view than only Euclidean divi-

sion, and this what is done in the next section.

28



A A A REEEEEEEEEEEEEEEEEEREEREER]

Reciprocal Differences and continued fractions
CECLPe b bbb

Fractions § were known to Egyptian and Chinese mathematicians some

thousand years ago. It is natural to iterate them and consider expressions
by

b
like a; + —2, ay + ... Putting the dots inside the fraction, one gets

az 3
ay + —
as
a continued fraction
b
a+———— (Cf1)

P
a

2 by
as + —

that we already encountered in the process of Euclidean division.

Stopping the continued fraction at step n, and reducing it to a fraction,
one gets the n-th convergent of the continued fraction. The French terminol-
ogy Les Réduites is more appropriate, because convergence is not always au
rendez-vous.

Euler wrote a fundamental treatise (De Fractionibus continuis, Comm. Acad.
Sc. Imp. Petropol. 9 (1737)) and found recursions between consecutive con-
vergents which can conveniently be written in matrix form :

Proposition 18 The convergents of a continued fraction

P, n by
—=a
Qn ' a0 + b3

2 b4

CL3+ b

. n
a’TL

can be expressed through multiplication of 2 X 2 matrices:
P, lar 1| ]az 1| |az 1 | @n 1| |a,
Qn|l |1 0f]|by 0] [b3 O b1 0| |b,
Proof. Write
as 1 R 1 |a,| |«
by 0 bu—t O [bn] — |8
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Suppose the theorem is true for

b aso +
ay + 3b _ 2 5
..._|__TL

Gn

«
On the other hand,
a; 1| jag 1| |a|  |araea+ by + a3
1 0 b2 0 B N Ao + 6
The two entries of this last vector are exactly the numerator and denom-
inator of

b2 a1 (CLQCY + B) + bQO[
aq + =
Ao + ﬁ (15Y0% —+ 6
(0%

QED
Continued fraction can be used in interpolation of one variable functions.
There are two approaches : either one wants the interpolant to coincide
with the function in a given point up to a certain order, or one wants the
interpolant to coincide with the function in a set of distinct points (of course,
one can mix the two approaches).
Let us first look at the approximation of a formal series that one can
choose to be o,(A).
Choosing all a; = 1, and replacing the b;’s by z0;, one gets a continued

fraction of the type

b
14— 22

zb
14—

zb
1+ —

For generic b;’s, one sees by induction that the degrees in 2z of the succes-
sive convergents P,(z)/Q,(z) are

dO(Pgn) =n, do(an) =n — ]., dO(P2n+1) =n, dO(Q2n+1) =n

starting with P,/Q2 = (1 + zby)/1. Choosing appropriate (and unique)
ba, ..., by, allows to approximate o,(A) up to order n — 1 included, and the
rational fraction P,(2)/Q,(z) is uniquely determined (up to multiplication of
both numerator and denominator by a common scalar). The explicit expres-
sion of the b;’s for the expansion of a rational function of the type o,(A —B)
was first found by Heilerman (Crelle J. 23(1845) 174-188, 48(1852)190-206,
Muir II, p.361-365) and can be rewritten in the following theorem usually
ascribed to Stieltjes :
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Theorem 19 The series 0,(A) admits a continued fraction expansion

b
1+ —22 with

z
[

SpnS(n_1)n—2 Sn+1)nSn—1yr-1

by, = & bopig =
2 Snnfls(n_l)nfl 2l Snnsnn—l

2) The convergents are

Pgn Snn (A + l/Z) P2n+1
Qon S(n—l)"*l (A - 1/2) Q2n11

The first parameters are

Sy (A +1/2)
Sty (A —1/2)

=(-1)" 2 =(-1)"z

b2 - Sl; b4 - 522/525’1; b6 - 533352/5335227 s
b3 = _52/517 b5 = 53351/522527 b? = 5444522/53335337 s

while the first convergents are

P, 1 Py Sw(A+1) P 5333(A+)
2 5 (A+ A N A . 1S VR
QAT O T TGRS Qe CSw(AY)

L & W Su(A+3) P _ Sm(A+7)
o Qs S2(A=3) " @ Sp(A-3) T

To prove the theorem, we need to rewrite some Schur functions :
Lemma 20 Let k,n € N, A be arbitrary, and z be an indeterminate. Then

(~2)"Sir (A = 2) (So(A) + -+ 215y 1(A)) = Sepens(A+ )

modulo terms of degree > k(n + 1) in A.

Proof. Up to a power of z and a sign, the left hand side is equal to
1 1 S Sk a(A) Bk (A4
Z—nskn,o(A; ;)Sk—l—n—l(A_'_ ;) = : : :

Sk-n(A) -+ Se1(A) 2 Skn1(A+3)

Up to terms of degree > k(n+1), this determinant coincide with Sgn 1 (A, A+1) =
£S5k 14n,(k—1) (A+ ,A). The expansion of this determinant in terms of 1/z is
a sum of determlnants which, up to zero terms, is the same as the expansion
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of 27" Sk_1,(h—1yn (A+ 2, A) = 27" S _1yn+1(A+1). Checking signs and powers
of z, one gets the lemma. QED

Proof of theorem. The convergents are the only rational functions with Tay-
lor’s expansion coinciding with o,(A) up to degree n. However, thanks to
lemma, the expressions written for P,/@), have also the same property.

As for the explicit expression of the b;’s, let us check by induction that
they give the right convergents. Recall that the induction on convergents is

{gﬂ = [g:_ll] {bln (1)] ; the case n = 7 will be convincing enough. Thus one

has P = Py + zb; P5, and this gives for b; the following expression (do not
forget to normalize the P;’s !) :

Ss33(A) S33(A)

As usual, the looked for relation is afforded by a matrix

_ P7 — P6 _ <Z453333(A+%) 235333(A+1)) / 235222(A+ 1)

z z
P

b
! Soo(A)

indexing 0 1 2 4 5 6

. S0 2363 Gt 8566
2282 83 5t 85

. 28t 82 53 g4

SR RN R

alphabets L 0 0 A—l—% A A A ]

The reader will recognize that the products of minors :
[2,4,5,6][0,1,4,5] —[0,2,4,5][1,4,5,6] = [0,4,5,6][1,2,4,5]
indeed leads to b7 = —5444522/5333533 QED

Given a function f(z1,xs,...), one uses the following reciprocal of differ-
ences associated to a pair z;, z;

Ti — Xy

One can start from a function of x; (considered as a function of the x;’s) and
iterate these reciprocal of differences, at least while no zero comes in denom-
inator. However, one prefers to modify slightly the preceding operations.

Given a function f(x) and an alphabet xy, 25, ..., define recursively func-
tions [1,7,...,h] of z;,x;,... ,xp, which are called reciprocal differences of
[, by

1 — T
[1] = f(z1) 5 [12] =

f(l"l) - f($2)
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Ty — T3

1231 = =23 .1
[123] = o g T 1
Tp—1 — Ty
12--- — 1---m—2
[12---n] [1...n_2,n_1]_[1,_%_2,”]+[ n— 2|
Associate to this sequence the continued fraction
9(3371234‘_‘)::[1]4_ €T — X
T — To
[12] + —
123] — |1
123 = {1+ (1234] — [12] + - - -

Proposition 21 (Thiele Interpolation) The continued fraction g(x, 1...n)
takes values f(x;) at points x = xy,... , Ty.

Proof. Take n = 4 for simplicity of indices. One has a symmetry in the
last two interpolation points: g(x,1234) = g(x,1243). Indeed, [123] — [1] +
mos 1 = [124] = [U+ gty because [1234] = [1243] (a divided difference,
or a reciprocal difference in x3, x4 furnishes a function symmetrical in x3, ).

Now, g(z,1234) coincides with g(z,123) for x = x4, x5, x3, and g(x, 1243)
coincides with g(x,124) for © = 1, x9,24. Supposing the proposition true
for the previous order, one thus obtains it for the next one QED
Remark. One could have taken simpler reciprocal differences, recursively de-
fined by

[1 n]/ ‘_ xnfl - ‘/ETL
0 eeen=2n—1]—[1---n—2,n]
However these functions are not symmetrical in zy, ... ,z,, contrary to the

[1...n], as we shall see later, and are not easily expressed as Schur functions.

The continued fraction g(z, 1...n) is of the type (Cfl), with by, bs, ...
of degree 1 in z. As for convergents, for even n, deg(P,) = n/2, deg(Q,) =
n/2 — 1; for odd n, deg(P,) = deg(Q,) = (n — 1)/2. Now, since P,/Q,
interpolates f(x) in n points, counting the number of parameters, we see
that P,(x) and @, (x) are unique, up to multiplication of both by the same
scalar. This uniqueness will allow us in the next theorem to express the
convergents of Thiele’s continued fraction as Schur functions.

Theorem 22 Given an alphabet Y of cardinality k, let f(x) be the polyno-
mial f(x) := S*(z —Y). Then the convergents of Thiele continued fraction
for f are expressible as Schur functions:

Py = Sin, (k—nyn (Xop — 2, Xop = Y)
Qon = S(k—n)"*l(XQn —T— Y)
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{ P2n+1 = Sln,(k_n)nJrl (X2n+1 — X, X2n+1 — Y)
Qany1 = S(Icfn)"(XZnJrl — T — Y)

Because of the uniqueness of a rational interpolant at n points with sum
of degrees of the numerator and denominator < n — 1, we have only to check

that P,/Q, coincides with f(x) at points z = xy,... , z,.
Let us reason on an example, and take n = 6,k = 7. Then Py =
5111,444(X6 —x, X¢ — Y) =
1 3 7 8 9
0 1 2 6 7 8
1 5 6 7
= 0 4 5 6
3 4 5
. . . 2 3 4
Xe —0Xs —0 X —0Xg - Y X —YXg - Y

Take any ¢ < 6 and subtract (X — z;) to the alphabets in the top row.
Since degrees are increasing by 1 when passing from column 4 to 5, 5 to 6, one
can similarly subtract x; to columns 5 and 6. Alphabets in the determinant
are now, with B =X4 — z; — Y,

0 0 0 X —
Xe —a; Xg —w; X —w; Xg —

Xe —2; Xg—z; Xsg—2; Xe—Y B B B
Because S7(—=Y) = 0 for j > 6, the elements of the top row vanish all,
except for S7(x; — Y). The cofactor of this non-zero element factorizes into
SOOO(XG - .’L‘Z) = 1, and S44(X6 — Ty — Y) On the other hand Qﬁ(.’l?) =
S14(Xs —  — Y), and therefore the specialization of Ps(z)/Qs(x) in z; is

equal to S7(z; — Y) QED
One can notice that the numerators P, of Thiele’s convergents can be
obtained in the Euclidean division of f(x) by S™(x —xy —---—x,): they are

the “middle remainders”.

Reciprocal differences can themselves be expressed as Schur functions :

Proposition 23 Given an alphabet Y and an integer k, let f(x) be the poly-
nomial f(x) == S*(x —Y). Then the reciprocal difference of f [1,2,..., n],
n=1,2,..., of order n, is a quotient of two Schur functions of x1 + -+
Ty — Y
[1, e, 2m+ 1] = S(k,m)m-i-l/S(k_m_l)m ,
[1, cee 2’/77,] = S(k_m_l)m—l/S(k_m)m
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For example,
[]_] = Sk, [123] = S(k—l)Z/Sk—Z; [12345] = S(k—2)3/s(k—3)2 Ce

[12] - I/Sk_l, [1234] = S]g_3/S(k_2)2, [123456] — S(k—4)2/S(k—3)3 e

Proof. Once more, we need only Pliicker relations, but twice! Let us see
how to obtain [1,...,7], knowing [1,...,6] and [1,...,5]. Take k = 9 for
example, and write S;(A) for S;(A+x, +---+ x5 —Y). From the exercises,
we know that

555(336)/5666(336)—555(557)/5666(337) = (337—336)5555($6+$7)566()/5666(556)5666(337) ,
and therefore

Se66 (1‘6)5666 (1‘7) 5777()

[1,...,7] = _5’555(1:5+$7)566() Se6() ‘

However, one has also that
See6(26) Se66 (17) — Sss5(w6+27) S777() = Se666(v6 + 7)Se6()
whence the required expression
[1,...,7] = Seeee(z1 + -+ 27— Y)/Sss5(x1 + -+ 27— Y) .

QED
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Padé approximants
CECLPe b bbb

Given a formal series f(z) := ) 2"S,, with Sy = 1, one wants a rational
function [, 5 (1—2b)/ [],c.(1—2a) (with no factor common to the numerator
and the denominator) whose Taylor expansion coincides with f(2) up to the
order card(A)+card(B) (which is the maximum that one can expect, counting
the number of parameters). In other words, one wants the first S; to be the
complete functions S;(A — B).

Writing the rational function, up to a power of z, as follows

,B) R(: + A, B)

1
20 Padl
R(EA) ~ RE+BA)’ (Padl)

one could stop there, because the numerator and denominator of the last
expression are functions of A — B, i.e. are expressible in terms of coefficients
of the series. However, it would not be polite towards Padé, and we shall pro-
vide some comments about the different expressions of the rational function
attached to his name.

Let us first remark that the extra factor that we have introduced, R(A, B),
is by hypothesis different from 0 (the rational function is reduced).

Now, our expression, with card(A) = «, card(B) = (3, is, thanks to the
expression of the resultant

1 1
Statnys (B-A — ;)/S(ﬂﬂ)“ (A-B — ;)
1 1
— :I:Sﬂoﬂ—l (A—B + ;)/S(ﬂ+1)a (A—IB —_— ;) (Pa/dQ)

Do not forget that, for any A, any x of rank 1, on has the decompositions
SFA+z) =Y, 2'S%(A), SF(A—z) = S¥(A) — 2S*¥~'(A). This shows how
to expand the preceding functions in terms of z.

In fact, using our favorite transformations on Schur functions, we can
restrict 1/z to only one column and write the rational function :

1
z

1
Sﬂ,ﬂa(A—B+EQA—B)/S(ﬂH)a,o(A—B; ) (Pad3)

These expressions can be found in the literature: the last expression is
due to Jacobi (7), while Sylvester (?) gave the right hand side of (Pad2).
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The explicit expansion of the numerator and the denominator of the Padé
approximant, in terms of the Schur functions of A — B, is

Sﬁa + ZSlga + 225’2504 + -+ ZﬁSBﬂa

Pad4
Spe = 25ga-1 g1 + 22Spa-2 g1z + -+ + (=2)*S(g41)e (Foc)
For example, for § =1, a = 1, one gets
S S
| ) R 8% S 4 4522 S L
Sl — ZS2
for =1,a=2,
St + 25111 1 9 2 3 a3 45114 + S15 — Sa22
=14+25 4+2°5°4+2°5°+ 2 o,
Sii — 2812 + 2255 St
for =2, =1,
S2+ 2512 + 2° 5 =1+ 28" —i-,2252+z353+z45—33 + e
Sy — 253 N 92

and for § =2, = 2,

S S 2S 5144 o 25234 5333
22 F o1 202 = 142S' 4225242393 42154+ + +
Sog — 2523 + 22533 Sao

We have supposed that R(A,B) be different from 0, that is, we have sup-
posed the non-vanishing of the Hankel determinant Sg.(A—B) of coefficients
of the initial series. Specialists know what to do in the degenerate cases.

Write [3/«] for the approximant whose denominator is of degree «, and
numerator of degree 8 (we only consider the generic case, where there is no
indeterminacy, nor any drop of degree).

Usually, the [5/a] are displayed in a two-dimensional table (let us take
f =0,1,.. = horizontal axis), and one is interested in giving relations between
neighbours. Now, the alphabets A and B are variable and we shall avoid using
them. Say that the function to be interpolated is o, (D).

Because [f-1/a] and [3/«] are approximations of consecutive orders of
the same function, one sees that [3/a] — [$-1/a] is a rational function with
a numerator reduced to cz®*?, with ¢ € Sym. In fact, we have already
encountered the relation

Skn (A+az)Skn—1 (A—l‘) —Z'S(k,l)n (A+$)S(k+1)n—1 (A—l‘) = Skn (A)Skn—l (A) R

and its image under A — —A.
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This relation gives us

Sge (D) Sga+1 (D)

(6 o a, f-a u
[B/ ] [ 1/ ] ( ) Sﬂa( —1/2) 5+1°‘(D—1/2) ) (P d5)
as well as
[B/a] — [B/a-1] = (—1)*2F T Spe (D)S(s11) (D)

Sa+1ye-1 (D —1/2)S(g41)e (D — 1/2)
(Padb)
Now, one can relate the inverse of differences between [$/a] and its North,
East, South, West neighbours, as shows the following lemma, due to Wynn.

Lemma 24 The elements of a generic Padé table satisfy :

1 1 1 1
[BJa+1]— [B/a] * [Bjo-1]—[B/a] _ [F-1ja] - [B/al | [B+1/a]

[5/a)
(Pad?7)

Proof. Remember relation [Bazin 7]

c12] [c13] [C14]
(c32] [c33] [C34]] =0
(c25] [C35] [C45]

for the minors of order n of a matrix n x co, C being a set of integers of
cardinality n — 2.

Apply this relation to the matrix obtained from Sg1)a(D — ) by re-
peating the first column, with the alphabet D, and adding the two columns

[1,0,...,0] and [0,...,0,1]. Explicitely, with a = 3, 8 = 5, I mean the
matrix

1 0 S5D) S*D—-=2) SD—2z) S¥D-2z) S*D-x)

00 S°D) S°(D-—2z) S*D—-2) SY(D—2z) S¥D-—=x)

00 SYD) S*D-=z) S°D—-2) SD-2z) SY(D-=z)

01 S3D) $3D-2z) S*D-2) S*D—2z) SD-=z)

Using that [34C|
2S55.55(D, D-x) = 2S55555(D), one gets the relation

= 56,555(]@7 D*l‘)

See(D-2)
—Se66 (D)

S (]D)*x) S6666 (D)
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=0,

5555(D) 5555(D—IE)
0 1'55555 (]D))
S6666 (Dfx)

= Se5,55(D, D) — xS6455(D,D-2) =



which expands into
St (]D)*!L“)S555 (D)1‘55555 (D) + Sees (D) Ss55 (D) S6666 (]D)*x) -
5666(D)56666 (]D))S555 (]D)—JJ) - Sﬁﬁ(D—Ji)Seﬁeﬁ (]D))ZE55555 (]D)) =0,

which is the Wynn identity reduced to the same denominator (up to the
common factor Sg;1)« (D-2)).

See in the exercises a step by step proof of Wynn’s identity.

Euclidean division can be put into use to provide recursions between Padé
entries. Let [#/a] denote a Padé approximant of the function A_,(A). Then
the following lemma, due to Kronecker, relates the approximants [n — j/j],
j=0,...,n for any fixed n.

Lemma 25 Let n be an integer. Define P_; = 2", Py = S™(1 — zA),
QR 1=0,Q0=1, and for j=0,... ,n—1,

Pii = =P+ pil
Qjr1 = —Qj—1+p;Q; , (Pad8)

that is, —Pj1 s the remainder of the dwision of P;_y by P;, and p; is the
quotient.
Then P;/Q; is the Padé approzimant of type [n—j/j] of A_.(A), and

PiQjs1 — PjaQ; = 2"

Proof. The successive remainders have described in the third section. Up to
normalization, they are

217715271_1(14_2,), Z2in53n—2(A—Z), 237715471—3(14—2),

Dy Py
QRj Qi+
is independent of j, and this determines the ();’s knowing the P;’s. Recog-
nizing in this determinant relation (7), one gets that @1, Qs,... are, up to
the same normalization as the P;’s,

On the other hand, equations (Pad8) implies that the determinant

Si(A+2), Sp(A+2), ..., Sji(A+2),....
Checking values in z = 0, one indeed recognizes that P;/Q); is the [n — j/j]-
approximant. QED

Padé approximants are rational interpolants of f(z). But in interpola-
tion theory, one wants to write expressions depending upon the values of
f(2) at specific points yy, ¥y, ... € Y. The preceding case, that is, requiring
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the equality of the first terms in Taylor expansions around z = 0 must be
considered as the case where all y;’s are concentrated in 0.

Already Cauchy had solved the rational interpolation problem in 1820,
writing a summation generalizing Lagrange interpolation. We shall rather
use the following determinantal expression, and give its relation with Padé
expressions.

Lemma 26 Let f(z) be a function of one indeterminate, and let o, 5 € N.
Let P(2)/Q(z), deg(P) < 3, deg(Q) < «, coincide with f(z) at pointsy € Y,
card(Y) = a+B+1, . Then P and Q are determined, up to a factor, by the
following identity :

y [ e e e i) )|,

Q) Q) - Q) #P(z) - 2P(2) P(2)
(Pad9)

Proof. Multiply row y by the corresponding factor Q(y). The new determi-
nant is an alternating function in yi, ..., Yayp+1, 2 of degree < a4 3 in each
letter. Being divisible by the Vandermonde in ) + z, it must be null. QED
To get more compact expressions of P and @, let us suppose that f(z) is
a polynomial that we shall write f(z) = SN (z — D).
The denominator ((z) is proportional to

Ly o o f) - uf) W)

oo --- 0 2% z 1

Extracting the Vandermonde A(Y) from the upper part, one transforms
the preceding determinant into a determinant of complete functions :

Q) e Sy SR -D) - SY((V - D)

S_a_.ﬂ(y) S—a.(y) SN—B(.J;_ID)) SN—a—ﬂ(.(y—]D))
0 0 2“ 20

The determinant factorizes into its North-West part ( equal to Sgs+1()) = 1)
and its South-East part in which one recognizes the permuted of

S(N_B)a,g(y — ]D), Z) = S(N_g)a (y —-D- Z) .

40



Similarly, P(z) is proportional to

sy - Sy SV -D) .- SY(Y-D)
SOPE) o STY) SN -D) e SV -D)
20 . B 0 - 0
Subtracting z to alphabets in columns 2, ... ,a+ 1, the bottom row becomes
[1,0,...,0] and what remains of the determinant after suppressing the first

column and bottom row (and permuting the last columns) is the Schur func-
tion S5 (y_gje+1(Y — 2,Y — D). This function is in fact the remainder of
degree /3 in the Euclidean division of S¥(z — D) by R(z,)), as one could
have realized beforehand without computation!

In summary, one has

Lemma 27 The approzimant of type [3/a] of the function SN (z — D) ob-
tained from the interpolation set Y of cardinality o+ 5+ 1 s

Sie vt (Y =2,V =D) / Sv_pe (Y —D - 2) . (Pad10)

Questions of convergence are at the heart of the Padé approximation
paradigm, and we have only touched upon the relevant algebraic identities.
This algebraic part is a small part of the story, however for what concerns it
proper, we disagree with most of the classics.

First, the theory is full of quadratic relations between minors, and no
reference is usually given to Pliicker relations, which are more general and
more understandable that the 3 terms or 5 terms relations commonly met in
the theory.

Secondly, many functions can be identified with Schur functions. When
restricting to Schur functions indexed by rectangular partitions, one can dis-
pense with symmetric function theory. However, inductions involve other
partitions than the rectangular ones, and this becomes cumbersome when
restricting to Hankel or Toeplitz determinants.

Thirdly, using partitions is the only way of easily seeing that a function
appearing in a certain process is the same Schur function as the one pertain-
ing to another theory. Even to identify some coefficients in the Euclidean
division of two polynomials (when they are not the leading terms) would be
cumbersome without reference to Schur functions.

In the fourth place, this is a book about the beauties of symmetric func-
tions and their generalizations.
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Symmetrizing operators
BEPPDPEPPOEYPOEEY

Divided differences 0, have been introduced by Newton to solve the in-
terpolation problem in one variable. We shall also need the isobaric divided
differences .

In the case where o is a simple transposition s; exchanging a; and a;.1,
writing then 0;, 7;, the operators (acting on their left) are :

PR 1 . _ el 1
az o (ai_lai+1) (1 + 87') _ (1 SZ) (ai—ai+1) (3)
T = 7(1_(“4_1/%) (]_ + Si) = aiai
More explicitely, 0; and 7; are the operators on functions f(ay,... ,a,)

of several variables, acting only on the pair (a;, ai;1):

f o = fl..ai,air1...)—f(...aiy1,0i...)

¢ A —Qj+1 (4)
f P — a; f(...ai,0i41...)—@it1 f(...@ig1,05...)

¢ ai—Qit1

We shall check below that each of the families of operators {s;}, {0;},
{m;} separately satisfies the Moore/Coxeter braid relations (writing {D;} in
each of these three cases) :

D;Dj = D;D;if |i —j| >2 , D;Di1Di = Dij1D;iDiyy (5)
One can notice that, for what concerns squares, one has
alal =0 , TG = Ty, S8;S; = 1. (6)

Both divided differences 0; and isobaric divided differences m; are special
cases of local rational operators of the type

Di = P(ai, a/z'+1) + Q(aia ai+1) Si (7)

where P(z,y) and Q(x,y) are two fixed rational functions of two variables.
In [24] [26], one determines the conditions on P and () which ensures that
the D;’s satisfy braid relations and preserve polynomials. These operators
happen to satisfy an Hecke relation, i.e. there exists constants ¢i, ¢a such
that



To represent the Hecke algebra, one usually take
Ti=7mi(q1 + q2) — q28i, i > 1. (9)

It is convenient to represent the symmetric group by its Cayley graph,
called permutohedron, which describes how permutations are successively
generated by products of simple transpositions, starting from the identity
permutation. Paths in this oriented graph are exactly the reduced decompo-
sitions.

Now the same graph can describe operators, the edges now being inter-
preted as simple divided differences, or isobaric divided differences instead
of simple transpositions. One has in fact more general operator satisfying
the braid relations, and more general relations involving parameters ( Yang-
Bazter equations).

Divided differences satisfy a Leibniz formula, as easily seen from the def-
inition:

fg0i = f(90:) + fOi g™ . (10)
In particular, symmetric functions in a;, a;y; are scalars for 0; and 7;:
9=9""= fg0i=foig and fgm=fmyg. (11)

When a;,; tends towards a;, the divided difference 0; becomes the usual
derivative with respect to a;. However, in that limit one loses the fact that
symmetric functions in a;, a;1; commute with the operator, which is a prop-
erty which greatly simplify computations. Indeed, to compute the image of
a function under 0;, one will try to write it as a function in a;, a;,; as simple
as possible, the complications being pushed to the coefficients (which are
symmetrical in a;, a;; and involve the other variables).

Complete functions behave ”nicely” with respect to divided differences.
Indeed, let A; = {ay,...,a;}, and let B be a second alphabet symmetrical in
a;,a;1 (i.e. invariant under s;, which is the case for example if it contains p
copies of a;, and of a;;1). Then

S*(A; —B) 9, = S* (A, — B)

and similarly
SF(A; —B)m; = S*(A, —B) .

This property is easier to show on the generating function:

_ HbeIB%(l — 2b) _ ( HbeB(l — 2b)

cE beB
=) MIEDT(-a)

o.(A; — B) )(1 — 20;41)
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and, the factor inside parentheses being symmetrical, one is left to check that
the image of (1 — za;41) under 0; is 2.

Now, we can check the braid relations. Divided differences which involve
two disjoint pairs of variables clearly commute, thus we have only to show
8iai+1ai = 8Z~+18i8i+1, and TGT 1Ty = T 1T T - To SImphfy iniCGS, let us
check it for 7 = 1, and only for the divided differences, the computation being
similar for the m;’s.

Instead of applying three times the definition of 9; to expand 0,0,0,, one
makes it act on monomials that one writes as Schur functions:

a?agag = Sv;ﬂ;a(A‘o’; Ays Ay)

Now, the first and third column of S, 3, are symmetrical in ay, a3, and thus
the image of the determinant is a similar determinant, because we have to
operate only on the middle column:

S0 (Ag; Ag; Ap) =2 Syis—tia(Ag; Ags Ar) .

Now, the new determinant has its first columns symmetrical in ay,ay and
becomes Sy.5_1,0—1(A3; Ag; Ay) under 0y, and finally, under 0, again :

S’y;ﬂfl;a72(A3; A?n A?)) - S’y,ﬂfl,a72(A3)

which is a usual Schur function in three variables. The result being symmet-
rical in aq, a9, a3, the image of the same monomial under 9,0,0; produces
the same Schur function (however, to apply 010,01, one writes the starting
monomial as a Schur function in a; + as + ag; as + as; az).

Because monomials are a linear basis of polynomials, this computation
implies the braid relation 90,0501 = 020;05.

The preceding computation was not really necessary. Indeed, we did
not use that 0y, dy commute with multiplication by symmetric functions in
ai, as,az. Knowing that the space Z[ay, as, a3] is a module (in fact free) over
Sym(ay, as, az), with basis

2 2
]-7 ai, Gz, 0y, G102, A1A2

we see that both 0,0,0, and 0,0,0, decrease degree by 3, and thus send the
basis to 0, apart from the last element which is sent to a constant (necessarily
non-zero, because none of the operators is identically null). We shall see later
a good reason why the constant is in both cases equal to 1.

The braids relations imply the following lemma (knowing that two re-
duced decompositions of a permutation differ by a sequence of transforma-
tions $iSj = 5j8; O §;418iSj4+1 = 8i8i+18i).
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Lemma 28 Given a permutation o and a reduced decomposition o = s;s55+ -+ sy,
then the product 0;0; - -0y (resp. mm;-+-my) is independent of the choice of
the reduced decomposition of o. One denotes it 0, (resp. 7).

Let now the cardinality of A be n, and let w be the maximal element of
S,. Then writing any monomial in A as a Schur function, the same type
of computation as in the case of three variables shows that the image of a
monomial under d,, or m, is a Schur function:

a:’Lla/ZI"']rw:SI(A,n) , a;:ll"'ainawzslfp(An) )

where I =[iy,... i), p=1[0,...,n—=1], [ —p=1[iy —0,... i, —n+1].

Instead of taking the group algebra of G(A) with constant coefficients, one
can use the algebra generated by rational functions in A, and permutations.
This is the proper way of combining multiplication by elements of Pol(A)
and symmetrizing operators. Indeed, M.P. Schiitzenberger and I called this
algebra algebra of divided differences to stress the fact that divided differ-
ences, or permutations act on the coefficients, that one can choose to write
on the left or on the right. When writing P, it means now “multiplication by
P”. The algebra is nowadays called the affine Hecke algebra (Cherednik [4]
defined a double affine Hecke algebra, by using the affine symmetric group
instead of the symmetric group).

This algebra contains all our symmetrizing operators, for example :

1 1
e (12)
Ti = (i + @2i1)0i + g2 = #(1 +5i) + @2
i — Tig1

It has linear bases : {0 € 6(A)}, {0,, 0 € 6(A)}, {r,, 0 € G(A)},
{T,, 0 € 6(A)}, and many others. An interesting problem is to write explicit
matrices of changes of bases.

For example, even to pass from the 779 to the 77", that is just to
let the pair of eigenvalues be different, is not as straightforward as it would
seem.

Indeed, by specializing the parameters ¢y, qs, 71,72, one covers all the
known change of bases. We shall encounter later Schubert polynomials,
which appear for both changes ¢ +— 0d, and 0, — o. Let us just say a
word about how to express any element of the affine Hecke algebra in the
basis of permutations.

We first need a straightforward lemma, introducing a second alphabet B
of cardinality n :
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Lemma 29 Let K = K(A,B) = [],5;5;5:(ai — bj). Then K(A”,A) =0 if

o 1s not the identity permutation.

Using these vanishing properties, one obtains expansions by just special-
izing the images of K :

Proposition 30 Let

H= Y ohy, with h, € Rat(A B) . (13)
oE€G(A)
Then
KH‘IB%:AU - (_1)Z(U) he H (a; — aj) (14)
n>1>j5>1

We shall also need the explicit change of bases between the Hecke algebra
with parameters (1,0) and the Hecke algebra with parameters (—1,0) (both
are (-Hecke algebras. The m;, i =1,..., n-1, are algebraic generators of the
first one, the 7w; :==m; — 1,1 =1,..., n-1, are generators of the second.

Proposition 31 The 7, and 7,, 0 € &(A) are related by the relations

WU:E T,

v<o

Ty = Z(—l)é(”)*l(’/) m

v<o

(15)

where the order is the Ehresmann-Bruhat order on the symmetric group.

Proof. Let s; be such that ¢(os;) > ¢(c). Then it is known that the interval
[1, o] is composed of pairs (7, 7s;), and of singletons v such that ¢(vs;) > {(v).
For the pairs, one has

(%TI + 7771’) T =Ty + Ty,
and for the singletons, one has
T, =T, T +1)=7T,+7,, .

Knowing now that the complement of [1, o] in the interval [1, o s;] is made
of the permutations v;, this proves the first part by induction on the length
of 0. The proof of the second part is similar. QED
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Orthogonal Polynomials
T EETOEEIOIOEEY Y

To any ”generic” linear functional L on Pol(x) is associated a (unique)
family of orthogonal polynomials:

L(Pn(z)Po(x)) = 0if m # n, L(Po(2)Po(x)) = 1.

One can formally suppose that there exists an alphabet A such that the
moments L(z™) are the complete functions of A, i.e.

L(z")=S5"A) , n>0.

Now L is a linear functional, that we shall note L,, with values in symmetric
functions:

Ly : Pol(x) — Gym(A) .

The linear functional can be thought as a quadratic form on the space of
polynomials in x, compatible with product :

(f(z), g(x)) == LA(f(2)g(x)) = (f(x)g(2), 1) .

As could be expected, the orthogonal polynomials P,(z) are Schur func-
tions, as shown by the following theorem.

Theorem 32 Given an alphabet A of infinite cardinality, then there exists
non zero-constants ¢, € Sym(A) such that the orthogonal polynomials asso-
ciated to Ly are

P,(z) =c,Spn(A—2x) , n=0,1,...

Proof. On can write the orthogonality relations as Ly (P, (z)z™) = 0, m < n.
However, Syn(A — ) 2™ = Spn (A, z) and its image under L, is obtained
by replacing the last column of powers of by complete functions of A i.e.
one has

Ly(Snnm(A x)) = Spn m(A) .

This determinant vanishes for m < n, having two identical columns  QED

Notice that the functional L, can also be interpreted as a symmetrizing
operator. Indeed, when A is of finite cardinality n, let w be the maximal
permutation in &,,. Then

a¥m, = Sp(A) , k=0,1,2,...,
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and thus, for any polynomial f(x) , one has

La(f(x)) = flar) 7w, -

Since a’ m, = S;(A), J € N, there is no difficulty in extending the definition
of m, to an alphabet of infinite cardinality, as is needed in the theory of
orthogonal polynomials.

Instead of handling orthogonality relations, one can introduce reproducing
kernels, i.e. functions K, (x,y) of two variables having the property that
Ly(K,(z,y) f(z)) = f(y) for all f(x) of degree < n in z.

Darboux-Christoffel theorem gives the explicit expression of these kernels:
Theorem 33 Let K, (z,y) = Pul@)Pocs W =PuW)Prar (@) - Thon yp to a scalar,

=y

Ku(7,y) = Sppyn-1(A — 2 —y)

and

Ly(Kn(z,y) f(x)) = f(y) , YV : deg(f) <n .
Proof. For simplicity of indices, let us take n = 3. The two determinants
expressing P3(x) = Ss33(A — ) = Ss330(A, ) and Py(z) = Se(A — z) =
Sa20(A, z) have many common entries. To take advantage of it, one can use
Pliicker relations between maximal minors of a rectangular matrix:

l[a,b, 0, B,...]"[c,d, v, B, ... ]=[a,c,a, B, ... ]-[b,d, v, B,...] = [a,d, 0, B,...]-[b,c,e0, B, . . . ]

Let us apply these relations to the 4 x 6 matrix of complete functions
(denoted by their exponent; the alphabets are constant in each column and
written at the bottom)

034533
23422

- 12311

- 01200

alphabets AAAAZz Yy

column index 0 3 4 5 x Yy

Taking for a, b, ¢, d the indices 0, 3, z, y and corresponding minors (having
in common columns 3,4), Pliicker relation writes

[0,3,4,y] [3,4,5,95] B [0,3,4,95] [3,4,5,95] _[0,3,4,5] [3,4,x,y]
5022,0(A;Z/) 5333,0(A,$) 5022,0(A;Z/) 5333,0(A,$) 50222(A) 53,3,1,0(A;$;@/)

Now, subtracting x + y to all rows but the last two ones of Ss31¢, one gets

S33,1,0(A7 z, y) = S33 (A —T— y) 51,0(337 y)
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and finally

(Pay)Pile) = Pola) P(9) = Sua(®) Sia (A = 7 )

QED

In [L-Sh] I have shown with Shi He how to generalize Darboux-Christoffel
formula to a set {z1,...,2x}, £ > 2, instead of {x,y}.
The functions to consider are now Schur functions

Snn—k;+l(A — Ty — - — .Tk) 5

and they still have some reproducing properties which are explained in the
note [L-Sh].

The reader will have noticed that the functions S, (A — z) already ap-
peared many times. Indeed, one has

Theorem 34 Let A be an alphabet and let y =1/x. Let

oy(A) = !

2
(1= Coy) — v

y2ﬂ2

2
(1—C2y)— y* s

(1= Gy) —

be the Wronski continued fraction for the series o,(A). Then the orthogo-
nal polynomials S,n(A — x) are the denominators of the convergents. The
numerators are the “adjoint polynomials” Q = xSp_1ynr1(z + A), n > 2.

Moreover, Q,(1/y)/yP.(1/y) is the Padé approximant of degree [n—1,n]
in x of oy(A).

For example the first terms are

L__@, L _ Q@ _aSmlr+4)
1-— y51 Pl ! - Sly N gjzsn P2 SQQ(A — ZL')
1— (222 _
(S11 S1)y
1 _ % _ ZL‘SQQQQ(ZL‘ + A)
1_g Y+ y2511 Py 5333(A - ZE)
— o1
1_(@_5) n 4% S99
S T (- (B By,
H Saso Su



In presenting the work of Wronski, we had interpolated the series \,(A)
instead of 0, (A). The two expansions are exchanged by y — y, and conju-
gating partitions indexing Schur functions.

Orthogonal polynomials satisfy three-terms recurrence relations, which
are equivalent to the continued fraction expansion given above (with 5y = 1,
P() = ].) .

Pn-l—l_ (x_Cn)"i_BnPn—l =0

The adjoint polynomials (), satisfy the same recursion, but with initial
conditions )y = 0,Q = 1.

We have preferred to give similar expressions to P, and @,. However,
one can also write P, = Syn o(A, z) and @, = £S,» _1(A, A + x) to break
the symmetry in P and Q).

All formulas satisfied by the polynomials P, can be adapted to the adjoint
polynomials @),,. For example, one has a Darboux-Christoffel kernel :

Qn(2)Qn-1(y) — Qn(y)Qn-1(x)
T —y

= Apn-1(A) Apgaye—2 (A + 4+ y)

For example,

1
r—y

(Qz(y)Q:s(l“) - Q2(33)Q3(y)) =NAs3(A) Ay(A+2+y) .

One can “shift” the linear functional L, by a finite alphabet B, defining

Pol(z) > f, Lap(f) = La(f(z) R(z,B)) .
Christoffel obtained the associated orthogonal polynomials :

Proposition 35 Let B = {by,..., by}. Then the orthogonal polynomials
relative to Lap are

Pn,k;(x) = S(n+k)" (A —B - .CL') y
and P, x(x) R(x, B) is proportional to the determinant

‘P”_l‘i‘j(bi)‘lgi,jgk-i—l )
with by, := x.

Proof. The verification that P, () is orthogonal to 2°,... , 2" ! is the same
as for L,, apart from changing A into A — B, and shifting indices.

The determinant is divisible by the Vandermonde A(B + z). Evaluat-
ing the image of the quotient multiplied by a function of  under L;p is
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the same as computing the image of the last row, multiplied by the same

function, under Ls. Therefore P, () is orthogonal (with respect to Lyp)

to 2°,...,2" !, while being of degree n in x. It must be proportional to

Stk (A — B — x). The explicit factor comes from the polarized Bazin

formula given in the Appendix. QED
One can notice that Christoffel polynomials generalize the Darboux-Christoffel

kernels, and indeed, they have reproducing properties already alluded to.
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Schubert Polynomials
T rOEEeOE Y

We want to be able to perform algebraic computations in the ring of
polynomials in ay,as,..., in a manner similar to what we did in the case
of Gym(A), that is independently of the number of variables; in particular,
we want to avoid expanding a polynomial in the basis of monomials, but
rather use operations on combinatorial objects to replace algebraic compu-
tations on polynomials. Moreover, we want this combinatorics to extend the
combinatorics of symmetric polynomials.

Of course, a generic polynomial of degree 5 in 6 variables depends on
(150) coefficients, whatever way one chooses to represent it. Any specific tool
is unlikely to be interesting in the generic case, but will apply only to the
description of spaces of polynomials satisfying some requirements.

Let us show how Newton point of view can be used.

Given a function of one variable (the time t), let B = {by, bo, b3, ...},
consider the divided differences with respect to B and let

0 00 000
AR A M

denote

f(bl)ala f(bl) 8182; f(bl) 81,8283 y o

Then the formula of Newton to interpolate f(¢) from its values at time
bl, bg, ... 18

f(t):f(b1)+fa(t—b1)+
FO(t — b)) (t — by) + f% (t — by)(t — bo)(t —bg) +---  (16)

the expansion being exact if n 4+ 1 points b; are used and f is a polynomial
of degree < n.

When by, b, ... all collapse to 0, then equation (16) becomes Taylor’s
formula

F(t) = f(0)+ f10)t + f"(0) /21" + -+,

the factorials in the denominator being clear by putting b; = i€ and letting €
tend to 0.

Since divided differences are the discrete analogues of derivatives, the
question is :

What is the discrete analogue of Taylor’s formula in several variables ?
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In other words, what are the coefficients of the images of f(aj,as,...)
under the possible different divided differences (evaluated in by, by, b3, ... ) in
the expansion of f(aj,ag,...) 7

The answer, that I obtained with Marcel-Paul Schiitzenberger some years
ago (cf. [23]), is as simple as in the case of one variable. The universal
coefficients, called Schubert polynomials due to their relevance to geometry,
can be defined recursively as follows:

1) They are polynomials Y, (A, B) in two infinite totally ordered sets of
variables A = {ay, as, ...}, B = {by, by, ...}, indexed by vectors v € N>
(from now on, we shall suppose that they have only a finite number of non-
zero components).

2) They are globally stable under divided differences in the a;’s, that is,
the image of a Schubert polynomial is either 0 or a Schubert polynomial.

3) When v is weakly decreasing (one says v is dominant, or is a decreasing
partition, deleting the terminal zeros), then

Vo= [ (a-by, (17)

(i,7)€Diagr(v)

product on all boxes in the diagram of v: one stacks vy, vo, v3,... boxes in
successive rows, packing them to the left. A box in position (7,j) gives a
factor (a; — b;).

4) Given v € N* and i € N such that v; > v;yq, writing vs; for
[’Ul, sy Vi1, Vi1, Uy — 1, Vit2, - - .], one has

One does not write what happens when v; < v;;1, because in that case
Y, is the image of some Y, under 9;, (precisely v' = [vq,... ,v;_1,0;11 +
1, v, vit2, . ..]). The vanishing 0? = 0 implies that 9;(Y,) = 0 in that case.

On the indices of Schubert polynomials, the action of divided differences
amounts to sorting (and decreasing), in other words, amounts to use the
symmetric group. Thus, because divided differences satisfy the braid rela-
tions, it just remains, for ensuring that the above definition is consistent, to
check that if a dominant polynomial can be obtained from another one by a
sequence of divided differences, then it coincides with the product given by
the diagram indexing it.

Because the set of partitions is a lattice (with respect to intersection and
union of diagrams), compatibility of dominant polynomials boils down to the
following lemma.

Lemma 36 Given a dominant v € N>, and n € N such that v < p =
n—1,n—2,...,1,0,0,...] (componentwise), then there exists at least one
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chain of divided differences such at each step a 0; is applied to a dominant
Schubert polynomial of the type (a; — b;) g, with g symmetrical in a;, ;41
(and therefore the image is a dominant Schubert polynomial corresponding to
a diagram with the box of coordinate (i, 7) erased, the factor (a;—0b;) becoming
1 under 0;).

The proof of the lemma consists in peeling off boxes of a staircase diagram,
in such a way as to have, at a step where 0; will be used, columns 7 and ¢+ 1
of lengths differing by 1. This can be realized by erasing boxes from top to
bottom, in successive diagonals, as indicated by the following example for

v =16,6,6,2,2,0,0,...], n =9 (boxes are numbered in the order they are
peeled off).
(1]
812
131913
10| 4
14(11] 5
6
12[ 7]

Now, if Y, was the product Hi,j,i—l—jgn(a’i — bj), then Y, as obtained by
the above process, will be the product of factors (a; — b;) corresponding to
the boxes which are left. Therefore, the definition of Schubert polynomials
is consistent. QED

Newton’s polynomials could be characterized by their vanishing proper-
ties, because they are written in terms of their roots. Similarly, when v is
dominant, and different from [0, 0, . . .|, one can also easily write the vanishing
properties of Y.

When v is dominant and # 07, then Y, vanishes under the specialization
a; = by, ag = by, ag = b, ... ( we write Y,(B,B) = 0). Indeed all the factors
in the main diagonal of the diagram of v vanish.

Using that 0, = Y, ., h(A)v, with some rational coefficients h,(A)
depending only on A, the order on G(A) being the Ehresmann-Bruhat order,
one can check the vanishing property Y, (B, B) for all indices v € N*, v # 0".

Let us for a moment index products of divided differences by vectors,

instead of permutations.
Given K = [I{Il,kg, .. ] S Nn, let

ok — (01 Oky) (O - Oyy1) (O3 - Opya2) - -+

that is, 0* consists in products of blocks of consecutive divided differences,
of respective lengths ky, ko, ..., starting with 0, 0o, ... respectively.
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We can now state the multivariate Newton interpolation formula. For

any polynomial in aq, as, ..., one has :
FA) =Y 7 (B) Y (AB) . (19)
KN

Proof. One has to test (19) on a linear basis of polynomials in A (with co-
efficients in anything, for example functions of B). One takes the Schubert
polynomials {Y;} as such a basis. Now, one has to check whether the follow-
ing equations are true :

Yy(AB) = > (V)" (B) Yi (A B) . (20)

KeNeo

But the YfK are either zero, or Schubert polynomials, and they all vanish
under the specialization A = B, except for Y)go,..] = 1. Now, YfK can be
Yo,0,.. only when ki +ko+- -+ = ji+jo+- - -, for degree reason. By recursion
on the rightmost non-zero component of .J, say jy, one sees that k; =0, ¢ > ¢
and k, = j,. Finally K = J and equation (20) becomes the identity

YJ(AJ ]B) = YV[O,O, }(]B, ]B) Y, (A, ]B) : (21)

This proves equation (19) in full generality. QED

The original Newton formula has not been lost. When f depends only on
a1, then f2° is 0 if K is not of the type K = [1,0,0,...] for some integer n.
In that case, Yx is dominant, corresponding to a row diagram with n boxes,
and indeed the Newton polynomial is

Y[n,o,o,...} = (a1 - bl) (CL2 - b2) T (Cbn - bn) .
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The ring of polynomials as a module over Gym
v O LYY

We have obtained many properties of symmetric functions from the ex-
istence of a Cauchy kernel giving rise to a scalar product. This approach
can be extended to the ring Z[A] of polynomials in n indeterminates : A =

{ai,as,..., a,}. This time, we shall have a Sym(A)-quadratic form. In
fact, we shall consider Z[A] as a module over Gym(A), and to have more
flexibility, we introduce a second alphabet B = {by,bs, ..., b,}, and denote

by Pol(A) the ring
Pol(A) = QA,B]/(Sym(A) = Gym(B))

as a module over QB]® Sym (A) (that we shall still denote Sym(A), having
identified any symmetric function of A with the same symmetric function in
B.

We shall see that Pol(A) is a free Gym(A)-module. Indeed, we have
already at our disposal the tools to describe it.

First, the appropriate quadratic form is defined by using the maximal
divided difference of G(A) :

Pol(A) > f,g=(f, 9) = (fg,1) :==0.(fg) € Gym(A) (22)

Lemma 37 The divided differences 0;, 1 = 1,... ,n—1, are self-adjoint with
respect to (, ). Therefore, for o € G(A), 0, is adjoint to Oy-1.
Moreover o is adjoint to (—1)%®)o~1,

Proof. Given any i < n, factorize w = o;0. Then (f0;,9) = (faigai)a(,.
Because f 0; is a scalar for 0;, the preceeding expression is equal to

((£05) (90:)) 05

and the symmetry between f and g implies that it is also equal to (f, gd;).
By product, one gets the assertion for every 0,.
Similarly

(fo,9) =[98, =g 00, =(-1)"fg" 0= (-1)"(f, go™") .
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Let
KAB) = [] (ai—1). (23)

n>i>j>1

The following proposition shows that it is a reproducing kernel.

Proposition 38 For any f € Pol(A), one has
f(A, K(A,B)) = f(B) (24)

(we have written = instead of an equality to point out that we are iden-
tifying symmetric functions in A with those of B).
Proof. Any polynomial in A can be written as a linear combination of a!, I <
p=[n—1,...,1,0], with coefficients in Gym(A). However, a! K(A B) is
a linear combination of monomials a!*/, I < p, J < [0,1,...n-1], that is,
of monomials having an exponent I +.J < (n — 1)". The image of such a
monomial under 0, is 0, except if all its exponents are different, and this is
precisely the case where I+ J is a permutation of p. In that case d,(a’™’) =
+1.

Therefore, the image of each monomial a
can specialize A to B in the expression

0.(FMK(AB) = 35 (-1 (4K, B) 1o
ceG(A)

+7 is independent of A, and one

However K(B?,B) is 0 if o is not the identity permutation, and the summa-
tion reduces to a single term

f(B)K(B,B)/A(B) = f(B) .

QED

Now, we shall see that Schubert polynomials are compatible with the
quadratic form (are “almost” an orthonormal basis, up to a twist).

We first need to write them differently, using permutations rather than
vectors. Indeed, given o = [o4,...,0,] € &(n), its code is the vector c[o] =
lc1,. .., ¢y such that ¢; := card(j > 4,05 < 0;),1 <i<n.

It is immediate that o — c[o] is a bijection between &(n) and the vectors
c € N* such that ¢ < p (i.e. ¢, <n—i,i=1,...,n).

We shall write X, or Y., indifferently for the same Schubert polynomial.

Equivalently, Schubert polynomials for &(n) are defined by

X,(AB) = [  (a-1y)

1<i,j<n,itj<n (25)

X, (Aa B) =Xu (Aa IB) QM
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Notice that K(A, B) = X, (AY, B).
Proposition (38) can be generalized.

Theorem 39 For any f € Pol(A), any permutation o € &(n), one has
(/(A), Xou (A%, B)) = [0, (B)
Proof. One has
X (A%, B) = Xo (A, B) Oy 0 = X (A, B (00 ) = X (A B) w0,

and one can shift the divided difference 0, to the left of (, ) thanks to lemma
(37). Now the formula results from proposition 38 for the function f9,-:
QED

Corollary 40 The quadratic form (, ) is non-degenerate. The space Pol(A)
is a free module over Sym, with the two adjoint bases {X,(A,B)} and
{Xou (A%, B)}, 0 € G(A).

More precisely
(Xa (Aa IB) ) wa(Aw,B)) = 60’,1/ .

Any element of Pol(A) expands into the basis of Schubert polynomials
X,, 0 € 6(A) as follows :

FA) =) (f, Xow (A, B)) X, (A, B)

- (26)
= 19, 1(B)X, (A, B)

Newton interpolation has given another expansion in terms of Schubert
polynomials, this time with coefficients independent of A; in expansion26,
the coefficients, on the contrary, belong to Sym(A). For example, for n = 2,
this expansion is

ai = b7 + (a1 + az)(ay — by)

while Newton states
a% = b% + (b1 + bg)(al — bl) + (a1 — bl)(al — bg) .

Both equations coincide modulo Sym(A) = Sym(B).

More generally, the two expansions are identical if f(A) is a linear com-
bination of the a!, I < p, with coefficients in B.

One can view Schubert polynomials as a basis of Pol(A) depending on pa-
rameters by, ... , b,, and let the parameters vary. Indeed, let C = {¢y, ..., ¢,}.
Then the following theorem shows that the matrix of change of bases is given
by specializations of Schubert polynomials :
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Theorem 41 Let A, B, C be three alphabets of cardinal n, and let ¢ € S(n).
Then

Xﬁ(Aa(C) = ZXU(AJB)XW(B?C) )

sum over all reduced factorizations ¢ = on (i.e. factorizations such that
(o) +L(n) = €(¢))-

To have the non nullity of X.0,-1 is the same as to require that the
product ((n ')(n) be reduced. Taking into account that X, (A, C) belong
to the span of monomials in A of degree < p, the theorem follows from
corollary(40) QED
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Differential calculus on symmetric functions.
T vEE OO E Y Y

To be able to perform computations independently of the number of vari-
ables motivated the creation of algebraic and combinatorial tools already at
the start of the theory of symmetric functions.

We have mostly used a scalar product on Gym to get expansions in
different bases, and symmetrizing operators like divided differences to provide
recursions.

However, Cayley, Sylvester, MacMahon were taking another approach,
by systematizing the fact that Gym can be considered in different ways as
a ring of polynomials (in the elementary symmetric functions, the complete
functions, or the powers sums for example).

They used differential calculus on these variables, and characterized for
example the invariants they were looking for, like the discriminant, as solu-
tions of differential equations.

This point of view is now much relevant to the modern trends of the
theory of symmetric functions. One can even mix differentials and divided
differences, as in the case of Dunkl operators.

We shall adopt an even simpler strategy, by operating on the first variable
a; only, inside an element of Sym(ay, ..., a,), and symmetrizing afterwards
to go back to Gym(A). This is how one can write the Debiard-Sekiguchi-
Macdonald operator

Sym(A) 2 f(ala"' ) a’n) '_>f(qa'17"' ) a’n) =
flaar,... , an) [[(bar — a;) 2 - =L DSM(f)
i>2
Let us first use derivatives in a;, with D := f, and let A = {ay, ..., a,}.

Lemma 42 Let K be any function of ay, with coefficients in Sym(A). Let
V = Vg be the operator

Sym(A) > f— V(f) :=m,(KD(P)) .
Then V s a derivation, i.e.

V(fg)=V(f)-g+f-Vig).
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Indeed D(fg) = D(f)g+ f D(g), and f, g being symmetrical, commutes
with 7.

By varying K = K(a;), one can obtain as many differential operators as
is needed to fill a grant application :

Proposition 43 Let j €N, 1 <j <n.

1) Let K = (—a1)'™7. Then V = g%
J

2) Let K = (=1)" 'a; 7™ (ay - -a,). Then V = ﬁ
J

Proof. Because the V’s are derivations, we have only to check their action on
algebraic bases of Gym(A). In the first case,

D(AY(A)) = D(AY(A — a1) + e, AN (A — ar) = AT(A — ay)

and A" (A —a;)a; 7 = Spi-1y j(A;ap) is sent by 7, on Syi-1; ;(A) which
is 0, except for Syi-15_j(A) = (=1)771Sy o(A).

In the second, D(¥;(A) = ial™", and ia"'a} 7" ay---a, is sent by 7,
onto iSyn-1;_; (n—1)(A) = (—1)""'4 if i = j, and sent to 0 otherwise. QED

Having at our disposal the derivatives with respect to elementary sym-
metric functions or power sums, one can combine them to obtain more so-
phisticated differential operators. One can for example find in this way rep-
resentations of the Witt or Virasoro algebras ([15]). Another application is
to describe the product by a conjugacy class, in the group algebra of the
symmetric group, as a differential operator.

We shall detail in a more complete version vertex operators which are
needed in the theory of symmetric functions.
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The plactic algebra

AR AREEREEEEEEEREEN

One way to better understand symmetric functions is to define non-
commutative symmetric functions. There are several ways to do it. For
example, since symmetric polynomials are polynomials in the elementary
symmetric functions, then one can take formal non commutative variables
A" and claim that the free algebra generated by them is the ring of non-
commutative symmetric polynomials. There is some grounds to this claim,
see [8].

We shall take here a simpler point of view, defining an action on the free
algebra, and picking out some appropriate invariants as generalizations of
Schur functions. Indeed, considering Schur functions are sums of “tableaux”
is the point of view introduced by Littlewood [34], which could be better
understood after the work of Schensted [45].

Let us take a totally ordered alphabet A = {a; < ay < ...}. In the
examples, we shall usually take A = {1,2,... /n}.

A nondecreasing word v € A* is called a row. Let u = x;---z, and
v =y -Ys be two rows (z;,y; € A). We say that u dominates v (u > v)
if r<sandfori=1,...,r, x; > y;. Clearly, every word w has a unique
factorization w = wuy - - - ux as a product of rows of maximal length. A tableau
is a word w such that uy > us>...>ug. It is customary to think of tableaux
as planar objects and to represent w as the left justified superposition of its
rows. For instance, taking A = {1 <2 < ...},

t =68 4556 223357 1112444

is a tableau whose planar representation is

w
w
ot

N[Oy
=N | Ot Co
(@

(@]

7
4

4]

Similarly, a strictly decreasing word is called a column. Reading from top
to bottom the lengths of the rows of a tableau t, one gets an (increasing)
partition sh(t) which is called the shape of t.

A word (in particular a tableau) is standard if it is a permutation of
1,2,3,.... Any word can be standardized by indexing, from left to right, the
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different occurrences of the same letter (and renormalizing after that, the
alphabet to be 1,2,...). For example

2122111 5 2, 11 2,23 15151, — stand(2122111) = 5167234 .

Schensted described an algorithm to associate to any word w a tableau
P(w). This algorithm can in fact be traced back to Robinson. One can give
an algebraic formulation to this algorithm by defining, after Knuth [16] the
plactic relations

rzy = zoy  (x <y <z), (27)
yrz=yzr (r<y<z). (28)

Two words are congruent iff they differ by a sequence of plactic relations.
The plactic algebra Plac(A) is the quotient of the free algebra under the
plactic relations. The plactic algebra is an intermediate quotient between
the free algebra Z[A*| and the algebra of polynomial :

ZIAY] — Plac(A) = ZIA*/ =] — Pol(A) = Z[A] .

Let us note ev the projection map (evaluation) onto Pol(A).
Given a word w = [z, ..., x|, not only can one find the tableau P(w),
but one can also record the sequence of shapes of

P(zy), P(x1x9), ..., P(x122---2y) .

This sequence can be encoded into a standard tableau Q(w) by labeling the
boxes of the successive shapes in the order of their creation.
We can now give Schensted’s result :

Theorem 44 FEach word w is congruent to a tableau and only one tableau,
which is no other than P(w).

The morphism w — (P(w), Q(w)) is a bijection, and thus the elements
of the plactic class of w are in bijection with standard tableaux of the same
shape as P(w).

The class of w is mapped, under standardization, to the class of stand(w).

Moreover Q(w) = Q(stand(w)).

Let u be a word. Define the free Schur function S, of index u to be the
sum of all words w such that Q(w) = stand(P(u)).

We shall see that the commutative image of &, is the Schur function
Sy(A), where J is the shape of P(u). But already, we notice that the image
of S, in Plac(A) is equal to the sum of all tableaux of shape J, sum that we
shall still denote S;(A).
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Now, given ¢, and a row [zj,Zs,...]|, then an analysis of Schensted’s
construction [16] shows that the shape of P(tz1x5 - --) is obtained by adding
to the shape of ¢ an horizontal strip of boxes ( the boxes being added from
left to right). This implies, in fact, that Pieri’s formulas are satisfied by Schur
functions in the plactic algebra. Thanks to Giambelli’s characterization of
the ring of symmetric function, it gives the following theorem which allow us
to recover symmetric functions at the level of the plactic algebra [20] :

Theorem 45 The ring Sym(A) is canonically embedded into the plactic
algebra, by sending a Schur function S;(A) to the sum of all tableaux of
shape J.

Pieri formula (for any partition J, any positive integer k)

Sy(A) Sk(A) = Z S1(A)

Ie{J®k}

induces a bijection
{(t, u) : sh(t) = J, shape(u) = k} <— {t : sh(t) = I} .

Commutativity of the product in Gym(A) has interesting consequences
at the level of Plac(A).
For example, using also Pieri for left multiplication, one gets a bijection

{(t, uw) : sh(t) = J,sh(u) = k} <— {(v, t) : sh(v) =k, sh(t) = J}

which is used to provide a statistics on tableaux related to Hall-Littlewood
polynomials (J = 1 suffices for that purpose).

The fact the module generated by the non commutative Schur functions
is an algebra gives an interesting description of the decomposition coefficients
of products

Sr(A) Sy(A) = ngJ Sk(A) .

Say that a word w is a Yamanouchi word iff, for every factorization w =
w'w", then |w”"|; > |w"|y > |w"|3 > ---. In particular, a Yamanouchi tableau
is of the type

v ::_._3)\32)\21)\1 ,Wlth S)\3§A2§)\1 .

Notice that a Yamanouchi tableau is determined by its shape, as well as by
its commutative evaluation.
It is easy to check :
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Lemma 46 A word is Yamanouchi iff it belongs to the class of a Yamanouchi
tableau.

The second part of the following proposition is the celebrated Littlewood-
Richardson rule [35], the first part is due to M.P. Schiitzenberger [46] :

Proposition 47 Given three partitions I, J, K, and a tableau t3 : sh(ts) =
K, the number of solutions of the equation

tito =13 , Sh(tl) = I, Sh(tg) = J, Sh(t3) =K

s independent of the choice of the tableau t3, and equal to g{fj.
In particular, the number of solutions is equal to the number of tableaux
t1 such that t1yy is a Yamanouchi word in the class of yk.

We have just seen that Littlewood-Richardson rule is a consequence of the
embedding of Gym(A) in Plac(A), which in turn follows from Pieri formula
at the level of Schensted construction.

There is a stronger statement in the free algebra, which is even easier to
prove, and that I have used in different constructions with M.P. Schiitzenberger
22].

Theorem 48 Let A' and A" be two sub-alphabets such that o' < a”, for all
ac A, d"eA’". Gien two tableauz t' € A'* and t" € A" one has

Sowlul ¥ow)- ¥ Y

P(w')=t' P(w")=t" tESH(H ") P(w)=t

where SH (t',t") is the set of all tableaux t such that t|y =t and P(t|y) =1",
that is, of all tableaux t occurring in the shuffle product of t' and a word in
the plactic class of t".

Thus the shuffle of a plactic class of A" and a plactic class of A” is a union
of plactic classes of A (identifying a class and the sum of its elements). It is
in fact a direct consequence of the following :

Lemma 49 Let B be an interval in the alphabet A. Then
w=w = wp=up

Proof. of lemma. It is enough to check the lemma in the case when w'
differs from w by a single plactic transformation, and this amounts to the
observation that erasing x or z in 27 or 28, we are left with xy = xy or

yz = yz. QED
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Proof. of Theorem 48. The words occurring in the shuffle are exactly those w
such that w|y =t and w|y, = t". By the above Lemma, this set of words is
saturated with respect to the plactic congruence, hence is a union of plactic
classes. QED

We refer to [30] for a stronger statement involving free Schur functions
Su-

Let us now reintroduce the missing entity, &(A), by defining an action
on words compatible with the plactic relations.

In the case of an alphabet of cardinality 2, the action of G, is in fact
commonly used in computer science. Let the letters be ')’ and ’(’, with the
order ) < (. Given a word w, pair all successive parentheses (...) . The
sub-word of un-paired letters is of the type )™ (™. Change it, inside w, into
the subword )™ (™.

More generally, given an integer i, and a word w, treat a; as ')’ and a; 41
as '(’ to exchange the number of occurrences of a; and a;41 in the word w,
and denote by s;(w) the resulting word (this is an action on values, we denote
it on the left). It is clear that w — s;(w) is an involution on words, but in
fact it is even a representation of the symmetric group, as show the following
theorem (cf. [22]).

Theorem 50 The operator s; on words preserves the Q-symbol and pre-
serves tableaur :

P(si(w)) = si(P(w)) & Q(si(w)) = Q(w) .

The operators o; satisfy the Moore-Cozeter relations

si o= 1, (29)
$iS; = S8j8; (|Z — ]| > 1), (30)
SiSi+1Si = Si41SiSit1 - (31)

Proof. The first part is checked directly, the exchange of unpaired letters
being compatible with Schensted’s construction.

Equations (29,30) are immediate. The first part of the theorem restricts
checking of (31) to tableaux in 1,2, 3, with no more than two rows because
complete columns 321 can be ignored. We refer to ([30]) to finish the proof.
QED

Because the action of the symmetric group preserves the (J-symbol, all
the free Schur functions S, are invariants under this action, but they are no
more a linear basis of the invariants.

The easiest way to generate words in a plactic class is to use the cele-
brated jeu de taquin due to M.P. Schiitzenberger. To define it, one needs the
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notion of skew Young tableauz, and their deformations through vertical and
horizontal moves of boxes in such a way that weakly increasing conditions in
rows, and strictly decreasing conditions in columns are satisfied at any step.

Notice that the plactic class of a tableau with two rows contains products
of two rows which are determined by their lengths :

Lemma 51 Let t be a tableau of shape [a, B]. Then for any pair of integers
(7,0), « < 7,0 < B, v+ =a+f, there exists a unique pair of rows (u,v):
lu| =7, |v| =0, such that uv = t.

The jeu de taquin is a way to get successively all these words; in fact they
come as a string, the two ends being the tableau and the contre-tableau.

Exchanging the role of the P and Q)-symbols, one gets a right action of
the symmetric group which is the counterpart of theorem (50), and such that
elementary transpositions are described by (51).

Theorem 52 Given a tableau t of shape J € N, then for any permutation
o € By, there exist in the plactic class of t a unique word which is a product
of rows, whose sequence of lengths is J°.

We have lifted the permutation action of the symmetric group at the
level of the free algebra. More generally, one can lift the action of elementary
isobaric differences, or of the generators 7T; of the Hecke algebra, to the free
algebra, but these elements do not satisfy Moore-Coxeter relations any more,
though they behave as if they indeed were satistying these relations when one
starts from a dominant weight (cf. [27]). We refer to Littlemann [32], [33]
for more general constructions in the framework of Kac-Moody algebras.
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Operators on isobaric determinants

One of the main properties of the different determinants expressing a
Schur function is that all terms in their expansion have the same degree. A
natural question is then :

how to increase degrees by 1 7

It is appropriate to consider more general “weights” than degree. For our
purposes, the following case will be general enough.

Let V be a vector space of functions of a variable x € C, with values in
a commutative ring. Given two integers 1 < k < n, define T} (resp. T} ) to
be the operator on V®" sending fi(z1) @ -+ - ® fn(xy) on

Z filzy £e) @ @ fulz, £ €) .

e€{0,1}7, e1++en=k

The following theorem is not difficult to check (this has been my first
encounter with the theory of symmetric functions through manipulations of
isobaric determinants ([18]).

Theorem 53 Let n be a positive integer. Then T,r = 1,1}, ..., T.F (resp.
T, =11, ,..., T, generate a commutative algebra isomorphic to Gym(n),
the algebra of symmetric polynomials in n variables, the image of Tki being

Ag.
Thus any symmetric polynomial S gives rise to two operators T;E, ob-
tained by expressing S in the basis A”7.

The operators T;, T; can be made act on V& considered as a space of
matrices [ f;;(z;)] \<ij<n Dut now there are two natural ways to define their
action, either by columns :

T (i) = > [filwie)]

ec{0,1}", e|=k

or by rows:
rTf([fij(xij)]) = Z [fij(xij:tei)] .
e€{0,1}7, |e|=k

Symmetry between rows and columns of a matrix entails the following
lemma, when evaluating the determinants appearing in “I" or "1 :

Lemma 54 Given any matriz [ fij(2;;)] \<ijens then
Z ‘fij(xijiej)‘ = Z ‘fij(xijiez-) (32)
ec{0,1}", [e|=k ec{0,1}", |e|=k
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Indeed, any term in the expansion of the determinant of the original ma-
trix will be transformed according to T,;t and will be found in the expansion
of one of the determinants of each side of equation (32).

By abuse of language, we shall write T} (| fi;(2:;)|) and "T; (] fij(@)])
for the above two sums of determinants.

Let A be of cardinality n. Then the two algebras generated by the T,;t can
be made act on Sym(A), by making them operate on the Jacobi-Trudi de-
terminants of complete functions expressing Schur functions, and extending
the action by linearity.

Theorem 55 Let A be of cardinality n and S belong to Sym(n). Then Tq
is the operator “multiplication by S(A)” and Tq acts by f(A) — Ds(f)(A).

Proof. We have to test the action of the Tki = T/ﬁ on the linear basis of
Schur functions S;(A), but we shall rather take the Vandermonde minors V.
Multiplying V; by a monomial a® can be realized by increasing exponents
by ki,..., k, in successive rows. Therefore

AM(A)V; (A) ="T;H(V,(A)) .
Notice that

Tr(ViA) = D Vied) = AA) D Syp(A) = AA)TH(S,(A)) .

ec{0,1}", |e|=k

Therefore one has T%(S;(A)) = A¥(A) S;(A) as wanted, but one has also
proved Pieri formula by the same token.

Some care is needed to identify 7} by using its action on V;(A) rather
than S;(A). The operator is not “multiplication by A*(AY)”, because the
operation of decreasing degrees by 1 sends a) onto 0, and not onto 1/a;.
However, if J 2 1", then

AF(AY) S;(A) = A" (A) Syin (A) =T (Ss(A) .

To identify T, , we use "I operating on Schur functions. The image of
S;(A) is a sum of () determinants, each of which is null except for the last
one

SJ/Onfklk(A) - DAkSJ(A) .

The operator “I}, allows us to recover the dual Pieri formula :

Sypor-r1e(A) =Ty (S, (A) ="T (S,(A) = Y S,-(4),

ec{0,1}", |e|=k
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because one can restrict the preceding sum to terms such that J — € is a
partition, the other terms are 0 (having two identical columns). QED

The operators TqﬂfK have been considered by Muir, who obtained the fol-
lowing corollary :

Corollary 56 Let K, J be two partitions in N*. Then

Ui(A)Ss(A) = > Siu(A),

H=perm(K)

Dy, (Ss(A) = > S;u(A),

H=perm(K)

sum over all different permutations H of K.

As in the case of elementary functions seen above, if there exists £ such
that K C :=/¢" C J, then

U (A)

Ty, (Vs(A) =Ty (Vyo(A) = Uy (A Vi(A) = Ug(AY)Vi(A) ,

Vo g

and in that case Ty, is also realized by a multiplication.

The special case of Muir’s rule for K = [k,0"7!] is called Murnaghan-
Nakayama rule. The action of Dy, on a Schur function S; consists in sub-
tracting in all possible manners k£ to a part of J. To get Schur functions, up
to sign, indexed by partitions, one must reorder the columns of the determi-
nant Syi(o..oko0..0]- This correspond to subtracting in all possible manners a
connected ribbon of length k to the diagram of .J, taking as a sign (—1)""!,
h being the height of the ribbon. This rule is iterated to compute values of
irreducible characters of symmetric groups.

Conversely, multiplication by W, (A) is realized by adding connected rib-
bons of length k£ to the diagram of J.

We have seen that “I'*(S;(A)) is restricted to a single non-zero determi-
nant. This property is in fact true for any Schur function :

Lemma 57 Let A be of cardinality n, and K, L be two partitions in N".
Then

Ty (SK(A)) = d€t<5kj+j—i+en+1_i(A)) ;

Ty, (SK(A)) - det(Skﬁj,i,gi(A)) = Sk/(A) .
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If A is of cardinality bigger than n, and K, L € N", one still has

15, (Sw(8)) =78, (Sw(®)) = Y (SkSu Si) Sul4) |

HeNr

but it is not equal to S, (A) Sk (A).
For example,

"T1(Sa5(A)) = [3 7] = Ss5(A) + Sas(A) = S1(A) — S1a5(4) .

The T}, operators can be applied to other determinants than Jacobi-Trudi
determinants, or Vandermondes. For example, let f(z) be the function

f(z) =1/z if x € N* and 0 otherwise

To a vector x = [z1,..., ], associate the matrix

D(x) = [f(z; +5 =) .

Then
1 1 1 1
31! fi! 71! 1?!
"I (D([2,4,4,6) =3 ¥ § §|=<T(D([2,4,4,6])) =
oy oy oy
0 % 3 =
= D([3,4,5,6]) + D([3,4,4,7]) + D(]2,5,5,6]) + D([2,4,5,7]) ,

the zero determinants like D([3, 5,4, 6]) not having been written.

In that case, the operator T, does not correspond to a multiplication.
In fact D(x) is the dimension of the irreducible representation of index x
of the symmetric group, and the equality of dimension can be obtained by
specialization of

S3557/0011 = S3456 + S3447 + S2s56 + S2457 -

We leave it to the reader to use the 1" operators to show that, for A of
cardinality n, and two partitions K = [k1,..., k,], L = [¢1, ..., £,], one has

det(\Ifk#gﬁHj(A)) — Sk(A) Sp(A) det(\Iij(A)) .

1<4,5<n

71



Exact sequences
The notion of exact sequence is widely used in algebraic geometry. It
applies to categories of objects we do not wish to use here. Let us just use
the notion of exact sequence of integers.

Definition 58 (0 = mg, my,..., mg, mgyy = 0) is an exact sequence iff
the partial alternating sums

mj—mj_1+mj_g—---tmg,j=0,...,k+1
are non-negative.

This notion also applies to representations of the symmetric group (in
char. 0) : (0 = Vo, Vi,..., Vi, Vks1) is an ezact sequence iff all sequences
mo(A), ..., mgy1(N) are exact, for all partitions A, where m;(\) is the multi-
plicity of the irreducible representation of index A in V.

It no less applies to elements of the free or plactic algebra : (0 =
fo, f1,...) is exact iff for any word, the sequence of its coefficients in fo, f1,. ..
is exact.

The reader will have understood alone what is an exact sequence of sym-
metric functions, because he will favor the Schur functions as the basis on
which to test coefficients.

[ have used in my thesis [?] that determinantal expressions like Jacobi-
Trudi determinant can be replaced by exact sequences.

Given a square matrix M, denote by M/ the minor obained by suppressing
its last row and its j-th column.

Lemma 59 Let K = [ky,..., k| be a partition, let M be the Jacobi-Trudi
matriz expressing Si. Then

1 2 n
0, M~ Sk,—n+1, M= Sky—nt2, .., M" Sk, , Sk, O
s an exact sequence in Sym.

Proof. Each minor M’ is a Schur function, and its product by a complete
function is given explicitely by Pieri formula. One notices that if a Schur
function appears in the sequence, then it apears also at the preceding or
following step, and only there. Thus, the restriction of the sequence to any
S; appearing in it is of the type

0,0,...,0,S;,S,0...,0,

and this insures exactness.

Since Gym(A) is a sub-algebra of the plactic algebra, the preceding lemma
entails a similar statement in the plactic algebra, but now Schur functions
are sums of words :
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Lemma 60 Let K = [ky,... ,ky] be a partition. Then

07 Sk2+1,...,kn—|—1 Skl—n—i-l; Sk1,k3+1,...,kn+1 Skz—n-l—Z; ey Skl,...,kn,1 Skna SK? 0

s an exact sequence in the plactic algebra.
The restriction of the sequence to any word w which appears in it, is of
the type
0,...,0, w,w,0,...,0.

[terating Laplace expansion of Jacobi-Trudi determinant, one obtains a
sequence of products of complete functions which is no less exact :

Proposition 61 Let K € N be a partition, A and alphabet. Let

My:= Y SUH=r(a) .
o, (o)=Lt

Then
0, SK, Mg, Ml; ceey M(n), 0

2

1s an exact sequence in the plactic algebra.

For example, in the case of K =[2,2,2], one has the exact sequence
0 5222 5222 5312 + 5213 5330 + 5411 51420 0.

Restricting it to the class of the tableau % 2, one finds

0,0,231211+ 132211, 123211+ 231121, 0,0, 0 .

Instead of tableaux and products S7, one could use paths, whether inter-
secting or not, and relate the preceding proposition to Gessel and Viennot
[9] constructions on Jacobi-Trudi type determinants.

Multiplication by a Schur function, and Littlewood-Richardson rule can
be formulated in terms of exact sequences.

Instead of Schur functions, one can also handle vexillary Schubert poly-
nomials, or flag Schur functions, and their specializations such as factorial
Schur functions.
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Chapter 1

Ex. 1 Let A be arbitrary, £ be a positive integer. Expand the product
S*(1 — zA) in the basis of Schur functions.

Ex. 2 Let I € N*, J € N*. Given H € N*, denote H” + J := (j; +
Py ...y jn + h1). Check that

Sra(8B) = " (=)"1S1 /- (A) Syine (B)

H

sum over all partitions H € N*, H C m".
In particular, for n = 1, one has

Sri(AB) = Y (—=1)"Sin(A) Sjsn(B) -

0<h<m

Ex. 3 Define a vertex operator on Gym as a formal series in z by

V :=exp (Z 2" W, /n) exp (Z 2" Dy, /n)

n>1 n>1

and expand it according to powers of z:

+oo
V=) V..

For any ¢ € N, any v = [vy,... ,v,] € Z*, show that V,, ---V,, (1) is equal to
the Schur function of index v.

See 7?7 for more general operators, due to Jing, “creating” Hall-Littlewood
polynomials.

Ex. 4 Give the relations between the Schur functions in A, and the Schur
functions in AY :={1/a: a € A}, A a finite alphabet

Ex. 5 Let I = [iy,...,i;] be a partition, n an integer : n > 4,. Check that

Aryon (A,B) = A;(A—B) .

78



Ex. 6 Express S;..(A;z) as a determinant of smaller order when r < 0 (this
is not the case (1.13)).

Ex. 7 Let A) B be arbitrary, and let k£ be a positive integer. Show that
(—1)k+251k;2(A; A—]B) = Sl;k+1(B—A; —A) + Sk+2(B) .

Ex. 8 Compute the Schur functions S;(A — B) when A and B are of cardi-
nality 1 or 2.

Ex. 9 Let A be of cardinality n, and I,.J € N*. Show that the determinant

‘Sjk+k—h+in—h+l (A) ‘

factorizes into S;(A) S;(A). What can be said if n is not the cardinality of
A7

Ex. 10 Let A be an alphabet of cardinality n. Describe an algorithm to ex-
press the S*(A) and Wi (A), k > n, in terms of respectively S1(A), ... , S"(A),
Uy (A),... U, (A).

Ex. 11 Let A be an alphabet of cardinality n. Show, after Cauchy and
Laguerre, that elements of Gym(A) are rational functions of

Uy (A), Us(A),... , Wani(A)
(resp. S'(A), S*(A), ..., S 1(A)).

Ex. 12 Let A be any alphabet, m, n be two integers. Check that the adjoint
matrix of S,,»(A) is the matrix of the quadratic form Q(z,y) := Sypi1)n-1 (A—

T —y).

Chapter 2

Ex. 13 Let zy,..., 2y, y be rank 1-elements. Compute >, 1/(y — z;).

Ex. 14 Let A be arbitrary, = of rank 1, n,p € N. Show that

Sn(A)— (’f) S"(A—z)+ (’;) S™(A—2) 4 - +(—1)F (Z) S"(A—ka) = 2FS"F(A)

Ex. 15 Given two positive integers m,n, border the matrix S,,»(A) by a
first column [z, ... ,2° 0] and a bottom row [0,%°,...,y"]. Show that the
determinant of this new matrix is equal to S(y,41)n-1 (A-z-y), taking z,y to

be rank 1-elements.
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Ex. 16 Let A be an alphabet. Grothendieck defined functions v*(A) by the
generating function

7:(A) = 32 YA = A (A) .

Define accordingly the alphabet A® by A'(A°) = ~%(A), i > 0.
Show that

AT(A?)

rS*(A)

vy =S (v

Show that the transformation A — A° satisfies (—A)° = —A°, (A + B)°® =
A°® + B°, but that in general, (AB)® # A°B°.

ANA+i—1)
SZ(A+2— 1)

M

Ex. 17 Let the Gauss polynomial ["] be S*((1—¢"~*")/(1 —q)), with ¢ of

rank 1. Show that
m+n+1] a j[m+j]
e

e L

Ex. 18 Let p,r be positive integers. Show that

Z q p-l—r (1 - qu) U (1 - qkilip)

k>0 —gttr) - (L=g)(l—g ) (=g ")

T (L —g) (1= grt)

Ex. 19 Let A be arbitrary, p binomial, n € N. Show that

nS"(pA) — (p+n-1)S""' (pA) A1 (A) + (2p+n-2)S"*(pA) A*(A) —
£ (n-1)p+ 1)S°(pA) A (A) = 0 .

Ex. 20 Let A be arbitrary. Show that the product of |(—1)"77A7(z)
0<i,j<n

by [Sj(iA)] is a triangular matrix. Express its entries in the ST(A)
0<i,j<n
basis.
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Ex. 21 Let A be of cardinality n, and A%" be the alphabet of roots of
S"=1(2x — A) (we shall call it the derived alphabet). Show that

SFA — A%) = (A)/n , k=1,2,... .
Show that, for any a € A,

Spn-1(A — A% —2q) = (—1)""tA(A)?
i.e. is equal to the discriminant [, ;(a; —a;)?, up to a sign.

Ex. 22 (Sylvester, Collect.W.1, p.502). Let A be of cardinality n, and let
A’r its derived alphabet. For any positive integer k, let Py (z) := Sp (A —
Ader — z), with z of rank 1. Show that for any k£ > 0, any 0 < j < k, one has

J —
ZaeAa Py(a) =0,

and that
P, P@? . Paa(@)] =0,

ac€h

Ex. 23 Let = be such that Vn € N, S"(1 +z) = 1 4+ nz. Compute the
Sy (14 z), J partition, without expansion of determinants.

Ex. 24 Let the Bernoulli alphabet B be defined by o,(B) = z/(1 —exp(—2)),
i.e. S¥(B) = By/k!, with By= Bernoulli number (normalization B; = 1/2).
Show that this alphabet can be defined by the equations

VE >0, Sp((k+1)B) =1,
or by the equations
Vi >1, U,(B) =-S*B) & ¥ (B)=1/2.

Ex. 25 Séries de Facultés (Nordlund, Legons sur les séries d’interpolation, Gauthiers-
Villars, Paris(1926)). A “série de facultés” is a series of the type
SHA)  S%(A) 20.53(A) Z+

z  z(z+1) z(z+1)(z+2 n+1 S"“( )’

f(z,A) =1+
where z is of binomial type and A arbitrary.

Show that for every binomial element y, one has f(z,A) = f(z +y, A+ y).
Deduce that

5 = =3 (S AL+ S ) S0+ 1)S™)

Express the product f(z,A) f(z,B) as a série de facultés.
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Ex. 26 Vertex operators [Vertex2| Let A be of infinite cardinality, =,y be
rank-1 elements.
Define T}, T_, to be the ring homomorphisms Gym(A) — Sym(A)[[z]] :

T.(S*(4) = insk_i(A) : (%)
T_,(A*(A) = Z(—ﬂf)iAk_i(A) : ()
Check the twisted commutations, for any f € Sym(A) :
T (0 (8) £) = 7= (WS (1)
Ty (8) 1) = oAy (AT ()

To(A—y(A) f) = (1 —2y) Ay (AT (f)
T y(0y(A) f) = (1 — zy) oy (AT (f)

Ex. 27 Let A be arbitrary, k, n be two integers, x be a rank-1 element. Show
that

Skn (A*[L‘) Skn+1 (A) - Skn (A) Skn+1 (A*[L‘) =T S(k+1)n (A*[L‘) S(k_l)n+1 (A) .
For example,
555 (A*.’L‘) 5555 (A) — 855 (A) 8555 (A*ZL') =T 566 (A*ZL') 8444 (A) .

Ex. 28 Let A/B be alphabets; take on Gym(A) @ Gym(B) the tensor prod-
uct of the usual scalar products.

Show that U/(A-B) ¥/ (A+B), (I,.J) running over all pairs of partitions, is
an orthogonal basis of Sym(A) @ Sym(B).

Ex. 29 Let k,n € N, Ag,..., A,_; be n alphabets. Take on Gym(Ay) ®
-+ ® Gym(A,_1) the tensor product of the usual scalar product on each

Sym(A;).
Show that

[1 50 (A = AT (D Ay + A (kDA — - =AM (KA

is the adjoint basis of

IS0 (A + S" (kDA + -+ 8™ ([K]) A
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the indexing set being all n-tuple of partitions (¢°,... ,v"1); [k] :=1+q+
.-+ +4¢*, with g of rank 1; A; := 0 for i < 0.

The case k = 1 is due to B.Leclerc and H.Miyachi (Some closed formulas for
canonical bases of Fock spaces (2001)). For example, for n = 4, k = 1, the
adjoint bases are the following elements, indexed by all possible quadruples
of partitions :

S0 (Ag) Sy (A — qAg)S,2 (A — qA1) S, (As — qAy)
Syo(Ag + qA; + *Ag + ¢*A3) S, (Ar + qAs + ¢*A3)S,2(Ag + gA3)S,5(A3) .

Chapter 3

Ex. 30 Let f(z) be a polynomial and A be an alphabet of cardinality n.
Show that f(x) is congruent, modulo S™(z — A), to the quotient

fla)1aa®--- a*!
0 lza®--- 2"t
Ex. 31 Find back the first remainder of the division of S™(x —B) by S™(xz —

A), applying Pliicker relations to the following matrix of complete functions
(denoted only by their exponents) :

0 ---n m n

—n - 0 m—n 0
alphabets A .- A A—IB—i—ZL‘ T

Ex. 32 Use Pliicker relations to recover, following Wronski, that the r 4 1-
th remainder in the division of S™(z — B) by S™(z — A) is the normalized
difference of the r-th remainders of S™(z — B) and S™"!(z — B).

Ex. 33 Let A be of cardinality n, x of rank 1. Give the successive remainders
in the Euclidean division of "t by S™(1 — zA).

Ex. 34 Let A be an alphabet, with |A] = n. Extract from the companion
matrix of A the (infinite) Vandermonde matrix. Deduce from it that any
Schur function can be expressed as determinant of hook functions Syi;(A).

Ex. 35 Let A be an alphabet, with |A| = n. Let X := {xy,..., 2} be an
alphabet, & < n. Show that the remainder of any minor of order £ of the
infinite Vandermonde matrix V(X) modulo the polynomials S"(z; — A), is a
sum of products of minors of the finite Vandermonde matrix of width n, by
Schur functions in A.
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Ex. 36 Let A B be two alphabets, |A| = |B|] = n. Express the matrix of
Bézout’s morphism

“Multiplication by S™(z — B) modulo S™(x — A)”
in the basis {S%(x — A),... ,S" !(z — A)}, and find back the expression of
Bézout’s matrix in terms of S,»(A — B), using that S*(z — A)S™(z — B) =
(=1)"Syi n(A,z — B) = (=1)'S1i (A, (x — A) + (A — B)).

Ex. 37 The coefficients of the successive remainders in Sturm sequence (for
the division of a polynomial R(x,A) by its derivative) are symmetric func-
tions of A. Find them.

Ex. 38 (Hypergeometric alphabet). Let a,b be elements of binomial type,
a,b ¢ N, and x be rank-1 element. Define the alphabet A by A'(A) :=
At(a)/AY(b), i =1,2,.... Let, for any n € N, ¢(n,a,b) = A"(nz — A).

Show that the derivative of ¢(n,a,b) with respect to x is equal to ng(n —
1,a,b), and that the respective remainders of ¢(n, a,b) with respect to ¢(n —
Lya+ k,c+¢), with [k,[] = [1,0],[0,0],[0,—1],[-1,0],[-1,—1] or [—1, —2],
are proportional to some ¢(n — 2,ad,0).

In particular, show after Stieltjes (Sur les polynémes de Jacobi, Comptes
Rendus, 100 (1885) 620), that the Sturm sequence associated to ¢(n,a,b)
(i.e. the Euclidean division of ¢(n,a,b) by ¢(n — 1,a,b)) is the sequence

dn—i—1l,a—ib—2i),i=1,2,...,

up to factors to be determined.

Show in particular that the discriminant of ¢(n,a,b) factorizes into factors
which are linear in a and b.

For another method to prove this last point, see next exercise.

Ex. 39 Let a, b be elements of binomial type, a,b ¢ N, and let n € N. Define
A and B by the equations

n

,)A%@ﬂV@) & A%m::<n21>A%@ﬂvai:1ﬂrn

AY(A) = (
i

Compute the Sgn(A-B), for £k > n — 1.

Ex. 40 Let A, B be two alphabets: |A| = n, |B| = m. Let S be the n x oo

matrix S := [Sm”*i(A— B) . Let C(A) be the infinite companion

0<i<n—1,0<j
matrix of S™(z — A). Show that S factorizes into

S = Sy (A — B)C(A) .
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Deduce, for every J € N" the following factorization :
Smrts(A —B) = R(A,B) S, (A) .

Deduce also the expression of a Schur function S;(A) as a determinant of
hook-functions Si ;(A).

For example, for n = 3, m = 5, writing the alphabets below the matrices,
and truncating them to width 7 as a first approximation to oo, one has

55 56 87 58 §9 10 gl 5% 85 ST [1 -+ S300 S100 Ss00 Se0o

S4 65 56 97 g8 g9 S0 — | g4 g5 g6 1 Sy Sz0 Sa Sso

S§3 g4 65 66 g7 g8 §9 S§3 §4 g5 .15 Sy S35y
A A

Ex. 41 Let A: |A] = n be such that all @ € A are distinct, and let Q, :=
S"~!(z — A + a). Show that the morphism u defined in section(Bézout) is
diagonal in basis {Q, }eea, with diagonal {S™(a — B)}.

Ex. 42 Relate the expressions given by Sturm for the successive remainders
of a polynomial by its derivative to the expression of the remainders as Schur
functions.

Chapter 4

Ex. 43 Let a; + a2+bb23/._. be a continued fraction. Check from the matrix

expression that the parameters can be recovered from the convergents :

4. = Pn72Qn - PnQn72 & b — Pnanl - Pnlen
" Pn—ZQn—l - Pn—lQn—Z " Pn—QQn—l - Pn—lQn—Q

Ex. 44 (R.Rogers, On the representation of certain series as continued fractions,
Proc. London M.S. 4 (1907)72-89) Give the Taylor expansion of a continued

fraction 1/(1 — (brz/(1 = b3z /(- ))))

Ex. 45 Given « € C, show that (14 2)* has a continued fraction expansion
ap+ —2— with a; = 1, a9, = 2n—1, agp0 = 2, by = (n—1+0a)z, by =

as+bs /-
(n — zy);/ Obtain, as a limit, the continued fraction for the exponential:
a, = lyas, = 2n — 1, agpye = 2, by, = 2, boyy1 = —2. Do not forget
the logarithm: log(1l + z) has a continued fraction expansion with a, = n,
n=0,1,...,and by = 2, byyy1 = bopio = 20, n=1,2,...
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Ex. 46 Continued fraction expansions can also be found for divergent se-
ries. Check, after Euler (De transformatione seriei divergentis.., Acta Acad.
Sc.Petropoli (1784)), that the series » _ 2™ n! has a continued fraction expansion

1+ Hggj/,_, with [by, bs,...] =[1,-2,-1,-3,-2,...,—n—1,—n,...]. Intro-
duce an extra parameter § € C and show that ) 2" n!S™(f) admits a contin-
ued fraction expansion with [bs, bs,...] = 3, —f—1,—-1,—8-2,—-2,... ,—f—

n,—n,...] (recall that n!S™(B) =B+ 1)---(B+n—1)).
Ex. 47 Given two infinite sequences [ay, as,...], [b2,...], let
K, ([a1, ..., a,],[b2, ... ,b4])
be the n x n following determinant (with only three non zero diagonals):

ay b2 0
—1 a9 b3 0

Ky([ar, ... an], [bay ... o] := 10 "=

Show, after Sylvester (Collected Work I, p.609-629 and 641-644 ) that the con-
vergents of the fraction a; + are

by
az+bs /-

P,/Q, = K([ay,...,au],[ba, ... ,0.])/K(lag, ..., an],[bs,... b))

Ex. 48 Let [a1,...,ay], [b2, ... ,b,] be two sequences. The Jacobi matriz
J([ai, ... au],[b2,...,by]) is the tridiagonal symmetric matrix, with main
diagonal equal to [ay,...,a,] and 1ts neighbours to [b,...,b,]. Jacobi’s
continued fraction is = Show that its n-th

2

u—ay — b32
Uu— ay —
u— a3 —

convergent P, /@), is such that P, is the characteristic polynomial of
J([ag, ... ,au],[bs, ... ,b,]) and @y, of J([a1,... ,a,], [bay ..., by]).

Ex. 49 Let A be an alphabet of cardinality 2, and let A' = AY(A), A% =
A?(A). Show that the n-th convergent of A' — 25— is S™(A)/S™ ! ( )

Ex. 50 (Contraction of a continued fraction). Since
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one can contract Stieltjes’ continuous fraction for o,(A), or its inverse A_,(A)
by grouping terms two by two. There are two manners to do it:

1 1
zZaq z2a1a2
14— 14+ za; + 3
209 27304
1+ 1+ z(ag+az) + 5
zZas 27506
14+ — 1+ z(ag+as) +
Zaq za
1+ ——— =1+ —
209 Z- 203
1+ 1+ zZa9 — 5
zas 27405
2

1+ — 1+ 2(asz+aq) — o
6a7

1+ z(as+ag) +

Show that the first contraction gives back Wronski’s continuous fraction for

A, (A).
For the second contraction, show that one can rewrite the coefficients
e g = Soz9 — S33 G+ e = S953333 — S115444
3T = —55 0 6 =
S1S0 529533 ’

S(n_l)n72 npntl — S(n_Q)nf1S(n+1)n

Qop—1 + Qop =
S(n_l)nfl nn

Ex. 51 Let f(x) be a function. Let T,(f) be the limit of Thiele’s reciprocal
difference [zy,..., x,44], for &y = -+ = x,.; = x. Show that Ty(f) =
f, Ti(f) = 1/D(f), where D is the derivative with respect to x, and that

r

D(Trfl(f))

Deduce Thiele’s expansion of f in the neighbourhood of x :

T,(f) = Tr2(f) +

€

flx+e) = flo) +

Ti(f) +

2T1(T1(f)) +
3T1(T2(f)) +

4T1(T2(f)) + i
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Ex. 52 (O.Perron, Die Lehre von den Kettenbriichen, Leipzig 1929) Put f(x) =
e” in the preceding exercise. Show that T, (e”) = (—1)" e” and Tp,41(e”) =
(=1)"(n + 1) e *. Transform Thiele’s expression into

€

=1+
1—

Chapter 5

Ex. 53 Let f(2) := A,(B)/A.(A) be a rational fraction. Given two integers
m, n, write the numerator and the denominator of the Padé approximant
P/Q of f(z) of degree [3/a] as determinants with entries the elementary
symmetric functions in A or B.

Ex. 54 Let A be an alphabet of infinite cardinality, m,n be two positive
integers, K C [1,... ,m+n] be a subset of cardinality n. Find a polynomial
Q(z) = S™(1 — 2B) of degree n such that

SFA-B)=0Vk e K .

Thus P(z) := S™™™(1 + z(A-B)) is a polynomial of degree < m + n such
that
P/Q = o,(A) mod(z™" ) |

but, contrary to the case of a Padé approximant, the numerator is of degree
< m + n, having n coefficients null.

Ex. 55 Let «, 5 be two integers, and [3/a] the Padé approximant of o, (D).
Give the Taylor expansion of [3/a].
In particular describe explicitely the coefficient of z*T8+1,

Ex. 56 (Baker and Grave-Morris, p.339) Let f(z) be a function of one vari-
able, a, 8 two positive integers, Y = {yo,...,Yars} C C. Write ¢Y,, for
Yo, - -+ ,Yn, and Y ;1 for the void set. Write [i...j] for the image of f(y;)
under the product of divided differences 0y, 4., , - 0y,_, 4;, and [i. .., 2] for
the image of [i...j] under 9,, .. When 7 > j put [i...j] = 0.
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Let moreover P(z)/Q(z) be the rational interpolant of f(z) of type [3/«] at
points V.
Show that Q(z) is proportional to

... (B+1)] -+ [a...(a+8)] R(2,Va-1)
0. (B41)] - [1...(a+B)] R(z )
0...(B+1)] --- [0...(a+B)] R(z,YV-1)

Show that (f(z)Q(z) — P(2))/R(z,Y) is equal to the determinant

a...(B+1)] -+ [a... (a+B)] (... (a+), 2]

1 (B+1)] - [ (@+B)] [L... (a+B), 4 ()

0...(B+1)] -+ [0...(a+B)] [0...(a+B), 2]

Ex. 57 Compute the vertical and horizontal distance 2 differences in a Padé

table (for o,(A)) : [8/a] — [-2/a] and [B/a] — [5/a-2].

Ex. 58 Let A be arbitrary, k,n be integers, x be a rank-1 element. Show
that

Skn (A*[L‘) S(k—l—l)" (A) = S]gn (A) S(k+1)n (A*[L‘) - .’IfSkn+1 (A)S(k+1)n71 (A*[L‘) .
Use this formula, in conjunction with ex(Wynnl) to reprove Wynn’s formula.

Ex. 59 (Montsessus) Let f(z) be a meromorphic function in the unit disk.
Poles are of total multiplicity n, and different from 0.

Show that the sequence of Padé approximants [m/n], m — oo, converges
towards f(z) in any point in the disk, different from a pole.

The reader, having only algebraic tools at his disposal, can suppose that
f(z) = 0,(A — B), with card(A) = n, card(B) < oo, and |a| > 1,Va € A.

Chapter 6

Ex. 60 Show how to obtain the first remainder in the Euclidean division of
two polynomials, using divided differences.

3

Ex. 61 Given two alphabets A B, of respective cardinalities n,m, n
and let 0 < 7 < m,n. Find the remainder of S _1ym—n+r (A=B—x) S™(x
modulo S™(z — A).

| INA
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Ex. 62 : Factorization of the Vandermonde matrix.
Let A be of cardinality n, and V := [an_]]1<ij<n. Let Ay == {ay,...,ax}.

7

Using Newton to interpolate each af in A,_; show that V factorizes into
V = [R(ai,l,Aj,l)} [5372(&)]

(with R(z,0) = 1). Decompose the two matrices into products of matrices
with entries in the set {0,1,a1,... ,a,,(a; —a;) : 1 <i<j<n}.

Ex. 63 Let A be infinite, and, for any k, let Ay denote {a,, ... ,a;}. Expand
the characteristic polynomial of the (right-justified) n x n Pascal matrix

M := [Aj’i(Ai,l)]lgi,jgn .
Chapter 7 Orthogonal Polynomials 4371

Ex. 64 Let A be an alphabet and let [ be the linear functional such that
[t* = Sk(A), k > 0. Show that [ 9, ,(P(t)) is equal to the adjoint polyno-
mial Qn(w) = S(n,l)nﬂ (A + a;)

Ex. 65 Gauss quadrature. Let L, be the linear functional attached to a

generic alphabet A:
Ly(7%) = Sp(A) , k>0

Let B be the set of zeroes of P,(x) := Sy»(A — ). Show that
Li(f(x)) = (Pact, Pact) > f(0)/Poca (b)R(b,B — b)
beB

for any polynomial of degree < 2n — 1. The reader can use the basis
{(2*Py(z) : k=0,...,n-1}U{a*P,_(2): k=0,..., n2}U{P? |(2)}

to test the statement.
When the linear functional L, is defined by an integral, the formula gives a

way of computing the integral of a polynomial by a finite sum on the zeroes
of P,.

Ex. 66 Given an alphabet A = {a,..., a,}, write >, _, . 1/(a; —a;) as a
function of a; and A. -
Knowing that the Hermite polynomial H,, (z) satisfy the differential equation

D*H, —2x DH, + 2nH, =0 ,
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with D := %, use the preceding result to prove that

= 1 o
“ Z1<z’§n ACE)
when A is specialized to the set of roots of H,, a; being any root.

Ex. 67 Let A be an infinite alphabet, x an indeterminate, and ¥, a param-
eter. Define a linear functional L on polynomials in z by

L(z°) =4y, L(z')=V;(A),i>0.
Find the orthogonal polynomials associated to L.

Ex. 68 Let A be an infinite alphabet, x,...,x, be indeterminates of sum
X. Let L;, j =1,... ,n, be the linear functional on C|z;] defined by L; (ajf) =
S¥(A), k >0, and let L be the product of the L;’s.

Show that, for every J € N*,

L(SJ(X) A(X)Z) = (—1)n=0/2p) Sism-1n(A) .
Notice the corollary corresponding to J = 1", with 2z of rank 1 :
L(R(X,2)A(X)?) = £Sm (A —2) .

Ex. 69 Let x be a rank-1 element, L be the linear functional 27 — S7(A),
k be a positive integer. Show that

L( Sy (A —22)) = (=1)F(k + 1) Sgeri (A)
Deduce that
L(Spr(A — 2)?) = (—=1)FSpe-1(A) S (A) .

Ex. 70 (Stieltjes). Let g(t) be a positive continuous function of ¢t € [0, 1],
satisfying fol g(t)dt = 1. Define A by S*(A) := fol g(t)thdt, k =1,2,....
Given any positive integer n, and indeterminates x1, ... , x,, remark that the
quadratic form

1
Qlrr,. . 20) = / g (1) it )2t
0
is positive, and deduce from it that

(—l)n(nfl)ﬂS(n_l)n (A) >0.
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More generally, show that any minor of the Hankel matrix [S;;;(A)] 10 18
positive. a
Consider the case g(t) = o,(B) (which is ‘generic’), and express the Schur
functions of A in terms of B.

Given any k, evaluate the multiple integral

1 1 1
/ x’fg(xl)/ / ¥ g(x,) H (2 — ;)%day -+ day,
0 0 0 1<i<j<n
and conclude, once more, that the Hankel determinant |S;;_;(A) is

|1§i,j§n
positive (the preceding exercise could have been used).

Mixed Exercises, to reach 100

Ex. 71 (Newton’s recursions) Show that

EAF = AP0 — AR 20, + ARy — - 2 A0
Deduce Brioschi’ recursions

kSP = SF TNy 4+ SE P, 4 SPTR -  SO

Ex. 72 Show that

2A1 A° 0 e 0
4A? 3A 2A° e 0
n!S" = : : : :
(2n —2)A" ™t (2n — 3)A" 2 (2n — A" 3 -+ (n—1)A"
nA" (n—1A"1 (n—2)A"2 ... Al

(only the last row is irregular).

Ex. 73 (Waring’s Formula) Show that

1o qne LCT) =D
Ly, = Yoy Q18

ma! l... !
1-Mao.

sum over all partitions J = 112" ... of weight |J| = k.

For example, w6/6 = —AG + A5A1 - A4A% + A3A? - AQALIL + I/GA? + S/QA%A% —
2A1 AN + ANy — 1/3A3 + 1/2A3

Identify the scalar products (¥, U ).

Ex. 74 Compute the scalar products (A*, ¥ ).
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Ex. 75 Let A be an alphabet of cardinality n. Show that the Si(A) satisfy
a linear recurrence of order n. What are the terms of negative index of this
recurrent sequence ?

Ex. 76 Let A, B be two alphabets, card(A) = n > card(B). Define $*, k € Z
as the Taylor coefficient of degree &k of 0,(A —B) in 2 = 0 when £ > 0, and
as the Taylor coefficient of —0,(A —B) in z = co when k£ < 0.

Show that $* is a linear recurrence of order n, and that the preceding exercise
is the case B = 0.

For I € N*, J € Z", define $;/; to be the minor of the Toeplitz matrix

[$j_i]i>0jez taken on rows I and columns .J. Show that

Samyr = (A" (A) ™ 85s .

Ex. 77 Let A be an alphabet of cardinality n, and let B be arbitrary. Replace
each entry a* of the Vandermonde matrix V' (A) by S*(a + B). Compute the
minors of order n of this new matrix.

Ex. 78 Show that
Uy =Sp — Sig—1+S116—2— - +ESp .

Ex. 79 Murnaghan-Nakayama formula) Let J € N™. Show that

D\I;k (SJ) - Z SJ_[Oi,kyonfl—i} .

Ex. 80 For n € N, express sin(rf)/sin(f) and cos(nf) in terms of cos(#), by
identifying them to symmetric functions in +exp(v/—10) .

Ex. 81 Let A be an alphabet of cardinality n, and £ € N. Show that

H S*(a; + aj)

1<i<g<n
is equal to a Schur function.

Ex. 82 Let A be an alphabet of cardinality n, and S a symmetric function.
Show that the determinant obtained from the Vandermonde A(A) by replac-

ing its last column [af ™", a3 ™", .. .] by the partial derivatives [ (S), 52 (S5), . . .]
aq a9

is equal to
(S, ¥n) A(A) -
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Ex. 83 Let A be an alphabet, A" the alphabet of roots of the derivative of
R(z,A). For any integer k, express S*(z — A%") in the basis of {S%(z — A)}.

Ex. 84 Let A be an alphabet of cardinality n, and let S be an homogeneous
symmetric polynomial in A of degree d < n. Show that

(Sa Ad) = S(IB) )
where B is the set of roots of
:L,n _:L,n—l +xn—2 S (_l)n )
Ex. 85 Show that, for any r € N,

What becomes the left hand side when the summation is restricted to par-
titions with all parts odd 7 For example, one gets, for n = 2,... ,6 the
following values 22, 2 + 2z, 822 4+ 2*, 2° + 2023 + 24z, 2° 4 402* + 18422,

Ex. 86 Let k£ € N. Show that
\If‘]
> (W7, W)
J

is a sum of Schur functions with coefficients £1, where m; := multiplicity of
kin J =1"™2m2 ...

Ex. 87 A be an alphabet of cardinality n, and let v € N”. Write A(A + v)
for [[;;(ai +v; — aj — vj). Let K be partition. Evaluate

D Sk, SHAA+T),

I

sum over all vectors I € N*, |I]| = |K].

Ex. 88 Compute
det(1/(ai + a;) )1<ij<n -

Ex. 89 Let A,B be alphabets of cardinality n, D another alphabet. Com-
pute
R(a,D) — R(b, D)

det
¢ a—>b

acAbeEB

94



Ex. 90 Let A B be alphabets of cardinality n, p € N. Compute
det( (a; + bj)” )

Ex. 91 Let A be of cardinality n, B of cardinality 2n. Compute
1 1 1 1

b —ar’ (bi—a)?’ T bi—a, (b —ay)? )1gz’<n

Ex. 92 Let A B be alphabets of cardinality n. Compute

a; + b; )

a; — bj J1<ij<n

1<4,5<n

det (

det (

Ex. 93 Let A be of cardinality n, B be a set of n complex numbers. Express
det( (1 — )" )i<ijen / A(A)
in the basis of Schur functions of A.
Ex. 94 Let A,B be arbitrary. Expand
Yo SA)S B Y, SH(A)S(B)
2iso ST A)STHB) 35, S'(A)S'(B)

Ex. 95 Border the determinant S,,»(A) by a first column [z~ ... z° 0]
and a bottom row [0,°, ...,y !]. Use it to show that

Sa(A)Sa (A~ —y) = Sa(A—2)Sa(A—y) 2y S (8)Sinrop- (A= —y) |

2 S5(A) S3(A) Su(A
z Si(A) Sy(A) Sy(A
(A)  SH(A

x
. R n—1 i
with O := (m+1)""!. For example, the determinant W Sy(A) S

0 1 Y Y
allows to check that

S33(A)S33 (A — T — y) = S33(A - ZL‘)S33(A - y) — Y SQQQ(A)S4 (A — T — y) .

Ex. 96 Let A B be alphabets of respective cardinalities «,3. Show that the
resultant R(A B) is a divisor of

To(A)  Ti(A) oo Tais(A)
Va(A) Ton(A) - Ways(A)
1 by poth
1 bs e byt
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and find the quotient.
In particular, if 5 =1, B = z, then the preceding determinant is a multiple
of the polynomial in z with A as roots (Brioschi 1854, Muir II, p.342).

Ex. 97 Let A B be alphabets of respective cardinalities o, 3. For any k£ € N,
let
Py =) a " 'R(a,B)/S"(2a — A)
ach
Show (after Brioschi, 1854, Muir II p.349) that the resultant is equal, up to
sign, to
det(Pitj)ocij<a-1 -

Ex. 98 Let A,B be alphabets of respective cardinalities «,5. Let p be an
integer. Show, after Pomey, that the greatest common divisor of R(x, A) and
R(z,B) is of degree p if Ajg_pi1ye—rpn(B — A;B — A — ) is identically null,
and Ag_pya—»(B — A) is different from 0.

Ex. 99 Let A,B be alphabets of respective cardinalities «,5. Write P =
R(A,z), Q = R(B,x). Show that

A*(A)-P 0 0 - AB)-Q 0
A*LA) A*(A)-P 0 .- APLB) ASB)-Q
0= Ac2(4) A LA) A%A)-P - AT2(B) APY(A)

i.e. that the determinant that one obtain from the usual expression of the
resultant by replacing A%(A) by A%(A) — P and A?(B) by A?(B) — Q is null.

Ex. 100 Let A be an alphabet, and B be the ring B := Clz|/R(z,A). Let
g(z) be any polynomial in z. Show that the norm of g(z) in B (i.e. the deter-
minant of the morphism “multiplication by ¢(z)”) is equal to the resultant
of g(x) and R(z, A).

Ex. 101 Let A be an alphabet of cardinality n. Show that the determinant
of order 2n

AA) AN AT
SO(—A) Sl(—A) ces 52”71(—1&)

is equal to [[,.;(a; + a;).
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