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Preface

These notes present some applications of the theory of symmetric functions
to algebraic identities related to the FEuclidean algorithm : division of polynomi-
als, continued fraction expansion of formal series, Padé approximants, orthogonal
polynomials.

Most of the time, the statement will involve only Schur functions, specially
those indexed by a rectangular partition which must be considered as generalizing
the resultant of two polynomials in one variable.

Proofs relies on less than half a dozen formulas about symmetric functions, sup-
plemented by two identities about minors (Pliicker relations and Bazin relations).
Some statements are proved several times in different manners, and we could have
even restricted our toolkit by not using identities about minors, for example. Do-
ing so, we would have missed the fact that many algebraic constructions involving
Hankel or Toeplitz determinants are closely related to the theory of symmetric
functions, and that such an interplay is a fruitful manner of avoiding unnecessary
computations, and of providing connections between different fields of mathematics.

As an illustration, we have taken many examples in Muir’s five volumes the
Theory of Determinants in the Historical Order of Development, refering to Muirl,
.-, MuirV. Much more examples could have been added. For example, all the
sections of Muir about alternants are straightforward to reformulate in terms of
symmetric functions.

Our last chapters show how to adapt the previous constructions to non-symmetric
polynomials. Essentially, Schur functions are replaced by the more general family
of Schubert polynomials. To introduce Schubert, we first need to forget about de-
terminants, and keep only the underlying symmetric groups. Reducing to &2, to
2 x 2 determinants and to polynomials in two variables is the key to compute in
several variables.

This method was initiated by Newton, who applied it to obtain an interpolation
formula which is a discrete version of Taylor’s formula, replacing derivatives by di-
vided differences. We show how to obtain a similar interpolation in several variables,
Schubert polynomials occurring as universal coefficients. In the following chapter,
we abandon interpolation methods, and rather show that Schubert polynomials can
be obtained though a Cauchy-type kernel, exactly as Schur functions.

We have sometimes departed from the usual conventions about symmetric func-
tions, as they can be found in the treatise of Macdonald. For example, Schur func-
tions are indexed by increasing partitions, to make it easier to use minors, or also,
to consider them as special Schubert polynomials.

We also use A-rings as the proper set-up for symmetric functions. The reader
will see that many identities boil down to (A+B) —C = A+ (B—C) in this formalism.

vii
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In fact, we have been preceded by a “Savant du Nord”, who, according to Voltaire!
used this symbolism to prove that sheep must be red. We shall not striclty follow his
steps, but rather use A-rings, and consider symmetric functions as functors acting
on polynomials, the action being fixed by the single axiom describing how a power
sum (an Adams operation) acts on a polynomial.

Summary

Chapter I defines symmetric functions through generating functions o, (A),
which become matrix generating functions when taking z to be a matrix. Schur
functions first occur as minors of Toeplitz matrices. A second point of view is fur-
nished by the Cauchy kernel [],, ,cp5(1 — ab)™!, which allows to define a scalar
product, relative to which Schur functions are now the only Z-orthogonal basis.
We also present symmetric functions as operators on integral vectors (which can be
the indices of symmetric functions, or the indices of minors). A special case of this
action leads to the Pieri formulas which describe the product of a Schur function
by an elementary symmetric one, and determine the multiplicative structure of the
ring of symmetric polynomials in the basis of Schur functions.

Chapter II introduces the A-ring structure of a ring of polynomials, symmetric
functions being now considered as operators on it. One just need to require that
power sums ¥! be ring homomorphisms, such that ¥i(z) = 2, if x is a variable,
and ¥¢(c) = cif ¢ is a scalar. This one-line definition has far reaching implications.
Even at the level of notations it is helpful® to denote coefficients of products of
powers of formal series. For example S (2A — 1B + v/2D) denotes the coefficient
of 28 in the product (o, (A))? (o, (B)) "2 (0, (D)) V2, and writing 2A— 1B+ /2D =
(A—1B) + (A + v2D) will induce an expansion of this coefficient.

In the set-up of A—rings, the inversion of a formal series z0.(A) (Lagrange
inversion) will amount to computing the S™(kA), k € Z,n € N. This is not too far
from what Lagrange did himself. However, because kA is a product, then S™(kA)
can be expanded, thanks to the Cauchy formula, into any pair of adjoint bases
of symmetric functions. Thus, for the price of one computation, one gets many
different formulas (which indeed can be found in the classical literature, each time
obtained through a new computation).

Chapter III attacks the main application of symmetric functions we present in
these notes: the Euclidean algorithm for polynomials in one variable. This process
generates symmetric functions of A and B, if A and B are the alphabets of roots of
the two starting polynomials. The problem is to identify these functions (of course
Schur functions), and to give relations between them?® A special case, first treated
by Sturm, is to start from a polynomial and its derivative. The Euclidean algorithm
can be written as a continued fraction, and Wronski was the first at the beginning

LVoltaire: Candide ou l'optimisme. Candide ... fut seulement trés fiché de se séparer de
son mouton qu’il laissa d I’Académie des Sciences de Bordeauz, laquelle proposa pour le sujet du
priz de cette année de trouver pourquoi la laine de ce mouton était rouge; et le priz fut adjugé
a un savant du Nord qui démontra, par A plus B, moins C, divisé par Z, que le mouton devait
étre rouge et mourir de la clavelée. We must add that A, B, C are alphabets, and Z is a complex
number.

2this aspect is much favoured in California under the brand mark of plethystic notation.

3The reader can ask himself, before looking at the notes, how he would write the coefficients
of the remainder of degree 5 in the division of two polynomials of degree 10. Maple or Mathematica
can be of some help, but will not clean the result if it accepts to send it on the screen.
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of the 19" century to write coefficients as determinants (Schur functions indexed
by “almost rectangular” partitions).

Chapter IV obtains again the continued fraction expansion of a formal series
0.(A), and its convergents, by just writing out some multi-Schur function. In-
terpolating a general function by a continued fraction, following Thiele, leads to
similar coefficients. One can use matrices to get continued fractions: 2 x 2 matrices
are related to Euler’s recursions, but one obtains more information from Jacobi’s
tridiagonal matrix. In fact, taking powers of this last matrix, one instantly gets
different combinatorial interpretations in terms of Motzkin or Dyck paths.

In chapter V, we realize that one can further simplify the Euclidean algorithm
by starting with a pair (f,g) of formal series instead of two polynomials. Indeed
the pair (f/g,1), i.e. the case of division by 1, give the same successive quotients
as the pair (f,g). Writing g/f = 0,(A), one has now to manipulate symmetric
functions of a single alphabet A. Writing similarly the successive remainders as
o.(Al),0,(A%),0,(A%),..., one obtains from A a sequence of “derived alphabets”
which are closely related to the work of Stieltjes. As a matter of fact, one can
simplify computations even further, at the cost of doubling the number of steps,
and restrict to using only normalized differences:

(f=T+azt o, g=1+z+) = (f-g)/(0z-P2) -

Stieltjes’ construction was motivated by the problem of decomposing a Hankel form
i 778, ;(A) into a sum of squares, and the answer is still in terms of derived
alphabets.

Chapter VI treats of rational interpolation (Padé approximants) of a formal
series o (A). Writing

o (A) ~ [I,ep(1 — 2b) _ iw*R($+D:IB) 7
[[4en(1 — 2d) R(z+ B,D
with z = 1/z, one gets the answer, without computation, as a quotient of two
resultants, and in final, as a quotient of Schur functions of A + z.
From Chapter VII on, we adopt the point of view that symmetric functions
should be considered as the output of some “symmetrizing operators”. Starting
with Newton’s divided differences

f(a,b) = (f(a,b) = f(b,a))/(a =),

we produce different types of divided differences. These operators are compati-
ble with Schur functions, and constitute a powerful tool to generate identities on
symmetric functions, passing though intermediary steps which are no more sym-
metrical.

For example, the Lagrange interpolation can be seen as an operator from
Sym(1) ® Gym(n—1) to Gym(n) (Shym(k) being the ring of symmetric functions in
k variables). It can be expressed with divided differences. Its generalization gives
a morphism from Sym(n') ® Sym(n'’) to Gym(n’'+n") and reduces, on the basis of
Schur functions, to concatenation of indices. Though a very simple operation, it
has many implications in different fields, for example in geometry (cohomology of
Grassmannians), or in the study of determinantal ideals.
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All our symmetrizing operators are induced from a “maximal symmetrizer” due
to Cauchy and Jacobi :

f@r ) — 0 o ) ]],_ i) -

This symmetrizer sends monomials onto Schur functions. Partial symmetrizations
give generalizations of Schur functions, which satisfy many combinatorial properties
in common with Schur functions, though they cannot be written in general as
determinants.

We end the chapter by mentioning that interpolation methods give a discrete
approximation of differential operators, and refer to Calogero’s work for further
developments.

Chapter VIII reinterprets many identities obtained in chapters IV,V,VI, in
terms of orthogonal polynomials. Given “moments” S™(A), n =0,1,2,..., then the
associated orthogonal polynomials can be written S,» (A-z), i.e. as can be written
as Schur functions indexed by square partitions. More general functions occur:
Darboux-Christoffel kernels S,»-1(A-2z-y), Christoffel determinants S, ) (A —
x-%1-- - —x)). Orthogonal polynomials also occur as denominators of convergents
of continued fractions, and the combinatorics of Jacobi’s matrix and of Motzkin
and Dyck paths can be used again without changes. However, new considerations
arise, relative to the zeroes of Sy~ (A—z), or to quadrature problems for example.

The following two chapters introduce Schubert polynomials from two differ-
ent points of view: interpolation, and non-symmetric Cauchy kernels. Newton’s
interpolation formula

F@) = f(b) + O (t=b1) + 22 (t=b1)(t=b2) + - -

is a discrete version of Taylor’s formula, where divided differences f2, f%9, ... have
replaced derivatives with respect to time. The discrete version of Taylor’s formula
in several variables can be explicited, Schubert polynomials Y;(A, B) in two sets of
variables A, B being the coefficients of the divided differences (the case of Newton
is when A = {¢}). It is remarkable that the vanishing conditions Yr(A/A) =
0, I # 0 (i.e. the specialization a,, = b,,n € N) are sufficient to write down
the (unique) expansion of any polynomial in terms of Schubert polynomials. In
particular Schubert polynomials constitute a linear basis of the ring of polynomials
in a1, as,... with coefficients in b1, ba, .... Schur functions are now seen as special
Schubert polynomials, those such that their index is a partition followed by zeroes,
with B specialized to 0.

In chapter X, we rather start from a non-symmetric Cauchy kernel K,,(A, B) :=
1L <i< an(bi_aj)’ fixing the number of variables. Expanding this kernel as a sum
> +f(A)g(B) has a unique solution, when imposing some constraints, and give
back the Schubert polynomials. In fact the full theory is again deduced from trivial
vanishing conditions : K, (A, B) vanishes whenever A is specialized to a permutation
of B different from the identity.

Schubert polynomials are now indexed by permutations; {X,(A,B) : 0 € 6,}
is a basis of the ring of polynomials in ay,. .., a,, as a module over symmetric poly-
nomials (with coefficients in B). Letting n tends towards infinity, one recovers the
case considered in the previous chapter. However, the coefficients of the expansion
of a polynomial in the Schubert basis are now to be interpreted as scalar prod-
ucts. On the other hand, expanding Schubert polynomials with respect to the first
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variable a; can be obtained by taking a copy of the algebra of divided differences,
and make it act on the permutations indexing the Schubert polynomials and no
more on the variables ay,...,a,. This expansion can be formulated in terms of a
“NilCauchy kernel”. Using stricter relations than the braid relations, one can use a
new kernel inside the nilplactic algebra, and obtain the expansion of Schubert poly-
nomials in terms of other polynomials occurring in Demazure’s character formula.
Finally, we show that Schubert polynomials are also part of the combinatorics of
Yang-Baxter relations.

The last chapter adopts a non-commutative point of view. Following Little-
wood, one defines a non-commutative Schur function S; as the sum of all tableaux
of shape I (tableaux being special words, which can be planarly represented). The
product of two tableaux is a word which is no more a tableau in general. To re-
cover products of Schur functions, the easiest way is to use the Robinson-Schensted
construction, which amounts using a quotient of the free algebra, the plactic al-
gebra. Identifying Schur functions to their plactic version, one gets an embedding
of the ring of symmetric polynomials inside the plactic algebra. This is the best
way to explain the Littlewood-Richardson rule describing the product of two Schur
functions. But it explains as well that the expansion of the determinant express-
ing a Schur function in terms of complete functions, which can be interpreted as
a sum of n—tuples of lattice paths , with £1 coefficients, reduces to the subsum
of non-intersecting paths. The Cauchy formula for the resultant [](a;-b;) has a
plactic generalization due to Bender and Knuth. This is also the case of the kernel
IL ; S"(a,-+bj), sitting inside the plactic algebra in A, with coefficients in commuta-
tive variables by, . .., b,. The coefficient of a Schubert polynomial X, (B, 0) is a sum
of tableaux in A, without multiplicities, which projects onto a Schubert polynomial
X, (A, 0) when the a;’s are allowed to commute.

Developing further the non-commutative theory would require many combina-
torial tools that are not needed for computations of polynomials, the aim of these
notes. We stop at this point.

Alain Lascoux
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CHAPTER 1

Symmetric functions
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1.1. Alphabets

We shall handle functions on different sets of indeterminates (called alphabets,
though we shall mostly use commutative indeterminates for the moment).

A symmetric function of an alphabet A is a function of the letters which is
invariant under permutation of the letters of A.

The simpler symmetric functions are best defined through generating functions.
We shall not use the classical notations for symmetric functions (as they can be
found in Macdonald’s book [135]), because it will become clear in the course of
these lectures that we need to consider symmetric functions as functors, and connect
them with operations on vector spaces and representations. It is a small burden
imposed on the reader, but the compact notations that we propose greatly simplify
manipulations of symmetric functions. Notice that exponents are used for products,
and that S” is different from S, except when .J is of length one (i.e. is an integer).

J=[j,d2,-..] = A =AIA2... & ST =80182... & @ =@hgi...
are different from Sy, 1; etc.
In case of length 1, we shall indifferently write indices or exponents for the

same functions : ‘ , ,
ST=8;, NN=A;, ¥ =0;.

We need operations on alphabets, the first one being the addition, that is the
disjoint union that we shall denote by a ‘+’-sign :

(A={a},B=1{8}) ~ A+B:={a}u{t}
More operations will be introduced in Chapter 2.

1.2. Partitions

A weakly increasing sequence of strictly positive numbers I = [i1, 4a,. .., (] is
called a partition of the number n of length £(I) = £, where n = |I| := i1 + - - +is.
One also uses weakly decreasing sequences instead of increasing ones, and refer to
them as decreasing partitions, but to handle minors of matrices, it is preferable to
choose our convention.

A partition I has a graphical representation due to Ferrers, which is called its
diagram: it is a diagram of square boxes left packed, i1, is,..., i¢ being the num-
ber of boxes in the successive rows. Reading the number of boxes in the successive
columns, one obtains another partition I~ which is called the conjugate partition.

1



2 1. SYMMETRIC FUNCTIONS

Conjugating partitions is an involutive operation which can be interpreted as sym-
metry along the main diagonal, for what concerns diagrams.
For example, when I = [2,3,5], then I~ =[1,1,2, 3, 3] and their diagrams are

&

A partition I will be identified with any vector obtained by concatenating initial
zeroes. This is coherent with identifying partitions and their diagrams, because one
can start by reading empty rows!

Let Part(n) be the set of partitions of n.

There are two operations on partitions, ‘+’ and ‘U’ :

Part(m) x Part(n) — Part(m+n)

which are exchanged under conjugation: (I, J) — I+.J is the addition of partitions,
considered as vectors, normalizing them to belong to the same space N, and TU J is
the partition obtained by reordering the concatenation of I and J into a partition.
With I =[1,3,3,3], J =[2,4], one has :

Y

oood
Ooo0om

oo oom
oo oom
oo ooad

mOOOm-d
mOOOm
[}

| N ]
- HEEENE HE
uJ I+J . I +J

To order Part(n), one uses, instead of partitions, their cumulative sums and
one puts the componentwise order on these new vectors.

DEFINITION 1.2.1. Given a vector in v € N, its cumulative sum  is the vector
D= [U1, v1t+v2, ...,v1+0U2+- "+Un] .

The n-th cumulative sum (resp. cumulative sum) of a partition I of length 4(I) < n
is the cumulative sum of the vector obtained by concatenating n—£(I) initial zeroes
to I (resp. m being the weight of T).

Given two partitions I,.J of the same integer n, I is smaller than J for the

dominance order iff I is smaller than J componentwise, i.e.
Ti<Ti,Is<Joy e, In <Jn.

Cumulative sums of partitions satisfy convexity inequalities that characterize
them. It is immediate to check :

LEMMA 1.2.2. An element u € N is the cumulative sum of a partition iff
(121) 2u; ujm1 Huipr , 1<i<n.

But now the supremum (componentwise) of two vectors satisfying inequalities
(1.2.1) also satisfies the same inequalities, and this allows to define the supremum
of two partitions :

DEFINITION 1.2.3. The supremum I V J of two partitions I, J of n is the only
partition K such that sup(I, J) is the n-th cumulative sum of K.
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One could have taken the r-th cumulative sum of I, J, for any r > £(I),£4(J).
One defines the infimum I A J of two partitions of the same weight by using
conjugation :

(1.2.2) INT:=(I"vJ7)~

Beware that the minimum componentwise of two cumulative sums is not nec-
essarily the cumulative sum of a partition.

For example, take I = [1,1,1,5], J = [0,2,2,4]. Then I = [1,2,3,8], J =
[0,2,4,8], sup(I,J) = [1,2,4,8) = K, with K = [1,1,2,4] = IV J. On the other
hand, inf(I,J) = [0,2,3,8] is the cumulative sum of [0,2,1,5], which is not a
partition.

Conjugating, one has I~ = [1,1,1,1,4], J~ = [0,1,1,3, 3], with cumulative
sums [1,2,3,4,8],[0,1,2,5,8] and supremum [1,2,3,5,8]. Therefore I~ V J~ =
[1,1,1,2,3] and

INJ=(I"VvJ")"=[1,1,1,2,3]" =[1,2,5] .

One could have used the cumulative sums starting from the right, or equiva-
lently, the cumulative sums on decreasing partitions.

The two operations V, A, define a lattice structure on Part(n) (with minimum
element [n] and maximal element [1"]). The poset of partitions (partially ordered
set — bad terminology, because every order is partial, unless otherwise specified !)
is not a rank poset, i.e. maximal chains between two comparable elements do not
have the same length.

For example, Part(8) contains the following piece, which contains the four
partitions that we have just considered, writing their cumulative sums on the right :

1124 1248
v ¢ v Ny
224 0248
1115 ! > 1238 L.
134 0148
N\ v ¢ v
125 0138

However, it is easy to characterize consecutive elements :
LEMMA 1.2.4. Let I, J be two partitions of the same number. If
I<J & thereisno K suchthat ] < K < J ,
then either
Ap,keN: J=J'p"2J" & IT=J, p-1,pF pr1, J" or
Ap,qeN: J=J'pqJ" & I=J, p-1,q+1,J".

Notice that the two cases are exchanged by conjugation of partition, so that
the dominance order is reversed under conjugation. The possible pairs in Lemma
1.2.4 look like what follows :

J=

oooooo

0
a
O

oooooo
oooo
Om

O

O

O

oooo



4 1. SYMMETRIC FUNCTIONS

Pushing a box down gives a smaller partition, but it is not true that it gives
om O

a pair of consecutive partitions : 555 and HHH  are not consecutive, because
oono O0O0m
the move of the black box can be performed in two steps:
Oom Oom o

Let J, I be a pair of partitions such that the diagram of J contains the diagram
of I. Then the set difference of the two diagrams is called a skew diagram and
denoted J/I ( adding common boxes to I and J does not change J/I. In some
problems, one has to consider pairs (J, I) rather than J/I).

If J/I contains no 2 x 2 sub-diagram and is connected (resp. J/I contains no
two boxes in the same column, res. no two boxes in the same row), then J/I is
called a ribbon (resp. horizontal strip, resp. vertical strip). There are strips which
are both vertical and horizontal, for example a single box.

[ [ ) | om
OEEm (EYEREY | oooo
ooUmEm oooom ooodm
ooooo ooooo oooOm
ribbon horizontal strip vertical strip

A partition of the type [1?, a+1] is called a hook and is denoted (a&/3). The
decomposition of the diagram of a partition I into its diagonal hooks (i.e. hooks
having their head on the diagonal) is called the Frobenius code of I and denoted
Frob(I) = (a1,q9,...,0,&B1,B2,...,b.) (where r, the number of boxes in the
main diagonal, is called the rank of the partition).

Oom
I=12,456= gunm 8ives 3tob([2,4,5,6]) = (531 & 320) .
Oooooo

Given a box in a diagram, its content is its distance to the main diagonal. The

multiset of contents allows to recover the diagram, hence the partition. Replacing

each box by its content, one has, for example, that I = [2,4,5,6] has contents
-3 —2
~1 70V s and multiset {(-3), (-2)%, (-1)*, 0%, 1%, 2%, 3%, 4%, 5}

0 12345

Finally (for the moment!), one can code a partition by the word obtained by
reading the border of its diagram : 0 for an horizontal step, 1 for a vertical step.
001
I=1[2,4,5,6]= border= 80000 1
gogggot
oogoooo

Taking reverse words and exchanging 0 and 1 corresponds to taking conjugate
partitions. In fact, all operations on words on two letters induce operations on
partitions that we leave to the reader the pleasure to discover.

It is appropriate to concatenate letters 1 on the left of a border word, and
letters O on its right. This amounts to consider that the partition be contained in
a rectangular partition m™ (where m is the total number of 0’s and n the total
number of 1’s). Since a 0,1 word is specified by its length and the position of the
0’s, one has the following lemma that one shall need in determinantal identities.

=1[0,0,1,0,0,1,0,1,0,1]

Ode

LEMMA 1.2.5. Let I = [i1,...,in] € N be a partition contained in m™, and
J =[j1,---,Jm] be its conjugate. Then

{i1+1, i2+2, ... ip+n} and {m+n+1 — j1 -1, m+n+l — jo-2, ... ,m+n+1 — j,—m}
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are complementary sets in {1, ..., m+n}.
For example, take m = 5,n = 4. Adding [1,2,3,4] to I = [0,0,2,4], one
gets [1,2,5,8]; the partition I~ = [0,1,1,2,2] gives under the same operation

[1,3,4,6,7), and [10 — 1,10 — 3,10 — 4,10 — 6,10 — 7] = [9,7,6,4,3] is the com-
plementary set of 1,2,5, 8].

Given a box [ in the diagram of a partition J, let its leg be the set of boxes
in the same column above it, its arm be the set of boxes in the same row, on its
right. The hook relative to O is the union of the leg, the arm and the box itself,
the total number of boxes being the hook length of O in the diagram. It is usual to
directly write the hook length of a box in the box itself.

The content of a box in a diagram is its distance to the main diagonal, counted
negative in the North-West sector.

For example, for J = [2,3,3,6,6], one has the following hook lengths and
contents :

2|1 -4|-3

4131 -3(-2(-1

51412 -2(-1{0

9816|321 -1{0|1]2(3

1019714132 012345
Hook lengths Contents

These informations about a partition can also been read on the other codings of

the partition, like its border, or its Frobenius decomposition in diagonal hooks.
One can relate the contents and hook lengths as follows. Let J be a partition

in N* (it can have initial zeros). Let v := [j1+0, j1+1, ..., jo+n—1]. Taking row r

of the diagram of J, one sees that the set of hook lengths in this row is such that

{ho}=1{1,2, ..., 0} \{(vr —v) i<},
and therefore, in total, one has the following equality between multisets :
(1.2.3) {ho: O € Diagr(J)} = Ui<r<n{l, ..., vp ) \U{(vr—vi) : 1 <i<r <n}.

1.3. Generating Functions of Symmetric Functions

Taking an extra indeterminate z, one has three fundamental series

(131) A = J[0+za0), 0.8) =] 5 _1m L) =SS ai
a€A a€A i=1 a€A

the expansion of which gives the elementary symmetric functions A*(A), the com-
plete functions S*(A), and the power sums ¥;(A) :

oo

(132) A(A) =) 2 AYA), 0.(A) =D 2" SH(A), T.(A) =) 2" T;(A)/i .

i=1
Since log(1/(1 — a)) = Y5 a'/i, one has

(1.3.3) 0.(A) =exp (P,(4) , ¥, (A) =log(o.(4)) .
Addition of alphabets implies product of generating series

(1.3.4) AMAA+B) =2AQ)NB) , 0.(A+DB)=0,(4)0,(B) .
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However, since one can invert formal series beginning by 1, or take any power
of them, one can extend (1.3.1) by setting :

(1.3.5) ou(h—B) = besl =20 . (A)° , ceC.

HaEA(l - Za)
When B = 0, or A = 0, one recovers the two series o, (A) and o, (—B) = A_,(B).
Notice that the addition of alphabets satisfies the usual properties of addition :
0,(—A) is the inverse of 0,(A) because A — A = 0 and 0,(0) = 1. Similarly, the
identity (A+C) — (B + C) = A — B translates, at the level of generating series, the

fact that
[1,0 - =) LA - 2¢) _ I,(1 - 2b)
LO-z)[L0-20 [L0-20°
and nobody will deny that one can simplify a factor common to the numerator and
denominator of a rational function !

Formal series in z beginning by 2° should be treated as generating series of
complete or elementary symmetric functions of some formal alphabet, or of a dif-
ference of two alphabets (one alphabet is sufficient, but one has more flexibility with
two alphabets), that one can manipulate without having access to the letters which
compose them. This is indeed what one does with a polynomial, even when one is
not able to factor it. One writes a monic polynomial P(z) as P(x) = [[,ca(2 —a),
A being the alphabet of zeros of P(z). Now, [[,ca(@ —a)?, [1,ca(@ — a?), to show
a few examples, are perfectly defined polynomials whose coefficients can be written
in terms of the coefficients of P, though they have been defined in terms of the
roots of P (but we respected the symmetry between the roots of P!).

Having written A + B for the disjoint union of alphabets forces us to consider
a finite alphabet as the sum of its sub-alphabets of cardinality 1, i.e to identify A
and ) ., a, and write

S¥ay+as+---+ap—by—---—bpy)
instead of S*(A—B), when we shall need the letters composing the finite alphabets
A and B.

Given a finite alphabet A, let Gym(A) be the ring of symmetric polynomials in
A over the rational numbers. As a vector space, it has (multiplicative) bases

AI(A) — Ail(A)Ai2(A)___
(1.3.6) SI(A) = Su(A)S=2(A)---
TI(A) = Tia(A)T2(A).-.
where k runs over all integers in N, and I runs over all partitions I = [iy, ..., i)

such that iy < card(A).
The fact that AT is a linear basis is called “Newton’s fundamental theorem”.
It is usually formulated as follows :

THEOREM 1.3.1. (Newton). Let A be an alphabet of cardinality n. Then
Sym(A) is a polynomial ring with generators AL(A),..., A™(A).

Because of relations (1.3.1), it is easy to deduce from Newton’s theorem the two
other statements in (1.3.6), in other words, that S*(A), ..., S*(A) and T1(A),..., T*(A)
are also algebraic bases of Gym(A). In other words, the ring Sym(A), with coeffi-
cients in Q, is isomorphic to each of the three polynomial rings

QA (A),..., A"(A)], QS'(4),..., S™(A)], QT (A),..., T"(A)] .
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In the case of the elementary symmetric functions, or complete functions, one
does not need the condition that Sym(A) contains the rationals. Newton’s theorem
is valid for symmetric polynomials with coeflicients in Z, and consequently, for any
ring of coeflicients.

When working with rational symmetric functions, one can use other genera-
tors. For example, Cauchy showed that any symmetric polynomial is a rational
function in the odd power sums W!(A), ¥3(A), ..., ¥?"~1(A). This property has
been rediscovered and extended many times, and we shall comment it in exercises
1.22,1.25, 1.26.

The sum of all elements in the orbits of a monomial a’ under the action of the
symmetric group &(A) is of course a symmetric function, called monomial function'
and we shall denote it ¥ ;(A), (J partition), rather than mj . They must not be
mistaken with the product of power sums denoted ¥“(A) with exponents and not
indices.

It has been since long realized that one should use alphabets of infinite cardi-
nality, and thus consider a universal ring Ghm from which one gets by specialization
the rings Sym(A), for specific alphabets A of finite cardinality (more generally, we
shall use specializations such that letters are no more algebraically independent).

1.4. Matrix Generating Functions

Let z stand now for the infinite matrix with diagonal j —4 = 1 filled with 1’s,
all other entries being 0’s.

Since z*, k € N, is the matrix with 1’s in the k-th diagonal above the main
diagonal, and 0 outside of it, we see that now o,(A) is a Toeplitz matrix (i.e. a
matrix with constant values in each diagonal) that we shall denote by S(4); similarly
Az(A) is a matrix denoted L(A) :

(14.1) s = [s@)], & L) = [VTW]
S°(A)  SYA)  S*A) SP(A) -
S*I(A) SO(A) Sl(A) 52(A)
S(A) = |s—2(a) S~1(A) S°(A) S(A) ]
AO(A)  ALA)  A2(A) A3(A)
ATL(A)  A%A)  AN(A) A2(A)
L(A) = [A-2(A) A-1(A) A°(A) Al(A)

These matrices are upper triangular, but it is wiser to write entries S—* rather than
their value 0.

LFor the classics, monomial functions were the symmetric functions. Alphabets being defined
as sets of roots of polynomials, the problem was to express the symmetric functions in terms of the
Af (A), which were the data. Vandermonde solved this problem, without explaining his method,
and published tables in the Mémoires de I’Académie for degree up to 10 — with no mistake, as
controlled by D.Knuth.
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Addition or subtraction of alphabets still correspond to product of matrices,
that z be an indeterminate or a matrix makes no difference :

(1.4.2) S(A+B) =SA)SB®F & LA +B) =LA)LB)* .

The advantage of matrices, compared to formal series, is that they offer us
their minors, that we shall index by (increasing) partitions, or more generally,
by vectors with components in Z. More precisely, given I = (i1,...,i,) € Z",
J = (j1,---,Jn) € Z™ one defines the skew Schur function Sy 1(A) to be the minor
of S(A) taken on rows i1 + 1,45 +2,...,4i, +n and columns j; + 1,...,5, +n (we
define the minor to be 0 if one of these numbers is < 0). When I = 0" , the minor
is called a Schur function and one writes S;(A) instead of S/~ (A).

In other words,

(143) SJ/I(A) = |Sjk_ih+k_h

The expression of a Schur function as a determinant of complete functions
is called the Jacobi-Trudi determinant (we shall see that there is also another
expression in terms of elementary symmetric functions).

One can visualize the Schur function S;/; as being obtained from the initial
minor of the same order, by shifting the columns by J, and the rows by I :

(4) ‘1§h,k§n :

0 1 2| -4 04+ j1—41 1+ja—i1 2+73—11
-1 0 1 |—is - 1451 —42 O0+7j2—io 1+ 93 — 42
-2 -1 0| —ig —2+j1—43 —1+j2—iz 0+j3—i3
v J2 Js |
It is convenient to also use determinants in elementary symmetric functions :
(1.4.4) Agyr(A) = | A—inth=h(p) |1Sh,k§n )

Of course, one must not forget that Ai(A) = (—=1)!S¥(—A), i € Z, and thus the
Aj/1(A) are also skew Schur functions in —A (we shall see that they also are Schur
functions in A, but indexed by “column lengths”).

To write easily a Schur function S;(A), one first fill the diagonal, then complete
the columns, increasing or decreasing indices by 1 when moving up or down :

S1(A) S1(A)  S3(A)  Se(A)
J=11,2,4] = Sa(A) = | So(A)  S2(A) S5(A)| = Si24(A)
S4(A) S_1(A)  Si1(A)  Sai(A)

We shall also need rectangular sub-matrices of S(4) that we shall continue to
index the same way: S /7(A) is the sub-matrix of S(A) taken on rows i1 +1,i2+2,.. .,
and columns j; +1,j2 + 2,.. ..

Binet-Cauchy theorem for minors of the product of two matrices implies, in the
case of S(A + B), the following expansion of skew-Schur functions :

(1.4.5) Syr(A+B) = ZK Sy (A) Sk/1(B) ,

sum over all partitions ( only those K : I C K C J give a non-zero contribution).
Jacobi’s theorem on minors of the inverse of a matrix gives, thanks to Lemma

1.2.5

(146) AJ/I(A) :SJ~/I~(A) = (—1)|J/I|SJ/I(—A)

One needs to enlarge the definition of a Schur function, to be able to play with
different alphabets at the same time.
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Given n, given two sets of alphabets {A;,As,..., A}, {B1,Bs,...,B,}, and
I,J € N*, we define the multi-Schur function

(147) SJ/I(Al —Bl,...,An —Bn) = |Sjk—ih+k—h(Ak —Bk) |1§h,k§n .

In the case where the alphabets are repeated, we indicate by a semicolon the
corresponding block separation : given H € Z?, K € Z1, then Su.x(A —B;C — D)
stands for the multi-Schur function with index the concatenation of H and K, and
alphabets Ay = --- = A, = A B =--- =B, =B, A;; =--- = A, =C,
Byp1 == =Bpyq =D

To write a multi-Schur function easily, one first fill the diagonal, then complete
columns by keeping the same alphabet in each column :

S1(A) Si(A)  S3(A)  Se(B)
S12;4(A; B) = Sa(A) = | So(A) S2(A) S5(B)
Sa(B) S_1(A)  Si(A)  Su(B)
These functions are now sufficiently general to allow easy inductions, thanks to
the following transformation lemma.

LEMMA 1.4.1. Let S;(A — By,..., A, — B,) be a multi-Schur function, and
Do, Dy,...,Dh_1 be a family of finite alphabets such that card(D;) <i,0<i<n—1.
Then Sy(Ar — By,..., A, —B,) is equal to the determinant

| Si—inth—n (A — By — Dy _p) |1§h,k§n

In other words, one does not change the value of a multi-Schur function S; by
replacing in row h the difference A — B by A — B — D,,_j;. Indeed, thanks to the
expansion (1.4.5) :

Sj(A—]B—Dh) - SJ(A—IB) +Sl (—]D)h) Sj_l(A—IB)-F e +Sh(—]D)h) Sj_h(A—IB) 5

the sum terminating because the Si(—Dp) are null for k& > h, we see that the

determinant has been transformed by multiplication by a triangular matrix with

1’s in the diagonal, and therefore has kept its value. O
For example, taking Dy = 0, Dy = {z}, D2 = {y, 2}, one has

Si(Ar —y—2) Sjp1(Ay —y—2) Sphia(A3 —y—2)

Si—l(Al — ZU) Sj (Az — SU) Sh+1(A3 - ib') =
Si—2(A1) Sj-1(A2) Sn(As3)

1 —y—2z yz Si(Ar)  Sjr1(A2) Shya(Asz)

== 0 1 —I| - Si_l(Al) S](AQ) Sh+1(A3)

0 0 1 Si—a(A1) Sj—1(A2)  Sk(As)

and the determinant of the left matrix is equal to S;jn (A1, A, Ag).

To understand better the structure of such determinants, it is appropriate to
use “umbral” notations and write alphabets on the border of the determinant: an
entry k in position (i,j) will be interpreted as Si(A £ B) if A is written at the
bottom of column j and B on the right of row i.

koo 4B Sk(A.iIB)
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For example, during a computation, one would rather write the preceding de-
terminant as :

i j+1 h+2|—-y—2z2

i-1  j h+l| -z
i—2 j=1 0
A Ay As |

Taking —A;, —Ay, —A3 instead of Ay, Ay, Az, and getting rid of signs because
of “isobarity”, one gets by the same token

Ai(Ai +y+2) Ajpi(Ao +y+2) Appa(A3 +y+2)
Aijin(Ar; Ao Ag) = | A1 (A + ) Aj(A2 + 2) Apt1(As + 7)
Ai—2(Ar) Aj_1(A) An(As)

In the preceding lemma, we needed only consecutive elements of a column to
be complete functions of the same difference of alphabets, of consecutive degrees.
A similar transformation can be performed in rows, when alphabets are repeated
in some consecutive columns, for partitions having repeated parts.

LEMMA 1.4.2. Let j,n be two integers, Dg,...,D, 1 be a family of alphabets
such that card(D;) < i, 0 < i < n—1, and let A, B be two arbitrary alphabets.
Let So, jn;o(d; A-B; &) be a multi-Schur function of which we have specified only
n columns.

Then it is equal to the multi-Schur function

So;j,...,j; o(*; A—IB—]D)(), A—B—Dl PRI A—B—Dn_l; ‘) .
For example,
So;444(A; B) = So;4;4;,4(A; B; B-Dy; B-Dy).

The above lemma implies many factorization properties, e.g. for r > 0,

(148) SJ(A*IB*.Z‘) " = SJ’T(A*IB, .Z') ;

since taking Dy = Dy = --- = {z} factorizes the determinant Sy, (A-B,z).
More generally, for an alphabet D of cardinal < r and J € N, one has

(1.4.9) Si(A-B-D) S, (D) = S;,,(A-B, D) .

Monomials themselves can be written as multi-Schur functions. Given a totally
ordered alphabet A = {a;,as,...}, denote, for any n, A, := {ai1,...,a,}. Then,
for any J = [j1,. .-, jn], denoting J¥ := [jn,...,j1], one has

(1.4.10) a’ :=al"---alr = Sye(An,..., Ay, Ar)

Indeed, subtract the flag 0, A;, Ao, ... in the successive rows, starting from the
bottom one. One sees the monomial appearing in the diagonal, the upper part of
the matrix vanishing because it is constituted of Sk (—(4;—A;)) for
k> (j-i)>0.

a532 = a?agag = 52;3;5(0/14‘(124‘(13; a1+as; al) =
2 4 7| -=A
1 3 6 _Ai Sa (a3) S (0) S7(—(l2)

= =| Si(az+as) S (a2) Se(0)

0 2 b) 0
Ag AQ Al| So(a1+a2+a3) Sz(a1+a2) S5(a1)
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One could have put any order on the letters in A, and in general, a monomial on
an alphabet of n letters can be written in n! different manners as a multi-Schur
functions. However, because it is appropriate to restrict to the flag of alphabets
A C Ay C Ag C---, we have preferred the convention which gives as the index of
the multi-Schur function the reverse of the exponent of the monomial.

Given two finite alphabets, the following factorization and vanishing properties
implicitly appear in many classical 19-th century texts about elimination theory
(modern reference is Berele-Regev, [14]).

ProrosiTioN 1.4.3. Let A, B, be of cardinalities o, 3, pe N, I e N°, J € N*.
Then
Sily---,ipyﬂ“l‘jlv--,ﬂ""ja (A - IB) = SI(_IB) SJ (A) H (a - b) *
a€ADEB
Let J be a partition, J D (8 + 1)L, Then S;(A —B) = 0.

Proof. Subtract A in the first p rows. One gets the factorization

S1(=B) Spjr,...045a (A —B) .
Now, using the partition K conjugate to [8 + j1,...,8 + ja], : one gets the fac-
torization of Sk (B — A) into a Schur function of A and S,s(B — A). This last
function can be seen equal to the resultant [],c, ycp (b — a) by subtracting the flag
0,B,Bs,....

The case where J D (84 1)**! can be treated by adding the same letters to A
and B, so that one is reduced to the preceding case. But now the factor [[(a — b)
vanishes because A and B have a letter in common. |

Pictorially, the relation is

- B

I

e

Given a finite alphabet A (that one will totally order: A = {ai,...,an}),
Cauchy and Jacobi separately defined the Schur function Sy(A) using the (infinite)
Vandermonde matriz

— 0 »

“~— 3 —

a al a? -
V(4) = [dl] =
1<i<n;§>0 Lo
SETED L el a
and the Vandermonde (determinant)
0 1, -1
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PROPOSITION 1.4.4. Let J € N*. Then S;(A) A(A) is equal to the minor of
index (0™, J) of the Vandermonde matriz V(A).

Proof. Let S;(A) denotes the sub-matrix of S(A) taken on columns j;+1,
jo2+2,...,jn+n. Consider the product V(A)S(—A)S;(A). It can be factorized in
two manners, using (1.4.2):

V(A)S(=A4)Ss(A) =[5j(ai = A1 <icpijzo Ss(A) = V(4)S,(0) .

However, the S;(a;—A) are null for j > n, because they are the elementary functions

(up to sign) of alphabets of cardinality » — 1. On the other hand, S;(0) = 0, if

j # 0. In both cases, we have obtained matrices such that only one minor of order

n is different from 0. O
For example, for n = 3, J = [1, 3, 4], truncating the matrices, one has

So(—A) S1(—A) Sa(—A) S3(—A) Si(—A) S5(—A) Se(—A) S1(A) S4(A) Se(A)

0 So(—A) S1(—4) S2(—A) Sz(—A) Sa(—A) S5(—4A) So(A) Ss(A) S5(4)

Laiaf - af 0 0  So(—A) Si(—A) Sa(—A) S3(—A) Sa(—A) 0 S2(A) Sa(A)
1 ag a3 - a$ 0 0 0 So(—A) Si(—A) S2(—A) S3(—4) 0 Si(A) S3(4)
1as a3 - af 0 0 0 0 So(—A) Si(—A) S2(—A) 0 So(A) Sa2(A)
0 0 0 0 0 So(—4) S1(—A) 0 0 Si(4)

0 0 0 0 0 0 So(—A) 0 0 So(A)

S1(4) Sa(A) Se(A)
So(A) S3(A) S5(4)

So(a1—A) Si(a1—A) S2(a1—4A) 0000 0 Sa2(A) Sa(h)

= |:So(a2—A) Si1(az—A) Sa(a2—A) 000 0:| 0 S1(4) S3(4)
So(aa—A) Sl (al—A) Sz(al —A) 0000 0 So(A) SQ(A)

0 0  Si1(4)

0 0 So(A)

S1(0) S4(0) Se(0)
S0(0) S3(0) S5(0)

1 a1 a2 a3 a? af o 0 S2(0) S4(0)

= |1 a2 a3 a3 a2 a5 af 0 51(0) S3(0)
1as a§ ag a% ag ag 0 So(0) S2(0)

0 0 51(0)

0 0 So(0)

Still writing A; = a; + - - - + a4, one has an expression for Schur functions which
“interpolates” between Jacobi-Trudi determinant and a minor of the Vandermonde
matrix.

LEMMA 1.4.5. Let A be of cardinality n, and K = [k1, ..., k] € N*. Then
(1.4.11) SK(A) = det|skj+j—i(Ai)|1Si’an .

Proof. Subtract 0, ay, an+an—1, ---, ap+---+az in the successive rows of Sk (A).
O
We shall later interpret such a determinant as a discrete Wronskian. Notice
that the top row is made of powers of a;, and the bottom row is the same as in
Jacobi-Trudi determinant.
Given an alphabet A of finite cardinality n, one will need the alphabet of
inverses AV = {a~!: a € A}. Noticing that

AYAY) = A"THA)/AT(A) , 1<i<n,

and using the expression of a Schur function as a determinant of A?, one has, for
any r and any partition I C O =r":

(1.4.12) Sr(AY) = Sp/(A)/Sa(4A) .
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1.5. Cauchy Formula

The most important formula in the theory of symmetric functions is the fol-
lowing expansion, due to Cauchy, relative to symmetric functions of a product of
alphabets?.

Let A;B be two alphabets. Then :

1.5.1 K(A,B) := 0, (AB) = 1—ab)™ ! = S7(A)S;(B) ,
(L5.1) ()()gg()zJ()()
sum over all partitions J (the terms for which £(J) > min(card(A), card(B))
vanish).

One will find later a proof of Cauchy’s formula, using symmetrizing operators,
starting from the straightforward identity

1 1 1
- Z a b
1—a1b1 1 —ajasbibs 1 — ajasasbibabs A

sum over all weakly decreasing exponents A.

For the moment, let us sketch a proof that one can find in the literature,
supposing that the two alphabets have cardinality n.

Consider the Cauchy matrix [1/(1 — ab)]aeA’beB. Each entry 1/(1 — ab) can

be considered as the scalar product of the two infinite vectors [1,a,a?,...] and
[1,b,b%,.. ], and therefore the Cauchy matrix is equal to the product V(A) V (B)*"
of two Vandermonde matrices.

Since minors of each matrix are Schur functions multiplied by a Vandermonde,
Binet-Cauchy expansion gives :

|1/(1 = ab)] e ppen = DAAB) D Ss(A)Ss(B) -

Now, the determinant itself is equal to the sum (£(o) denoting the length of a
permutation ¢ in the symmetric group G(4)) :

(1) 1 -
aeg(A) ((1 —aiby) -+ (1= anbn))

Extracting the full denominator [[,cs ep 1/(1 — ab), one has to compute the
sum

[
3 (-1 (s"—1(1 +bras — biA)--- SN+ bpay, — bnA))
g€G(A)

This sum is divisible by A(A) A(B), because it vanishes when two of the a’s,
or two of the b’s coincide. The degree in each a or b is at most n — 1, and therefore
the quotient is of degree zero in each variable. One has to check that it is equal to
1. O

The last step in the above demonstration misses the crucial fact that what is
really involved is Jacobi symmetrizer

Clar,..,an] 3 f = | D (=D)"f7 ﬁ
oceG(A)

2Given A, B, then AB is the alphabet with letters ab, a € A, b € B.
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sum over all permutations o of the letters of A. Jacobi’s symmetrizer provides a
connection with the theory of characters (and extends to Weyl’s character formula
for the classical groups). We postpone this point of view to another chapter, where
we shall express Jacobi’s symmetrizer as a product of divided differences.

There are other forms of Cauchy’s formula, for two alphabets of finite cardi-
nalities :

(152) J[ G-ab)=oi(-AB) = 3 (-1)7Si(4)5:~(B)

a€A, beB

I
(153) RAB) := J[ (@a=b) = > Si(4)Sg/(-B)
I

a€A, beB

= > (=18 (A) S/~ (B) ,
I
where O = 8%, a = card(A), § = card(B).

Formula (1.5.2) is equivalent to (1.5.1), changing B into —B, and using (1.4.6).
Changing A into AV = {a~!}, one gets (1.5.3), thanks to the relations (1.4.12)
between the Schur functions of A and those of AY.

Thus, the equivalence of the three forms of Cauchy formulas is purely formal,
once one proves them for any cardinality. However, we already have stated a prop-
erty implying (1.5.3) in theorem 1.4.3 and using only the transformation lemma
1.4.1. Let us repeat the proof in detail.

The right hand side of (1.5.3) is the expansion of Sg(A — B), according to
(1.4.3). One subtracts the alphabet A—a; in the first row of Sg(A — B), and a;
in all the columns, except the first one. Now, the first row of the determinant has
become

Sg(al - B), Sg+1(—IB), ey Sg+a_1(—]B) .
Since Sg4+1(—B),... are null, the new determinant factorizes into

S[/j(dl — IB) Sﬁa—l ((A*al) — IB) s
and this gives (1.5.3) by induction on a.

1.6. Scalar Product

There are other decompositions of K(A,B) as a sum of products of symmetric
functions in A and in B. However, there is only one of the type Y P(A)P(B) over
Z: up to signs, the P’s are all the Schur functions indexed by partitions in N. Thus
K(A, B), that we shall call Cauchy kernel, determines the Schur functions, because
it is the only Z-basis in which K(A, B) is diagonal.

One can interpret differently the kernel, as defining a scalar product on the
space of symmetric functions, the Schur functions constituting the only orthogonal
basis. Now, any expansion of the type

(1.6.1) K(A,B) =) P;(A) Qs (B)

define a pair of adjoint bases {P;}, {Qs}, with respect to the canonical scalar
product (, ) induced by K(A,B), i.e. the scalar product such that (S, S;) =1, for
all partition J. In other words (1.6.1) is equivalent to

(1.6.2) (Py(A), Q,(4) =1 & (Pi(A), Qs(A) =0for I #J.
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There are some difficulties for what concerns scalar products when taking finite
alphabets, and in the rest of the section, we shall consider only infinite alphabets.
The expansion

(1.6.3) K(AB) = H( - 1ab> - H(Z bisi(A)) =Y u®S’
b a b T

shows that the basis adjoint to S?, I partition, is the monomial basis ¥.
From the identity (1.3.2), one gets

o0
o1(A) = exp Z Ti(A)/)i) = Hexp(\Ili(A)/z)
i=1
(1.6.4) Z ‘I!I A)/zr
sum over all partitions I = [1™t,2™2 3™s . ] defining
(1.6.5) zr =mp! 1™ my! 22 mgl3ms ...
Since Ui(AB) = ¥i(A) ¥i(B), it implies the expansion
(1.6.6) K(A,B) = 0:(AB Zqﬂ B)/zr ,

which shows that the basis of products of power sums is orthogonal, with scalar
product (¥, ¥y) = z;.

The name kernel is justified by the following property, which is just another
way of stating that K(A, B) defines a scalar product:

LEMMA 1.6.1. Let f be a symmetric function and (,) be the canonical scalar
product on symmetric functions in A. Then

(K(A,B), f(A) = f(B)
Proof. The identity is linear in f € Sym(A). We check it on the basis of Schur

functions :
(3, S1(8)5:(B), S5(4)) = Ss(B) .
O

One can use simultaneoulsy several alphabets A, B, C, ..., as well as the scalar
products corresponding to them. We shall specify in which symmetric ring we are
evaluating the scalar product by indexing it by the alphabet : (, )a.

Let us give a first example. Let f,g,h € Ghm. Then one has

(167 (o((ArBIC), F(A)g(B)H(T)) , = o1 (BT) £(C) 9(B) h(C) -
Proof. One factors out o1 (BC) and g(B)h(C), which are scalars in Gym(A). One
is left with (o1 (AC), f(A))a = f(C). 0O

1.7. Differential Calculus

Having a scalar product, one can now obtain operators adjoint to some simple
ones. We did not use the multiplicative structure of Gym up to now, but only the
vector space structure of Gym. Now we shall use that any symmetric function f
may be thought of as the operator

“ multiplication by f 7
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DEFINITION 1.7.1. For f € Gym, D¢ is the operator adjoint to the multiplica-
tion by f, i.e. for every S’,S"” € Gym one has

(Ds(8"), 8") = (8", £ 5").

The following lemma shows that Schur functions play a special role; the best
proof of the following lemma is interpreting &Gym as a ring of shifting operators on
isobaric determinants (as explained in the next section).

LeEMMA 1.7.2. For every I,J € N*, one has

(1.7.1) Ds,(S5) = Sur,
(1.7.2) Dgr(¥,) = { 0 otherwise

Proof. Instead of a single S/, let us introduce two other alphabets B, C and take
the generating function

o1((A+B)C) = Z.},H Sy/u(A) Su(B) S;(C) .

The scalar product (in Gym(B)) of this function with S;(B) is equal to ) ; S;/r(A) S;(C),
which is, according to (1.6.7), equal to o1 (AC) Sy (C). Therefore
Syr(A) = (01(AC)S[(C), S5(C))
= (Ul(A(C) 5 DSISJ(C))C

and, because o1 (AC) is a reproducing kernel, one gets the wanted identity S;,;(A) =
Dg,S;(A).

As for the second identity, it is just another way of stating that monomial
functions ¥; and product of complete functions S” constitute two adjoint bases.

Indeed,
(DSI(II’J)7 SK) = (‘IJJ7 SIUK)

allows to conclude. O

The operators Dy, are differential operators. Indeed, for every integer ¢ > 0,
one has
(1.7.3) Dy, = i0y,
as can be checked by operating on the basis ¥”: the scalar product is compatible
with the tensor decomposition

Sym ~ C[¥;] @ C[¥2] @ C[¥3] ® - -,
and the equality
(T (T)*, (T)™) = Skym—1 " m! = S, m—1 2im

proves the assertion.

In the usual differential calculus on polynomials, one can define derivatives
without having recourse to vanishing epsilon’s, but just as the successive coefficients
in Taylors’s formula, in other words, just using f(y) = f(y + ).

The same property is true in the ring Gym.

PROPOSITION 1.7.3. For any pair of adjoint bases {Pr}, {Qr}, and any element
f € Gym, one has the decomposition

(1.7.4) f(A+B) = Dp,(f(4)) Qr(B) .
I
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Proof. This is a linear statement that it is sufficient to prove for one pair of adjoint
bases, for example for the Schur basis, and for a f a generic Schur function.
But in that case, the identity to be proven is the expansion of S;(A + B) given

in (1.4.5). |
We shall use very often the identity
(1.7.5) Vfe&om, f(B+A) =) Ds (f(B)) Si(4)

when A is a single letter a or when it is replaced by —a. In that case the identity
becomes

(1.7.6) fB+a) = Zzpsi (f(B)) a*
(1.7.7) fB—a) = Z Dyi(£(B)) (—a)' .
Another corollary of (1.7.4) is :
(1.78)  VfeGym, f(A+B) = > ¥;(A) Dy (f(B) ,
I
1
(1.7.9) = Z}:Wqﬂ(m Dyr (f(B)) .

The operators Dg, are usually called Hammond operators. They satisfy a kind
of Leibnitz® formula, :

LEMMA 1.7.4. For every f,g € &ym, and every partition J, one has
(1710) DSJ(fg) = ZIDSJ/I(f) ‘DSI(g) .
Proof. Dg,(fg)(A) is the coefficient of S;(B) in

F(ATB) g(A+B) =) (Su(B)Sk (B), Ss(B))s Dy (s f(A) Ds, (9)(A) -
The lemma follows from the fact that ), (Sy Sk, Ss) Sy = Sy/Kk- ]

1.8. Operators on Isobaric Determinants

We have not yet used an evident property of the different determinants that
we have written up to now, that all terms in their expansion have the same total
degree. We shall say that such a determinant is isobaric (in fact, more generally,
we are only dealing with homogeneous polynomials).

But now, given an isobaric determinant, how to operate on it obtaining only
isobaric determinants ? A simpler question even :

how to increase degrees by 1 ?
It is appropriate to consider more general “weights” than degree, and we shall begin
by vectors before considering determinants.

Let V be a vector space of functions of a variable z € C, with values in a
commutative ring. Given two integers 1 < k < n, define T} (resp. T} ) to be the
operator on V®" sending fi(71) ® -+ ® fu(z,) onto

Z filz1 L)@@ fu(zn L €y,) -

€€{0,1}", e14-Fen=k

3Leibnitz, in his communications to the Académie des Sciences, was spelling his name with
a ‘t’ which is ignored by most anglo-saxons authors.
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For example,

Ty (fi(21) © fo(2) ® f3(23)) = fi(z1 +1) ® fa(za +1) ® fa(23)
+ fi(@1+1) ® f2(22) ® fs(zs + 1) + fi(21) ® fo(z2 + 1) ® fy(zs +1) .
The following theorem is not difficult to check. It amounts to the fact that the
Ti’s,1=1,...,n commute between themselves, and are algebraically independent

(they have been my first encounter with the theory of symmetric functions, through
manipulations of isobaric determinants ([93]).

THEOREM 1.8.1. Let n be a positive integer. Then Ty = 1,15, ..., Tt (resp.
Ty =117 ,..., Tn’) generate a commutative algebra isomorphic to Gym(n), the
algebra of symmetric polynomials in n variables, the image of T,;t being Ay.

Any symmetric polynomial S gives rise to two operators T;' and Tg . Decom-
posing S into the basis A7: S =3, . cs A7, one has

+ _ + + - _
(1.8.1) Té=)  aTh-T & Tg=3 T, T,

The operators T,j , T, can be made to act on yen? , considered as a space
of matrices [f;; (xij)]l <ij<n’ but now there are two natural ways to define their
action, either by columns :

+
Ti(fule)) = Y [fuleyte)],
e€{0,1}", |e|=Fk
or by rows:
+
T ([fij(i)]) = Z [fij(zij £ )]
ec{0,1}", |e|=k

Symmetry between rows and columns of a matrix entails the following lemma,

when evaluating the determinants appearing in T or "T :

LEMMA 1.8.2. Given any matriz [ fij(zi;)]
has

(1.8.2) Z |fiJ (.Cl:ij + 6j)| = Z |f” (IB,’]’ + Gz)| .

e€{0,1}, |e|=k e€{0,1}7, |e|=k

L<isj<n’ fixing a sign L, then one
—=%J =

Indeed, any term in the expansion of the determinant of the original matrix
will be transformed according to Tki and will be found in the expansion of one of
the determinants of each side of equation (1.8.2).

By abuse of language, we shall write T:5 (| fij (z:;)]) and "T (| fij (xi5)|) for
the above two sums of determinants.

For example, writing only the shifts in the z;;’s, the equality °T;" = "T;" reads,
for a determinant of order 3 :

‘ﬁ|+|i}‘+‘ﬁ‘ ‘+1+1+1‘+|+1+1+1‘+‘ ‘

+1.. R S 14141
Notice that the determinants appearing on the right and on the left are different,
though their sums are equal.

We could have written the sum of all Ty, £k = 0,..., n, in one stroke :
(183) (T() + ZT1 + -+ ZnTn) ( f,J(SL'”)D = fz'j (IL‘,J) + Zf,'j (5[31’]‘4-1) ,

and this renders symmetry between rows and columns even more evident.
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Let A be of cardinality n. Then the two algebras generated by the T,;t can
be made act on Sym(A), by making them operate on the Jacobi-Trudi determi-
nants of complete functions expressing Schur functions, and extending the action
by linearity.

THEOREM 1.8.3. Let A be of cardinality n and S belong to Gym(n). Then T
is the operator “multiplication by S(A)” and Tg acts by f(A) = Ds(f)(A).

Proof. We have to test the action of the Tki = TAi,C on the linear basis of Schur
functions S;(A), but we shall rather take the Vandermonde matrices V;. Shift-
ing the exponents uniformly by r in row ¢ of V; has the effect of multiplying its
determinant by al, and more generally, multiplying V; by a monomial a® can be

realized by increasing exponents by ki, ..., k, in successive rows. Therefore
(1.84) AFA)VI () =T (Vi (4)) -
Notice that
(1.8.5)
“TH(Vi(A)) = DT Viged) = AA) D Sspe(A) =AM T, (Ss(4))
e€{0,1}", |e|=k €

gives a description of the product of a Schur function by an elementary symmetric
function that is called Pieri formula, and that we shall comment with more details
in the next section.

Some care is needed to identify T} by using its action on V;(A) rather than
S7(A). The operator is not “multiplication by A¥(AY)”, because the operation of
decreasing degrees by 1 sends af onto 0, and not onto 1/a;, if we want this action
to be coherent with the convention S; = 0 for j < 0. However, if J D 1", then

AR(AY) S5(A) = A" (A) Sy (A) = Ty (Sa(8) -

To identify T}, we use "T}~ operating on Schur functions. The image of S;(A)
is a sum of (}) determinants, each of which is null except for the last one

SJ/On—kllc (A) = DAIcSJ(A) .
The operator T}, allows us to recover the dual Pieri formula :
Srjon-r1n(A) = T (Sy(A) =TT (Ss(A) = > S (4),
e€{0,1}", |e|=Fk

because one can restrict the preceding sum to terms such that J — € is a partition,
the other terms are 0 (having two identical columns). a

For example, the action of 7;, on Schur functions of order 3 reads :

D -1 -1 . —-1.-1 -1 -1
—1-1-1|=|-1-1.|4|-1.-1|4+|.-1-1
-1-1-1 -1 -1 . -1 .-1 -1 -1

The operators TJK have been in particular considered by Muir, who obtained
the following corollary, that one can check directly on minors of the Vandermonde
matrix (and that we also give for Ty at the same time) :
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COROLLARY 1.8.4. Let K, J be two partitions in N* and A be of cardinality n.
Then

(1.8.6) Tx(A)Ss(A) = S SiuA),
H=perm(K)

(1.8.7) Dy, (S;(4)) = > Sru®d),
H=perm(K)

sum over all different permutations H of K.

For example, for A = {a, b, c}, the product of A(A)S125(A) by T2 (4) is :

a®la' o d a®la' a® a al a® a
B2 | bt b b7 |+ BB b7 |+ 2B B DT
¢ A 7 Al & Al A 7

JETE I NN ( PETE I B SRR W6 R

b1+2 b3+2 b7 + b1+2 b3 b7+2 + bl b3+2 b7+2

A2 B2 T A2 3 2 B2 2

As in the case of elementary functions seen above, if there exists £ such that
K CcUO:=/¢"CJ, then

Ty, (Vs(A) =Ty, (Vi o(d) = EE,TI&;M

and in that case Ty is also realized by a multiplication.

The special case of Muir’s rule for K = [k,0" 1] is called Murnaghan-Nakayama
rule. The action of Dy, on a Schur function S; consists in subtracting in all
possible manners k to a part of J. To get Schur functions indexed by partitions,
one must reorder the columns of the determinant Sy o...0x0...0]- This correspond
to subtracting in all possible manners a connected ribbon of length % to the diagram
of J, taking as a sign (—1)"~!, h being the height of the ribbon (counting 1 for an
horizontal ribbon). This rule is iterated to compute values of irreducible characters
of symmetric groups.

Conversely, multiplication by ¥ (A) is realized by adding connected ribbons of
length k to the diagram of .J.

Vi(A) = Ux(AY)V;(A) ,

COROLLARY 1.8.5. (Murnaghan-Nakayama). Let k be an integer, J be a par-
tition. Then

(1.8.8) T*(A) Sy (A)

ZH(—I)HSH(A)
(1.8.9) Dyr(Ss(4)) = ZH(—1)h—15H(A)

sum over all partitions H such that H/J (resp. J/H) is a connected ribbon of
length k, h being its height.

For example, the black boxes being added in the first case, and erased in the
second,

= =

Sy = 0 —n
22 0 O

O O

Dy>(S2235) =
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Formula (1.8.6) can be used to express a monomial function into the basis of
Schur functions :

(1.8.10) U =¥k Sy = »_  Sm.
H=perm(K)
For example, writing only the non-zero terms,

Was = Soo022 + Sooo202 + S002020 = S22 — S112 + S1111 -

We have seen that "T:5 (S (A)) is restricted to a single non-zero determinant.
This property is in fact true for any Schur function :

LEMMA 1.8.6. Let A be arbitrary, and K, L be two partitions in N*. Then
(1.8.11) T (SK(A)) - det(Sij,,-HnH_i(A)) ,
(1.8.12) TS (SK(A)) - det(Sij,,-,gi (A)) = Sk/L(A) -

Proof. The terms in the action of TT;L on Sk are in bijection with the terms in
the action of “Td on the Vandermonde matrix Vo- (B), where B is of cardinality n.
Two terms equal, up to a sign, in the second sum, are also equal, up to a sign, in
the first sum. Since the second sum reduces to a single term, the first one also does.
One can pass from the first statement to the second one, by taking complementary
partitions. O

For example, because S13 = ¥15 + 2¥;11, the action of TT; , on a determinant
of order 4 will be, writing the shifts in successive rows as a vector, and eliminating
the null determinants :

[2100] + [1020] + [0210] + 2[1110] .

The terms [1020] and [0210] are each obtained from [1110] by a transposition of
rows, and therefore the sum reduces to the single term [2100].

Notice that if A is of cardinality equal to m, then the action of T;!L is “multi-
plication by Sr,(A)”. If, on the contrary, A is of cardinality bigger than n, one still
has, for K, L € N*

T4, (Sk(®) =°Td, (Sk(8)) = 3 (SkSw, Su) Su(4) ,

HEN™

but Td (Sk(A)) is not equal to Sr.(A) Sk (A).
For example,

T (S25(A)) = [ 2 7] = Sse/01(A) = S35(A) + Sae(A) = S1(A)S25 (A) — S125(A) .

The T}, operators can be applied to other determinants than Jacobi-Trudi de-
terminants, or Vandermondes. For example, let f(z) be the function
f(z) =1/z!if z € N and 0 otherwise

To a vector z = [z1,..., Z,], associate the matrix

D(z) = [f(z; +j —1)] -
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Then
1111
g or oW
T (D(12,4,4,6) = ¥ ¥ § §|=°T(D(12,4,4,6) =
o I I F
2! 3! !

= D([3,4,5,6]) + D([3,4,4,7]) + D([2,5,5,6]) + D([2,4,5,7]) ,

the zero determinants like D([3, 5,4, 6]) having not been written.

In that case, the operator T," does not correspond to a multiplication. In fact
D(z) is the dimension of the irreducible representation of index z of the symmetric
group, and the equality of dimension can be obtained by specialization of the Schur
function

S3557/0011 = S3456 + S3447 + Sas56 + Sa2457 -

We leave it to the reader to use the T" operators to show that, for A of cardinality
n, and two partitions K = [k1,..., k], L =[(1,..., £,], one has

(1.8.13) det(wki+gj+,-+j,2(A)) = Sk (A) Sy, (A) det(\Iliﬂ-(A)) .

1<i,j<n
For example, for n = 3, one has
\I’l 11’2 l];'5 \IIO lIJI \1’2
Uy, Uy Tg|=Sp3(A) S13(A) [T, ¥y Uy
\1’7 ‘I’g \1’11 \1’2 ‘IJs \1’4

1.9. Pieri Formulas

We are mostly using the linear basis of Schur functions. Still, Gym is a ring,
and to recover its multiplicative structure, one needs to describe the product of
two Schur functions. This is given by the so-called Littlewood-Richardson Rule,
which is better stated, and proved, in terms of non-commutative symmetric func-
tions (cf. the chapter about the Plactic Algebra). Since products A? or ST also
constitute linear bases, we shall content ourselves, for the moment, to describe the
product of general Schur functions by a complete or elementary symmetric function
to determine the multiplicative structure. The products S”Sy; and A"S;, r €N, J
partition, were in fact determined by the Italian geometer Pieri in 1873. They have
the remarkable property of being multiplicity free.

In fact, since an elementary symmetric function is a monomial function, we
already know, from (1.8.5) how it acts by multiplication on Schur functions. We
shall however reinterpret this multiplication.

First, let us introduce two notations for family of partitions deduced from a
given one I = [iy,...,i,]. The symbols {I ® k} and {I ® 1¥} respectively denote
all the partitions J of weight |J| = |I| + k such that

(19.1) {I®k} = {J=Tljo,---,jn],0<jo <ir <j1 <--- <in < Jn},

(1.9.2) {I®1*} = {J:J~e{I”®k}},

that is, the families of partitions obtained from I by adding horizontal (resp. ver-
tical) strips of k£ boxes.

The two above sets of partitions satisfy the property of being distributive sub-
lattices of the lattice of partitions of a given weight. To show it, we first must code
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differently the partitions J € {I®k}. Let us write J° := J—1I (as vectors). Instead

of J, we use the cumulative sum J°.
For example, for I =[0,1,3,4], k¥ = 2, we shall have the following lattice (with
three labellings) :

1234 1100 1222
1144 0334 1010 0200 1122 0222
1135 0244 1001 0110 1112 0122
0235 0101 0112
i i . L=
0145 J 0011 J 0012 J
4 4 4
0136 0002 0002

LEMMA 1.9.1. Given a partition I and k € N, then {I ® k} is a distributive
sublattice of the lattice of partitions, with minimal element I+[0 - - - 0k] and mazimal
element I U k.

Proof. The lattice structure is seen on the vectors J° (notice that J° = J — I).
The condition that J belongs to {I ® k} is equivalent to the fact that J° is integral
vector, with |J°| = k, componentwise majorized by [i1 — 0, ia — i1, 43 — 42, ..., ig—
ig_l, OO] O
More properties of the Pieri lattice can be found in the work of Kim [80].

LEMMA 1.9.2. Let k be a positive integer, I be a partition. Then one has the
following decompositions :

k —
(1.9.3) SETEEED DEE R

k —
(1.9.4) A¥S; = ZJE{I@HSJ.

Replacing I by [0%,I], the last sum can be written Y, Sg, sum over all H €
N*** such that hy — i1, ..., Atk — intk are 0 or 1, and |H| = |I| + k, because the
extra terms such that H is not a partition index null determinants. Now (1.8.5)
states that this last sum is equal to the product A* S;.

The involution A — —A exchanges the two Pieri formulas (and graphically,
conjugation exchanges horizontal strips with vertical ones). |

Pieri rules also occur in the non commutative world, as shows the following
proposition.

PROPOSITION 1.9.3. Let R be a ring, not necessarily commutative, containing
a family of elements sy, J = all partitions, satisfying (1.9.3) for all r,J, putting
S” = s.. Then the Z-module generated by the sy is a subring, which is a quotient
of the ring of symmetric polynomials with coefficient in 7.

The proof follows from the fact that the leading term (for the dominance order)
in a product S,Sy is S, sy, with (r,J) := increasing reordering of [r, j1, j2,...]. By
recursion, it allows to obtain all Schur functions, starting from the S,’s; it moreover
proves that they commute and that they can be expressed as determinants in the
S,’s .

In the commutative case, this proposition is due to Giambelli [59], who used
it to characterize the cohomology ring of a Grassmann manifold as a quotient of
Gym.



24 1. SYMMETRIC FUNCTIONS

Schensted algorithm satisfy the non commutative product identity S2S; =
3" Sk, and this imply the non commutative Pieri rules*. Thus, starting from the
geometrical problem of intersecting Schubert cycles, one is led to the non commu-
tative world as the simplest way to describe intersections in the cohomology ring
of a Grassmann manifold.

Exercises

Ex. 1.1. Let A be arbitrary, k be a positive integer. Expand the product
Sk(1 — zA) 0, (A) in the basis of Schur functions.

Ex. 1.2. Let I e N, J € N*. Given H € N, denote
HY +J:= (j1 + hn,---,Jn + h1). Check that

Sry(A&sB) = (~)™'S1 5~ (A) Ssrrre (B)

sum over all partitions H € N*, H C m™.
In particular, for n = 1, one has

Sri(AB) = Y (=1)"S1/1n(A) Sjn(B) -
0<h<m
Ex. 1.3. Let I = [iy,...,i,] be a partition, n an integer : n > i,. Check that
Ston(AB) = S;(A—B) .
EX. 1.4. Let A be arbitrary. Define B by the equations A7(B) = jA7(A), j > 1.

Compute S*(A-B), any k, in the bases of Schur functions, power sums, monomial
functions, of A.

Ex. 1.5. Let F(z) = 0,(A), ®(z) = F'(2)/F(2). Zhi Guo Liu[128] gives
S1(A),...,S%(A) in terms of the value in z = 0 of the derivatives of ®(z) (he
interprets S™(A) as the residue in z = 0 of 27" "15,(A)). Go further and give the
expression of S™(A) for any n.

Ex. 1.6. Let n be an integer. Build a n x n matrix with a first column of

indeterminates y;, and entries [i,i] = =, entries [{ — 1,4] = —1, for i = 2,...,n,
all other entries being 0, and compute its determinant without expanding it. For
Y1 -1 0 0
example, for n = 4, the matrix is | 2 ¢ ;1 S
ya 0 0 =z

Ex. 1.7. Let m,n be two integers. Compute, after Composto (1916; MuirV,
p-349), the value of the determinant

(m+z‘+j—2)
J

Ex. 1.8. Express S;..(A;z) as a determinant of smaller order when r < 0
(when r = 0, we have expressed it as Sj(A-z) in(1.4.8)).

1<i,j<n

4In the non commutative case, because multiplication is an associative operation, one needs
only to describe products zyt, x,y = letters, ¢t = tableau, to get all products of tableaux by
increasing or decreasing words.
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Ex. 1.9. Let A, B be arbitrary, and let k be a positive integer. Show that
(—1)F*28 00 (A A-B) = Spjep1 (B-A; —A) + Spi2(—B) .

Ex. 1.10. Given two finite alphabets A, B, and a partition I, write
Sr(A+B)[],capen(a—b) as a multi-Schur function.

Ex. 1.11. Let A = {a1,as,...} be infinite, A, = {a1,...,a,}, n € N be its
initial subalphabets. Denote by T the shift operator a; — a;+1. Given any n,r > 1,
K = [k1,...,k,] € N*, denote by D(K,r) the determinant |S*i (T"~1A,)

After A. Regev [151], evaluate D(K,r).

1<i,j<n’

EXx. 1.12. Using the factorization property (1.4.3), compute the Schur functions
Sy(A — B) when A and B are of cardinality 1 or 2.

Ex. 1.13. Let I,J be partitions such that the diagram of J/I decomposes
into disjoint blocks Ky/Hy, K2/Ha, ..., K¢/He. Show that, for any A, S;,/r(A)
factorizes into

SJ/I(A) = SKI/HI (A) T SKZ/He (A) .
Ex. 1.14. Let A be of cardinality n, and I, J € N*. Show that the determinant

|Sjk+k—h+in—h+1 (A) |

factorizes into S;(A) Sr(A). What can be said if n is not the cardinality of A ?
For example, for n = 3, I =[1,3,3], J = [2,4, 6], one has
_01 (1) ? g S5 Ss S
9 1 ol1 =I5 St Sw|= S133(A) S246 (A) -
S1 Sy 57
2 4 6]

hint: Use the expression in terms of A‘.

Ex. 1.15. Compute the adjoint matrix of a Jacobi-Trudi matrix.
For example, for the partition 145, one has the following matrix and its adjoint :

Si1 S5 St Sss  —Ss55—Ss6  Sse
1 54 56 R —S5 Sl5+Sﬁ _516
0 S3 Ss S3 —813-S4  Sus

EX. 1.16. Recall that Sis3... is the submatrix of the Toeplitz matrix [S7~¢]
taken on columns 1,3,5,... and rows 0,1,2,.... Find the lower triangular matrix
N with unit diagonal such that M = N Si,..,, be upper triangular.

Ex. 1.17. Let A be infinite, A,,, n > 0, be its initial sub-alphabets: A, :=
{al, ce ,an}.
Compute the inverse of the matrix [Sj,i(Ai)] .
1<i,j<n
Ex. 1.18. Let f1(x), ..., fo(z) be n functions of z,

£ fJ( )‘ be the Wroniskian in these functions. Compute the
0<i<n—1,1<j<n
derivatives of any order of W.

da.

The reader may have advantage to denote a “shifted Wrorniskian” | = fi(z) | och
by the vector [a;—-0, ax-1,...,an—n+1], so that W is the origin [0,...,0].
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Ex. 1.19. Let A be an alphabet of cardinality n. Describe an algorithm to
express the S*¥(A) and ¥, (A), & > n, in terms of respectively S*(A),...,S™(A),
lIll(l%)a T a\I,n(A)

Ex. 1.20. Let r be a positive integer, Si = 2onI=n (1= ¥1- Show, after
MacMahon [136] (vol.1, formula 57 p.42), that these functions satisfy a Newton-
type recursion:

S = AL, e (A = o ()

(Newton’s formula is for r = 1)

Ex. 1.21. (Ribbon functions). Check that the Jacobi-Trudi matrix of a ribbon
of height r is built from its diagonal S, , ..., S., as follows: the diagonal below the
main diagonal is filled with Sp’s. The entries below are 0. Each entry [i,j], 7 > 1,
is equal to S¢;4...q¢;_;-

Show that the product of two ribbon Schur functions is equal to the sum of
two ribbon Schur functions.

Writing Ry, for the ribbon Si5. r/12...k—2, show that

Ra Rz Ry
S123456 = |[Rs Ra Rs| ,
Rs Rs Rs

using the preceding property (Ro = So, R1 = S1, R2 = S12, R3 = S123/1,---)-

When A = {as, ..., a,} is finite, show that if a ribbon R has a column of height
> n, then Sg(A) vanishes; if it has a column of height n, then Sg(A) factorizes
into the product of two ribbons multiplied by a; - - - ay,.

Ex. 1.22. Let 2 = 20" — 23¥3/3 + 25¥5/5 — - ... Show that

2AT-23A34+25A5— ...
T1-2A2 ATt
Deduce from the above, after Cauchy [29], Laguerre [92] and many other math-

ematicians, that the elements of Gpm(A), when A is of cardinality n, are rational
functions of

tan(Z) = 251+2°S12 +z55123/1 +-- -+22"7151“,n/1___n_2+- -

THA), T3 (A),..., T2 "1(4) .
Beware that it is not true that elements of Gym(A) can be expressed as rational
functions of S'(A),S?(A),...,S?""1(A), for n > 3. The rationality property is
specific to the basis of power sums.
Ex. 1.23. Knowing that the cotangent function satisfies the addition formula
cot(a) cot(b) — 1
cot(a) + cot(b)

give the expansion of cot(a; + ---+ay,), n € N.

cot(a + b) =

?

EX. 1.24. Defining the A-cotangent cot(z;A) to be cot(z¥! — 23¥%/3 +
2505 /5 — ...}, give the Taylor expansion of z cot(z; A) around z = 0.

EX. 1.25. Let A be of cardinality n, A := {(—a) : a € A} (i.e. A is the alphabet

obtained from A by changing each letter into its negative). In other words, A is
defined by the equations S¢(A) = (=1){S%(A), i > 1.
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Compute the Schur functions Sj,» (A —A), 0 < j < n, and, after Laguerre
[92], deduce from it that the elementary symmetric functions of A are rational
functions of ¥y (A), ¥3(A),..., ¥s,_1(A), with denominator Si,... ,1(4A) S1,... n(4).

To show that the denominator can be reduced to Si,... ,1(4A), see next exercise,
or Polya [147].

EX. 1.26. Let A be of cardinality n. Show, after Foulkes [46], that the explicit
expression of A" ¥(A), 0 < k < n as a rational function in the odd power sums is

A" (A) = 81 1 (A)/S1.na (B)
the two Schur functions being expressed in terms of power sums.

Ex. 1.27. Let A be any alphabet, m,n be two integers. Check that the adjoint
matrix of Sp,»(A) is the matrix of the quadratic form Q(z,y) := Smq1yn-1(A—z—
Y)-

Ex. 1.28. Define a vertex operator on &Gym as a formal series in z by

V= exp(z 2", /n) exp(z ™" Dy, /n)
n>1 n>1

and expand it according to powers of z:
+oo
V= Z 2"V, .
—00

For any £ € N, any v = [vy,...,v¢] € Z* show that V,, ---V,, (1) is equal to the
Schur function of index v.

See Jing [75] for more general operators “creating” Hall-Littlewood polynomi-
als.

Ex. 1.29. Let I € N*, A be finite. Show that > o° S;;(A)z? is a rational
function with denominator A_,(A). Compute it.

Ex. 1.30. Let A B,C be three alphabets, k a positive integer. Express the

following determinant of order 10 : AI/;[ g as a Schur function, where () = 0,
Sk(©) - Sk (O Ss(A)  Se(A) So(B) - Sq(B)
M= : : , N = : : , P=[S_1(B) --- Sg(B)
Si_6(C) -+ Sp11(C) S_1(A)  So(A) S_2(B) --- S5(B)

Generalize to any order.

Ex. 1.31. Let A be finite and B arbitrary. Following Mattia (MuirV, p.204),
show that one can replace, in the Vandermonde A(A) of A, each entry a’ by S7(A+
B) without changing the value of A(A). Show that it implies that one can replace
each a’ by the complete function AJ(A — a).

Ex. 1.32. Let A be of cardinality n, and let z1,...,z, be n indeterminates.
Compute the determinant

det(D A2 (A)RR)
k
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Ex. 1.33. Let n be a positive integer and A = {1,..., n}. Show, after The-
isinger (1915; MuirV p. 205) that

1 1 1 0 2 n
1+§++E—ﬁdet(a,a,,a )aEA-
Ex. 1.34. Let n be an integer. Evaluate
1 SQ 522 SQ"I

—+ + e
Sl SISII 5’118111 Sl" S1"+1

Ex. 1.35. Use Muir’s formula (1.8.6) to expand the monomial functions ¥« o4,
a, B € N, in the basis of Schur functions.
For example,

Wi999 = S1222 — 2511122 + 35152 — 4517 .

Ex. 1.36. Given two positive integers k,n, show that ¥y~ expands as a sum
of Schur functions with coefficients +1.

Ex. 1.37. Using shift operators on Jacobi-Trudi determinants, reprove Pieri
formulas for multiplication by A¥, by S? and by S°.

Ex. 1.38. Show that the set of partitions {[0038] ® 5} is equal to the disjoint
union
{[0035] ® 8} U {[0068] ® 2} .

S Se S
Relate this property to the vanishing of the determinant |So Ss Sg|. Give an
Sy S5 Ss
Ss Se Sy
analogous statement, when taking |S2 S; Ss| instead.
S1 Ss Sy
Ex. 1.39. For any k € N, let
D = Wikg + Prr-299 + Ppr-agpy + -+
Pk = @Osk_2 — @1Sk_3 —+ @st_4 — .

Qe = D A¥r: |Il=k 1¢1}
Show that P = @y, for all k& by using the Hammond’s operators Dgi.

Ex. 1.40. Let f,g € Gym, K € N*. Show that the following identity on scalar
products :

k k
K\ _ I J 1 23...
U0 9 =5, s 00 ) (2 (7).
sum over all I = [iy,...,4n], J =[j1,.--,Jn) in N* such that I + J = K.
Ex. 1.41. For any ¢ € N, let §; be the operator on Gym defined by ¥; — ¥, 5,
for all partitions J (reordering 4, J). Decompose the identity operator as

1=6&() + () +6() +---,

with some operators 21,2, ... to determine.

Ex. 1.42. Compute the inverse of a Hankel matrix [ci1;],, i<n’
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Ex. 1.43. Let M be a matrix of order n, A be the (multi)-set of its eigenvalues.
Check that

A (A) =det(14+2M) & o0.(A) =det(l—2zM)",
U (A) = trace(M*) , £>0.
Ex. 1.44. (Faddeev’s algorithm for computing the adjoint) Let M be a matrix

of order n, A its eigenvalues. Let By = 1 be the identity matrix of order n. Define
recursively

1
C; 1= gt'r(Bi—lM) & Bz = C,']. — Bi_lM s ) Z 1
Show that ¢; = Ai(A), that B,, = 0 and that B, is the adjoint of M.

Ex. 1.45. Let M be an n x n matrix having (multi)-set of eigenvalues A. Show
that

n

D (1S, i, mi2(A) = 0.

i=1
Ex. 1.46. (Regularized determinant). Let M be a square matrix. The formal
power series in y, det(1+4yM), involves the trace of M. To get rid of it, one defines

deto(1 +yM) :=det (1 + M) exp(—M)) = det(1 + M) exp(-trace(M)) =

S i1 — 1. 1 2
det (Z(—l)ﬁ‘lTMJ) = det, (1_§M2+§M3—---> .
0

Writing ¢y = trace(MF), show that

0 k—1 0
t2 0 k-2
y*
Q dets(1+yM) =00
Clther teeo 0 1






CHAPTER 2

Symmetric Functions as Operators and \-Rings
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2.1. Algebraic Operations on Alphabets

We have used algebraic operations on alphabets, like addition, subtraction
and multiplication of two alphabets, without expliciting the underlying algebraic
structure. We shall show in this section that we have in fact used A-rings, a structure
due to Alexandre Grothendieck.

Already we met an interpretation of symmetric functions, as operators on iso-
baric determinants, but A-rings are a more powerful way of considering symmetric
functions as “functors”. The first exposition of this point of view is due to Knutson
[83].

Let us first consider the product of an alphabet by a positive integer. This, we
defined by taking powers of generating functions :

o.(kA) == (o, (A)* .

However, it can be given a more concrete interpretation. In the simplest case, pass-
ing from o, (A) to 0.(24) := (0,(A))” can be interpreted as doubling the alphabet
A = {a} » 2A := {a'} U {a'"}, computing the symmetric functions in 2A, and
eventually erasing the diacritics on the letters a’s. Similarly, one introduces, for
each letter a € A other letters a’, a”’ @', ..., a'®), compute the symmetric functions
in this new alphabet, and erase the diacritics, obtaining functions of A again.

However, the inverse operations, say A = {a} — %A, cannot be described in
the same way, which means that one must not stick to considering alphabets as
composed of letters.

More explicitly, at the level of power sums, multiplication by 2 is just

U;(24) =) (a) + > (a") =2T;(A) .
Therefore the “alphabet” B = kA, k € C will be defined by
(2.1.1) T;(B) :=kT;(A),i>1,
and now, k needs no more be an integer, we can take k = 1/2 as we desired.
Instead of only multiplying alphabets by constants, one can go one step further

and realize that every polynomial can play the role of an alphabet, i.e. that the ¥;
are operators on polynomials ( @ € C, u monom):

(2.1.2) P:Zau:\Il,-(P):Zaui .

The ring Gym being generated by the ¥;, i =1,2,..., formulas (2.1.2) extend
to an action of Gym on the ring of polynomials.

31
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Thus, the generating functions of elementary and symmetric functions become
operators, their explicit action (determined by o, = 1/A_, = exp (Zz’>1 24l /z))

being
(2.1.3) P:Zaul—))\z(P) :H(l—i-zu)a ,
(2.1.4) P=Zaur—>az(P) =H(1—zu)*a .

Each of formulas (2.1.2), (2.1.3) or (2.1.4) can be chosen at will to define the action
of symmetric polynomials and implies the two others. The ring of polynomials,
with Gym operating on it, is called a A-ring.

We shall refer to Thibon[169] for what concerns the operation A — Ay @ Aq,
which requires the notion of Hopf algebra to be fully understood.

2.2. Lambda Operations

Grothendieck choose lambda operations, that is, the exterior powers of vector
spaces, or more generally, fiber bundles, to introduce A-rings. In the same interpre-
tation, the S? are the symmetric powers. Algebraic topologists prefers the Adams
operations U;.

Having taken polynomials as our building blocks, rather than more sophisti-
cated mathematical entities, we needed only the single axiom (2.1.2). The general
theory of A-rings require three axioms: the compatibility of the A-operations with
addition, product and composition.

Let us remark the different role played by constants a and monomials u :

Ti(@)=a, S(a)=(""""), Aia)=;
(2.2.1) {%(:) :;; 7 g’(u) (= ui ,) Ai(u)az 0, z(>) 1, A'(u)=u

When implementing A-rings, one must distinguish between indeterminate co-
efficients a and variables u. The preceding terminology is not satisfactory; it is
preferable, instead of using the term “monomial” to say element of rank 1 (i.e. non
zero element 2 such that Af(z) = 0 Vi > 1), and avoid the term “constant” for the
elements invariant under the ¥;, but rather say binomial element as a tribute to
Rota', because these elements are such that their images A%(a) = () are binomial
coefficients.

Because ¥;(1) = 1 = S¥(1), one can specialize rank 1-elements to 1 (the only
other specialization compatible with A-rings is specialization to 0). It has the
consequence that, for a positive integer n, ¥(n), Si(n), A%(n) are the number
of terms in the expansion, in terms of monomials, of ¥ (A), S{(A), A{(A) when
card(A) = n. The identity

nn—1)---(n—£4I)+1)

(2.2.2) Ur(n) = mylmal ma! - --

with 7 = 1m12m23ms ...

being true for any positive integer n, is true for any complex number n € C.

The umbral calculus and operator calculus [155] are full of sequences of polynomials of
binomial type.
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2.3. Interpreting Polynomials and g-series

Polynomials in one indeterminate are conveniently coded in a A-ring. Let A be
an alphabet of cardinality n. Then

H (x—a)=8"(z—A) = Zx"‘isi(—A)
a€A
Now, expanding S"**(x — A), k € N, one sees that
(2.3.1) Stk — A) = 2k S™(z — A) .
On the other hand, S"~*(z — A) is the component of positive degree of the Laurent
polynomial
RS (z-A) = xS (A +- - +a ST (A 420 SR (A4 42" RSO(A) .

Derivating with respect to = the generating function o,(zA) of the S*(z-A),
one sees that for any k € N, the successive derivatives of S*(z—A) are

Sk1(2z-A), 21 S¥2(3z-A), 31SF 3 (da-A),...,j1S*I((j + D)z-A),...

There are other possible codings. For example, given any A, any n € N, and
an element z of rank 1,

(2.3.2) A"(nz +A) =Y (”) 2" Ai(A)

)

is a polynomial of degree n.
Derivating with respect to x the generating function M,(nz + A)
= (1+ zz)™X,(A), one sees that the successive derivatives are now

nA" H(n-1)z+A4A), n(n —1)A" 2((n-2)z +4), ...

Therefore, the integral of A™(nz + A) is 2z A" ((n+1)z + A), up to the addition
of a constant, and more generally, the k-th integral will be
1

m+1)---(n+k)

A" (k)2 + A)

We shall see in another section that orthogonal polynomials are also conve-
niently expressed in A-rings.

One can extends the action of symmetric polynomials to rational functions or
formal power series :

i
(2.3.3) T, (ZO‘“) _xouw
> B > B
If ¢ is of rank 1, then one has {1 = 1+¢+¢”>+---, i.e. 1, is the infinite
alphabet {1,¢,¢?,...} and lIJi(IITq) = 1_#(11., i > 1. From

o (1) e (f; W) |

Cauchy obtained that :

1 1
(2.3.4) Si(l_q):(l—q)---(l—qi) '
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Therefore

1 z’
(2.3.5) Oy (ﬂ) = Z (1—¢q) - (1—¢b)

is the g-ezponential, equality 2 =1+ g+ ¢* +--- implying the factorization

(2.3.6) s (%_q) = ﬁ - _lmqi

=0

Such a factorization renders the g-exponential sometimes easier to use than the
classical exponential.

Some classical identities on g-series come from addition in A-rings. For example,
take the g-binomial identity

i(1—a)(l-ag)---(1-ag"") 71—z
e g T

Considering z, a, ¢ to be of rank 1, one recognizes the left hand side to be al(zﬁ)

—zZa
1—q

and the right one to be o1(1%;) 01(7%7). Therefore, the identity does not need a
proof, because it is just
l—a 2 —za
zl—q = 1_q+1_q .
Using addition and product in a A-ring, it is easy to get g-identities. For exam-
ple, the equality (1-¢?)"1+q(1-¢*?)~! = (1-¢) 7!, writing (a : q), = (1-ag®) - - - (1—ag™ 1),
implies :

1+q ) 2 .2 1
A" d — qz +3°—1
(1q2 2 (1:¢%)i(1:¢%);

i+j=n
1 1
A — ) = n(n—1)/2 .
(1—Q> ! (@:a)n

The reader will find in the exercises some other examples of this type.

Let us stress that if we identify a formal series with o,(A), then determining
all the A%(A), i € N, means writing explicitely the inverse 1/0,(A), determining
the U¥(A) means writing the logarithm of o,(A). For example, the g-binomial
identity (2.3.7) implies that the logarithm of [[..,(1-zag")/(1-2¢") is equal to
Yis1 2 /i(1-a")/(1-¢").

We shall also see later that computing the Schur functions S,» (A) and S(n—1)n (A)
for all n € N is equivalent to writing o, (A) as a continued fraction.

(2.3.8)

2.4. Lagrange Inversion

Let us illustrate the advantages of A-rings on another very classical exemple,
the Lagrange inversion of formal series in one variable. Given f(z) = z + f12%2 +
f22% 4+ -+, one has to find g(2) = 2 + g12% + g22% + - - - such that

fl9(z) =2 & g(f(z)==.
Lagrange inversion has many applications in classical analysis and combina-
torics. Many extensions (g-generalizations, or multivariate extensions, &c.) have
been proposed. We shall refer in particular to Gessel [57].
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Lagrange and Biirman solved the original problem by expressing the coefficients
of g in terms of coefficients of derivatives of powers of f.

Another powerful approach is due to Jabotinsky [66] who associates to f a
matrix Jab(f), whose entries are all the coefficients of all the integral powers of f.
Now, composition or inversion of series becomes multiplication or inversion of the
associated Jabotinsky’s matrices.

Lagrange’s solution uses only the fact that the logarithmic derivative of a series
has no residue. More generally, one has the following lemma :

LEMMA 2.4.1. Given an alphabet A, let f(z) :== zo_,(A). Then for any m,n €
7, the residue of f’"d% (f™) is null if m # n, and equal to n if m =n.
Equivalently, one has the relations

(2.4.1) Zkezksnf’“(an) S*M (mA) = népp -

Proof. Because f™ = z™o_,(mA) and f~" = 27 "0_,(-n4), the two statements
are equivalent.
The residue to determine is equal to the coefficient of z”~! in
o_.(-nd) L (zmo_.(mA)). If m # n, it is the coefficient of 2! in
) et (mema)

m d 2

o (me)a) + (m

m-n

which is

(-1 ™S (m-n)A) + (m— m’ ) (~1)™™S™ M (m-n)A)

m-n m-n

It is indeed null; the case m = n comes from a similar computation. a
Equations (2.4.1) determine the coefficients of the powers of the series inverse
to f:
THEOREM 2.4.2 (Lagrange-Bilirman). Let f(z) = zo_.(A), and g(z) its inverse
series. Then for any k # 0, one has

(2.4.2) g (z) = kzkz Wi+ k)A)
(2.4.3) log(g(2)/2) = ZTAi(iA)

Proof. Writing (g(f (z))k = z*, one sees that the expressions given by the theorem
satisfy the right recursions thanks to relations (2.4.1). One gets the logarithm as
the limit k — 0 of g*/k. O

Since Lagrange’s expression involves taking elementary symmetric functions in
the product of two alphabets ( (i+k) and A), then the Cauchy formula gives an
expansion of it in any pair of adjoint bases of symmetric functions, without further
computations. In particular, one has

(2.4.4)
Ni((i +k)A) = (=11 %2 1z W (=G + £))S (A) (a)
= 3= T+ kAT (A) (b)
= 2opg1=i Sa (i + k)Sy~(A) (c)
= Z|J|—z T(i+ k)T (A) (d)
= Y= 87 (i + k) F5(8) (e)
= (1)IY s G (G (B (Leyms ()
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using forgotten symmetric functions F); in equation (e) and using exponential nota-
tions for partitions in the last one. It is interesting to note that all these equations
(except the one involving forgotten functions) can be found in the mathematical
literature, each time obtained from a new computation.

For example, for i = 3, the different expressions of Lagrange coefficient A3((3+k)A)
are :

é(k +3)(k+2)(k+ 1)AM + (3 + B)(2 4+ K)A™2 + (k + 3)A3
(k+3)S% — (k+4)(k + 3)S™ + é(k +5)(k+4)(k +3)S'"!
é(k+ 5)(k+4)(k +3)S111 + %(k+4)(k+3)(k +2)S12 + é(k+ 3)(k+2)(k+1)Ss
SO+ 3)(k+ 2)(k+ )3+ 5 (k+2)(k+ 3Tz + (34 K) T

é(k +5)(k +4)(k + 3)Fy + %(k +4)(k +3)*Fis + (k + 3)°Fi1y

1 1 1
S+ 3)T® — 5B+ k)’ w2 4 sB+ k)? @it
Writing g(z) = z0,(B), then (2.4.2) and (2.4.3) imply that, for any 7 > 1,
. 1 . . .
(2.4.5) S'(B) = o A*((i+1)A) &  TY(B) = A'(iA) .

Riordan [153], p. 150, gives tables for S¢(B) expressed in the basis S7(A) (with
a change of signs).

One can also write Lagrange coefficients as determinants, as shows the next
lemma.

LEMMA 2.4.3. Let A be an alphabet, k € C, k 20, n € N. Then

(2.4.6) n!S,(kA) = det‘ ((j-i+1)k +1—1) S,-4+1(A)‘1<. <
_17.7—”'

= det‘ ((G-i+1)k — j +185n) Sj—it1(A) ‘ 1<i,j<n

Proof. Each of the two matrices is the product, on the right or on the left re-

spectively, of the matrix [Sj,i(A)] (of determinant 1) by the Newton matrix?
[\I»'j_“‘l (kA)] , which is of determinant n!S,(kA). O
1<i,j<n
Replacing k£ by —i — k, and n by 4, one gets two determinantal expressions of
Lagrange coefficient A*((i + k)A).

2with subdiagonal —1,-2,...,-n+1, and not ¥°. Recall also that U/ (kA) = kUJ(A).
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For example, 4! S4(kA) is equal to the determinant of each of the following
matrices :

kSi(A)  2kSa(A) 3kS5(A) 4%S4(A)

1 (B-1)Si(A)  (2k-1)S(A) (3k-1)Ss(A)| _

0 ) (k=2)S1(A)  (2k-2)Sa(A) | =
0 0 -3 (k=3)S1(A)

ETY(A) ETP(A) ETP(A) ETYA)] [So(A) Si(A) Sa(A) S3(A)
1 kUYA) KU2(A) KT3(A) 0 So(A) Si(A) So(A)
0 -2 k\I!l(A) kT2 (A) 0 0 So(A) Sia)]
0 0 kTL(A) 0 0 0 So(A)

(k-1)S1(A)  (2k-2)S>(A)  (3k-3)S5(A)  4kS4(A)

-1 (k-2)S1(A)  (2k-3)S»(A) 3kSs(A)|
0 —2 (k=3)S1(A)  2kS,(A)
0 0 -3 kS (A)

So(A) Si(A) Sa(A) S3(A)] [kU'(A) KkU2(A) KT3(A) kT4(A)
0 So(A) Si(A) So(A) 1 kKUY(A) KU2(A) KT3(A)
0 0 So(A) Si(A) 0 —2 kUY(A) kT2(A)
0 0 0 So(A) 0 0 —3 kTl(A)

Exercises
EX. 2.1. Let z1,..., Zn, y be rank 1-elements. Compute >, 1/(y — ;).
Ex. 2.2. Let A be arbitrary, x of rank 1, n,p € N. Show that
k k k

S™(A)— (1) S™(A—z)+ (2) S™M(A—2z)+---+(=1)F <k> S (A—kx) = zF SR (A) .

Ex. 2.3. Let k,n be two positive integers, A be of cardinality n+1, z be of
rank 1. Show that the multi-Schur function

Sniong.s(b—1)n (b — Askx — 245 .. kx — (K — 1)A)

is a non trivial power.

Ex. 2.4. Let r be an element of binomial type, A be arbitrary. Express the
weighted sum of monomial functions 3, S/I(r + 1 — ¢[I]) ¥;(A), sum over all
partitions, in the basis of Schur functions.

Ex. 2.5. Let a, ¢ be rank-1 elements, and A be such that S,(A) =
(1-ag™)™, n > 1. Let I be a partition in N* such that I O n™. Evaluate S;(A).

EX. 2.6. Let a, 8 be elements of binomial type. Define A by
Sn(A) = ala +np)~t S"(a +nB), n > 0. Compute A"(A) and T"(A).

Ex. 2.7. Given two positive integers m,n, border the matrix S,,=(A) by a first
column [z7,...,2°% 0] and a bottom row [0,7°,...,y™]. Show that the determinant
of this new matrix is equal to S, +1)»-1(A-2-y), taking z,y to be rank 1-elements.
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EX. 2.8. Let A be an alphabet of cardinality n, {m, € N},ca be a family of
“multiplicities”. Let X = )__m, a, the letters a being rank-1 elements.
Show that minors of order > n of the matrix [lll“'j (X)] L, e null, and
i,j>0
compute the minors of order n.

Ex. 2.9. Compute the exponential of f(x), with

12 22 32 ... p?
1 1 2 --- n-1
& n
—I . _
Fo) = _Z( n) 11 n-2
1 : - :
1
or
13 23 33 . TL3
12 22 32 . TL2
> (—z)™ 0 12 22 - (n-1)?
f@)==3 "
1 : .. :
0 0 22

Ex. 2.10. To each sequence of alphabets A = (Ag,As3,A5,...,4A,,...), all
primes p, associate a Moébius function on the positive integers :

pa(n) = [[(Se(dy) ,

where k is the order of p in n ( p* is the greatest power dividing n).
Given two sequences A, B, show that p 4. is the Dirichlet convolution product
of p4 and pp, i.e. that

pars(n) =Y pald)pus(n/d) ,
al

summation over all divisors of n, where the sum A+B = (Ay+By, Ag+Bs,...) is
componentwise.

Show that the Moebius function y, and the Euler functions ¢, 7, o correspond
respectively to

Ly 1,0, (Ao =1, Ay =150, (2,20, (Ao +1,.., A, +1,..),

where A, is such that Si(A,) = pF (Recall that p(n) is 0 if n is not square-free,
and £1 otherwise; the totient function p(n) is the number of positive integers less

than n and prime to n, 7(n) is the number of divisors of n and o(n) is their sum).

Ex. 2.11. Let f(n) be a function on N having values in Q-vector space. After
Désiré André [3], check the following identity on formal series :

Zx”/n! = exp(x) Zf8162 <o Opa™
0 0

where the divided differences are evaluated on B = {0,1,2,...}.
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Deduce that, for any A, one has the identities
(2.4.7) Zaz”S” )/n! = exp(z Zm"S” —n)/n!,
(2.4.8) Z z"A"(A)/n! = exp(- Z z"A"(A+n)/n!.

In particular, when z is a rank-1 element, and A is such that S*(A) = (2 +n)~!,
Vn > 1, one obtains a formula of Ramanujan :

2 i ~ ) Ly G

Ex. 2.12. Let f, y be two functions of one variable, having derivatives of any
order, y vanishing at 0.
Show, after Arbogast[32], art. 533, Faa de Bruno [25], and many other people,

that . .
i 1 D'y\™ (D?*y\™
1 D" Z orf y vy
oyP my!my!-- 1! 2!
sum over all p > 1, all part1t1ons I=1m2,,--- : |I| =p, {(I) = p, noting by D

the derivative with respect to x.
The reader may suppose that f(y) = oy (A), y(z) = > .7, 2" S™(B).

EX. 2.13. Let A be an alphabet. Grothendieck defined functions v¢(A) by the
generating function

Zz = )‘z/(l z)(A)
Define accordingly the alphabet A° by A’(A ) =9%A), i > 0.
Show that
AA®) = ANA+i-1)

(
Si(A°) = S¥(A +1—4)

;0(—1)1' (;) Tii(A) |

Show that the transformation A — A® satisfies (—A)® = —A°, (A+B)° = A° +B°,
but that in general, (AB)® # A°B°.

TH(A)

Ex. 2.14. Given an arbitrary A, and a rank-1 element ¢, define the alphabet
A° by A{(A°) = AY(A + q(i-1)), i > 0.

Show that for any n € N, Sy;n (A®) = Spn (A), give the expression of S, 1)~ (A®)
and a continued fraction expansion of o, (A°).

EXx. 2.15. Let &€ be such S™(§) =1/n!, n € N, and let z,y be rank-1 elements.
The polynomials S™(z€ — (n+1)y), n € N are a basis a polynomials in z.
Express the powers of x in this basis.

Ex. 2.16. Following A.Kirillov [81], define the g-analog of Euler’s dilogarithm

to be
Lis(z,q) :== Y _ 2"(n -t
n>1

Check that the logarithm of the g-exponential of z is equal to Lis(z,q).
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EX. 2.17. Let z be of binomial type, i, j € N. Expand the product A?(z)A’ ()
in the basis A" (x).

Ex. 2.18. Let = be of binomial type, ¢ be of rank 1, y be such that y(1-¢) be
of rank 1.
Define the g¢-Charlier polynomials h,(z,y,q) by

hn($7y7Q)/n‘ = An(m - y); n €N

Show that they have exponential generating function equal to

o . (—2y(1-9)"
;hn(w,y,q)ﬁ =(1+2) ; 1-q)---(1-q")

Ex. 2.19. Let the Gauss polynomial [7] be S¥((1 — ¢" *+!)/(1 — g¢)), with ¢
of rank 1. Show that

AR Y

[m +mn S [ m
- (n—3)(k—3) )
|k ] Ej:q H [k—j]

Ex. 2.20. Let m,n € N. Show the identity

3 (1) [m + n] 'm—j+n'— 1] g(m=D(m=i+1)/2 _ 1 4 (_q)ym+1
: J m—

m+n— 1] g+ )/2
m .
Jj=1

Ex. 2.21. Let a,z,q be of rank 1.
Define the Rogers-Szegé polynomial of order n to be

rn(z,a) = S™((a+z)(1-q) ') /S™((1-q) ") .
Find its expansion in terms of powers of . Show the recursion
Tnt1(x,a) = (z+a) rp(z,a) — ax(1-q) rp_1(z,a) .
Show, after Gauss, that
ran(1,-1) = (1-¢)(1-¢°) --- (1 = ¢*"71) .
Ex. 2.22. Let n € N. Compute the following sum of Gauss polynomials:
" n
2oL,
EX. 2.23. Let k be an integer. Write (a : q),, for
(1—a)(1—aq)---(1—ag™!). Prove that
PLCLERY i
S &
Ex. 2.24. Let n € N, n > 1. Show that

2] .

—1)kq(3)
;( O s O (0 g
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Ex. 2.25. Let 8 € C, a, ¢, z be rank-1 elements. Define the Rogers polynomials
C2(cos(#)) by the generating function

(azexp(6v/-1) : @)oo (az exp(— 0\/_ .
(zexp(6v-1) : @)oo (z exp(—0v-1) : Z 2" Cp(cos(d
Show that
C%(cos(f Z Z q)):_: cos((n—Qk)H) .

Ex. 2.26. Given n € N, ¢ a rank-1 element, let [ be the linear functional on
functions of one variable defined by

f+/?=;mmww%”>w%1;ﬂfw.

Give a compact expression of this functional. Show in particular that it vanishes
on f: f(k) =1—ag*, forn>1,and on f: f(k) = g% — a®¢®* for n > 2. Give
more general vanishing properties.

EX. 2.27. Let A be arbitrary, p binomial, n € N. Show that

nS™(pA) — (p+n-1)S"" (pA) A' (A) + (2p+n-2)S™ 2(pA) A2 (A) —
+ ((n=-1)p+ 1)S°(pA) A" (A) =0 .

Ex. 2.28. Let A be arbitrary. Show that the product of [(—l)iﬂ'Aj (i)]0<. g
_17-1_”

by [Sj (zA)] is a triangular matrix. Express its entries in the ST(A) basis.
0<i,j<n

Ex. 2.29. Let A be of finite cardinality n, © be a rank 1 element. Define
B=A+z and E = {(a+z) : a € A}, i.e. the alphabet obtained from A by
changing each letter a into a letter (a+z).

Express A‘(E), any i, in terms of A7 ().

ExX. 2.30. Let A be of cardinality n, and A%" be the alphabet of roots of
Sn=1(2z — A) (we shall call it the derived alphabet). Show that

SE(A — Adem) = T (A)/n , k=1,2,.
Show that, for any a € A,

Spn-1(A — A% —2q) = (=1)" "1 A(A)?
i.e. is equal to the discriminant HK]( —a;)?, up to a sign.

Ex. 2.31. Let A be of cardinality n. Show that

> A = (n—1)A(A) + (n—2)A%(A) — (n—3)A3(A) +
2T = S 1)AT(A)

EX. 2.32. Let A be an alphabet, A" the alphabet of roots of the derivative
of R(z,A). For any integer k, express S*(z — A%") in the basis {S%(z — A), i > 0}.
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EX. 2.33. (Sylvester, [166] 1, p.502). Let A be of cardinality n, and let Ade"
its derived alphabet. For any positive integer k, and z of rank 1, let Py(z) :=
Spr (A — Ader — 7). Show that for any k > 0, any 0 < j < k, one has

J _
E wen @ Pi(a) =0,
and that

=0.

‘Po(a)Q B@?, s Pua(a)?|

Ex. 2.34. Let A be of cardinality n. One defines the cumulants K; by the
generating function ) 2'¥;(A) = nexp (37" 2/K;/j!). Express them in the basis
AT(A).

Ex. 2.35. Let x be such that Vn € N, S"(1+ ) = 1 4+ nz. Compute the Schur

function Sy (1 + z), J partition, without expansion of determinants.

Ex. 2.36. Let A be arbitrary, § be of binomial type. Show, after Han Guo
Niu, that

n

n .
msn((ﬂ""l)A) = ZJ Sj(A)Sn—j (IBA) .
=0
Ex. 2.37. Show that
1+ 22z + 22 22k+1
lo (1—2zm+z2) =42 gpy (@)

where the T),(z) are the Tchebychef polynomials (cf. Ex. 8.9).
Ex. 2.38. Show that, for any r € N,

!
—1) = ("
se+1)-(w+r—-1)= > = T
J:|J|=r
What becomes the left hand side when the summation is restricted to partitions
with all parts odd ? For example, one gets, for n = 2,...,6 the following values
22, 2% + 2z, 2* + 822, x° + 202° + 24z, 28 + 40z* + 18422

Ex. 2.39. Let z be of binomial type, and sf be a symmetric function. Express
sf (z) in the basis of Newton’s polynomials N; := z(x — 1) --- (x — i + 1).

Ex. 2.40. Let x be of binomial type, I be a partition. Compute the derivative
of Sr(z) with respect to x. Express it in terms of the S;, g (z), where H runs over
hook-partitions.

Ex. 2.41. Let x be of binomial type, ( be a rank-1 element. Compute the

specializations ¢ = —1 of the monomial functions and Schur functions in A =
z(1 + ().
Give as a corollary Gillis’s formula :
S (z(1+¢)) = S™(x) .

Ex. 2.42. A “série de facultés”, according to Nordlund [142], is a series of the
type
St(A) S2(A) 2153(A)

B B Sm(A)
fol) =14 = e S G DG T T s
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where z is of binomial type and A arbitrary.
Show that for every binomial element y, one has f(z,A) = f(z + y,A + y).
Deduce that

d
—f(8) ==Y ("W 4+ S W) /n) [(n+ DS ()
Express the product f(z,4) f(z,B) as a série de facultés.

Ex. 2.43. Let z be of binomial type, r be an integer, J € N be a partition.
Compute the generating series ), 2"Ssn(z), where Jn means the concatenation
of J and n.

Ex. 2.44. Let k € N. Writing partitions exponentially, J = 1™12™2 ... show
that

\I’J
ZJ: tZA )
is a sum of Schur functions with coefficients +1.

EX. 2.45. Let f(z) be a formal series f(z) = fo +xfi1 + 22fo +---. Let y be
another indeterminate. For any positive integer m, define, after Catalan,

m+1

Q:(f0+wf1+m2f2+---)+( )

>y(a:f1 +afot )

+ (m;2)y(m2fz+x3f3+---)+---

Let ¢(z,9) = y™ (f(z) — yf(wy)) /(1 —y). Show that

1 d
Q= - " i
ml dg (z,y)
Ex. 2.46. Define the Hermite polynomials H,(z) and the alphabet A by

n

Sn(A) = Hy/nl:=> (=1)"(2z)" " [ri(n — 2r)! .

r=0
Compute the forgotten symmetric functions® in A.

Ex. 2.47. Define the Gegenbauer polynomials G(n,a,z) by the generating
function
Z 2"G(n,a,r) = (1 —2zz+ 22)7% .
n>0
Let k € C. Evaluate the determinant of order n with first row [jkG(j,a, ), j =
177’]7 entries [zaJ] = ((J -+ 1)k +i- l)G(J —i+ ].,Oé,l’), 2<4 < .7 <m,
subdiagonal equal to [1,2,...,n-1] , and other entries 0.

3They are the images of the monomial symmetric functions under the involution of Gym which
exchanges complete and elementary symmetric functions. They have been defined by Kostka and
forgotten afterwards.
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For example, for n = 4, evaluate the determinant

kG(1,a,x) 2kG(2,a,x) 3kG(3,a,1) 4kG(4,a, )
1 (k+1)G(l,a,z) 2k+1)G(2,a,z) (3k+1)G(3,a,z)
0 2 (k+2)G(1,a,2) (24+2k)G(2,0,2)
0 0 3 (k+3)G(1,a,x)

Ex. 248. Let G(n,a,z), n € N, be the Gegenbauer polynomials. For any
n € N, evaluate the sum

Z U, (-1/a) HG(i,a,x)m" ,
J i

sum over all partitions J = 1™12™2 ... of n.
EX. 2.49. Let z be such that A%2(2z) = 1, A*¥(2z) = 0, k > 2. Compute o, (z).

Ex. 2.50. Let z,v,(,a, 8,7 be rank-1 elements. Show that the n-th Legendre
polynomial P,(z) can be written

P, = 8" (%(y +y1))
= S™((n+1l)z —n(¢+1)) 2~
S™((n+1)z — n()
= A"( (n+1) )
= A"(na+nb),

where the rank-1 elements are specialized respectively to

+1 z—-1 1-
y=x+\/ac2fl,§=71,a=m2 b—T,csz.

Ex. 2.51. Let P;, P»,... be the Legendre polynomials. Compute the series
inverse to zexp(}_;° 2" Py /n).

Ex. 2.52. Let A be an alphabet, and n a positive integer. Show that there
exists a unique polynomial (the Faber polynomial) F(z) of degree n such that

F(z7'A\(A) = 27"+ 2(--)
i.e. such that its evaluation in z = 27!, (A) has no term of degree —n+1,...,0.

Ex. 2.53. (Vertex operators) Let A be of infinite cardinality, z,y be rank-1
elements.
Define Ty, T_, to be the ring homomorphisms Gym(A) — Sym(A)[[z]] :

) = Ytk (¥

T o(A*(4) = ) (—2)'A* ' (4) . (%)

i



EXERCISES 45

Check the twisted commutations, for any f € Gpm(4A) :
1
Tw(ay(A) f) = 1—ay Uy(A)T:c (f)

1

T_o(A—y(A) f) = m)\—y(A)T—z (f)

To(A—y(A) f) = (1 — 2y) Ay (A)T: (f)

T_o(oy(A) f) = (1= 2y) 0y (AT (f)

Ex. 2.54. (Vertex operators) Let A be arbitrary, ¢, z be rank-1 elements. After

Jing [75] define V, to be the following vertex operator on Gym(A) (acting on its
right) :

V. =exp ((1-t")2" /i) exp ((-2;) Dy /i) .
Let 21,...,2, be rank-1 elements, Z = z; + - -+ + 2z, ZV = zfl +---+2,'. Show
that V,, ---V,, is the operator

1— 2zt
Som(4) 3 f — [[ —25 01 ((1-1)AZ) f(A—-ZY) .
oy 1—tzjz;

Ex. 2.55. Let A be arbitrary, k,n be two integers, z be a rank-1 element.
Show that

Sk" (A—.Z') Skn+1 (A) - Skn (A) Skn+1 (A—m) = S(k_l'_l)n (A—.Z‘) S(k,l)n+1 (A) .
For example,

555 (A-.’L‘) 5555 (A) - S55 (A) 5555 (A—:c) =X S66 (A— IL') 5444 (A) .

Ex. 2.56. Let A, B be alphabets; take on Gym(A) @ Gym(B) the tensor product
of the usual scalar products.

Show that {¥!(A-B) ¥’/ (A+B)}, (I,J) running over all pairs of partitions, is
an orthogonal basis of Gym(A) ® Sym(B).

Ex. 2.57. Let k,n € N, Ag,..., A,_1 be n alphabets. Take on Gym(4y) ®
).

-+ ®@ 6ym(A,,_1) the tensor product of the usual scalar product on each Gym(A;
Show that

H Syt (Ai = AN (KD Ai—y + AP ([R)Ai—> — -+ £ AF([R])Aig)

is the adjoint basis of

H Syi (Ai + S"([F) A1 + -+ 8™ 1 ([k])An—1)

the indexing set being all n-tuple of partitions (¢°,...,»"~1). The symbol [k] means
here [k] := g+ --- + ¢¥, with ¢ of rank 1; the alphabets of negative index are set
equal to 0.

The case k = 1 is due to Leclerc and Miyachi [122]. For example, for n = 4,
k =1, the adjoint bases are the set of following elements, indexed by all possible
quadruples of partitions :

{S,0(A0)Sy1 (A1 — qho)S,2 (A2 — qA1)S,s(As — qho) },
{Su0(Ao + qA1 + @*As + ¢*A3)S,1 (A1 + qAs + ¢°As5)S,2 (Ao + qA3)S,e(As) } .
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Euclidean Division
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3.1. Euclid’s Algorithm

Let P(z) and Q(z) be two polynomials in one variable, with respective alpha-
bets of roots B, A: P(z) = R(z,B), Q(z) = R(z, A).

Algebraic operations on these two polynomials preserve the symmetry in the
roots of each of the two polynomials, and thus produce symmetric functions in A
and B separately.

Let us look at the iterated division of P and @, i.e.

P=%Q+ Ry ,deg(R1) < deg(Q)
(3.1.1) Q =*R1 + Rz ,deg(R2) < deg(R1)
R1i=%*Ras+ Rs,deg(R3) < deg(Rs) ...

the polynomials R1,R2,Rs, ... being the successive remainders, the successive quo-
tients denoted *’s being polynomials of degree 1 in the generic case, except possibly
for the first two steps. Notice that we treat symmetrically P(z) and Q(z). If Q is
of degree striclty bigger than the degree of P, then R, = P, and the second step is
the division of () by P.

We shall give a compact description of remainders in terms of Schur functions.
Our answer, in (3.2.1), will be in short the following sequence when dg(P) = 5,

dg(Q) =4:

n n n EEEEE
(3.1.2) S - Emm > EEEE > mEEEm
Em EEE EEEE EEEEE

But first, lets us look at the classics. Euler found that the first remainder R,
can be characterized by the fact that it is, up to a scalar (we mean a function inde-
pendent of z, but depending on A and B), the only polynomial in the space linearly
generated by P(z), Q(z),zQ(z),...,z™ "Q(z) of degree < n—1, with card(A) = n,
card(B) = m.

In other words, for any integer N, let ol (A, B) be the linear span of

S™(z—B),...,SN(@—B); S"(z—A),...,SN(x - 4) .

Then R, is the only polynomial of degree < n — 1 in Jol,, (A, B).

This result is clear when one eliminates the powers z,z™~!, ... 2™ in S™(z —
B) by subtracting scalar multiples of S™(z—A),...,S™(x—A): the process is trian-
gular and the scalar by which to multiply the polynomials S™(z—A4),...,S™(z—A)
are fixed at each step.

47
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This process can conveniently be represented by a determinant

SO(_B) ot Smfn(_IB) Sm ('T - B)
So(=A) -+ Sp_n(=A) Sz —A)

(3.1.3) Di(AB) := | S-1(=A8) -+ Smn-1(=A) Smoa(z - A)
Som(=A) - So(~A)  Salx—A)

PROPOSITION 3.1.1. The determinant D1(A,B) is the first remainder of the
division of S™(x — B) by S™(x — A), with card(A) = n, card(B) = m.

Proof. If we expand the determinant according to its last column, we see that
it belongs to the space Pol,,. To find the degree of D; in z, one expands each
polynomial in the last column as follows (this expression is valid for any k < m;
recall that complete functions of negative index are null):

S*@ = C) = 2™ S (=C) + 2™ S _my1 (=C) + - + 2°S4(=C) .

1

Now, subtracting column 1, 2, .. ., multiplied by the respective factors ™, ™+, ...

to the last column, one sees that all terms of degree > n — 1 disappear. O

It is now easy to infer the general theorem. We shall not repeat its proof which
is exactly the same as for the first remainder, apart from different degrees.

Euler’s characterization remains valid: the r-th remainder is, up to a scalar,
the unique polynomial of degree < n —r, in the space Pol,, . ;. It is easy to write
a determinant which satisfy this characterization.

Let D,.(A,B) be the following determinant of order m — n + 2r, with k¥ =
m-—-n+2r—2:

SO(_IB) T Sk(_IB) Sm-‘rr—l(x - IB)
Sii(-B) - Sipi1(-B)  Sm(z—B)
(3.14) D,(AB) :=
SO(_A) T Sk(_A) Sm+r—1(x - A)
Suttomor(—A) - S_i(-A)  Salo—A)

THEOREM 3.1.2. The determinant D,(A,B) is, up to a non-zero scalar, equal
to the r-remainder in the Euclidean division of S™(x — B) by S™(z — A).

For example, with m = 5, n = 4, S5(z — B) = 2% + 22* + 323 + 422 + 3z + 2,
S*(x — A) = (2% —1)/(z — 1), one gets the following successive remainders, up to
sign :

12 323 +422+3z+2
Ri=|11 23+ 22+ =z =23 4+22% 2 +1,
01 234 224 z+1

1234322 +22

0123422+ 3z+2

1111 22 =222+ +2,
0111 22+ z

0011 224+ z+1

Ro
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123432000
1234320 012343200
0123432 001234320
0012343x+2 000123432

Rs3=|1111100 =3x+2,R4=]111110000|=5.

0111110 011111000
001111x 001111100
000111z+1 000111110

000011111

Remark If S™(x — B) and S™(z — A) have a greatest common divisor G of order
n —r, then the successive remainders will be divisible by G. This implies that r-th
remainder is equal to G (up to a scalar), and that the remainders of higher order
are null. Conversely, if D, (A, B) is different from 0, and the determinants D, (A, B)
are all 0 for p > r, then the greatest common divisor of S™(z — B) and S™(z — A)
is of degree n — r and equal to D, (A, B).

Let us notice that the determinant D, (A, B) also furnishes Euler’s multiplica-
tors, i.e. the polynomials Cy, Cp such that

D, (A, B) = Cp R(z,A) + Cp R(z,B) .
Indeed, evaluating D, (A, B) modulo R(z,A) consists in changing the last column
into [Sm4r—1(z — B),...,Sm(z — B),0,...,0]. Subtracting = to the alphabets in
the first » — 1 rows, one gets, as a last column,
[Sm—i-r—l(_B); s 7Sm—1(_IB)7 Sm(.CU - IB)707 s 70]
that is, [0,...,0,R(z — B),0,...,0], because the S;(—B) are + the elementary
symmetric functions of an alphabet of cardinality m, and therefore are null for

k>m.
Now the cofactor of R(x — B) is the determinant

So(—z — B) Sk(—z — B)
S via(—5—B) - Sk ria(—z—B)
So(—A) -+ Sk(—A)

Surtomor(=8) -+ Sii(—A)

Expanding this last determinant according to the first 7 — 1 rows, one recognize
that it is equal to Sg(A —z —B), with O=(m —n+7)""L k=m —n+2r — 2.
By symmetry changing A, B, one therefore gets
(315) DT(A, IB) = iS(mfn+T)"—1 (A*.’L‘*]B)R(.Z’, ]B) + S,r.m—n+1-—1 (IB*Z‘*A)R(.CL‘, A) ,
with signs that specialists will know how to write. This can also be written
(3.1.6) D (AB) = £S(m—ntryr—1;m (A=-B; 2-B) £ Spm—ntr—1,,(B-A;z-A) .

In particular, when the two polynomials are relatively prime, then the last
remainder is equal to the resultant and one has the identity

Snm—l (IB —A—IL’) Smn—l(A— ]R—Z‘)

S (B &) S(A-B) ° B

(3.1.7) 1= S™(z-A) +
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This identity is easy to prove directly. Indeed, the RHS is a polynomial of
degree < m+n-1 in z, that it is sufficient to test on x € AUB. Let a € A
A' = A—a. Then the RHS becomes

Smn-i(A'+a —B-a) R(A,B) ™ R(a,B) = R(A',B) R(A", B =1,

and therefore the RHS is the constant polynomial equal to 1.

Let us parametrize the remainder by its degree d, to emphasize symmetry
between A and B. Then (3.1.5) shows that D, (A, B) can be interpreted as a first
remainder :

LEMMA 3.1.3. Let A, B be two alphabets, card(A) = n, card(B) = m, d be an
integer : d < m,n. Then the remainder of degree d in the Euclidean division of
R(z,B) by R(x,A) is equal, up to a constant, to the remainder of

(318) S(mid)n—d—l (A—H}—IB) R(.’L‘, IB) = S(mid)n—d—l’m (A—B, .'L'—]B)
modulo R(z,A), and to the remainder of
(319) S(n_d)m—d—1(IB*.’E*A) R(.’L‘,A) = S(n_d)m—d—1’n(E*A,$*A)

modulo R(z,B).
For example, for m = 5, n = 4, and B = 0, the remainders
S1i1;2(A-x;A), S11;33(A-5A), S1;444(A-25A), Sss55(A)
are equal to
S1(A+z)S*(z-A), Sao(A+z)S*(z-A), Ss33(At+x)S*(z-A), Sisas(A+z)S*(z-A),
modulo z°, and equal, modulo S*(z-A), to

—z°, S3(A-2)x°, —Sus(A-x)z°, Sys5(A-x)z° .

3.2. Remainders as Schur functions

Forgetting about the preceding computations, let us see how to write remain-
ders as Schur functions, avoiding manipulations of determinants.
The only non evident step is to start from

Sa(A —B — 2)S™(e-B) = S, (A — B; o-B) |
that one evaluates modulo S™(z—A), with 0 = (m-n+r) 1.

Writing z—B = z—A + (A-B), one can develop by linearity the last column :

oo
Som(A =B 2-B) = Sp, m_i(A — B)S (z-4A) .
i=0
This sum decomposes into three parts:
e i > n. The factors S?(z—A) are null modulo S™(z-A) in that case.
e n—r < i < n. The factors Sg ,,_;(A — B) are null, having two identical
columns.
e | < n-r, giving a polynomial of degree < n—r.
Thus the only contribution comes from the subsum corresponding to i < n-r.
Changing S*(z—A) into (-1)*S;:(A—z), one recognizes in it the Laplace expansion,
along the last column, of £Sin—r; (;m—p+r)r (A-2; A-TB).



3.3. COMPANION MATRIX 51

The Schur function thus obtained must be the r-th remainder, up to normal-
ization, because it is of degree < n—r and belongs to the space generated by the
remainders of S™(z-B),..., S™*" 1(z-B) modulo S"(z-A).

In final, one has the theorem

THEOREM 3.2.1. The r-remainder in the division of S™(z — B) by S™(z — A)
is equal to

(3.2.1) Sl"_"‘;(mfn-i—r)" (A — Z’;A_]B) .
In particular, the first remainder is equal to
(322) Sl"_l;mfn—i-l (A -, A — IB) .
We can now put the captions under (3.1.2), when m =5, n=4:
] ] ] EEEEE
] ] EEEN EEEEE
] EEN EEEN EEEEE
] | ) EEN ) EEEN ) AEEEEE
Si112(A-2;A-B)  Si1;33(A-2;A-B)  Sia44(A-2;A-B)  Ssss5(A-B)

Let us however repeat that we have restricted to the generic case, where A and
B are independent alphabets. One can freely specialize variables in the algebraic
identities that we have written, if no disaster occurs, like a zero in denominator.
For example, the determinantal expression (3.2.1) of the remainder of degree d is
an expression of the G.C.D. of R(z,A) and R(z,B) when AN B is of cardinality d.

3.3. Companion Matrix

One can use linear algebra to express the first remainder. Let A be still of
cardinality n. Let 9ol,, be the space of polynomials of degree < n — 1; it has basis
{z%,x1,..., 2™ '}. Let u be the morphism: Pol, — Pol, “multiplication by z
modulo S™(z — A)”.

Let CC(A) (resp. C(A)) be the matrix the n x oo (resp. n x n) matrix expressing
the remainders of z°,z!,..., 2% (resp. z!,..., ) modulo S™(xz — A). These two
matrices are called companion matrices of S™(x — A). The matrix expressing u
in the basis of powers of x is precisely C'(A) and its powers are sub-matrices of
CC(A). We know from (3.2.2) that the remainder of z* is Syn-1 j_,1(A-7, A),
and therefore the coefficients of the remainder of z* are hook-Schur functions, up
to sign. They can be written Sy gn-1(A), Si_1,0n-2(A),..., Sg—nt1(A). Finally

CC(h) = [Seesor-mn W]
For example, for n = 3, the infinite companion matrix is

Sooo  S100 S200 Sz00 S0 Sso0
CC(A) = S—IO SOO SIO 520 530 S40 . —
S-Q S_l S() Sl SQ S3 -

1 0 0 Ss00 Ssoo Ssoo --- 1 0 0 St Sz Sus
=(0 1 0 S S S ---|=[01 0 -Si1 -Si2 -Si3
0 0 1 S5 Sy S; .- 0 01

and the finite one is
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Suppose that all the elements of A be distinct. Let f be any polynomial. Then
the composite of “multiplication by f(z), and taking the remainder” is diagonal in
the basis {S™" 1(z + a — A)}4ea, with diagonal composed of f(a) : a € A. Indeed,
since f(z)— f(a) is a multiple of (z —a), then f(z) S 1 (z +a— A) is congruent to
f(a) S" Y(z + a — A) modulo S™(z — A). The trace of this morphism is therefore
> aca f(a), and each power sum 9z (A) = Y, a* appears as the trace of u*.

The resultant of two polynomials R(z,A) and R(x,B) can, of course, be ex-
pressed with the help of a companion matrix. Indeed, the determinant of the matrix
R(C(A),B) factorizes into the product

[T det (&) —b) = [ R(A0) = R(A,B) ,
beB beB

and the result applies to any pair of polynomials, not neqessarily in factorized form.
For example, for [A| = 4, |B| = 3, writing e; for A'(A) and f; for A*(B), one
has the matrix identity

B
P10 0 1 e —b
—f3  —e4 freq —eqeq eses — esei + freser — foey
fo —fates  —fies—estese; —eges + e3el — ese; — fi(—es + ezer) + foes
—fi foes —fstfiea—esertes —es —exed +eszer + €2 + fi(eser —e3) — faeo
1 —fite; fo—fiei—eated —2ese1 + €5 +e3— fi(—ex +€3) + fae1 — f3

both matrices having determinant R(A,B) = S3333(A-B).

3.4. Bézout’s Matrix

Bézout [16] adopted another point of view about the elimination of an inde-
terminate £ between two polynomials S™(z — B) and S™(x — A), n > m (that is,
about finding the remainder of degree 0 = R(A, B)).

_|S™(z—-B) S™(xz-—4)

He first built n E"quations dérivées P; := Si(z—B) Si(z—A)

,0<7 <
n— — 1, and obtained
THEOREM 3.4.1. Given two polynomials S™(x — B) and S™(x — A), n > m,

let Bez(A,B) be the n X n matriz of coefficients of Po,..., Py_1, i.e. Bez(A,B) =

[coef(Pj,xi)]o<ij<n_1. Then

det(Bez(A,B)) = R(A,B) .
We shall prove Bézout’s theorem by interpreting the matrix Bez(A, B) :

PROPOSITION 3.4.2. (1) Bézout’s matriz is the matriz of the linear mor-
phism  u := “multiplication by S™(z—B) modulo S™(z—A)” from Pol,,
with basis {S°(z-A),...,S" Y (z-A)} to Pol, with basis {z°,..., z"1}.

(2) It factorizes

Be3 (A, B) = Son(—A) Spn(A —B) Son(—4A) .
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(3) In the case all a € A are distinct, Bez(A, B) is equivalent to a diagonal
matriz, with diagonal

[.., 8" (2a—A)S"(a—B),...]Juca -

Proof. Modulo S™(z — A), one has P; = S™(z — B) S/ (z — A), and this gives 1).
The matrix expressing u, from basis {z°,..., 2"~!} to basis

{8%(z-A),...,S" Y (z-A)} is Sy (A-B) because

2/ S™(z-B) = S"(z-B) = S" ((z-A) + (A-B)) = Z Sk(z—A) SR (A-B)

k=0

Using that the change of basis is given by the matrix Sg»(—A), one obtains 2).
Take now any a € A. The product Be;(A,B) [a"!,...,a’]! is by definition of

Bez, the vector [P,—1(a),. .., Po(a)], i.e.

[S" Ya—A)S"(a—B),..., S%a—-A)S"(a —B)]" .

This implies that

a’f’_l . alr"*l
n
Be3(A,B) | Cl =
ai - ap
S Ya; —A) --- S" YHa, — A) S™(a1-B) 0 --- 0
: : 0 - :
S%ay —A) -+ S%a, —A) 0 - S"(a,-B)
and therefore, Bez(A,B) can be reduced to the diagonal form stated in 3) by mul-
tiplying it on both sides by invertible matrices. |

From property 2) follows that det(Be;(A,B)) = det(S,~(A — B)) = R(A,B).
For example, Bézout matrices, for n = m = 2, 3,4 are, writing e; for A*(A), f;
for Ai(B),

e3 — f3 e1fs — fies faes —62f3-
— ey —e + J1€
_f;1+21 lff_ efl 2] fa—es —fs—eifat+es+ fres e1fs — fres
—fite fa—es e3 — f3
f4 — €4 _€1f4 + f164 62f4 — f264 —e3f4 + f3€4'
es—fz3 eifs+ fa—es— fies —eafs+ frez + fiea —e1fs eafs — faeq
fo—ex —fs—eifotes+ fiea eifs+ fi—es— fies —eifs+ fieq

—h+e f2—e es — f3 fai—es |
Suppose m = n. Cayley [31] found the following interesting interpretation of
Bez (A, B), as the matrix of a quadratic form.

PROPOSITION 3.4.3. Introduce two indeterminates z,y and define

5"z A)S™y—B) 5" —B) "y~ &)
ZBW y pra— }

Then the matriz [B; n—1—jlo<i,j<n—1 15 equal to the Bézoutian Bez(A, B).
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Proof. S™(x—A)S™(y—B)—S"(x—B) S™(y—A) can be written as the determinant

of the product
[xo m"]
yo ... yn N .
S°(-A) S°(-B)

If M is the matrix on the right, Binet-Cauchy expansion gives that the quadratic

form is equal to > g <(n 1)2 S1(¢ +y) Moz/r. Therefore, the coefficient of iy,

0 S ) S _] S n— ]., is equal to M02/[i,j] + M02/[z'—1,j+1] + -+ MOZ/[O,Z'-‘{-]']; which is

indeed an entry of Bez(A, B). O
For example, for n = 2, 3, the quadratic forms are

fo—ex —eifo+ fiea| |y| _ _ _ _
[1z] S hte fo— e 1= zy f1+x fat+xyer —zea+ frea—eq fo+ fay—eay

S™(—A) S"(—B)

e3 — f3 e1fs — fies foes —eafs] [y?
Lzz?]| fo—ex —fs—erfotes+ fiexeifs— fies| |y | =
—fite fo—es e3 — f3 1

22 foy —2® fry® + 2e1y® — 2?esy — 27 f3 + ez + wey fs — x foyer —x frez + zeay f1 +
zfoy® — zesy® — xf3y + zesy — ea fs + foez +yerfz — yfies — fsy? + esy?

3.5. Sylvester’s Summations

Let us take two alphabets A and B, |A| = n, |B| = m and let p, ¢ be two positive
integers such that d := p + ¢ < min(m,n).

Sylvester obtained an expression of the remainder of degree d as a double
summation on the roots of S™(z — A) and S™(z — B) :

THEOREM 3.5.1. The remainder of degree d of the division of S™(x — B) by
S™(x — A) is equal to
R(A,B)R(A-A',B-B)
R(A,A-A)R(B,B-B) ’

(3.5.1) Ga=) S(z—A)S'(z—B)

N B
sum over all sub-alphabets A" C A, B C B: |A'| =p, |B| =gq.

Proof. Let us notice that if ANB = C, with |C| = d, then the summation in Gq4
reduces to the terms such that C is the (disjoint) union of A’, B'. In that case G4
specializes to

(i) Sz — C) R(A-C,B-C) .

However, such a specialization is not sufficient to characterize the remainder of de-
gree d, and it is not evident to check that G4 belongs to the space Pol,,, ,,_4_1 (A, B).
Without an appropriate characterization, we are forced to compute explicitly G4
as a symmetric function in A and B.

This computation is a little intricate (except when p, or ¢ is equal to 0. Sum-
mations on subsets of a set essentially reduce to Lagrange interpolation) and we
prefer referring to [104], where a proof is given by induction, by specializing z to
a letter in A or B.
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Let us notice that, using R(A,B) = A(A + B)A(A)"*A(B)~! (we order the
alphabet A + B by taking letters of A first) we can rewrite Sylvester’s summation
as

(3.5.2) Gz —2

AMA(B) g:w +A(z + A +B) A((A-A) + (B-B)) .

Now, all the functions that we have to deal with are minors of a Vandermonde
matrix; obtaining the required identity by using identities on minors is however
more intricate than reasoning on specializations.

For example, for p = ¢ = 1, and m = n = 3, one obtains twice the first
remainder with each of the following summations

Z (.’L’—a)(w_b)(a_b)522(A_IB_a+b)

a€AbER S>(2a — A)Sy(2b—B)

3
> (-)™A(w,ai,05) Aas, .., -, a3, br, ..., bj, ..., bs) .

3.6. Sturm Sequence

The special case where one divides a polynomial by its derivative has been
more specially studied by Sturm [164]. Let us first look at the remainder of degree
0, that is the resultant of the polynomial S™(z — A) and its derivative, that we
shall write n S™~!(x — A%e"): A" is the alphabet of cardinality n — 1 such that
Ai(Ader) = (1 — %) A(A).

Now, according to Ex. 2.30, one has that Lt;(A — A%r) = Si(A — Ader),
j > 0. Therefore the resultant of S”(z — A) and S™~!(z — A%"), which is equal to
S(n—1)n (A — A%T), can also be written as a n X n determinant of power sums

biri (A) -
7 logij<n
However the above matrix factorizes into the product

1 e 1 _
1 ag --- at

al - an

-_ -7 ]_ a - an_l

al L. ant n n

and therefore the discriminant is equal to
(3.6.1) A = [irs(8)]

Sturm found an expression which generalizes the expression (3.6.1) to the suc-
cessive remainders. He defined
fo = S (z — A)
fi .S Hz+a—A)

0<i,j<n—1

(3.6.2) : :
fro= YaaS"T(a+B-A)AB)? 1<r<n

the sum for f, being over all sub-alphabets B of A of cardinality 7.
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Let us rewrite these equations, following Cayley [32], art.[65], by factoring out
fo, and using that fo = S" " (z — (A-B))S"(x — B) :

(3.6.3) Ir=1lo % % = fo Z menk A(B)? S*(B) .

B k=0

Now, A(B) S*(B) is equal to the determinant

Lb... b2 bT—1+’°‘ .

Thanks to Binet-Cauchy theorem, the sum > 5 A(B) A(B)S*(B) is equal to the
determinant

Yo(A) oo Y 2(A)  Yro14k(A)

b8 - Yara(d) Yarar(d)
Because >, 7% ¢y (A) =Y, a?/(1 — a/z), one finally gets

PYo(A) - Yr2(d)  Ya"!/(1-afz)
fr=fox™" : : :

)

GraA) - Yo s(A) Y a¥2/(1-afz)

that one can also write, by adding to the last column a linear combination of the
first ones,

do(A) - ra(A) Y 1/(z—a)
(3.6.4) fr=lo : : :
Uroa(8) oo Y2 s(A) Ya"/(z—a)

However, for every k > 0, a* = 2* + (a — £)S* ' (x + a). It implies that f, is
congruent, modulo fy, to

W) ) SE-a

(3.6.5) fr=fo : : :

Yro1(A) -+ Par_3(A) Y2 /(x —a)

Yo(A) - Pr_2(A) 1

: : Sl A
Yr1(A) - Por3(A) 27!

This last expression belongs to the linear span of {f1, = f1,..., z"~! f1} and from
(3.6.2), is of degree < m — r. Therefore it is the r-th remainder of the division of
S™(x — A) by its derivative. We can now state Sturm’s theorem [164] :

THEOREM 3.6.1. Given a polynomial fo = S™(x — A) of degree n, the Sturm
sequence described in (3.6.2) is the sequence of successive remainders in the division
of fo by its derivative.
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3.7. Wroriski’s Algorithm

Wroriski’s method is different: he uses division by a single polynomial S™(z—A),
instead of dividing by the successive remainders.

Let us call normalized difference of two polynomials of degree m,n : m > n, any
non-zero linear combination of them which is of degree < m—1 (thus it is defined
up to multiplication by a non-zero scalar).

Wronski’s first step is to take the remainders of S™(z — B), S™"(z — B),...
modulo S™(xz — A). Then he builds a triangular table with these remainders in
the first row, the entries of the successive rows being the normalized differences of
the two entries next to to it in the row just above (our definition of normalized
difference is imprecise when two consecutive polynomials on row r are of degree
< n —r, because any linear combination of them can be taken to fill the next row
— we shall not be interested by possible degeneracies). The first entry of row r is
a linear combination of the remainders of

S™(x —B),... ,Sm”_l(x —B)
and it is not difficult to see that it is in fact a linear combination of
S™(x —B),... ,Sm”_l(x —B); S™(z —4A),... ,Sm”_l(x —A).

Therefore, it is the r-th remainder.

For example, for the pair S5(z —B) = 2% +22* +32° +422 + 3242, Sy(z—A) =
z* + 2% + 22 + z + 1 seen above, Wroniski’s algorithm produces the following table
of normalized differences :

2 +222 ++1 z3 =1 —3 -2 —2x—1 —z2+41
222+ +2 2 +2x+2 2 —1
3x+2 2x 4+ 3
5

The first row contains the remainders of S5(z —B), ..., Ss(z — B) modulo Ss(z—A);
the successive remainders are the first entries of each row.

3.8. Division and Continued Fractions

Let us take m = n + 1, and perform the Euclidean division of S"*!(z — B)
by S™(x — A), supposing A and B to be generic, and normalizing the successive
remainders by imposing them to be monic: R, =™ " 4 ---.

The iterated division produces a sequence of monic polynomials of degree 1,
Q,, as well as constants c,, such that R_; = S (z — B), Ro = S"(z — A),
(381) Rr1=QRy — Cr41 Ry -

From the expression of the remainders seen above, one deduce the quotients
Qr = T + (¢, With
Sl,(r+1)’" (Aa A— IB) _ Sl,rr—l (AaA - IB) .

Sr41)r (A —B) Spr-1(A —B)
However, these coefficients can be written using only A — B,
_ S]_(,,-+1)'r~ (A - IB) _ Sl,r'r—l (A - IB) .

Sr+1) (A —B) S,r—1(A —B)

Cr:

(3.8.2) G
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because
Sl,(T+l)"‘ (A, A— ]B) = Sl,(,,-+1)7‘ (A-B—F]B, A—IB) =
S1,(r1) (A=B) + S'(B) S(ry1y- (A-B)

and therefore the factors of S'(B) eliminate.
For example, writing J for S;(A — B), one has

[12] C[133] [12] . [1444] [133]

COZ[ILCI:W [1]7C2—W—ﬁ>@—m—ﬁ,---

Following Wronski, one can put recursions (3.8.1) in a continued fraction form
(we shall slightly change conventions in later sections) :

PROPOSITION 3.8.1. Let n be an integer, A,B be two alphabets, |A| =n, |B| =
n+1. Lety=1/z. Let

(3.8.3) Br = Sr_1yr-2 (A-B) Ser41)r (A-B)/S,»—1 (A*IB)Z , r>1.
Let (x + (o), (x + 1), ... be the successive quotients in the Euclidean division of

Sntl(z —B) by S™(z — A).
Then the continued fraction expansion of the rational function

S @ —A) /5™ @ —B) = [[(1—ay) / [[Q - by) = 3o/ S (B-A)

18

1
(1 +Coy) - Vb T
(1+Ciy) - & 7
1+ Goy) - ==
p— 1.
- y’[2]
(1 + [l]y) + . (Bi[l])y . y2[33]/[2]2
2] ( [133] [12] o+ y2[2][444] /[33]2
33 217"

where J denotes Sj(A-B).

The above continued fraction expansion of o, (B—A) stops because S;(A—B) =
0 for all J D (n + 2)"*l. However, letting n tends towards infinity, and putting
B = 0, one gets the continued fraction expansion of oy(—A) = A_,(A) for any A
(but now the link with Euclidean division has become obscure !).

For example, for A := {a}, one gets

1

l-ay= PER

14+ay+
1—ay
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For A of cardinality 2, it is still possible to check directly that

. 1
LA (A) 4 ?A%(8) = =5
1+ Sy +
' 1+ (@ ) y%S33/53
S ' 1— &
Sa

The Euclidean division of 2% by 2 — 2A! + A2 produces indeed the two successive

. 1 (ADH3—2ATA% _ 3 slz
quot1entsm+A,x—W—x T =T+ -5

Wrorniski’s continued fraction is related to many others that one can find in the
mathematical literature. In fact, Wronski used it in relation with another problem,
the “Universal factorization of polynomials” (cf. Ex. 8.38).

In the next chapter, we shall approach continued fractions from a broader point
of view than only Euclidean division.

Exercises

Ex. 3.1. Let f(z) be a polynomial and A be an alphabet of cardinality n.
Show that f(z) is congruent, modulo S™(z — A), to :

f(a)1aa®--- a™!

0 1lxa?.--- gn!
EX. 3.2. Find back the first remainder of the division of S™(z—B) by S™(z—A),

applying Pliicker relations to the following matrix of complete functions (denoted
only by their exponents) :

0 ---n m n
—-n--- 0 m—n 0
alphabets | A ... A A_]B+$ x

Ex. 3.3. Use Pliicker relations to recover, following Wronski, that the r + 1-th
remainder in the division of S™(z — B) by S™(z — A) is the normalized difference
of the r-th remainders of S™(z — B) and S™*!(z — B).

Ex. 3.4. Let A/B be of respective cardinalities n,n+1, and fx(z), k =0,...,n
be the k-th remainder in the Euclidean division of S"*!(z-B) by S™(z—A). Show,
after Kronecker [89], the vanishing of the sums

ZR b]B?\b) 0<j<k<n.

Ex. 3.5. Let A be of cardinality n, z of rank 1. Give the successive remainders
in the Euclidean division of 2"t by S™(1 — zA).

Ex. 3.6. Let A be an alphabet, with |A| = n. Extract from the companion
matrix of A the (infinite) Vandermonde matrix. Deduce from it that any Schur
function can be expressed as determinant of hook functions Sy:;(A).
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EX. 3.7. Let A be an alphabet, with |A| = n. Let X := {z1,..., x} be an
alphabet, k < n. Show that the remainder of any minor of order k of the infinite
Vandermonde matrix V(X) modulo the polynomials S™(z;—4A), is a sum of products
of minors of the finite Vandermonde matrix of width n, by Schur functions in A.

Ex. 3.8. Let A/B be two alphabets, |A| = |B| = n. Express the matrix of
Bézout’s morphism
“Multiplication by S”(z — B) modulo S™(z — A)”
in the basis {S%(z — A),...,S" 1 (z — A)}, and find back the expression of Bézout’s
matrix in terms of S,»(A — B), using that

S'(z — A)S™ (z — B) = (=1)'S1i n(A,z = B) = (=1)'S1: (A, (z — A) + (A —B)) .

Ex. 3.9. Let A: |A] = n be such that all @ € A are distinct, and let Q, :=
S7~1(z — A+a). Show that the morphism u, defined in the section about Bézout’s
matrix, is diagonal in the basis {Q, }aeca, with diagonal {S™(a — B)}.

EX. 3.10. The coeflicients of the successive remainders in Sturm sequence (for
the division of a polynomial R(xz,A) by its derivative) are symmetric functions of
A. Find them (expressions (3.6.5) contain an extra factor fo or f; that needs to be
eliminated).

Ex. 3.11. Relate the expressions given by Sturm for the successive remainders
of a polynomial by its derivative, to the expression of the remainders (for a general
pair of polynomials) as Schur functions.

Ex. 3.12. (Hypergeometric alphabet). Let a,b be elements of binomial type,
a,b €N, and = be rank-1 element. Define the alphabet A by A¢(A) := A¥(a)/A%(b),
i=1,2,.... Let, for any n € N, ¢(n,a,b) = A™(nz — A).

Show that the derivative of ¢(n, a, b) with respect to z is equal to n¢(n—1, a, b),
and that the respective remainders of ¢(n, a,b) with respect to ¢(n—1,a+k,c+£),
with [k,!] = [1,0],[0,0],[0,—1],[-1,0],[-1,-1] or [-1,—2], are proportional to
some ¢(n — 2,a’,b').

In particular, show after Stieltjes [163], that the Sturm sequence associated to
¢(n,a,b) (i.e. the Euclidean division of ¢(n,a,b) by ¢(n — 1,a,b)) is the sequence
o(n—i—1,a—i,b—21),i=1,2,... ,

up to factors to be determined.
Show in particular that the discriminant of ¢(n,a,b) factorizes into factors

which are linear in a and b.
For another method to prove this last point, see next exercise.

Ex. 3.13. Let a, b be elements of binomial type, a,b € N, and let n € N. Define
A and B by the equations

v = ()@ & am = (

Compute the Schur functions Si» (A-B), for k > n — 1.

Ex. 3.14. Let A, B be two alphabets: |A| = n, |B| = m. Let S be the n x oo
matrix S := [Sm‘“’*"(A - B) . Let C(A) be the infinite companion
0<i<n—1,0<j
matrix of S™(z — A). Show that S factorizes into

S = Spn(A —B)C(A) .

n-1

, )A"(a)/Ai(b), i=1,2,...

?
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Deduce, for every J € N* the following factorization :
Smn+a(A —B) = R(A,B) Sy (4) .
Deduce also the expression of a Schur function Sy(A) as a determinant of hook-
functions Sy: ;(A).
For example, for n = 3, m = 5, writing the alphabets below the matrices, and
truncating them to width 7 as a first approximation to oo, one has
[6’5 56 87 58 g9 §10 S”] [55 S8 57] ll -+ S300 S100 Ss00 S600

54 85 86 87 88 §9 S0 = | G4 85 861 |. 1. Sys S30 Si0 Sso
§3 54 65 66 57 g8 g9 §3 54 55 -1 8 Sy S3 Sy
A A






CHAPTER 4

Reciprocal Differences and Continued Fractions

0 O

odo
5
S

08%
08;‘-
08;‘-

odo odo odo odo
o5 B8 S5 TS
T T T T

088-
088-

0do odo odo odo odo odo
o 65 TS 25 B8 5
& T T s T T

4.1. Euler’s Recursions
Fractions ¢ were known to Egyptian and Chinese mathematicians some thou-

b
b
sand years ago. It is natural to iterate them and consider expressions like a; + —2,

as
b-
a1 + 72() ... Putting the dots inside the fraction, one gets a continued fraction
az + =
as
b
(4.1.1) a + 2 ;
3
ag + ————
2 b

az + —

Stopping the continued fraction at step n, and reducing it to a fraction, one
gets the n-th convergent of the continued fraction. The French terminology Les
Réduites is more appropriate, because convergence is not always au rendez-vous.
We refer to Brezinsky [24] for an extensive bibliography about continued fractions.

Euler [40] wrote a fundamental treatise on continued fractions and found recur-
sions between consecutive convergents which can conveniently be written in matrix
form :

PROPOSITION 4.1.1. The convergents of a continued fraction

P, by
— =aj +
Qn by
ay+ ——
by

as +

. bn
oypb
an

can be expressed through multiplication of 2 X 2 matrices:

N e i | O R e 4

Proof. Write
az 1 an—1 1| [an| _ |a
bs 0| |b.1 O] |bn| |8

63
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Suppose the theorem be true for

b
ay + 3 =a2a+ﬂ_
...+

On the other hand,

a1 1| [as 1 |a]| _ |aiaea+bra+ a1
1 0||b O |8 aza +

The two entries of this last vector are exactly the numerator and denominator
of

bo a1 (aga =+ ,3) + bacx
ay + =
aso+ B aza +
[0

d

Continued fraction can be used in interpolation of one variable functions. There

are two approaches : either one wants the interpolant to coincide with the function
in a given point up to a certain order, or one wants the interpolant to coincide with
the function in a set of distinct points (of course, one can mix the two approaches).

4.2, Continued Fraction Expression of a Formal Series

Let us first look at the approximation of a formal series that one can choose to
be o, (A).

Choosing all a; = 1, and replacing the b;’s by zb;, one gets a continued fraction
of the type

b
1+ 222

zb
1+ ——2

b
1+

For generic b;’s, one sees by induction that the degrees in z of the successive
convergents P, (z)/Qn(z) are

do(PQn) =n, dO(Q2n) =n-— 1; do(P2n+1) =n, dO(Q2n+1) =n,

starting with P»/Q2 = (1 + zb2)/1. Choosing appropriate (and unique) b, ..., b,
allows to approximate o,(A) up to order n — 1 included, and the rational fraction
P,(2)/Qn(z) is uniquely determined (up to multiplication of both numerator and
denominator by a common scalar). The explicit expression of the b;’s for the ex-
pansion of a rational function of the type o, (A — B) was first found by Heilerman
[68] (Muir II, p.361-365) and can be rewritten in the following theorem usually
ascribed to Stieltjes [162] :

THEOREM 4.2.1. (1) The series o,(A) admits a continued fraction expan-

Zb2

sion 1 + with

z
14+ =

Sn"S(nfl)"—2
421 bop = — DR g gy =
( ) 2 Snn—1S(",1)n—1 2l

Stnt1)n Sn_1yn-1
[
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(2) The convergents are
Py, Spn (A+ %) Py n Snn+1(A+ %)
Q2n Stn-1yn-1(A=3) Q241 =1 S(nt1yn (A-1)
The first parameters are

by = S1, ba = S22/5251, bg = S33352/533592, ...
bs = —S2/51, bs = S3351/52252, by = 5444522/ 5333533, ...

while the first convergents are

Py 1, P Swn(A+1) P Sss(A+1)

(4.2.2) = (-1 1z

0. = #At ), = i 5 T E e a1y
Q2 1( z) Q4 S3(A - %) Qo S44(A — %)
Ay P _ Su(A+3) B Sm(A+3)
Q1 " Qs SZ(A—%) * Qs 533(A—%) g

To prove the theorem, we need to rewrite some Schur functions :

LEMMA 4.2.2. Let k,n € N, A be arbitrary, and z be an indeterminate. Then
1 1
(-1)" 2" G (A - ;) (So(A) +---+ 2" 1810 1(A)) = Sp—rynr (A + ;)
modulo terms of degree > k(n + 1) in A.

Proof. Up to a power of z and a sign, the left hand side is equal to

) Sk(A) -+ Skrn-1(8) 2°Spyn_1(A+1)
S 0(A5 ~)Skn-1(A+ ~) = : : :
Skfn(A) s Skfl(A) z”Sk+n,1(A+%)

Sk(A) -+ Skpn-1(4) 208k in_1(A+1)
[Skcnpr(B) o SE(A)  Sk(A+L) + 281 (A) + 22Skia(A) + -
Sk—n(A) -+ Sp_1(4) Sk_l(A-i-%) + 25k (4) +Z2Sk+1(A) + -

Up to terms of degree > kn+k in A, this determinant coincides with Sgn, —1 (A; A+ %) =
+Sk—14n; (k—1)n (A+%; A). Tts expansion in terms of powers of 1/z is a sum of de-
terminants which, up to zero terms, is the same as the expansion of

1 1
zinsk—l;(k—l)" (A‘f‘;, A) = 27"S(k71)n+1(A+;) .

Checking signs and powers of z, one gets the lemma. |

Proof of theorem. The convergents are the only rational functions with Taylor’s
expansion coinciding with o, (A) up to degree n. However, thanks to the preceding
lemma, the expressions written for P,/Q, have also the same property.

As for the explicit expression of the b;’s, let us check by induction that they

give the right convergents. Recall that the induction on convergents is [P”] =

@n

[P"_l] [1 1]; the case n = 7 will be convincing enough. Thus one has P; =
Qn—l bn 0
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Ps+ zb; Ps, and this gives for by the following expression (do not forget to normalize
the Py’s 1) :

br

_ P, — Py _ <Z4S3333(A+%) B 235’333(A+%)) Z35222(A+%)
Ps S333(A) S33(A) S22 (A)
As usual, the looked for relation is afforded by a matrix
indexing 0 1 2 4 5 6
S0 2383 st 55 g6
. 2282 RAECE

- - 28! §? g3 g4
SO . SO Sl 52 S3
alphabets 0 0 A+ % A A A

The reader will recognize that the products of minors :
[2,4,5,6][0,1,4,5] —[0,2,4,5][1,4,5,6] = [0,4,5,6][1,2,4, 5]

indeed leads to by = —5444522/5333533. O

A simpler proof of Theorem 4.2.1 will be obtained with Pad approximants,
identifying the Schur functions in the numerators and denominators of the succesive
convergents to some resultants.

4.3. Interpolation of a Function by a Continued Fraction
Given a function f(z1,zs,...), one uses the following reciprocal of differences
associated to a pair z;,x;
Ty — Ty

One can start from a function of z; (considered as a function of the z;’s, of degree 0
in x5, z3,...) and iterate these reciprocal of differences, at least while no zero arises
in denominator. However, one prefers to modify slightly the preceding operations.

Given a function f(z) and an alphabet z1,zs,..., define recursively functions
[¢,7,--.,h] of &;,2;,..., 25, which are called reciprocal differences of f, by
X1 — T2
1= f(z1); 12 = ——"2
M= A 0= 70 )
Io9 — I3
123] = ———— + 1
Tn—-1 — Tn
12..-n] = 1-vom =2
[12:--n] [1---n—2,n—l]—[1---n—2,n]+[ n—2
Associate to this sequence the continued fraction
gl,1234.. ) = [1] + TN
r — T2
[12] + P
[123] — [1] + ’

[1234] — [12] + -- -

THEOREM 4.3.1. (Thiele Interpolation) The continued fraction g(x,1...n)
takes values f(x;) at points = x1,..., Tp.
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Proof. Take n = 4 for simplicity of indices. One has a symmetry in the last two
interpolation points: g¢(z,1234) = g(z,1243). Indeed, [123] — [1] + % =
[124] — [1] + Tiasa_tg] because [1234] = [1243] (a divided difference, or a reciprocal
difference in z3,z4 furnishes a function symmetrical in z3,x4).

Now, g(z,1234) coincides with g(x,123) for = 1,22, z3, and g(z,1243) co-
incides with g(z,124) for x = x1,x2,24. Supposing the proposition true for the
previous order, one thus obtains it for the next one. |

REMARK 4.3.2. The simpler reciprocal differences, recursively defined by

[1...n] := Tn-1 = Tn
T R T 1) =1 n-2,n)
are not symmetrical in z1,...,z,, contrary to the [1...n], and are more difficult
to characterize as functions of zy,...,z,.

The continued fraction g(x, 1...n) is of the type (4.1.1), with bs,bs,... of
degree 1 in z. As for convergents, for even n, deg(P,) = n/2, deg(Q,) = n/2 — 1;
for odd n, deg(P,) = deg(Q@n) = (n — 1)/2. Now, since P, /@, interpolates f(z)
in n points, counting the number of parameters, we see that P,(z) and Q,(z) are
unique, up to multiplication of both by the same scalar. This uniqueness will allow
us in the next theorem to express the convergents of Thiele’s continued fraction as
Schur functions.

THEOREM 4.3.3. Given an alphabet Y of cardinality k, let f(x) be the polyno-
mial f(z) := S¥(x —Y). Then the convergents of Thiele continued fraction for f(x)
are expressible as Schur functions:

Py, = Sin (k—n)n (XZn -z, Xop — Y)
4.3.1 ’
( ) { Q2n = S(k—n)"—l Xop —z —Y)
(4.3.2) { Pypi1 = Sin, (h—nyn+1 Xant1 — 2, Xopy1 = Y)
e Q2n+1 = S(kfn)" (X2n+1 - — Y)

Proof. Because of the uniqueness of a rational interpolant at n points with sum
of degrees of the numerator and denominator < n-1, we have only to check that
P, /@, coincides with f(z) at points = x1,...,Zp.

Let us reason on an example, and take n = 6, £ = 7. Then

Ps = S111,444(Xs—z, X6-Y)

1 2 3 7 8 9

0 1 2 6 7 8

0 1 5 6 7

= . 0 4 ) 6

3 4 )
X6—$X6—$X6—$X6—YX6—YXG—Y

Take any 7 < 6 and subtract (Xg—z;) to the alphabets in the top row. Since
degrees are increasing by 1 when passing from column 4 to 5, 5 to 6, one can
similarly subtract z; to columns 5 and 6. Alphabets in the determinant are now,
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with B = Xg — z; — Y,

0 0 0 zi—Y -Y-Y-Y
Xe—xiXG—xiX(;—xi Xe—Y B B B

Xa—wiX6—$iX6—.’L'i X6—Y B B B

Because S/(—Y) = 0 for j > 6, the elements of the top row vanish all, except for
S7(x; —Y). The cofactor of this non-zero element factorizes into Spoo(Xe —2;) = 1,
and S44 (X — z; — Y). On the other hand Qg(z) = S44 (X6 — z — Y), and therefore
the specialization of Ps(z)/Qs(z) in z; is equal to S7(z; — Y). O
One can notice that the numerators P, of Thiele’s convergents can be obtained
in the Euclidean division of f(z) by S™(z —z1 — --- — z,,) (cf. expression 3.2.1).

Reciprocal differences can themselves be expressed as Schur functions :

PROPOSITION 4.3.4. Given an alphabet Y and an integer k, let f(z) be the
polynomial f(z) := S¥(x —Y). Then the reciprocal difference of f [1,2,...,n],
n=1,2,..., of order n, is a quotient of two Schur functions of xt1 +---+x, - Y :

(4.3.3) [1, ceey 2m+ 1] = S(k,m)m+1/5(k,m,1)m ,
(4.3.4) [L,..., 2m]

S(k—m-1)m=1/S(k—m)m -
For example,

[].] = Sk,, [123] == S(k,1)2/Sk_2, [12345] = S(k72)3/s(k73)2 -
[12] = l/Skfl, [1234] = Skfg/s(k_2)2, [123456] = S(k—4)2/S(k—3)3 .
Proof. Once more, we need only Pliicker relations, but twice! Let us see how to

obtain [1,...,7], knowing [1,...,6] and [1,...,5]. Take k = 9 for example, and
write Sy(A) for Sy(A+ 21 +---+ x5 — Y). From the exercises, we know that

Ss5(e)/ Seee(e)—Ss5(w7)/ Seee(®7) = (v7—26)Ss55 (w6 +27)S66()/Se66 (€6)Se66(27)

and therefore

Se66(x6)Seee (27) L S777()

[L.... 7= * Ssss(ze+a7)Ses()  Ses()

However, one has also that
Se66(x6)S666 (27) — Ss55(x6+27)S777() = Se666(26 + 7)Se6() ,
whence the required expression

[1,...,7]256666(.731+"‘+.’II7—Y)/S555(IL'1+"'+-’E7—Y) .
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4.4. Relation between Stieltjes and Wroriski Continued Fractions

Stieltjes [162] prefers developing series at © = oo, taking ! oy /z(A) instead
of 0,(A). He very often uses continued fractions of the type :

1
(4.4.1) =z faz 24

T+

—1/(11 +
z/ag +

—1/(13 +
zfag+ -
+ (afaz +a7)z 7 + a1’ + ar’ar’as + a’an® + a’)z T+
where the indeterminate & = 1/z appears only at half of the levels.
It is easy to transform the above continued fraction into
1

(4.4.2) .
al (12

r— 0] — 5
Q30

r — o109 — 003 — 3
Q40506

T — 0304 — OO0 —
r — 506 — OgQ7

and therefore, the relations between Stieltjes’ parameters and Wroriski’s ones (with
normalization fixed by Eq.8.3.2) are :

(4-4-3) o =51, ar = —511/5'%, a3z = —51522/551, a4 = 5115222/5222,

nSTL"S n n+1 nS n—1 nSnn+1
i1 = (1) ﬁ & az,=(-1) W
@on(a2n 1+ 1) =G & asn 20l 00, = =B,

4.5. Jacobi’s Tridiagonal Matrix
The recursions between the denominators of the successive convergents

Qn—i-l: ($_Cn)Qn+,8nQn—1 ,yn>0; QOZI, Q—l =0,

can be written instead

(451) x Qn = _ﬂnQn—l + CnQn + Qn+1 ’

in which case they are to be interpreted as describing the morphism “ multiplication
by z” in the basis Qo, @1, @2, - -
The matrix expressing it is an infinite tridiagonal matrix due to Jacobi :

[ Co 1 0 e 0 -
-8 G 1 0
(4.5.2) Joc = A '
Cn—2 1
_ﬂn—l Cn—l
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The following proposition,due to Whittaker [179], shows how to recover the
series 07y /,(A) from Jac.

PROPOSITION 4.5.1. For any positive integer n, the first entry of the n-th power
of Jacobi’s matriz is equal to S™(A).

Proof. We shall use the linear functional p : 2" — p(z™) := S™(A), n > 0 (which
will be motivated later by the theory of orthogonal polynomials). With respect to
this functional, it is clear that every polynomial Sy» (A — z) = Spr0(A;2), n >0,
is sent to 0. Therefore, the image of a decomposition f = cg + ;@1 + ca@Q2 + - - -
under p is p(f) = ¢o. Thus, the first entry of Jac™, which is the coefficient of the
expansion of Q) in the basis Qq, @1, - .., is equal to p(z™) = S™(A). a

4.6. Motzkin Paths

A direct application of the use of Jacobi’s matrix is to furnish a combinatorial
interpretation of the expansion of continued fractions.

Indeed, one can interpret powers of a matrix with an automaton: edges are
labelled by the entries of the matrix, and the entries of its k-th power are obtained
by enumerating paths of length k.

Jacobi’s matrix gives the following automaton :

Onh
=D e
Onk
Goe

—p —pa —ps3 —Bn

The first entry of Jac” will now be equal to the sum® of all paths of length n
from 0 to 0.

But there is another convenient combinatorial object replacing the paths in the
Jacobi’s automaton.

DEFINITION 4.6.1. Motzkin paths are paths in the positive integral plane, with
East, North-East and South-East steps, starting and finishing at level 0.. A weight
is attributed to each step: (; for an horizontal step at level i, —3; for a South-East
step between level i and i — 1, North-East steps having weight 1. The weight of the
path itself is the product of the weights of its steps.

Passing from paths in an automaton to Motzkin paths amounts to adding a time
coordinate as an horizontal axis, and recording levels as function of time (uniform
horizontal speed!) :

1interpreting a path as the product of all the labels of the edges composing it.
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—P2
G

—h

The path in the automaton is obtained by projecting a Motzkin path on the
horizontal axis, the Motzkin path is obtained by drawing edges between the suc-
cessive positions occupied in the automaton.

Therefore, Proposition 4.5.1 can be rewritten in a form due to Flajolet [42] :

THEOREM 4.6.2. The coefficients of the formal series o,(A) can be written in
terms of the parameters in Wroriski’s continued fraction from an enumeration of
Motzkin paths.

Ezplicitly, S™(A) is the sum of the weights of all Motzkin paths of length n.

For example, there are 4 Motzkin paths of length 3,
/N 7\ —
S ) T 7 T 7 / \ )
G G o -B1 Co G -H G -H

and, indeed,

§3 = S — 81,8 — §'Sy; — (S12/S11 — SY)Shs

4.7. Dyck Paths

We have encountered another continued fraction (4.4.1), that we can use to
obtain another combinatorial interpretation of the series o/, (A).

DEFINITION 4.7.1. Dyck paths are paths in the positive integral plane, with
North-East and South-East steps,starting and finishing at level 0 (i.e. they are
Motzkin paths without horizontal steps). The weight of a Dyck path w is 67 (w) :=
[1; o, where m; is the number of points at level ¢ of the path. A Dyck word is a
word in 1,2 obtained by replacing North-East steps by the letter 1, and South-East
steps by 2.

THEOREM 4.7.2. Given any A, the complete functions S, (A) are obtained by
enumerating all Dyck paths of length 2n :

(4.7.1) Sa(A) = > 6P (w) .

w Dyck, {(w)=2n
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Proof. The reader will not be surprised to have to consider a tridiagonal matrix
with null main diagonal :

0 1 0 0 0
a 0 1 0 0
0 Q2001 0 1 0
M := 0 0 a302 0 1
0 0 0 Q403 0

and its square

1
0 a0 + (30 0

M2

Il

[0]
0
0 asas’oq 0 azag + asos 0

o ;

One recognizes that Jac is a sub-matrix of M?2. A little more work shows that, as
announced, the first entry of he n-th power of M? is equal to S™(A). However, it
is also equal to the sum of all Motzkin paths of length 2n. Moreover, one can put
the weights on the levels instead of the edges. O

For example, there are 5 Dyck paths of length 6 (whose sum is equal to S3(A)) :

/N VAN PN /N
NSNS NS N s N, 2NN

(1130404 a13a03a2 0613(1220402 (112(122(13(10 a13a03a2

4.8. Link between Enumeration of Motzkin and Dyck Paths

Having found two combinatorial interpretations of S™(A) as an enumeration of
paths, we are forced to explicit how to pass directly from one interpretation to the
other.

Viennot [177] does it by some chirurgy on paths, let us adopt a softer method.
We first need to slightly extend the definition of Motzkin and Dyck paths by allow-
ing points of negative levels.

DEFINITION 4.8.1. A Super-Motzkin path is a path from level 0 to level 0 with
East, North-East and South-East steps, with no horizontal step of negative level.
The weight 6 (w) of a path is the product of the weight of its steps, defining
B-i=1/p;.

A Super-Dyck path is a path from level 0 to level 0, with North-East and South-
East steps. Defining a_; = 1/a;, the weight is still given by counting the number
of points at level i : 6P (w) := [], al™.

Given k > 0, and two Super-Motzkin (resp. Super-Dyck) paths w'2* and 1%w",
one notices that the transformation

(4.8.1) w' 28 2R 1% 1% " — w' "
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preserves the weight 6 (resp. 7).

Defining now elementary paths to be [1727], [1"2"], [1" 02", then relation
(4.8.1) shows that every Super-Motzkin (resp. Super-Dyck) path can be trans-
formed into a path which is a concatanation of elementary paths and has the same
weight.

For example

[111220122] — [111222 2110221 1122]

Let Motztin be the algebra generated by Super-Motzkin paths, and Dyct be the
algebra generated by Super-Dyck paths. Define ¢ to be the morphism from Motztin
to Dyct induced by the morphism from the algebra generated by {1, 1,2, 2, 0} to
itself :

1=11, 111, 222, 222, 021 +12.

LeMMA 4.8.2. The morphism ¢ preserves weights.

Proof. One first checks that ¢ is compatible with transformation (4.8.1).
Now, if w = [1™2"], which has weight

0™ (w) = (=Bn) -+ (=B1) = (=1)"Spnt1/S(n-1yn
then its image is p(w) = [12" 227] which has weight
0P (p(w) = afa3 - aj,_1azn = (=1)"Spnt1/S(n_1yn -

With w = [1™2"] instead, one has inverse weights and still equality.
Finally, a truncated pyramid w = [1™ 02"] has weight

(=Bn) - (=B1)Cn = a -~ a3, Q20 -
Its image is the sum [1™212"] + [1™ 12 2"], which has weight

2 2 3 2 2 2
of - ab,_y (05, 105, + a5, 105, Qon41)

but the two weights are still equal because of relations (4.4.3). O
Since the image under ¢ of the sum of all Motzkin paths of length n is equal to
the sum of all Dyck paths of length 2n, lemma (4.8.2) and theorem (8.8.1) imply

(482 SW= Y Mw= Y Pew)= Y Pw

w Motzkin, w Motzkin, w Dyck,
L(w)=n 2(w)=n 2(w)=2n

Let us say that a Motzkin or Dyck path is irreducible if it has no point at
level zero, except the two end points. Since any (Motzkin or Dyck) path can be
uniquely factorized into a product of irreducible paths, the generating function of
all (Motzkin or Dyck) paths 3 2¢(®) w is the inverse of 3 —2)®) . Taking
weights, it implies the following corollary :

'wirr(

COROLLARY 4.8.3. Given A and a positive integer n, then

(4.8.3) )" = Y Mw) = ) 6P (w)

w Motzkin, irr w Dyck, irr
£(w)=n 2(w)=2n

A similar interpretation of powers sums or hook Schur functions in term of
paths is given in [100].

Exercise (4.2) shows that the expressions of S,(A) or A,(A), in terms of
Qai,Qs,..., can be obtained by enumerating the compositions of n, the parame-
ters b; of Rogers being equal to b; = a;a;-1 (cf. [61], prop. 5.2.4).
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For a commentary about how to express symmetric functions in terms of the
parameters (;, (5, see [100], [183].

A systematic study of continued fractions from the point of view of enumeration
will be found in the book of Goulden and Jackson [61].

Exercises

Ex. 4.1. Let a1 + +bb?3 7 be a continued fraction. Check from the matrix

expression that the parameters can be recovered from the convergents :

a, = Pnf2Qn - Pnan2 & b = Pnanl - Pnlen
" Pn—2Qn—1 - Pn—lQn—2 " Pn—ZQn—l - Pn—lQn—‘z

ExX. 4.2. (Rogers [154]). Give the Taylor expansion of a continued fraction

1

bz
1 1

baz
1%

1—"-.
EX. 4.3. Given a € C, show that (1 4+ 2)* has a continued fraction expansion
a; + ﬁ with a1 = 1,42, =2n — 1, agnq2 = 2, ban = (n — 1 + @)2, bopq1 =
(n — a)z. Obtain, as a limit, the continued fraction for the exponential: a; =
1,a2, = 2n — 1, aspy2 = 2, ba, = 2, bapr1 = —z. Do not forget the logarithm:
log(1+ 2) has a continued fraction expansion with a, =n,n=0,1,...,and by = 2,
b2n+1 = b2n+2 = ZTL2, n= 1,2, .e

Ex. 4.4. Continued fraction expansions can also be found for divergent series.
Check, after Euler [41], that the series > 2™ n! has a continued fraction expansion

I+ 7= with [ba, b3,...] =[2,1,3,2,...,n+1,n,...]. Introduce an extra param-
eter B € C and show that ) 2" n!S™(3) admits a continued fraction expansion
2 zB
1428+ 2°6(8+1) + —1+1_ (D) )
1 z
1 2(f+2)
2z
1 z(5+3)

1-"

with parameters ..., f+n, n, .. ..

EX. 4.5. Let a,b, A be such that S(A) = (a —b)(a—bq)---(a —bg*" 1), i > 0.
Give a continued fraction for o, (4A).

EX. 4.6. Given two infinite sequences [a1,az,...], [b2,...], Sylvester [166], I,
p-609-629 and 641-644, defines

Kn([al, e ,an], [bg, .. ,bn])
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to be be the n x n following determinant (with only three non zero diagonals):
ai b2 0
-1 a2 b3 0
Kn([ala"'aan]i[an"'an]) =10 -

Ap—1 bn
-1 ap

Check directly, without using our previous considerations about Jacobi’s matrix,
but by mere manipulation of determinants as Sylvester did, that the convergents
of the fraction a; + ﬁ are

P,/Qn = K([a1,...,a4],[b2,-..,b.]) /K ([a2,.-.,an],[b3,...,bn]) .

Ex. 4.7. Let [a1,...,an], [b2,.-.,bs] be two sequences. Let the Jacobi matrix
J([a1,.-.,an],[ba2,...,by]) be the tridiagonal symmetric matrix with main diagonal
[a1,- .. ,ay], its two neighbours being [ba, . .., b,] (convention different from (4.5.2)).
Jacobi’s continued fraction is L 02 . Show that its n-th

2
u—a; —
1 b32
u—ay — ———————
u _ a3 —_— . e .

convergent P, /@, is such that P, is the characteristic polynomial of
J([az, ..., an],[b3,-..,bn]) and Qn, of J([a1,-..,an],[b2,---,bs])-

EX. 4.8. Let A be an alphabet of cardinality 2, and let A! = Al(A), A =
A2%(A). Show that the n-th convergent of Al — ﬁ is S™(A)/S"L(A).
Ex. 4.9. (Contraction of a continued fraction). Since

14 az 14 abz?
% az —
1+bz/X bz+ X

one can contract Stieltjes’ continuous fraction for o, (A), or its inverse A_,(A) by

grouping terms two by two. There are two manners to do it:

1 1
2
zay z2-a1a2
1+ ——— 1+ za; + 3
zZa2 zZ-as3a4
1+ —— 1+ z(as+as) + 3
zas 2" a5 a6
1+ — 1+ z(as+as) +
2a1 za
1+ —— =1+ ! 3
zas Z-a20a3
1+ —— 1+ zap — 5
zas Z7a405
1+ — 1+ z(az+as) —

22agan

1+ z(as+ag) +

Show that the first contraction gives back Wroriski’s continuous fraction for A_,(A).
For the second contraction, show that one can rewrite the coefficients

S22 — S33 52853333 — S115444
azta4 = —55—, as +asg = S )
22533
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Gan—1 + G2n = Sn-1)»-28nn+1 = Sn-2)n-15(n+1)» .

Sn-1)n=2Snr
Ex. 4.10. Let f(z) be a function. Let T}.(f) be the limit of Thiele’s reciprocal
difference [z1,..., £r41], for 21 = -+ = 2,41 = z. Show that To(f) = f, Tv(f) =
1/D(f), where D is the derivative with respect to z, and that
r
To(f) =T o(f) + =
(D=1 B 2y

Deduce Thiele’s expansion of f in the neighbourhood of z :

flz+e) = f(z) + ‘

Ti(f) +
2T (T (f)) +

€

3T (T2(f)) + -

Ex. 4.11. Put f(z) = €® in the preceding exercise. Show after Perron [146]
that Th,(e*) = (=1)"e® and Topp1(e®) = (=1)"(n + 1) e=*. Transform Thiele’s

expression into
€
ef=1+

1—
2+
3 —
2+

€

€
5— —

Ex. 4.12. Compute the generating function of Motzkin paths according to
their length ¢(w) and number of horizontal steps h(w) :

F = Z .,L,l(w)zh(w) .

w Motzkin



CHAPTER 5

Division, encore

0 O

08§-
08%
08;‘-
08;‘-

odo odo odo odo
o5 B8 S5 TS
T T T T

088-
088'

0do odo odo odo odo odo
o 65 6 o5 B8 5
& T T s T T

o0 0o
o o

5.1. Derived Alphabets

Instead of dividing polynomials, one can divide formal series in one variable.
Of course, one wants to iterate division, and there are several possible definitions
of Euclidean division for series.

In the case of generic polynomials in one variable, Euclidean division is a process
which produces a sequence of linear factors!, the successive quotients. Therefore,
given two unitary series f, g in one variable z, by “division”, we shall mean finding
the unique constants ¢, 3, and the unique unitary series h such that

(5.1.1) f(z) = (1 =¢2)g(2) + B 2%h .

Factorizing formally f and g : f(2) = 0.(B), g = 0.(A), the unknown coefficients
are seen to be

One notices that the two coefficients ¢, # depend only upon the difference B—A.
Starting with the pair of series (o, (B — A), 1) means, in fact, “dividing by 17 (cf.
[101]), and, contrary to the case of polynomials?, gives the general case, because it
simply consists into dividing all equations by o, (A) without modifying coefficients.

We shall rather take as a starting pair (1, o,(A — B)), to have more regular
indices.

Let us write f = f_1, g = fo = 0,(A), h = fi, and define the successive
quotients and remainders in the Euclidean division of f_; by fy by the equations

fo1(2) = (1= 2G0) fo(2) + B12? fu(2)

z) = — 2Q(1 1(2 222 2\%2) ,
s ) = (L= 26) )+ 625 o)
f1(2) = (1 = 2G2) fa(2) + B32” f3(2) , -5
fic1(2) = (1 = 26;) fi(2) + Biy12” fiyr(2), .-

As we have just said, starting with the pair (1, fo/f—1) has the effect of dividing
all equations by f_;. Thus, without loss of generality, we shall take f_; = 1,
fo =0, (A)

1apart;, possibly, from the first quotient, which is of degree the difference m—n of degrees of
the two input polynomials, when m > n.

2the quotient P/Q of two polynomials is not in general a polynomial, but the quotient f/g
of two series is a series.

i
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Define the derived alphabets At of A = A° by fi(2) = 0, (AY), i = 1,2,....
Therefore, with A~! = 0, one has the system of equations
(5.1.4) o (A7) = (1 — 2G) 0, (AY) + Big1 220, (A) , i>0.

Checking the terms of degree 1 and 2 :
1+ 28 (A1) + 2282 (A1) -0 = (1—ZCi)(1+zSI(Ai)+z252(Ai)-I-"‘)+z2ﬂi+1
gives, as in (5.1.2),

(5.1.5) G=S1(A"—A"1) & B;=Sy(AT! — A%,

As in the case of polynomials, the remainder o, (A*) of order k can be directly
characterized. It is the unique unitary series fx such that there exists scalars
ak ak ,Bk Bk k.

1oy M1o---> k_la’y .
(5.1.6) 224k fr=(1+abz+---+ak?) o, (A) — (A +BFz+---+8F 21

We have already met similar coefficients in (3.1.5). Let us obtain them anew,
thanks to the following property :

LEMMA 5.1.1. The sum
1 1
(5.1.7) 2% Sk (A — ;) o2 (&) + (—2)" 1S pyerr (A + ;)

is equal to 22*Syx+1(A) modulo 22k +!,

Proof. Indeed, zSpr(A — 1)0.(A) can be written as z* Sy, (A; L) 0. (A). Using
the factor o,(A) as a multiplier of the last column of 2¥Syx.(A; 1), one can now
expand the determinant according to powers of z. Powers z*,...,22*~1 do not
appear, because they are factors of determinants having two identical columns. The
sum 281G 1 (A) 4+ -+ 4+ 2°8kk _g41(A) is equal to the expansion of (—1)%zF~1
S(k—1ye+1(A+27"). Finally, the coefficient of 2%* is Syr+1(A), the lemma is checked.
O
The expression (5.1.7) is therefore equal to zsz(k +1)* (A) fi. Recognizing that
the coefficients of the powers 2%, i > 2k, are the Schur functions Sir i (A), one
obtains the following description of the k-th derived alphabet :

THEOREM 5.1.2. Given a generic alphabet A, and a positive integer k, then the
derived alphabet A* of order k of A is such that

(5.1.8) 0. (A*) = Z Sik ki (A)/Sprt1 (A) .

The recursions between the successive series z'c,(A?) can be easily visualized
when writing their coefficients into a matrix which is due to Stieltjes (writing Sy
for Sy(A), and - for O:

(0 (AO) 1 Sl S2 S3 54 55
zo (A') | . 1 S12/Su Sis/Su S14/S11 S15/511
220, (A%) | . . 1 S293/S202  S224/S222  Sa25/Sa20
2o (M%) | .. . 1 S3334/53333 S3335/ 53333
1

writing in row i, column j, i,7 = 0,1,... the coefficient of 27 in zio,(A?).
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Each entry is the weighted sum of three of its neighbours on the column on its
left :

1
.\ o Sevizty . Sig Sttty _ S ji

i &—> O +C¢S L — Bit1 =

~Biy1 /

For example, for i = 2, j = 3, one has

S13 4 Sa23 S3333 _ Sa2a4
ot G —Bs = ;
S Sa22 S33zz Sz

with (s = S9235595 — S12511", B3 = S3333511 S5

The recursions (5.1.4) can also be put into a matrix form

(5.1.9)
G A 0 0 -] [Se(A%) Si(A%) - S1(A%)  Sy(A%)
1 G —B2 0 o] [S_i(Al)  Sp(AY) - So(A')  Si(A')

0 1 G B3 | |S_2(A%) S_i(A%) ---| T |S_1(A%) So(A?)

In other words, left multiplication by Jacobi’s tridiagonal matrix of Stieltjes’ matrix
amounts to suppressing its first column (we have better see it as a shift of columns
towards the right).

5.2. Normalized Differences
Instead of dividing, one could just use normalized differences®, i.e. define unique

constants 7;, ¢ = 1,2, ..., and series go = 0,(A), g1, 92, - -- such that
(521) 9i—1 = gi — 2Yi+19i+1 5 ) Z 1.

It is still appropriate to write the series as generating functions o, (B) for some
alphabets, putting them in two families {A"}, {A} } according to parity. A minor
adaptation of the preceding computations gives :

PROPOSITION 5.2.1. According to parity, one has

1 i _ n
(522) 9on=1Jn = Snn+1(A) E z Sn",n+z(A) =0 (A ) >

1 i n—1
(5.2.3) 9on—1 = S (A E 2 Spn-1, ppi(A) = 0 (A}) .

Let us call the alphabets A0+, A}r ... the secondary derived alphabets.
Stieltjes’s tableau, for the coefficients of the two families of series, becomes

3Replacing division by subtraction was also used by Wronski, as we have seen in Chapter 3.
However, he needed first to evaluate the succesive powers of  modulo a given polynomial. We do
not need this non-trivial first step here.
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80

Sy S Sa Ss

1 1 S1 S1 So S1 S3 S1 Sa S1 Ss

1 1 Si12 Sz S13 Su Sia Sas Sis

S11 Se2 S11 Saz S11 Saz S11

1 1 Soo3  S3za Sooa S3as Saas

S222  Ss333 Sa22 S333 Saa2
1 1 Ss3zzqa  Saaas  Sazazs
S3333  Sasaasa  S33ss

. . 1 1
In row n, n = 0,1,..., one finds the coefficients of o, (A") interlaced with those of

o.(A}). Writing O := n”, B = (n+1)", one has :
(5.24) 1,1 Sont+1 Smn+2(8) Sgn+z Smn+3(A) Son+s Smat+a(A)
"7 Son  Smat2(A) Son T Smat2(A)7 Son T Smate(A)’

5.3. Associated Continued Fractions

Equations (5.1.3) can be written

fic1/fi = (1= 2) + Big12® fiy1/ fi

(5.3.1)
and, therefore, translate into the continued fraction (with A1 =0) :
1
(5.3.2) o.(A) = > =
Pz
1—Coz+——
B2z
1-— Clz +
1
QS A_l —AO
1+ 25 (A1 -A%) + 2 25) (AO_AT)
zZ702 -
1—251(A0-A1 A A
2SAT-A) 25, (AL—A)

1 — 281 (AL -A2) +

Equations (5.2.1) can be rewritten
Ik—1/9k =1 — 2Vk+1 Gk+1/ 9k

(5.3.3)
and give rise to the continued fraction
1
(5.3.4) o.(A) =
Mz
1-—
z
|
1-B%

with explicit parameters in terms of Schur functions of A :
Saz _ S _ S333511

Sll
5.35) M =81, 7= -t g = s = s =
(6:35) m=S1,m=-g5W=ggnN="grg BT g
_S(n—l)"_l)sn"+1 & a1 = Stny1)n+1)S(n_1)n )
Snnsnn+1

T T G S 1y
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Notice the following relations, for any n > 1,
/8? e B};, = Opn+l & 7271 . "Y%n—l = S(nfl)"‘s’n" & ,71271, o f)én = _Sn"Sn"+1 .

All these fractions have been considered by Stieltjes [162], who also examined
problemes of convergence. For our part, we shall not touch upon the analytic theory
of continued fractions, and will refer instead to Wall [178], apart from the original
work of Stieltjes.

5.4. Hankel Forms

Stieltjes found that the problem of decomposing Hankel forms is closely related
to division of series and continued fractions.

DEFINITION 5.4.1. The Hankel form corresponding to an alphabet A is

(5.4.1) H(A; :L‘) = f: Si+]'(A) Z;Tj .

4,j=0

The problem, solved by Stieltjes, is to write H(A; ) as a linear combination of
squares :

H(A;2) = (zo+*m1+xza+- - - )2 4x(z1 +4mo+xzs+- - - )2 dx(TotHaz+xzgt--- )24+

the x’s designating unknown coefficients.
First one polarizes the form :

H(Az,y) Z Sz+] mzyj .

2,j=0

Now, as Rogers [154] noticed, it is equivalent to decompose the simpler form
in two variables z,y, considered as rank-1 elements :

(5.42) K(A z,y) = H(A 2%, 2", 2%, .., 0% 0" 9%, .. )
o0
=Y Si(z+y) Si(d) ,
1=0

recovering the previous case under the “umbral operator”* z* — z;, y* = y;.
We can now formulate Stieltjes’ result.

THEOREM 5.4.2. (Stieltjes). Given an alphabet A, and its derived aphabets
A=A AY AN AL AL
then the form K(A; z,y) decomposes as
(5.4.3)

Z Siti (&) 'y’ = o1 ((z+y)A°) — 2yS11(A) o1 ((z+y)A") + 2°y° 75‘;22((3) .
4,j=0 1
2 _ o4 (=g nwa T n
o1 ((z+y)A%) + (—zy) S ((z+y)A™) +

4The restriction that z° = y® = 1 is overcome by homogeneity, it is not necessary to shift
the indices and start by ¢ = 7 = 1 to be generic.
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and the form Y375 _o Sirj1(A)z'y’ decomposes as

(544) Z Si+j+1 (A) .CEi yj =51 (A) (] ((2L'+y)A3_) — Ty %12(§) o1 (($+y)A}i-)
4,7=0
Sn" (A)

+oe ot (ay)” o1 ((z+y)A}) +

Sin—1yn-1(A)
Proof. One could check that the recursions underlying the two tableaux of Stieltjes
displayed above are the same as for decomposing recursively the Hankel form.

Let us however give a more illuminating proof, which contrary to all pedagog-
ical principles, uses decompositions which will be explained later (decomposing a
polynomial in a basis of orthogonal polynomials).

From the theory of orthogonal polynomials, which can be written S,» (A-2z)
when the moments are Sp(A), S1(A),..., one knows how to decompose any poly-
nomial in z, in particular, powers 2* :

SlZ(A) 5221' (A)
S11(A) Sa22(A)
(identity which could be checked directly, using determinantal identities).

Multiply (5.4.5) by 1/(1—yz) and take its image under the operator z* — S;(A)
(which send Spn (A —2)29 = Spn, j(A; 2) to Spr, j(A)). Then the equation becomes

(348) 3 u7Sues () = i) w5508 - Sl Y s

5’22J A ]
5222 A) Zy 5224 (A ’

(5.4.5) 2= S;(A)So (A —2) —

S1(A —2)+

SQQ(A - z)

which is the coefficient of z! in (5.4.3) .
The second statement of the theorem results from the first one by a shift (by
1) of indices. O
Rogers [154] interprets Stieltjes’ decomposition as an addition formula.

Exercises

Ex. 5.1. Let A be arbitrary, m,n be two positive integers. Find, after Frobe-
nius [47] the polynomials P(z) of degree < n, Q(z) of degree < m—1 such that
oz(A) P(z) — Q(z) be divisible by z™+",

Ex. 5.2. Let A be an alphabet, and y be such that —y be of rank 1.
Write a continued fraction for _ 2™S™(A+ny) (for example, of the type (5.3.4)).

Ex. 5.3. Let A be of cardinality n, = {(} be the set of n+1-roots of unity.

Sn SO .. Sn—l
) ) Sn—l Snoo... Sn—2
Writing S* for S*(—A), show that the circulant | | . . |isequal
g0 gt ... gn

to
Po=JJ(S°+¢S" +---+¢"8") .

CeEQ
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Ex. 5.4. Recall that the Hermite polynomials H,(z) are defined by the gen-
erating function exp(2zx — 22) = Y 2"H,(x)/n!. Write Y 2" H,(z) as a continued
1
Nz

1 2%

fraction of the type (5.3.4):
1—

EX. 5.5. Give a continued fraction expansion of the series Y 2¢(1+2i) !.

Ex. 5.6. Give a continued fraction expansion of f,(z) = (Z(—z)"a/i)fl,
where a is a parameter.

EXx. 5.7. Let A be such that

. 1-3---(2i-1)
g - ~ 7 >1.
S =@ 2!

Give a continuous fraction expansion of o,(A +1/2).

Ex. 5.8. Give the Taylor expansion of the continued fractions

71 & — Y172 '
1 z
1% 1o B2
2 1
1— V3 1— Y174
Y4z s

1—— 1

obtained by shift of indices from Stieltjes’ continued fraction (5.3.4).

Ex. 5.9. Bell numbers B,, are usually defined through their exponential gen-
erating function

exp(e” — 1) = 1+ 2z +22%/21 + 52° /31 + 152* /41 + - - - + B2 /n! + - - -
Show that

5 =l+z+28°+--+Bpz" +---
l—2z-—

22

1—2x—
na?

o l-ny— —

EX. 5.10. Recall that the g-exponential (Eq. 2.3.5) is equal to o,(1/(1-g)).
Define the g-logarithm to be Y~ 28(1 + g +---+¢'71)7L.
Write continued fractions for both these functions.






CHAPTER 6

Padé Approximants
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6.1. Recovering a Rational Function from a Taylor Series

Given a formal series f(z) := ). 2"S,, with So = 1, one wants a rational
function [],cg(1 — 20)/[[,ca(1 — za) (with no factor common to the numerator
and the denominator) whose Taylor expansion coincides with f(z) up to the order
card(A)+card(B) (which is the maximum that one can expect, counting the number
of parameters). In other words, one wants the first coefficients S; to be equal to
the complete functions S;(A — B).

Writing the rational function, up to a power of z, as follows

R(z~',B) R(z7' + A,B)

(611) R(Zil,A) = :tR(2’71 + IB,A) )

one could stop there, because the numerator and denominator of the last expression
are functions of A — B, and therefore, as we have seen in the first chapter, are
expressible in terms of the coefficients of the series.

However, it would not be polite towards Padé [145], and we shall provide some
comments about the different expressions of the rational functions attached to his
name.

Let us first remark that the extra factor that we have introduced, R(A,B) =
1, I1;(a-b), is by hypothesis different from 0 (the rational function is reduced).

Following the usual convention, we shall write

[8/a]

for the approximation of numerator of degree 8 = card(B), and denominator of
degree a = card(A).

Thanks to the different expressions of the resultant, the Padé approximant can
be written :

aB+a+8 Z’BS(a+1)B (IB*A — %)
2%S(g41) (A-B — 1)
a Zﬁsﬁa+1(A—IB + %) _ 1 op zﬁA(a_i_l)ﬁ(A*IB + %)

2S(py1y=(A-B— 1) 22N (g11ye (B-A+ 1)

(6.1.2) [8/a] =(-1)

Do not forget that, for any A, any x of rank 1, on has the decompositions
Sk(A+z) = 3, 2'SPH(A), S*(A-z) = S*(A) — zSF1(A), AF(A+z) = A*(A) -
zA*~1(A). This shows how to expand the preceding functions in terms of z.

85
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In fact, using our favorite transformations on Schur functions, we can restrict
1/z to only one column and write :

1

613)  [8/a] = ()5 Sp, e (A-B+ 3 A-B) / Sipyaye;0(A-B; )

These expressions can be found in the literature: (6.1.3) is due to Jacobi [74],
while Sylvester [165] gave the second expression of (6.1.2).

The explicit expansion of the numerator and the denominator of the Padé
approximant, in terms of the Schur functions of A — B, is

Spe + 2818 + 22 Sape + -+ + 2P Spga
(6.14)  [Bfa] = g R = -
g = 28ga1,p41 + 225ga-2,(g41)2 + -+ (=2)*S(g41)a

For example, for § = 1,a = 1, one gets

[1/1] = % — 1428 + 2282 + 23822 /S 4 48722 /S1 4 ... |
forf=1,a=2,
for =2,a=1,

Sy + 2812 + 225 533
[2/1] = 22 szfzsg 22:1+251+z252+z353+z4§+...
andforﬂ:27a=2,

Sao + 28122 + 225202 1, 202, .3 it _ 98234 4 G333
=1+28"+225%+288% + 248 +
Sag — 2823 + 22833 S22
Let us repeat that we have supposed that R(A,B) be different from 0, that
is, we have assumed the non-vanishing of the Hankel determinant Sga (A — B) of

coefficients of the initial series. Specialists know what to do in the degenerate cases
[145], [11].

6.2. Padé Table

Usually, the [8/a] are displayed in a two-dimensional table (let us take g =
0,1,.. = horizontal axis), and one is interested in giving relations between neigh-
bours. Now, the alphabets A and B are variable and we shall avoid using them.
Say that the function to be interpolated is f(z) = o, (D).

Because [f—1/a] and [8/a] are approximations of consecutive orders of the
same function, one sees that [/a]—[8—-1/a] is a rational function with a numerator
reduced to cz®t8, with ¢ € Gym. In fact, we have already encountered the relation

Sgn (A + 2)Spn-1(A—1z) — IL'S(k,l)n (A + .'L')S(k+1)n—1 (A —2) = Sk (A)Spn-1(4)

and its image under A — —A.
This relation gives us

(6.2.1) [8/a] — [3-1/a] = (—1)*28~ Spe(D)Sga+1 (D)

552~ 1/2)Ss310 @ — 1/2)

as well as
(6.2.2)  [B/a] —[B/a-1] = (-1)*2P*+1~ Sp=(D)S(s11)= (D)

S(a+1ya—1(D-1/2)S(541)=(D-1/2) °
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Now, one can relate the inverse of differences between [3/a] and its North, East,
South, West neighbours, as shows the following lemma, due to Wynn.

LEMMA 6.2.1. (Wynn) The elements of a generic Padé table satisfy :

1 1 1 1
Bla+1]=1B/a] " Bla—11-[6/a] ~ [F-1/a] - [B/a] * [B+1/o] - [/d
Proof. Recall Bazin’s relation :

[C12] [C13] [C14]
[C32] [C33] [C34]|=0
[C25] [C35] [C45]

for the minors of order n of a matrix n x oo, C being a set of integers of cardinality
n—2.

Apply this relation to the matrix obtained from S(g11)=(D — z) by repeating
the first column, with the alphabet D, and adding the two columns [1,0,...,0] and
[0,...,0,1]. Explicitly, with @ = 3, 8 = 5, the matrix is

(6.2.3)

1 0 S°MD) SMD-2) ST MD—2z) S¥D-2z) S°D-=zx)
0 0 S5D) S°D-2z) S*MD-2) ST D-2) S¥D-2)
0 0 S*D) S*MD-z) S°D-2) S(D-2) S(D-2)
01 $*MD S*MD-z) S*D-2) SD-2) S5D-2)
columns |1 2 3 4 c c 5

USiIlg that [340] = 56,555(]])7]])_'7:) = 565,55(]]]),]1))—:13) — :17564,55(D;D_$) =
2S55.,55(D, D—2) = xS5555(D), one gets the relation
SGG(D—.Z') S555(ID)) S555(D—33')
—Se66 (D) 0 xS5555(D) | =0,
Srrr(D-z)  Seee6(D)  Seeee(D-x)

which expands into

S777(D-2) S555 (D) 55555 (D) + See6(D)Ss55 (D) Seee6 (D-z)—
Se66 (D) See66 (D) Ss55 (D-7) — Sge(D-2) See66 (D) 7S5555 (D) = 0 .
This is Wynn’s identity (6.2.3), reduced to the same denominator (up to the com-

mon factor Sigq1)=(D-2)). d
See in Exercises 6.5,6.6 a step by step proof of Wynn’s identity.

6.3. Euclid and Padé

Euclidean division can be put into use to provide recursions between Padé
entries. Let [8/a] denote a Padé approximant of the function A_,(A). Then the
following lemma, due to Kronecker, relates the approximants [n—j/j],5 =0,...,n,
for any fixed n.

LEMMA 6.3.1. (Kronecker) Let n be an integer. Define P_; = 2"l Py =
S"(1—-2A), Q-1 =0, Qo =1, and for j =0,...,n—1, and P;,Q;, p; be such that
they satisfy the following equations
(6.3.1) Piyn = —Pja+pib
(6.3.2) Qji+1 = —Qj—1+p;Q; ,

with P; of degree n—j in z.
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In other words, —Pjy1 is the remainder of the division of P;j_1 by Pj, and p;
is the quotient.
Then P;/Q; is the Padé approzimant of type [n—j/j] of A_.(A), and

1
PiQj+1 — Pi1Q; = 2"

Proof. The successive remainders have been described in the third chapter (we
need the version of Ex. 3.5). Up to normalization, they are

217G n-1(A-2), 227" Sgn—2(A-2), 257" Sm-s(A-2), ...

Pj Py
i Qi

On the other hand, Equations (6.3.1) implies that the determinant be

independent of j, and this determines the ();’s knowing the P;’s.
Recognizing the multiplicators (3.1.9) in the Euclidean division, one gets that
Q1,Q2, ... are, up to the same normalization as the P;’s,

Qi=S51(A+2), Q2=82A+2), ...,Q; =S (A+2),... .

Checking values in z = 0, one indeed recognizes that P;/(Q; is the [n—j/j]-approximant.

O
For example, for n = 4, the approximants [4/0], [3/1], [2/2], [1/3], [0/4] are
228111 (A-271)  —238000(A-271)  22853(A-271)  —2Sy(A-271) 1
1 ’ 251111(A+271) ’ 2:25222(A+271)’ 23533(A+271)’ 2454(A+z*1)'
The following congruences modulo z°, show that, indeed, Q1,...,Q4 are the

multiplicators of A_,(A) in the division of 2° by A_,(4) :

28111 (A2 = —23850(A-271)

228990 (Atz7Y) = 22833(A-271)
22853(A+z7Y) = —28,(A-z71),
2284(A+vz™h = 1.

6.4. Rational Interpolation

Padé approximants are rational interpolants of f(z). But in general interpola-
tion theory, one wants to produce expressions depending upon the values of f(z) at
specific points y;,ya, ... € Y. The preceding sections can be considered as describ-
ing the case where all y;’s are concentrated in 0, and replacing the values f(z;) by
the Taylor expansion of f(z) in z = 0.

Already Cauchy had solved the rational interpolation problem in 1820, writing
a summation generalizing Lagrange interpolation. We shall rather use the following
determinantal expression, and give its relation with Padé expressions.

LEMMA 6.4.1. Let f(2) be a function of one indeterminate, and let o, 3 € N.
Let P(2)/Q(z), deg(P) < B, deg(Q) < «a, coincides with f(z) at points y € Y,
card(Y) = a+ B8+ 1, . Then P and Q are determined, up to a factor, by the
following identity ( the determinant is of order a+fB+1; each row, except the last
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one, depends upon a single y € Y in turn).

6.4.1) Y 1 v W ) - uf) T —0.

Q) 2Q() - Q) P() - 2P(z) P(2)

Proof. Multiply row y by the corresponding factor Q(y). The new determinant is
an alternating function in yi,...,ya+8+1, 2 of degree < a4 3 in each letter. Being
divisible by the Vandermonde in ) + z, it must be null. |
To get more compact expressions of P and @, let us suppose that f(z) is a
polynomial that we shall write f(z) = SN (z — D).
The denominator @(z) is proportional to

1 y y'ﬂ y“f(y) yfky) f@)

O o0 --- 0 2 z 1

Extracting the Vandermonde A()) from the upper part, one transforms the
preceding determinant into a determinant of complete functions :

SW) e ) SHE-D) o SN
STOAW) o §7OY)  SNAY-D) o SV -D)
0 e 0 2 . 20

The determinant factorizes into its North-West part ( equal to Sgs+1(Y) = 1) and
its South-East part in which one recognizes, up to transposition,

S(N_ﬁ)a’o(y — D, Z) = S(N_Ig)a(y -D- Z) -

Similarly, P(z) is proportional to

sy - SAY) SN -D) - SM((Y-D)
Sfafﬁ(y) s STE(Y) SNfﬁ(y -D) --- SNfafB((y - D)
20 . B 0 .. 0
Subtracting z to alphabets in columns 2,...,a + 1, the bottom row becomes
[1,0,...,0] and what remains of the determinant after suppressing the first col-

umn and bottom row (and permuting the last columns) is the Schur function
Si6,(N—pye+1(Y — 2,Y — D). This function is in fact the remainder of degree
in the Euclidean division of S¥(z — D) by R(z,)), as one could have realized
beforehand without computation!

In summary, one has

LEMMA 6.4.2. The approzimant of type [3/a] of the function SN (z — D), ob-
tained from the interpolation set ) of cardinality a +  + 1, is

(642) Slb,(Nfﬁ)"‘H (y - Z,y - ]D)) / S(N,B)a (Ji -D- z) -
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Questions of convergence are at the heart of the Padé approximation paradigm,
and we have only touched upon the relevant algebraic identities. This algebraic part
is only part of the story. However for what concerns it proper, we disagree with
most of the classics.

First, the theory is full of quadratic relations between minors, and no reference
is usually given to Pliicker relations!, which are more general and more understand-
able that the 3 terms or 5 terms relations commonly used.

Secondly, many functions or coefficients can be identified with Schur functions.
It is true that if one restricts to Schur functions indexed by rectangular partitions,
one can dispense with symmetric function theory altogether. However, inductions
involve other partitions than the rectangular ones, and become cumbersome when
only Hankel or Toeplitz determinants are allowed, and not their general minors.

Thirdly, using partitions is the only way of easily seeing that a function ap-
pearing in a certain process is the same Schur function as the one pertaining to
another theory. Even to identify some coefficients in the Euclidean division of two
polynomials (when they are not the leading terms) would be cumbersome without
reference to Schur functions.

In the fourth place, this is a text about the beauties of symmetric functions
and their generalizations.

Exercises

Ex. 6.1. Let f(2) := A,(B)/A.(A) be a rational fraction. Given two integers
m,n, write the numerator and the denominator of the Padé approximant P/Q
of f(z) of degree [3/a] as determinants with entries the elementary symmetric
functions in A or B.

Ex. 6.2. Let A be an alphabet of infinite cardinality, m,n be two positive
integers, K C [1,...,m+n] be a subset of cardinality n. Find a polynomial Q(z) =
S™(1 — 2zB) of degree n such that

SKA—-B)=0Vke K .
Thus P(z) := S™t"(1 + 2(A-B)) is a polynomial of degree < m + n such that
P/Q=o0.(A) mod (z™t"t),
but, contrary to the case of a Padé approximant, the numerator is of degree < m+n,
having n coefficients null.

EX. 6.3. Let a, 3 be two integers, and [8/«a] the Padé approximant of o (D).
Give the coefficients in the Taylor expansion of [3/a] as functions of D. In particular
describe explicitly the coefficient of z*+8+1,

For example,

[1/1] = 14281 +228% 423522 /S 4245222 /SH 4. .. = 14281 +225% (1 — 252/51)_1 .

Ex. 6.4. ([11], p.339). Let f(z) be a function of one variable, a, 8 two positive
integers, YV = {yo,-..,¥a+s} C C. Write Y, for yo,...,yn, n > 0, and YV_; for
the void set. Write [i...j] for the image of f(y;) under the product of divided
differences Oy, y,,, "= - Oy;_,,y;, and [i...j,2] for the image of [i...j] under J,, ..
When i > j, put [i...5] =0.

Lwhich were already known in the XV III¢ century, cf. the first volume of Muir.
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Let moreover P(z)/Q(z) be the rational interpolant of f(z) of type [3/a] at
points ).

Show that Q(z) is proportional to
[a...(8+1)] -+ [a...(a+B)] R(z,Va-1)

[L...(B+1)] -+ [1...(a+B)] R(zD)
[0...(8+1)] -+ [0... (a+B)] Rz, 1)

Show that (f(2)Q(z) — P(z))/R(z,Y) is equal to the determinant
[@...(B+D)] -+ [a@...(a+B)] [@. .. (a+pB), 2]

Lo (B41)] - [1...(a+B)] [1...(a+B), 2] )
0. (B+1)] - [0...(a+B)] [0... (a+B). 7]

Ex. 6.5. Compute the vertical and horizontal distance 2 differences in the
Padé table for o,(A), i.e. compute [3/a] —[6-2/a] and [B/a] — [B/a—2].

Ex. 6.6. Let A be arbitrary, k,n be integers,  be a rank-1 element. Show
that

Skn (A—m) S(k+1)" (A) = Skn (A) S(k-',—l)" (A—m) - .’ESkn+1 (A)S(k+1)n—1 (A—.Z') .

Use this formula, in conjunction with the preceding exercise, to reprove Wynn’s
formula.

Ex. 6.7. (Montsessus) Let f(z) be a meromorphic function in the unit disk.
Assume it has n poles (counting multiplicities), all different from 0.

Show that the sequence of Padé approximants [m/n], m — oo, converges to-
wards f(z) in any point in the disk, different from a pole.

The reader, supposed to have only algebraic tools at his disposal, can take
f(2) = 0.(A = B), with card(d) = n, card(B) < oo, and |a| > 1,Ya € A.






CHAPTER 7

Symmetrizing operators
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7.1. Divided Differences

Divided differences 9, have been introduced by Newton to solve the interpola-
tion problem in one variable. Apart from them, we shall also need isobaric divided
differences .

In the case where o is a simple transposition s; exchanging a; and a;y1, writing
then 0;,7;, the operators (acting on their left) are :

(7.1.1) { 9% = (ai—aim) ' (1+s) = (1—s)(a—ap)?
- o= (I-ai1/a) ' (1+s) = a;0;
More explicitly, 0; and 7; are the operators on functions f(ay,...,a,) of several

variables, acting only on the pair (a;, a;;1):

f@z = f( s TN 7 P R ) — f( Q1,05 .. )) (a,- — az-_H)*l

(7.1.2)
fﬂ'i =1la; f( o P P ) — Q41 f( Y PR PR )) (ai — ai+1)_1

In a more compact manner, we can write
113) 6 fofo=2"" & n fo faee G DS
ai = Qit1 @i — Qi1
We shall check below that each of the families of operators {s;}, {0}, {m}

separately satisfies the Moore/Coxeter braid relations (writing {D;} in each of
these three cases) :

(7.1.4) D,D; =D;D;if|i—j|>2 , DiDiy1D; = Di11D;Diyq
One can notice that, for what concerns squares, one has
(7.1.5) 6,61 =0 , T = T , 8;8; = 1.

Both divided differences 9; and isobaric divided differences 7; are special cases
of local rational operators of the type

(7.1.6) D; = P(a;, a;iy1)1 + Q(as, aiy1) Si ,

that is, of a linear combination of the two permutations 1, s;, the coefficients P(z, y)
and Q(z,y) being two rational functions of two variables independent of i.

In [108] [112], one determines the conditions on P and () which ensures that
the D;’s satisfy braid relations and preserve polynomials. These operators happen
to satisfy an Hecke relation, i.e. there exists constants g, g2 such that

(7.1.7) (Di—q1)(Di—q2) =0, Vi>1.

93
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To represent the Hecke algebra, one usually takes
(7.1.8) Ti=mi(q + q2) —q28i , i > 1.

It is convenient to display the symmetric group as its Cayley graph, called
permutohedron, which describes how permutations are successively generated by
products of simple transpositions, starting from the identity permutation. Paths in
this oriented graph, starting from the identity, are called reduced decompositions, i.e.
decompositions of permutations into products of simple transpositions of minimum
length.

One can use the same graph to describe operators, the edges now being inter-
preted as simple divided differences, or isobaric divided differences instead of simple
transpositions®.

Here follows &3, the edges being divided differences; on the right figure, we have
written the images of aas under the operators displayed on the left permutohedron,
to illustrate that it codes a family of operators on polynomials :

123 aias
61 62 al 82
Y/ AN /4 AN
213 132 a1a2 a?
(92 H 61 62 a1
231 312 a ai+as
O\ /02 01 "\ /02
321 1

Divided differences satisfy Leibnitz formulas?, as easily seen from the definition:

(7.1.9) f90; = f(90:) + f0i g° = g (f0) + g0; f* .
In particular, symmetric functions in a;,a;4+1 are scalars for 9; and m;:
(7.1.10) g=9%" = fg90; = fO;ig and fgmi = fmg.

When a;41 tends towards a;, the divided difference 0; becomes the usual deriv-
ative with respect to a;. However, in that limit one loses the fact that symmetric
functions in a;, a;+1 commute with the operator, a property which greatly simplify
computations. Indeed, to compute the image of a function under 9;, one will try
to write it as a function in a;,a;+1 as simple as possible, the complications being
pushed to the coefficients (which are symmetrical in a;,a;+1 and involve the other
variables). Finite differences also give a discrete version of differential calculus on
functions of one variable, but there is no invariant sub-ring playing the role of sym-
metric functions. We shall illustrate in the sequel how the use of the symmetric

1We have already mentioned that there are more general operators satisfying the braid rela-
tions, but one can also add parameters (according to Yang-Bazter equations) on the edges of the
permutohedron. We shall be more precise later, when introducing Yang-Baxter bases.

2Notice that formulas are disymmetrical in f, g, one has two expressions for the image of a
product.
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group simplifies the computations with divided differences, and renders this discrete
differential calculus simpler than the usual one3.

7.2. Compatibility with Complete Functions

Complete functions behave ”nicely” with respect to divided differences. Indeed,

let A; = {ai,...,a;}, and let B be a second alphabet symmetrical® in a;,a;;1. Then
one has

(7.2.1) S*(Ai —B)&; = "' (A1 —B)

and similarly

(7.2.2) S* (A —B)mi = S*(Aiy1 - B)

properties which are immediate to check on generating function. Indeed :

Il —2b) [I;es(1 — 2b)
= 7= = =ikl (]. - zaH_l)
j=1 (1 - za;) Hj:l (1 - za;)
and, the factor inside parentheses being symmetrical in a;, a;41, one is left to check
that the image of (1 — za;41) is z under 9;, and 1 under ;.

o.(A; — B)

Therefore,
1-2b
(7.2.3) %zalz) 0102---0p 2"

Hbe]B(l_zb) Hbe]B(l — 2b)

= 22beB T e T, = (1_za1)...(1—zan+1)

7.3. Braid Relations

We can check now the braid relations. Divided differences which involve two
disjoint pairs of variables clearly commute, thus we have only to show 9;0;410; =
61'4_18,'81'4_1, and TTi41T = Ti41TT 41 To Simplify indices, let us check it for
i = 1, and only for the divided differences, the computation being similar for the
7(,"8.

Instead of applying three times the definition of 9; to expand 020102, one makes
it act on monomials, that one writes as Schur functions according to (1.4.10):

afagag = SyBia(As; Azs Ar)
Now, the first and third column of S,3, are symmetrical in a2, a3, and thus the

image of the determinant is a similar determinant, because we have to operate only
on the middle column:

o
S’y;ﬂ;a(AS; A27 Al) —2) S’y;ﬁfl;a(A3;A3; Al) -

Now, the new determinant has its first columns symmetrical in a1, a2 and becomes
SyiB—1;0—1(A3; Ag; Ay) under 0, and finally, under 9, again :

SW;B—I;a—Q(A% As; AB) = S’y,B—l,a—Q(A3)

3Unfortunately, it was almost forgotten during three hundred years, its only application being
more or less the original application of Newton to the interpolation of functions of one variable.

4i.e. invariant under si, which is the case if, for example, it contains p copies of a;, and of a;41
at the same time. Usually, B will be disjoint from A, but sometimes, to get rid of denominators

for example, one needs to transform B into B & A.
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which is a usual Schur function in three variables. The result being symmetrical in
ai,as,as, the image of the same monomial under 9,020, produces the same Schur
function (however, to apply 010201, one writes the starting monomial as a Schur
function in ay + as + as; a2 + as; az).

Because monomials are a linear basis of polynomials, this computation implies
the braid relation 0,028 = 0201 0>.

The preceding computation was not really necessary. Indeed, we did not
use that 81,0, commute with multiplication by symmetric functions in a;,as, as.
Knowing that the space Z[ay,az,as3] is a module (in fact a free module) over
Gnm(al, as, Clg), with basis

2 2
1, a1, a2, a7, a1a2, ajaz

we see that both 00,01 and 020102 decrease degree by 3, and thus send the basis
to 0, apart from the last element which is sent to a constant (necessarily non-zero,
because none of the operators is identically null). We shall see later a good reason
why the constant is in both cases equal to 1.

The braids relations imply the following lemma®.

LEmMA 7.3.1. Given a permutation o and o reduced decomposition ¢ = s;5; - - - S,
then the product 0;0; - -- Oy (resp. miwj---my) is independent of the choice of the
reduced decomposition of o. One denotes it 0, (resp. 7y ).

Let now the cardinality of A be n, and let w be the maximal element of &,.
Then writing any monomial in A as a Schur function, the same type of computation
as in the case of three variables shows that the image of a monomial under 9,, or
m,, is a Schur function:

(731)  ail--airm=Si(A)) , al--ain 9, = Si_p(An)
where I = [i1,..., i), p=[0,...,n =1, T —p=1T[i1 — 0,...,ip —n +1].

Instead of taking the group algebra of G(A) with constant coefficients, one can
use the algebra Diff generated by rational functions in A, and permutations. This is
the proper way of combining multiplication by elements of Rat(A) and symmetriz-
ing operators. Indeed, M.P. Schiitzenberger and I called this algebra algebra of
divided differences to stress the fact that divided differences, or permutations act
on the coefficients, that one can choose to write on the left or on the right. Beware

that a rational function P/@Q must now be interpreted as the operator “multipli-
cation by P/Q”. The algebra ®iff is nowadays called the affine Hecke algebra®.

This algebra contains all our symmetrizing operators, for example :

(7.3.2) 6, = (1 — Si) 1 = ! (1 + sl) J

Ti — Ti41 Ti — Tit1

but also, for any g1, g2, generators

ai + q20;
(7.3.3) T = (qua; + qaaip1)d; + g2 = ot LU (] L) 4 gy,

a; — Gj41

5knowing that two reduced decompositions of a permutation differ by a sequence of trans-
formations s;5; = 5j5; OT $;418;5;41 = 5;S;415;-

6Cherednik [86] uses double affine Hecke algebras, starting with the affine symmetric group
instead of the symmetric group.
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that we had written differently in (7.1.8), and which satisfy the braid relations,
together with the Hecke relations

(T — @) (T —q2) =0

It has linear bases : {0 € 6(A)}, {0,, 0 € 6(A)}, {7y, 0 € 6(A)}, {TI»%, 0 €
G(A)}, and many others. An interesting problem is to write explicit matrices of
changes of bases.

For example, even to pass from the T'9:92 to the T,2>"2, that is just to let the
pair of eigenvalues be different, is not as straightforward as it would seem.

Indeed, by specializing the parameters qi,¢s,r1,72, one covers all the known
change of bases. We shall encounter later Schubert polynomials, which appear for
both changes of bases ¢ — 9, and 9, — o. Let us just say a word about how to
express any element of the affine Hecke algebra in the basis of permutations.

7.4. Decomposing in the Basis of Permutations

We first need a straightforward lemma, introducing a second alphabet B of
cardinality n :

LEmMMA 74.1. Let K, = K,(A/B) = H1<i7j<n(b,- —aj). Then Kp(A”,A) =0
if o is not the identity permutation. S

Using these vanishing properties, one obtains expansions by just specializing
the images of K, sums restricting to a single term :

PROPOSITION 7.4.2. Let

h= > ohs, with h, € Rat(A, B) .
T€G(A)

Then
(7.4.1) Kphly o =0 hy [[ (ai—ay)

1<i,j<n

This proposition says, for example, that the expansion of a divided difference
0, in the basis of permutations is obtained by specializing the image of K under
05. We shall see later that the images, under divided differences, of K themselves’
constitute a fundamental basis of the ring of polynomials in A, as a module over
Gym(A).

We shall also need the explicit change of bases between the Hecke algebra with
parameters (1,0) and the Hecke algebra with parameters (—1,0) (both are 0-Hecke
algebras). The m;, i = 1,..., n-1, are algebraic generators of the first one, the
mii=m —1,1=1,..., n—1, are generators of the second.

First, recall that the Ehresmann-Bruhat order on the symmetric group is de-
fined as follows.

DEFINITION 7.4.3. Let o be a permutation, I = [i1,...,i;] € N¥ be such
that s’ := s;, ---s;, be a reduced decomposition of . Then the permutations
smaller than o with respect to the Ehresmann-Bruhat order are all the permutations
obtained by evaluating in the symmetric group the subwords of s’.

7one starts with IL; j:i4j<n(ai — b;) rather than K.
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Bourbaki[22] gives an “Exchange lemma” which can be reformulated in terms
of intervals for the Ehresmann-Bruhat order. Let us write [- < o] for the interval
of permutations between the identity and o.

LEMMA 7.4.4. Let o be a permutation, s be a simple transposition such that
L(os) > £(c). Then [- < o] decomposes into two subsets, A containing permutations
n such that 1, ns € [- < o], and B containing the permutations v such that vs ¢
[ < o]. The interval [- < o8] is the disjoint union of A, B, Bs, where Bs is the set
{vs,v € B}.

PROPOSITION 7.4.5. The 7, and 7,, 0 € G(A) are related by the relations

770'22 %y

v<o

%0. = Z(_l)e(a)fl(") Ty,

v<o

(7.4.2)

Proof. Let use prove the result by induction on the length of ¢, using the notations
of lemma 7.4.4. One supposes that 7, = }_ 47y + >_,cpTv. By definition,
Tgs = TeTs = Ty (1 +T5). The sum over A is invariant under multiplication by s,
because it is composed of terms 7, +7ys = 7T, (1+75) (taking 1 in the pair 9,ns such
that £(n) < £(ns)), and because (1 + 7s)7s = (1 + 75). The sum over B becomes a
sum over B U Bs. In total one obtains the full interval of permutations < gs. The
first assertion is proved, by involution m; — —m;, one gets the second. a

Notice that this lemma determines the Mo6bius function of the symmetric group
(with respect to the Ehresmann-Bruhat order), cf. Verma[174].

7.5. Generating Series by Symmetrization

We have seen in (7.2.3) that divided differences allow to obtain rational func-
tions having denominator [[(1 — za;) starting from a rational function with denom-
inator (1—za;). Let us illustrate this method to generating functions of Tchebychef
polynomials of the first and second kind, T},(z) and U, (z).

These polynomials are defined by the generating series

o n

(7.5.1) Z %Tn(x) = —% log(1—2zz +2%) & i 2"Up(x)
n=0

n=1

1
T 1—-2zz+ 22

In other words, let A be the alphabet of cardinality 2 such that
A(A) = 22, A%(A) = 1. Then

(7.5.2) To(z) = Ta(A)/2 &  Un(z) = Sa(d) .

Since al (a1 —a2) 81 = al+a} and a0y = S,—1(a1 +az), one can obtain T, (x)
and U, (z) by symmetrization. More generally, let B be an alphabet of cardinality
2, with A%2(B) = 1. Put A}(B) = 2y. Then [157], [43] :
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LEMMA 7.5.1.

(7.5.3) Zann(x)Un(y) =
n=0

1-22
1—4zzy + 22(422 + 4y? — 2) — 4232y + vt

1—2zzy + 22(2y% - 1)
1 —4zay + 22(422 + 4y2 — 2) — 4232y + v

(7.5.4) Y 2"Un(x)Tuly) =
n=0

1—3zzy + 22(222 — 1 + 2y2) — 232y
1 —4zay + 22(422 + 4y2 — 2) — 4232y + v

(7.5.5) Y 2"Tu(@)Tuly) =

Proof. The three series are the images, under 8, 4, Oby b, Of a1b1/(1 — zaib1),
a1(by —b2)/2(1 —za1b1), (a1 —az2) (b1 — b2)/4(1 — zay1 b1 ), respectively. They all have
the denominator

[1(1 — zaibs) = A (AB) =1 — 251 (8)S1(B) + 2°511.(A) S (B)+
2’282 (A)Sll (B) — 23512 (A)Slz (IB) + Z4S22 (A)522 (B) .

The numerator is obtained by applying twice a divided difference. For example,

a (b1 — b2) Baqas X by — by Obqbo . 2 — 2.’1,‘\111(13) + ZZ‘I'Q(B)
1—zaib; " 1—2zzb + 222 ’ [1(1 — za;b;)
and one concludes, using that ¥5(B) = Ay (B)? —2A2(B) = 4y —2. The other cases
are obtained by a similar computation. O

The same method could be applied to generating functions of products of three
or more Tchebychef polynomials, but in that case, only the denominator would be
easy to write, and one would have recourse to ACE [9] for the numerator.

The reader will certainly find in the mathematical literature other similar ex-
amples of rational functions which can be obtained from a function having only one
pole. We prefer in these notes illustrate other uses of divided differences.

7.6. Maximal Symmetrizers

The operators corresponding to the maximal permutation w play a fundamental
role. Let us give a different expression of them involving the full symmetric group,
instead of defining them by products involving only G4 at a time.

First, we need to extend the property which allowed us to check the braid
relations, and show that any polynomial can be written as a linear combination of
monomials of small degree, taking coefficients in Gym.

LEMMA 7.6.1. The ring of polynomials in A = {ay,...,a,} is a module® over
Sym(A) with generators a’ : I < p:[n-1,...,0].

Proof. Writing A, = {a1,...,ar}, one sees that the equations
SPEH (A, —A) =0, 1<k<n
allow to eliminate the powers of a,_; strictly bigger than ¢, 0 < ¢ < n—1. There

remains only the n! monomials of exponent majorized by p. O

81t is in fact a free module, but we shall prove this fact and provide different bases in later
sections.
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PROPOSITION 7.6.2. Given A of cardinality n, the divided differences 9, and
7, can be expressed as a summation on &, (A) :

1
_ 1))y =
(7.6.1) D Z(n(u,
TEG(A)
1
(7.6.2) ww:ME:GM%Z,
cES(A)

writing A for the Vandermonde [],;;<,(ai — aj).

Proof. We need to check the action of the preceding operators on our generating
set {a’ : I < p}. We notice that each of these monomials, except the last one, has
at least one repeated exponent. In other words, there is at least one pair i, j such
that the monomial is symmetrical in a;,a;. In that case, it will be annihilated by
>~ +0, because each monomial in a’ Y~ £+ will be accompanied by the same one
with a different sign. In the case I = p, then > +(a”)” is the expansion of the
Vandermonde, and a” is sent to 1 by Y +o/A.

On the other hand, ,, decreases degrees by £(w) = (}), and therefore sends all
a’ : I < p to 0 for degree reason. To compute the image of a? (which is of degree
0 in A), one writes

w= (01 0n-1)(01--0p-2) - (01) -

Using this product of divided differences, one sees that each step consists of com-
puting the image of some monomial a’a; by 8;, where a” is symmetrical in a;, ;1.
At the end, one finds again that a” is sent to 1, and therefore Y +0A~! and 9,
coincide.

One gets the case of m, by using a’ = as a generating set (taking the space of

Laurent polynomials, i.e. polynomials in ai’,...,a}!). O

7.7. Schur Functions and Bott’s Theorem

Recall that, for two finite alphabets A, B, the resultant R(A, B) is the product
HaeA’ pep(@—D). Recall also that for A = {ai,...,a,}, and K = [ky,...,k,] € N?,
A=[M\,. ..., ] = K¥ = [ky, ..., k1], the Schur function Sk (A) can be defined as
a quotient :

Ajt+i—1

-1
i a

(7.7.1) Sk(A) = |a /AA) = i

2

Aj4j—1
it ‘

|1gz',j§n
Expanding both determinants, one recognize them to be obtained from a single
monomial by either d, or 7w, and the preceding formula becomes now the Weyl
character formula for type A, 1 :

Ea(_l)f(a) (ak_f-p)o'
Yo (=1)4) (ar)”
Schur functions of a difference of two alphabets A and B can also be obtained by
a double symetrization involving the groups G(A) and G(B). The precise statement
is given by the Sergeev-Pragacz formula, for which we refer to [149]. This formula
can also be obtained by symmetrizing any vexillary Schubert polynomial [134],
using the product of the two maximal symmetrizers 7, relative to A and B.
Proposing to generalize the Lagrange’s interpolation, that we shall detail in the
next section, Jacobi and Sylvester described which summations to take when the

=a 7, .

(7.7.2) Sk(A) =a**? 9, =
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input function has already partial symmetries. For any decomposition n = n'+n",
define® &ym(n'|n") to be the ring of polynomials of A which are symmetrical in
ai,---,0,, and also symmetrical in @41, -..,a,. Jacobi and Sylvester’s summa-
tion defines a morphism from Gym(n'|n") to Sym(n). Because of its application
to the cohomology theory of Grassmannians, we shall attribute to Bott the follow-
ing formula'®. Write 8, for O sy s With Wpr e = [n'+1,...,m,1,...,n'], and
similarly 7|, for Tttt -

PROPOSITION 7.7.1. Let A be of cardinality n = n'+n", J € NV, [ € NV . Let
O=(@®")". Then

> Sr(A") Sy40(4A)

(7.7.3) SI,J(A) R(A’ A")

A=A LA
= Sz(an/_H + -4 an)SJ+D(a1 4+ -4 an’) 6n’|n”
= SI(an/+1 —+--- 4+ an)SJ(al + -4 an/) o/ |n

sum over all partitions of A into two sub-alphabets A, A" of respective cardinalities
! "
n',n'".

Proof. Each Schur function is the image of a monomial under respectively m, and
e, with w' = [0/, .., 1,n/+1,... )n], and " =[1,...,n',n,...,n'+1]. Therefore,
Sr(anpq1 + -+ an)Sy(ar + - -+ + ap) is the image of the monomial

VIR Y
n' a

Tt

—gh...
a*=a az

a
under the product 7, m,. Since w = w'w" wWy|pr, the image of the product of two
Schur functions is equal to the image of a* under =, which is St s(A).

Taking Oy, instead of 7|, involves the extra factor (as - - - an:)"” =
So(ar + -+ + ap). Indeed

" "

7'(w frd apaw = apawlawllanllnll = (al .- anl)n ﬂ'wl’]'(wu nl‘nll = ’ﬂ'wlﬂ'w// (al .- -an/)n 6nl‘nll .

The summation on subsets will be obtained by factorizing the symmetric group.
Write &, |, for the Young subgroup preserving the two sets {1,...,n'} and {n'+1,...,n}.

Write also &™ ™" for S| \Gn (taking coset representatives of minimal length;

explicitly, &™' 1" is the set of permutations which, considered as words, have sub-
words'! [1,...,n'] and [n'+1,...,n]). Now 3 .o 0 = €@ ¥ Dceenin -
Noticing that

A(A) = A(al, .. .,an:)A(an/+1, .. .,an) R ({a1 e ,an:}, {an/_H e ,an}) ;

9When several alphabets will be involved, we shall precise the alphabet used by writing
Gym(A : n'|n'")

Owhich describes the class, in K theory, of the cohomology spaces of an homogeneous vector
bundle over a Grassmannian. I gave this theorem in [96] without reference to the work of Bott
which was unknown to me at that time. In a sense, it was fortunate, because I was forced to find a
reason why concatanation of partitions could be interesting, and I used it to study determinantal
ideals.

Hone also call them shuffles of [1,...,n'] and [n'+1,...,n].
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one can factorize Cauchy-Jacobi summation into

1
NP

g€EG,

1 1
Aar, ...y an)A(ana, . an) R({ar ... an}, {ap - - an}) Z Y Z ¢

V€6n1|nu Ce@"’\””

1
= 000 & Y o<

({al EERE a’n'}7 {an’+1 T 7an}) cesn’In”

Applying now this operator to the monomial a*t?, one recognizes the first
equality in the proposition. a
Notice that it has become evident that the operator

1., f(AI7A”)
Somw'in") 3 f = > Hram
A=A A

preserves polynomials, only after recognizing that it is a factor of the operator
ALY o=%_ +o AT

The preceding proposition can be merely seen as the translation, in precise
terms, of the idea that to symmetrize a function which has already partial symme-
tries, one does not need a summation on the full symmetric group. Let us give an
explicit example. Let n' = 2,n"” = 3, I = [024], J = [15]. Then w' = [21345],
w" = [12543], w?® = [34512]. The product Sis(a; + a2)So24(as + ag + as)
is the image of 051 420 under 7921 543 - It is sent onto 502415(A) = —502235(A)
under 734512, as well as under 7s4321. Similarly, but with a shift in the expo-
nents, Syg(a; + as)So24(az + a4 + as) is the image of a%1630 = 5112043210 ynder
021543 = d1030403. Applying Oz4512 = 020304010203 gives the same image as the
image of a94 630 under 654321, that iS, 503649—01234 (A)

Finally, the different Sy5433(A’)S024(A”)R(A',A") "1, for variable A, A", are
the images under the permutations ¢ € &23 of

(a1a2)3515(a1 + 0@)5024(&3 + a4 + a5)
R({a17a2};{a3;a47a5}) '

On the other hand, Sig(a1 + a2)So24(as + a4 + as) is equal to the image of

9.4 6,30
aja; a3a,as

A(a17 a2)A(a3J a4, a5)

under the sum EV€62|3 v. Notice that there is no sign in the sum, because we
divided by the Vandermonde before applying the summation.

Bott’s theorem can be interepreted in the following two different ways, as fur-
nishing a pair of adjoint bases of Gym(n'|n") (as a free Gym(n)-module, [96], Cor.
2.2), or as giving a reproducing kernel on a space of symmetric functions.

COROLLARY 7.7.2. Let A be of cardinality n = n'+n". Let O = (n")" .

(1) Let I,J be partitions, I,J <O. Then

(774) SD/](—(anl+1+ s +an)) SJ(a1 + -+ an/) 6nl‘n// = (51’.] .
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(2) Let f be a symmetric function belonging to the linear span of Schur func-
tions of index J < O. Let B be arbitrary. Then

(7.7.5) flar+-+aw)SaB— (angs + -+ +an)) O = f(B) .

Proof.  Multiplying by (ay---an)™ , one can apply (7.7.3). But the image of

+Su(anm + -+ an)Sypoler + - - + an), with H = nv —I7,is +SH,s(4), and

is null, or equal to So(A) due to the restriction on I, J. Lemma 1.2.5 describes

the non vanishing pairs, and imply the first statement. One gets the second by

expanding So(B — (anq1 + - + ap)) in terms of B and (anqs + - - + an). a
For example, for n = 2 + 3, one has

S33/02(—az—as—as)Soa(a1+az) Gz3 = S112(az+as+as)Soz(a1+az) da)3
= 51,1,2,0-3,2-3(A) = Sooo00(A) =1 .

7.8. Lagrange Interpolation

Let us detail independently the special case n’ = 1 of the preceding section.

Given a function f(z) of a single variable z, and a finite set B = {b} of m “dis-
tinct interpolation points”, the problem solved by Lagrange was to find universal
polynomials Py(z) such that f(z) = >, g f(b) Ps(z) whenever deg(f) < m. First
recall that, for two alphabets A, B, R(A,B) denotes the product [[,ca pen(a —b)-

ProPOSITION 7.8.1. For any polynomial f(x) one has

R(z,B\b)
(7.8.1) => f ROB\D) mod R(z,B) .
beB
When f(z) is equal to S*¥(z — E) for some k € N, some E, x being considered as a
rank-1 element, then the interpolation polynomial can be written

(182) X O gy = (D" S (B BE)

beB
Proof. The first formula is linear, and true on the basis {R(z,B\b) : b € B} U
{R(z,B\b), = R(z,B\b), > R(z,B\b),...}. Indeed, for each polynomial in the first
family, there is only one non-zero term equal to (f(b)R(b, B\b)/R(b,B\b); in the
case of the second family, the sum is identically null.

Similarly, S¥(z-E) — (=1)™ 'Sim-14_m41(B-z;B-E) is a linear morphism
from the space Pol(z) to the space of polynomials in z of degree < m. In the
case k = m—-1, E = B — b, then by subtracting b to the the first m—1 rows
of (=1)™ 1Sim—1_pmi1(B-2;B — (B-b)), one gets (—1)™'Sim-1(B-z — b) =
Sm=1(z — B), and therefore the image of any polynomial under this morphism
is Lagrange’s interpolation polynomial 3~ f(5)S™ 1 (z+b — B)R(b,B\b) 1. a

Thus, the Lagrange universal coefficients are

R(z,B\b) = S™ ! (z+b—B) .

In fact, there is a symmetry between x and the b € B. To preserve it, it is
desirable to use A = {a} := {z} UB instead of B, putting n := m+1. Dividing by
R(z,B), one rewrites Lagrange’s summation as

(7.8.3) F=> R(%X)\a) .
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Instead of taking as in input a function of a single variable, one can as well
operate on the ring Sym(1|n—1) of n variables, which are symmetrical in the last
n—1 ones, as is the denominator in of (7.8.3) :

f(a, A\a)

(7.8.4) Sym(1l|n-1) 3 f — % R(a,A\a)

Let us note f — La(f) or f — fOa this functional.

THEOREM 7.8.2. Let A = {a1,...,a,}, and let 01,...,0,_1 be the divided
differences relative to A. Then for any f € Gym(1|n-1), one has

(785) LA(f) = f(ala a?;"'aan) 61 "'61171 .

Proof. Both members of (7.8.5) commute with multiplication with symmetric
functions in n variables :

g € 6ym(n) implies La(fg) = f01---0n_19(A) .

It is easy to see that the ring Gym(z1 | 22, ... 2,) is a module over Sym(z1, ..., 2,),
generated by x?,x%,...,w?‘l (we shall see a more precise statement in a later
section). Therefore, it is sufficient to test Ls and &, - - - 0,1 on the powers of z1 of
degree no more than n—1.

But both operators decrease degree by n—1, and thus send a:l to 0 for k <
n-1, and :1:?71 to a constant. We have seen that for any k > 0,a¥08,---0,_1 =
Sk=nt1(A); thus a7 ' 8y -+ 01 = S® = 1.

On the other hand,

1 i n—1
= -1)%al A ces Biyeeylp) =1,
ZRaA\a A(A) zi:( Yo~ Alan,. 8- s0n)
and therefore Ly and 0 --- 0,1 are equal, as operators on Gym(1|n-1). a
Coming back to the original case of functions of one variable, with B :=
{ai,...,an—1}, T = an, equation (7.8.5) becomes
f(=) f(b)
(7.8.6) 7B +Z b DR BY) = f(a1)81 -+ Op1

Now, it is to be interpreted as decomposing a rational function f(z)R(z,B)~! into
its principal part and its simple poles. Multiplying the equation by R(z,B),

(7.8.7) ) =" 1) ’; ]]E\\:)) = f(a1)d: - Op_1R(z,B) ,
beB

one gets now on the right the quotient in the division of f(z) by R(z,B), the sum
> F(0)S™ 1z + b-B)/S™ ! (2b-B) being the remainder of the division. Indeed,
all the computations in this section till now are closely connected to our study of the
first remainder in the division of two polynomials. Let us display the case n =4 :

R(z,a2+a3)
R(a1 , a2+a3)

R(z,a1+a3) ~ F(as) R(z,a1+az)
R(CLQ,G1+CL3) 3 R(ag,a1+a2)
= f(al) a1a2 a2a3 6a3w R(IE a1+a2+a3) .

Breaking symmetry is a way to disguise Lagrange formula, and to seemingly
move away from Fuclid. For example, instead of a single alphabet, let us cut the

f(@) = f(a1) — f(a2)
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alphabet into two pieces and use A = {ay,...,an}, B = {ant1,---,8ntm}- Then
the summation Y f (a)R(:c,A\a)R(a, A\a)~! is replaced by

R(z,A\a)R( R(z,B\b)R(z, A)
(7.8.8) Zf aA\a)R Zf R, B\D)R(b, A)
1

_ R(z,A\a)R(z+A\a, B)
R(A,B) Z‘f R(a,A\a)

R(z, B\D) R(z+B\b, A)
]BA bezﬁf R(b, B\b) '

Each of the two subsums can still be expressed with a product of divided differences,
and in final, one gets

(789) f(al)R(aQ +---t+ap, T+ IB)61 - Op_1 %4—
R(z, A)
R(B, A)

= f(a1)01 - - Ongm—1 -
Explicitly, with f(z) = S*(z—FE), remembering that R(as+ - - - +a,, B+z)S* (a1 -E) =
S(m+1)»-1;6(A — z — B;a; — E), one gets from (7.8.9)

flant1)R(anye + - + @Gnym, © + A)Ont1 -+ Ongm—1

R(z,B)
(7.8.10) ms(rrwﬂ"—l;kfn_,_l (A-—z—B;A—E)
R(z, A
ﬁ . S(n+1)'"—1;k—m+1(]3 B A; B — E)

= S]_m+n—1;k7m7n+1 (A + IB bl .'L'; A + IB — E) 5

which is no other than the remainder of S*(z — E) modulo R(z, A + B). More gen-
erally, one could break the expression of a remainder by factorizing the polynomial
R(z,A) into pieces corresponding to sub-alphabets.

Let us further disguise Lagrange by specializing all a; to a, all b; to b. The
expression (7.8.10) becomes

z—b)™
(7811) ws(m+l)"—l;kn+l (n(l — T — mb, na — ]E)+
z—a)”
W‘S(n-i-l)m_l;k—ﬂki-l (mb — I —na, nb — E)
= Sim4n—14_m—nt1(na+mb — z;na+mb — E)
=S*x—E mod (z—a)"(z—0b™"
Since the product 0 - - - 0, tends towards % when a; = a, as = a+e,...,a, =

a+(r—1)e, and € tends towards 0, one can rewrite the limit of Lagrange summation
with derivatives, and obtain the following proposition, due to Jacobi in his thesis
[71].

PROPOSITION 7.8.3. Let A be a multialphabet, writing m, for the multiplicity
of the letter a. Let n =Y mg,, and f(z) be a polynomial of degree strictly less than
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n. Then
f(z) 1 dme? f(a)
.8.12 = .
(7.:8.12) [I(z —a)™a ; (mg-1)da™ma=1 \ (z — a)R(a, A — m,a)

For example, in the case of A = na + mb as before, Jacobi gives the following
identity, for any polynomial of degree < n+m :

(r8.13) J@ dnl( o)

(x—a)(z=bm™ (n-1)!dan1 \ (z —a)(
1 amt f()
D) a1 ((:1: )b a)n> '

Interpolation with points having multiplicities is usually attached to the name
of Hermite. One has no problem to specialize, inside a symmetric function, a
generic alphabet to an alphabet with multiplicities. Mixing divided differences and
derivatives require some more care, but would lead us too far from our present
topic. We intend to treat it in more details in some notes on interpolation.

7.9. Finite Derivation

Given A = {ay,...,a,}, the Lagrange interpolation allows to express the image
of any polynomial f(x) modulo S™(x — A), as a summation over the values f(a;) :

Sz +a; — A)

(7.9.1) f(x) = TSI (2a; — &) fla;) .

Supposing as, - - ., a, to be different elements of C, one can attach to the Lagrange
interpolation an isomorphism ¢ :

Clz]/(S™(x — A)) 3 f(2) © [f(a1),..., f(as)] € C"
and write it as a scalar product :
g 4+ a; —
(@] Loy TS ) = (o) (@) <.

The next proposition determines what are the images of the powers of the
derivative % under this isomorphism.

PROPOSITION 7.9.1. For any integer k > 0, the image of the restriction of the

multiplication by ¥ in End(V') is represented by the diagonal matriz diag(a¥, ..., ak).

The matriz expressing %;‘;—kk 18
D .— S"‘l_k((k+1)ai +a; — A)
o S"—1(2aj - A)

1<i,j<n

Proof. Pointwise evaluation is, of course, compatible with products of polynomials,
hence the first assertion.
The second assertion is equivalent to

Sn1k(k+1)a; + a; — A)
Z S”—1(2aj - A)

flaj) = g(ai) ,

J
with k!'g = d*(f)/dz*, deg(f) < n—1. Let us test this identity in the basis of
Lagrange polynomials, say for f(z) = S" 1(z 4+ a; — A).
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The sum reduces to the single term
Snr1=k((k+1)a; + a; — A)

S"—1(2a1 — A) S"—1(2a1 — A)

which is, indeed, the value of the derivative S*~'*((k+1)z+a; —A) inz =qa;. O

The reader may check by himself that the square of D! is D2.
Explicitly, each diagonal entry [i,4] of D! is

=S R ((k+1)ai + a1 — A)

S 2(3a; —A)  d 1
9.2 I S = —1 n—1 i — A —
(7 9 ) 5"71(2&5 - A) dz Og(S (.CE ta )) ; a; — aj
and each off-diagonal entry [i, j], j # 4, is
S"2(2a; + aj — A) 1
(7.9.3) ST Ga - a-a

Let us show now how to use Lagrange’s operator to express derivatives without
writing matrices.

Given A = {a1,...,a,},foranyi:1<i <n,anyk >0, let Bf := (k+1)a; — A.
For any symmetric function g, any f € Gym(1|n-1), let us write La(g(BF)f) for
the specialization B = B of Ls(g(B)f).

PROPOSITION 7.9.2. Let f(x) be a polynomial in z, k be a positive integer.
Then for any i : 1 < i <n, the i —th component of the image of %é—kk(f) under ¢
is equal to

(7.9.4) La(f(z) 8™ * ' (z+B})) = fa1) 8" % (a1 +Bf) 81 -+~ 1 -
Explicitly, when f(z) = S’(x — E) for some j, E, then
(7.9.5) La(S%(z—E)S™ * (2 +Bf)) = Sin-t-1,j_ny1(A— (k+1)a;; A—E) .

Proof. We test (7.9.4) on the basis {z°,...,2" ", S"(z — A), S"t!(z — A),...}.
Since

25" H ok BE) = 50T ok B+ (o715 (B el S B+ )
for any j < n-1, one has

La(27S™ 1 (x+BF)) = La(S™ "1 (2+Bf)) = ST F(A+BF) = ST F((k+1)ai) ,

and this is indeed the value of % dc;ﬁj in a;. Moreover, the polynomials S™t7 (z —A),
j > 0 are null under g, since they vanish in any a; and this finish the proof of (7.9.4).

Writing
(=1 18" ay + BF)S (a1 — E) = Syn-r-1;(-BF 5 a1 — E)
one gets that the image under 0; - - - 9,1 is equal to
Spa—i=1jopni1(-B} ; A —E) = Spnoiorjjni1 (A — (k+1)a;; A —E)

d
For example, for £ = 1, the first component of the image of the derivative under

¢ is the morphism
d —
7@) - (F@))

’
r=a1
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where f(z) is the remainder of f(x) modulo S™(z-A), and (7.9.4) states that it is
equal to

61, n =
a10102 + 6162(2a1 — AlA), n =
03618283 + 1010203 (2(11 — AIA) + 010203 (3a% — 2a1A1A =+ A2A), n

2,
3,
=4

Indeed, for n = 4, the polynomial z* = 2>A'A—22 A2A+2A3 A— A* A has derivative
3z2ATA — 22A%A + A%A, while the image of af is

S3A 4+ 8%A (2a; — A*A) 4+ STA(3a2 — 2a;ATA + A%A)
= S3(A 4 2a;-A) — S3(2a1-4A) = 3a?ATA — 2a;A%A + APA.

7.10. Calogero’s Raising and Lowering Operators

The space of polynomials in z is an infinite dimensional space, on which = and

% act as raising and lowering operators :
d

(7.10.1) z-zf =Mt & d—wk = kzk 1.
x

Given n, the space Pol,, of polynomials in = of degree < n-1 is still a repre-
sentation of SLs, putting z - 2"~ ! = 0. In other words, one defines raising and
lowering operators R, L on ol,, by

(7.10.2) R@@*) =2 k<n-2, R@" ) =0 &  L(zF)=ka* 1.

Calogero has described the matrices representing the raising and lowering operators
in the basis of Lagrange polynomials.

THEOREM 7.10.1. Given an alphabet A of n distinct letters, let
(7.10.3)
S"‘2(2ai+aj —A) . X a?
Z— |: Sn_1(2ai—A) &X—dlag(...az...)—dlag ,m, I:l] ,

where [1] is the comstant matriz of order n with entries equal to 1.
Then Z, X represent L, R in the basis {S" ' (z+a1-4),...,S" (z+a,—A)}.

Proof. We have already computed in the preceding section the expression of the de-
rivative in the basis of Lagrange polynomials. Some caution is needed for X, because
it does not represent the multiplication by z, contrary to the infinite dimensional
case. The matrix expressing the Lagrange polynomials in the basis {z°,...,z" 1},
and its inverse are :

n—i(, . _ ; n—1 A1 j—1
(7.10.4) [s (a; A)]lsam_l,dmg(...(s (2a;-A)) ...)[az ]19,,]_5”_1.

With these explicit matrices of change of basis, it is immediate to recognize that
X represents R in the Lagrange basis. |
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Let us detail the expressions of L, R, [R, L] in the successive bases {z°,...,z" "'},
{8%(z-A),...,S" Y z-A)}, {S" Hz+a1-A),...,S" Y z+a,—A)}, for n = 5, writ-
ing S for S(A) and - for 0.

r - .- -1 et w2 gl
.2 L. .. 2 Pl g2
L=1| - -3 |, | - - 3 o,
... .4 o .4
[ S%(3a1—4) 1 1 1 1 7
S5%4(2a1—A) a1—asz a1—as a1—as a1—as
1 S®(3a2—A) 1 1 1
a2 —a1 54(20.2_A) a2—a3 a2 —a4q a2—as
1 1 5°%(3a3—4A) 1 1
az—ai az a2 54(2(137A) a3z a4 az—ap
1 1 1 53%(3as—A) 1
as—a1 as—as as—as S4(2a4—A) as—as
1 1 1 1 S°(3a5—A)
L a5—a; a5 —asg as—as as—agq S%(2a5—A) |

Al _A2 A3 _A4 A5—S5

1 - - . . 1 . . _g4
R=|- 1 - - .|, . 1 . . _g3 ,
R . . 1 . - 92
1 - 1 -St
i _ a? _ a? _ a‘? _ af _ af T
1 ~ 52(34,—4) 5%(2a1—A) 5%(2a1—A) 5%(2a;—A) 5%(2a;—A)
___ e a3 ___a3 ___a8 _ a3
S%(2a2—A) 2 ™ S%(2a2—A) S5%(2a2—A) S5%(2a;—A) S5%(2a2—A)
_ a3 _ al aa — ad _ ad . ad
54(2a3—A) 5%(2a3—A) 3 7 Si(2a3—A) S5%(2a3—A) 52(2a3—A)
5 5 5 5 5
_ 4 _ y _ By as — 2y _ 4y
5%(2a4—A) 5% (2a4—A) 5%(2a4—A) 47 51(2a4—A) 5%(2a4—A)
_ a5 _ a5 . a5 _ CL5 _ a5
ST (2a=A) S (2a5=8) S (2as=A) 208 T 520D |
-1 - . . . -1 - . . 584
-1 - . . .o -1 . - 583
[R,L]= | - R -, . - =1 - 58?|,
. . .o -1 . . . . —1 59!
4 . . . . 489
i 5(1‘11 -1 5(1.‘11 5(1.‘11 5(1‘11 5(1‘11 1
S5%(2a;1—A) S%(2a;1—A) S7(2a;1—A) S5%(2a;1—A) S5%(2a; —A)
503 503 -1 505 503 503
S%(2a2—A) S5%(2a2—A) ST(2a2—A) 5% (2a2—A) S5%(2a2—A)
503 503 5a3 -1 5a3 5a3
S%(2a3—4A) S%(2a3—A) S%(2a3—A) S54(2a3—A) S%(2a3—A)
5a; 5a3 5a3 5a; 1 5a;
S%(2as—A) S%(2a1—A) S1(2as—A) S%(2a4—A) S4(2a4—A)
Sag 5a§ 5a§ 5a‘51 5a§ _1
L S*(2a5—4) S%(2a5—A) S%(2a5—A) S%(2a5—A) S%(2a5—A) ]

Given any differential operator Y (" ¢x(z) (ﬁc—k,c with polynomial coefficients, Calogero
[26] approximate it by the operator

m

Z Ck (R)Lk

0
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in the basis of Lagrange, choosing n > m. This transforms differential calculus
into pure linear algebra, but, of course, it remains to describe for which differential
operators this approximation is interesting. We shall not comment this topic any
further here.

Exercises

EX. 7.1. Extend Leibnitz formula to the following two cases (any i,n € N, any
functions f;):

fooofn0i & fgbi---0n .

Ex. 7.2. Let z,y be two letters, 8 = 0;y, m = 7, be the associated divided
differences. For a word w in {m,0}* of length r, and any f; € Z[z,y], 1 < i <r,
one notes fi - -- f» w the product fiw; fows --- frw,.

Show that

foefom =3 (DM fyw Siga o+ y)

sum over all words of length r, k£ being the number of occurrences of 9 in w.

Ex. 7.3. Let A ={aq,...,a,}. Define §;, i =1,...,n-1, to be the operator

f=fé= (f(...ai,ai_,_l .l —f(...qai+1,ai/q...)) (a; — qaiyr) ™"

Show that the operators d; satisfy the braid relations.
Therefore, for any permutation ¢ € &,,, there is an operator d,. Give the
image of any monomial under J,,.

EXx. 74. Let A = {al,ag, . } Let (51 = ai(?iaii, 1= 1,27 PN

Show that the operators §; satisfy the braid relations. Beware that they do
not preserve polynomials, and therefore do not belong to the family mentioned in
(7.1.6).

Compute the images of 1 under all §,, 0 € &4. Compute the images of 1 under

n
21 0iy under Yoy i cicy, 0305, under 32 ooy, 050

Ex. 7.5. Let A = {al,aQ, .. } Let (51 = 6, a;Qj41, 1= 1,2, .
Show that the §;’s satisfy the braid relations. Compute d,.

Ex. 7.6. Let p,q be two parameters. Show that the operators

a; +
(51' = (1 + Si) u
a; — Q41
satisfy the braid relations, then explicit the maximal operator d,,.

Ex. 7.7. Let A be finite, f be a function of one variable. Check again that the
operators 7; := m; — 1 = 0; a;41 satisfy the braid relations, but that the operators
0f := m; — ¢ do not, when ¢ # 0, 1.

Express f(a;)m, in terms of the non-zero images of f(a;) under products of
%i’s.

Ex. 7.8. Show how to obtain the first remainder in the Euclidean division of
two polynomials, using divided differences.
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Ex. 7.9. Let A)B be two finite alphabets having a single letter £ in common:
A=A+(B=B +& A NB = 0. In other words, the G.C.D. of the polynomials
R(z-A) and R(z—B) is of degree 1.

Following Abel [1], vol. 1, art. 13, find the value of any rational function in &
(of course, in terms of A and B, not of £, which is unknown).

Ex. 7.10. Given two alphabets A, B, of respective cardinalities n,m, let 0 <
r < 'm,n. Find the remainder of S(;_1ym-n+r(A-B—2) S™ (2—B) modulo S™(z—A).

Ex. 7.11. Let A = {ay,...,a,},  be an indeterminate. Compute
(x—a1)(x+a2) - (x+an)(ar +a2) (a1 +ap)01 -+ Op_1 .
Ex. 7.12. Let A = {a4,...,a,}. Show that

1 (B8

o ) =-D"1'1-a--ay) .

Ex. 7.13. Let A,B be of the same cardinality n. Show that

bj-a;
l1—ai--a, = E 1—a; I I e MOy
aa A2 § Py b;—b;

Ex. 7.14. Let A)B be of the same cardinality n, and 04,...,0,_1 be the
divided differences relative to B.
Show that

(1~a1) (A4 an+anan_1+...4+ap---a3) = (by —bra1) - -- (b —bpan)by 1 81 - - On1 .

Ex. 7.15. Let A = {a1,...,a,}, n > 2, w be the maximal element of G(A).
Show that

(1-a))™'(1-a3) " m = (1-af) ™" -~ (1-ap) 7" .

Deduce from it that
doSMEA) = D (—1)'Si;(4) .
n i<j: #Hj even
Ex. 7.16. Let A = {ay,...,a,}, w be the maximum element of G(A). Show
that
(1- alm)_l (1- (a1+a2)a:)_1 c (1= (ar+-- -+an_1)31:)_1 T
= (1+za; — 28" (A)) " -+ (1 + za, — xS (A)

1

Ex. 7.17. Let n,m € N: n > m, X ={z1,...,2,}, A be of cardinality n. Let
fi(z),..., fm(x) be polynomials of degree < n—1 in a variable z.
Show, after Borchardt [20], that

A(X + A")

det wen AN + A7)

fi(xj)‘ = Z det
1<ij<n L

1@

sum over all decompositions of A = A" + A" with A’ of cardinality m (one chooses
an arbitrary total order on A’ and A" to write the determinant, and the two Van-
dermonde).
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Ex. 7.18. Let A be of cardinality n, B be of cardinality m, with n > m.
Evaluate, after Nanson [139], the sum

ZRaA—a 1A —a),

where I is a partition of length < 2.

Ex. 7.19. Let A be finite, 2,y be two indeterminates, A° be the alphabet
A° :={(a—z)7! : a € A}. Show that

Ro) oy L) =1 (1-222)

a€cA

EX. 7.20. Let A,B be two disjoint alphabets, |A| = «, |B| = 3, and let f(z)
be a polynomial of degree y. Express f(x) as a combination

f(z) = Pi(x)R(z, A) + Py (2)R(z,B) + P3(z)R(z, A+ B) ,
with deg P, <f—1,degPo <a—1,degP; <vy—a—p.

Ex. 7.21. Let ay,...,a2, be indeterminates. Prove that
n J n .
ST (-2 ) I (-2 ) =1
§=0i=1 a2/ S @2j+1 + - Q2

Ex. 7.22. Let k € C, n € N, A be arbitrary. After Sylvester ( Development
of an idea of Eisenstein, [166], art. [21]), Glaisher and Cayley (Addition to Mr
Glaisher’s note on Sylvester’s paper...,[32], art. [649]), write S"(kA) in terms of
S™(0A),...,S™(nA).

Ex. 7.23. The Lagrange interpolation involves a summation on all letters
of an alphabet. In his thesis [71], Jacobi gave the following generalization, as a
summation over subalphabets of fixed cardinality & of A, for any polynomial f(x)
of degree <n —k (With n=|4|) :

Stn—ryx( -
Ao A R MN'Zf
A=A A a’'EN

sum over all disjoint decompositions of A into two subalphabets, with |A'| = k.
Prove Jacobi’s formula.
Explicit it for n =3, k=2, f(z) =
Settle the contradiction by computing the right member for any f without
restricting the degree.

Ex. 7.24. Let A be of cardinality n, f be a function of one variable. For every
Jj>0,let ¥(j) = a’ f(a). Let r < j. Show, after Aitken [2], that the determinant

$G) o dG+n—1)
YG—n+1) Q)

S A®? ], rop

sum over all subsets B of A of cardinality r.

is equal to
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Ex. 7.25. Let A = {a1,...,an}, B={b1,...,by}, f a function of one variable,
g be a symmetrical function of n variables. Let w be the maximum element of
S(A), and let the divided differences be relative to A.

Show, after Jacobi, that fO; ---9,_1 is the coefficient of 2! in f(2)/R(z, A)
(when expanding 1/R(z,A) as a function of 27!), and that gd,, be the coefficient
of (by---b,)~1 in A(B)g(B)/R(B, A).

EX. 7.26. Decompose (z —a)~"(z—b)"" and (z —a)~3(z — b)~3(z —¢)~? into
simple fractions (relative to x).

Ex. 7.27. Let A be a totally ordered set of n+1 distinct complex numbers,
and 34, ...,0, be the divided differences associated to A. Let I' be a simple curve
enclosing A, f(z) be a function analytic in a disk containing A.

Show, after Hermite, that

f(a)or---0n

o f(x)
= 27?\/—_1/r Rz, &) ™

Ex. 7.28. Given r,n,J, K € N*, and A of cardinality n + r, show that

> ()81 ()85 (A) = |Siusth-n(4)]
L

1<h,k<n

sum over all partitions L € N".

Ex. 7.29. Let n be an integer, f a function of z, D := %. Evaluate the
determinant having first row 1,z,..., 2™, and other rows
Dif/il, Dif?/il, ..., DI f" L/,

for0<i<n-1.

EX. 7.30. Let M be a matrix with minimal polynomial’? (z — a)3(z — b)2,
a,b € C. Compute exp(M).

2minimal polynomial: (M-a)3(M~-2)2 = 0, and no polynomial of lower degree vanishes on

M






CHAPTER 8

Orthogonal Polynomials
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8.1. Orthogonal Polynomials as Symmetric Functions

To any “generic” linear functional | on Pol(z), with [1 = 1, is associated a
(unique) family of orthogonal polynomials:

(8.1.1) /Pm(x)Pn(:c) =0if m#n, /Pn(x)Pn(.z) =1.

We shall treat this subject having only in mind to show algebraic identities.
The reader will find a broader point of view in the book of Andrews, Askey, Roy
[5], and the one of Szegd [167].

One can formally suppose that there exists an alphabet A such that the mo-
ments [ =™ be the complete functions of A, i.e.

/:L"":S”(A),nzo.

Now [ is a linear functional, that we shall note [ a» With values in symmetric
functions:

/4wmammm.
A

The linear functional can be thought as a quadratic form on the space of poly-
nomials in z, compatible with product :

(8.1.2) (f(2), 9(2)) = /Af(af)g(w) = (f(z)g(z), 1) .

As could be expected, the orthogonal polynomials P,(z) are Schur functions,
as shown by the following theorem.

THEOREM 8.1.1. Given a generic alphabet A, then there exists non zero-constants
cn € Gym(A) such that the orthonormal polynomials associated to [, are

(8.1.3) P,(z) =cpSpn(A—2), n=0,1,...
with normalization
(814) (Sn" (A_m) ) Spn (A—.’L‘)) = C;2 = (_l)ns(n—l)" (A) Sn"+1 (A)

Proof. On can write the orthogonality relations as [ A Po(z)z™ = 0, m < n.
However, Spyn(A — ) 2™ = Spn m(A z) and its image under [, is obtained by
replacing the last column of powers of = by complete functions of A, i.e. one has

/&wM&w=&mMM-
A

115
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This determinant vanishes for m < n, having two identical columns. Moreover,

(8.1.5) /Sn" (A-z) Spr (A-z /Sn" (A-z) (—2)" S(n-1)~(A)

= Snr n(A) Sn-1)» (A)
The notation S,» (A—z) encodes the classical determinantal expressions of or-
thogonal polynomials in terms of moments [23] :

S3(A-z) S*(A-z) S°(A-=z

)
S333(A-z) = |S%(A-2) S3(A-z) S*(A-z)|,
Sl(A-z) S?(A-z) S3(A-z)

(A) S*'A) S5(A) zmt
2 3 4 m+2
S D) = (G0 ) () e

SO(A) SU(A) S2(A) @™

Notice that the functional [, can also be interpreted as a symmetrizing oper-
ator. Indeed, when A is of finite cardinality n, let w be the maximal permutation
in 6,,. Then

a¥m, :Sk( A, k=0,1,2,...,

and thus, for any polynomial f(z) , one has

(8.1.6) / flz

Since a’ 7w, = S;(A), J € N, there is no difficulty in extending the definition of
T, to an alphabet of infinite cardinality, as is needed in the theory of orthogonal
polynomials.

2. Reproducing Kernels

Instead of handling orthogonality relations, one can introduce reproducing ker-
nels, i.e. functions K, (z,y) of two variables havmg the property that [, K, (z,y) f(z) =
fly ) for all f(z) of degree <n —1 in z.

Darboux-Christoffel theorem gives the explicit expression of these kernels:

THEOREM 8.2.1. Let x,y be rank 1 elements, and
1 S’n"—l(A —r— y)
Stn-1)~ (A)

Then Ky (x,y) is a reproducing kernel, with respect to [, , for polynomials of degree
<n —1. Moreover

(8.2.1) Kn(z,y) == (-1)""

(D" Pu(@)Paa(y) — Pa(y) Poa (2)
(S(n—1)~ (A))? T -y '

Proof. Write, for any i > 0, z° Kp(2,y) = Spn-1,;(A —y; ). When i <n — 1, one
has

/A-'L'i Kn(may) = Sn"—l;i(A —Y; A) = (_y)is(n—l)i,n"—l—i,i(A)
= (-1)" "y S(n1)n (4)

(8.2.2) K,(z,y) =

and this gives the reproducing property.



8.3. CONTINUED FRACTIONS 117

The second statement can be recognized as a quadratic relation, which is once
more, an instance of the simplest Pliicker relations (C being a set of common in-
dices) :

[a,b,C] - [¢,d,C] - [a,¢,C] - [b,d,C] = [a,d,C] - [b,c,C] .

For simplicity of indices, let us take n = 3. The two determinants expressing
P3(x) = S333(A— 1) = S3330(A, z) and Pa(z) = Saa(A—2x) = Saz0(A, z) are minors
of the following matrix (writing k instead of Si(); alphabets are constant in each
column and written at the bottom) :

034533
- 23422
-12311
01200

alphabets AAAAz Yy
column index 0 3 4 5 x Yy

Taking for a, b, ¢, d the indices 0,5, z,y, with C = {3,4}, Pliicker relation reads

[0,3,4,y] [3,4,5,z]  [0,3,4,x] [3,4,5,2] _[0,3,4,5] [3,4,z,y]
So22,0(A,y)  S3s30(A, )  So22,0(Ay) Ss330(A,x)  Soze2(A)  S33.10(A 2,Y)

Now, subtracting x + y to all rows, but the last two ones, of S3310, one gets

S33,1,0(A, z,y) = S33(A —x —y) S10(z,y)

and finally
(Po(1)Ps(z) ~ Po(a)Po(3)) 5 = Soaa() S (A =~ 1)
Writing
gt Sp1(A) - San a(A)
(8.2.3) Spn-1(A -z —y) = 20 SO&A) . Sn—-l(A)
0 yO ... y"fl

(one recovers S,»-1(A-z—y) by subtracting z in the first n—1 rows, and y in the
last n—1 columns), one can also prove (8.2.2) by using Sylvester’s identity with
pivot S,n-1(A).
The explicit expansion of the kernel is, writing Sy for S;(A) in denominator :
(824) Knya(z,y) = 1— Sisl (A=2)S1 (A-y) + ﬁsm (A=) Sos (A=y)+
11 119222
1

-4 (_1)"—
Stn—1)nS(n+1)n

S (A=) Spn (A-y) -

8.3. Continued Fractions

The reader will have noticed that the functions S,» (A-z) already appeared
many times. Indeed, orthogonal polynomials can be obtained from Euclidean divi-
sion and continued fractions, as shows the following statement, which is a rewriting
of the continued fractions of Wroniski and Stieltjes (we have given the convergents
in (4.2.2) and various parametrizations of continued fractions in (4.4.3)) :
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THEOREM 8.3.1. Let A be a generic alphabet, x be an indeterminate. Let
1

(8.3.1) z loy ), (A) = 5

(x — o) + %

@)+ 2

(z—G)+

be the continued fraction expansion for the series m_lal/w (A) at x = co. Then the
parameters (;, ; are the Wroriski parameters (o = S1(A),

Spn S(n_1)n—1.p Spnt1(A) Sip_oyn-1 (A
(83.2) L R U e R +1(A) S(n-2) 21( )
Spn+1 S(n_l)n (S(n—l)" (A))
and the orthogonal polynomials P, = (—1)"Sy~ (A — x) are the denominators of
the convergents. The numerators are the “adjoint polynomials” defined by Q, :=
S n—1)n+1 (A + .’L')
(n—1) s N
Moreover, (—1)"% is the Padé approzimant of degree [n-1,n] at

z =00 of z7 o1 /,(A), ie.

Sn-1yn+1 (A +2)

R —2 . —2n —2n—1
(8.3.3) —)"SmA-2) ~ 2T 427 S1(A) + - -+ 27 San—1(A) + O(= )
For example, writing Sy for Sy(A), the first terms are
1 9 L _Q:_ S+
-5 P’ S T Py Sap(A-—
z 1 1 s S+ 11 2 22 z)
r- (22 g,
St
1 _%__SQQQQ(A-F.’L‘)
S - P3 Saz(A-1x)
sS4+ 11 i 3 333(A — )
r— (32 gy S2/5
S11 ! Saaz Sia2

T S,  Su
In presenting the work of Wronski in the third chapter, we had interpolated
the series A\;(A) instead of the series oy /,(A) which is now more convenient. This
accounts for the conjugation of the partitions indexing Schur functions in the (,, By,
and the slight changes in conventions.

8.4. Higher Order Kernels

Monic orthogonal polynomials, that we shall note P,(z) = z™ + ---, satisfy
three-term recurrences, which are equivalent to the continued fraction expansion

given above, with fp =1, Ph =1, P_; =0
P, = S (z—A) = (z — S1(A))

1
5 SQQ(.’E—A) = (—
b= Su(A) ( S11(4)

+51(A)> (z — S1(A)) + S11(4), ...

(8.4.1) Ppi1 = (& —Ca)Pp + BnPry .
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The adjoint polynomials Qn satisfy the same recursion, but with initial condi-
tions Qo = 0,Q; = 1.

We have preferred giving similar expressions to P, and @Q),,. However, one can
also write P, = (—1)"Sp»,0(A,z) and @p = (—1)"Sp», —1(A, A 4+ z) to break up
the symmetry in P and ). Exchanging the P,’s and ),,’s mostly consists in the
involution A — —A, apart from some shifts in indices.

All formulas satisfied by the polynomials P, can be adapted to the adjoint
polynomials @,. One still has a Darboux-Christoffel kernel :

Qn(2)Qn-1(y) — Qn(y)Qn-1(x)
T—y

= An"—1 (A) A(n—i—l)"—2 (A +z+ y) .
For example,

(Q20)Qs(x) — Qo) Q1)) —

r—y

= Ass(W) (A +z+y) .

Recursions (8.4.1) can be put into matrix form, as with Euler recursions (4.1.2) :
Qnt Qu| _f0 1 Jf0 B ][0 B ] [0 Bun
(8.4.2) l~ P.| [1 z—=C)[1 z-G][1 z2—-C 1 z2—Cua

P, n—1 P, n
One can “shift” the linear functional || A Dy a finite alphabet B, defining

(8.4.3) Vf € Pol(z) , /& I /A f(z) R(z,B) .

Christoffel obtained the associated orthogonal polynomials. A remarkable feature of
his result, stated in the following proposition, is that it connects two determinants
of different orders (n and k+1).

PROPOSITION 8.4.1. Let B = {by,..., by}. Then the orthogonal polynomials
relative to [, 5 are
Pok(z) = Sty (A —B —2) ,
and P, i (z) R(x,B) is proportional, up to a factor independent of x and B, to the
Christoffel determinant
|P"—1+J'(bi)|15i,j§k+1 )

with bg41 1= .

Proof. The verification that P, x(z) is orthogonal to z°,..., 2"! is the same as
in the case of P,(xz) and [, , apart from changing A into A—B, and shifting indices.

The determinant is divisible by the Vandermonde A(B + z). Evaluating the
image of the quotient multiplied by a function of z under [ AB 18 the same as
computing the image of the last row, multiplied by the same function, under |, A
Therefore P, j(z) is orthogonal (with respect to |, ap) tO 2%,...,2™ 1, while being
of degree n in x. It must be proportional to S(,4x)» (A—B —z). The explicit factor
is explained by the Bazin formula and is equal to

£S(nky1yn—r+2(A) - Spozyn=1(A)S_1)= (A) .
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In other words, Py, () can be interpreted as the value of the discrete Wroriskian
of P, Ppy1,- -, Pyt in the points by, ..., bg, x (cf. Prop. 9.3.1).

The limit case of Christoffel’s determinant, when b; = --- = by = b is obtained
by taking successive derivatives, e.g.

Pp(z) Poy1(z) Poy2(z) Poys(z)
Palh) Pors(8) Posa(b) Prys(b)
Py(b)  Pryi(b)  Pois(b)  Prys(b)
P() Pia(d) Pilia(d)  Pris(d)

is proportional to S(;,43)s (A —3b— x).
The limit case where all b;’s tends towards z can be interpreted differently, as
stated by the following proposition.

PROPOSITION 8.4.2. Let A be generic, © be of rank 1, P,(x) = Sy~ (A-1x),
gn(z) = Sn(A —nz), n > 0.
Given two positive integers k,n, then the Wronskian of Pp(z),. .., Pyyr_1(x)

is proportional to the determinant ‘Qk+i+j‘ , the factor being
0<i,j<n—1

1 (k=)VS( py2)n-s+a(B) -+ S(n—zyn=1(A)S(n_1)~ (A) .

Proof. The limit case of Christoffel’s determinant, divided by A(by,...,bk—1,),
when by,...,bx—1 tends towards z, is the Wroriskian, divided by 01! --- (k-1)!.
On the other hand, the Schur function S(,1x_1)=(A — kz) can be transformed,
by subtraction of 0,z,2x,...,(k-1)z in successive rows, then columns, into the
required determinant in the g;’s. a

For example, for n = 3, k = 5, the Wroriskian of Ps(z),..., P;(z) is propor-
tional to

5777 (A— 5.?13)

ST(A-5z) S®(A-5z) S°(A-5 (A-Tz)
= |S8(A-5z) ST(A-5z) S®(A-5z)||S®(A-62)
A-5z) ST(A-5 (A-5z)

= |58(A-
SP(A-bz) SO(A-6z) ST(A-Tz)| |¢s g6 ar

Leclerc [121] uses the preceding identity to give a simple proof of identities of Karlin
and Szegd.

One can notice that Christoffel polynomials generalize the Darboux-Christoffel
kernels, and indeed, they have reproducing properties that I explained with Shi He
in the note [117] (see Ex.(8.11)).

Instead of taking determinants of orthogonal polynomials, let us go one step
further, and consider determinants of Darboux-Christoffel kernels. For two al-
phabets X = {z1,...,z.}, Y = {y1,...,y,} of the same cardinality r, writing

ARX) = H1§i<j5r(-73i —z;), AY) = H1§i<j§r(yi —y;), define

(8.4.4) KT (A X,Y) = det (Kn(zi,v;)) -

1
AX)A(Y)

Schur functions come again :
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PROPOSITION 8.4.3. For any pair of integers 1 < r <mn, one has
(845) K:L(A’ X, Y) = S(n-{—r—l)"—"(A -X- Y) S(n—l)" (A)_l ’
and K1 (A; X,Y) =0 forr > n.

Proof. The most remarkable feature of (8.4.5) is that its right side depends only
upon X 4+ Y, and not on X and Y separately.
Take the (n+r) x (n+r) determinant

Pt wg—l SPL(A) - SnETL(A) ... §2n2(R)
;,;:;: . x:g S”éA) . 52T:(A) . 5n+r:—1(A)
x:g x:g W) . S . Sia)
0 0 y? Y7 y?—l
6 0 yg y: yg‘*l

Subtracting X in the first n —r rows and Y in the last n — r columns, one factorizes
this determinant into A(X)A(Y)S(547—1)»-~(A—X~Y). However, from Sylvester’s
identity with pivot S(,_1)~(4), it is equal to

det(Spn-1(A-zi-y;)) (Stnoryn (A)) 7.

When now r > n, since K/ (A; X,Y) is of degree < n—1 in each of the variables z;,
and since it is divisible by A(X), then it must be null. O
One can make the function K (A; X,Y) less recognizable by breaking symme-
try, and taking X = {x,ba,...,br}, Y = {y,ba,...,br} [54].
For example, with k¥ = 3, 0 = n™!, one obtains from (8.4.5) the following
identity :

So(A-z—y)  Sp(A-z-b2) Sp(A-z-b3)
SD(A—bg—y) SD(A— 2b2) SD(A— bz—b3) =
S|:| (A— bg—y) SD (A— b3—b2) S[] (A—2b3)

2
A (@, b2, b3) Ay, b, bs) (S (A)) S(ugayn-a (A — 3= y = 26 — 2b).

8.5. Even Moments

The case when all moments of odd order are null is met with several classi-
cal families like Hermite, Legendre polynomials. We show in this section how to
simplify the formulas previously given.

By hypothesis, A is such that S**'(A) = 0, Vi > 0. Let us define A® by
Si(A®) := S?%(A), i = 1,2,.... Equivalently, one can define A® by ¥{(A?) :=
U2i(A), i =1,2,... (the odd powers sums in A are null).

For every n, the determinant S, ,0(A; z) factorizes into two determinants, with
only one containing z. For example,

S4(A) x3

S2(A) . S(A) z?
. S2(A) . z!
SO(A) - S2(A) 2

SYA) =z
S2(A) ot

S333;0(A; ) =
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One easily checks the following expression of the orthogonal polynomials in terms
of the new alphabet A®.

PROPOSITION 8.5.1. Let A be such that S*(A) = 0 for all odd i, and let A° be
such that S*(A®) := S%(A). Then

1, 7, S{(A® —2?), 3S5(A° — 27), ..., Spn (A — 2%), BS(n11)n (AY — 27), ...
are a family of orthogonal polynomials with respect to | A and
0,1,z Si1(A® +2?), oy S 1ynt (A +22), 8,41 (A0 + 22),. ..
are the adjoint polynomials.
In the recursion for the monic orthogonal polynomials
Ppi1 = 2Py + P 1,

the parameter (3, can now be rewritten in terms of A, starting from (8.3.2) :

S11(A9) S22 (A®)
8.5.1 = —51(A%), B, = , Bs =
( ) ﬂl 1( ) ﬂ2 SI(AO) 53 SI(AO)SII(AO)
B = Sn—1)n-1(A%)Spn+1(A°) 5 _ S 1) (A®)S(ryayn+1 (A9)
T S 1yn (A0) S, (AO) LT Spn (A9)S,ns1(A0)
These expressions are compatible with the continuous fraction expansion (5.3.4)
o o 1
ZSHA) =) ZMSHAY) =
LS = LA = ——
Y227
l=—
1— V32

One still can shift A by a finite alphabet, but to preserve the vanishing of
odd moments, one must take alphabets composed of pairs of letters b, b (such that
b+b=0).

The simplest shift is thus

(8.5.2) [— A LT @ =)

The orthogonal polynomials are expressed by the Christoffel determinants

1 P, (x) Pryi(x) Pria()
sz Pn (b) Pn+1 (b) Pn+2 (b)
v Pn(_b) Pn+1(_b) Pn+2(_b)

However, the shift A — A—b-b induces

A — AC-p*.
Therefore, the orthogonal polynomials relative to the functional |, A5 Can also be
written

(8.5.3) 1,z Sp(A®-b% — 1), £S3(A°-b? — ), Ss3(AC-b2 — ) ...,
S(n+1)"(A<>_b2 - ), xS("+2)n(A<>—b2 —z),...
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The three-terms recursions
+ _ .pt + p+
Pn+1 _an +ﬂnPn—1
involve the parameters

(8.5.4)
Spn-1 (A=) Sy 1yn 1 (AO-%) Spn (AO—02)S 4 2yns1 (A —b)

P = (RO 8 a) (AO—B) 7 2041 = T RO 1)yt (AO12)

in which one can recognize the values of the orthogonal polynomials in = b. In
summary, one has the following recursions, due to Barrucand [12] :

PROPOSITION 8.5.2. Let A be such that S*(A) = 0 for odd i, and {P,(z)}
be the monic orthogonal polynomials relative to fA. Let b be a rank 1 element,
or a complex number. Then the monic orthogonal polynomials P relative to the
functional f(z) — [,(z* — b%)f(x) obey the recursion

Pn—2(b)Pn+1 (b)
P,_1(b)P,(b)

Note that Barrucand’s formula can be iterated, introducing each time a factor
involving the values of the successive orthogonal polynomials in a new point b.

(8.5.5) Pf(z) = 2Pl | (z) + Bu 1 Pl ,(2).

8.6. Zeros

We have not mentioned the zeros of orthogonal polynomials. We shall encroach
upon this important topic only from the point of view of symmetric functions.
Write now
(=1)"Spn(A-2)/S(n_1)n (A) = Sp(z — A") ,

where A” is the alphabet of zeros of P,,. We shall suppose all zeros distinct (i.e.
zeros are simple and belong to a single alphabet A™).

The parameters (,, 8, can be written in terms of successive zeros. Indeed,
interpret equation (8.4.1) as a division :

(861) Sn(ib' - An) = (.CL' - Cn)sn—l(x - Anil) + /BnSn—2(fU — Ani2) =
(37*51 (An_l —A" )) Sh_1 (mfAn_l ) + S5 (An_l —-A" )Sn,Q (.’E*An_2 )
The most important properties of A™ is that it allows to evaluate the restriction
of the functional [, to polynomials of degree not greater than 2n — 1.

We shall first give the specializations in x = o € A™ of some of the polynomials
we have encountered so far.

LEMMA 8.6.1. For every integer k, every alphabet B, one has

(8.6.3) / Sz +B—A") = Sk;(nil)n (A+B; A) / S(nil)n (A) .
A

Proof. Developing the determinant expressing Sg;(n—_1)= (z+B; A) along its first
column, one recognizes as cofactors the coefficients of P,,. Moreover, the image of
a linear combination (i.e. with coefficients independent of z) of complete functions
Sk(z +B) under [, is obtained by replacing z by A. O
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LEMMA 8.6.2. Let A™ be the alphabet of zeros of Spr(A), and a € A™. Then
one has

Sn—l;(n—l)" (A+a; A) A

(8.6.4) Sua(h -+ 4 = SN ERE = §a)
(8.6.5) Son a(A + 20— 2A7) = Sp_1(A + & — A") Sp_1 (20 — A"
(8.6.6) Suirysi(A-ar) = (%)2 S(n_tyri(A-a) = (;?jf)l*j"(;ff)y
(8.6.7) % — (<)) Sy (A — @)

69 Py =y Sonre(a-a

Proof. Taking B = « in (8.6.3) gives (8.6.4). The polynomial Sa,_2(xz — 2(A™-a))
is congruent to (=1)""!'Syn-1,, 1 (A" -z; A" —2(A"-qa)) modulo Sy, (z—A"). Sub-
tracting a in the n—1 first rows, one gets
Son—2(z + 20— 2A") = (—=1)" 1Sja1 (A" ~z-a) Sp—1(2a — A™)
=Sh1(z+a — A")S, 1 (2a — A™) |

which gives (8.6.5) by applying |, .

Evaluating the determinant in (8.4.2) for n or n — 1 gives (8.6.6).

To get (8.6.7) or (8.6.8) , one evaluates K, (a,a) = K, 1(a,a), noticing that

Sn_1(2a — A") = R(a, A" ) = P () .

d
We are now ready to state the Gauss quadrature formula (given by Gauss for
Legendre polynomials).

THEOREM 8.6.3. Let A be a generic alphabet. For any positive integer n, let
A™ be the alphabet of zeros of Pp(z) := (—1)"Spn (A — z)/S(n-1)» (A).

Then there exists constants Ao, a € A, , such that for every polynomial f(x) of
degree < n—1, one has

(8.6.9) /A f@) =Y Mt .

acAn

The coefficients can be expressed as

(8.6.10) da = Sno1(A+a—A")/S, 1(2a — A")

(8.6.11) = Syn_2(20+ A — 2A") /S5 _5(3c — 2A™)
Sn-tyrti(@+48)  Qn(a)

(8.6.12) Sa@a—A) = Pra)

(8.6.13) Sin-1)~ (A) Spn+1(4)

Snn—l (A - 2(1) - S(n+1)n (A - 2(1)
Proof. Let us test the first statement on the 2n polynomials

{e"P(z) : k=0,...,n-1}U{z"P_1(2) : k=0,..., n-2} U{P2_,(2)} .
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The functional [, vanishes on {z*P,(x)} and {z*P,_1(z)} because P,(z) and
P,,_1(z) are orthogonal polynomials. On the other hand, summation (8.6.9) is iden-
tically null in the first case; it is also null in the second case because f(z)/P,—1() is
a polynomial of degree < 2n — 1. There remains only one case to check: f = ]3,% 1
which fixes the normalization.

Since Qn(x) is of degree n — 1, Lagrange tells us that

Qn(z) _ Qn(a)
P,(z) Q;An (z —)R(e, A" —a)

Therefore (8.6.12) is true, as well as the values of A,, which are equivalent thanks

to Lemma (8.6.2). O
Notice the similarity between the Lagrange interpolation formula
fla) Sp_1(z+a—A)
8.6.14
( ) Z R(a, A" — )
acAn

and the Gauss quadrature

(8.6.15) /A fz

fla) Sp—1(x +a—A)
anA"/ R(a, A" — a) )

The main difference is that the degree of f(x) is < 2n—1 in the second case, contrary
to the first case where it is < n-1. Choosing the interpolation set A™ instead of
taking an arbitrary one has increased the domain of validity of the interpolation.

The fact that Q,(z)/P,(z) is a Padé approximant of z 1oy /z(A) implies rela-
tions between A and A™. Define B to be the alphabet of zeros of Q,(z). Then

Sp1(x—B)/Sp(z—A") =z 1 4+---4+ 2725y, 1(A) mod (z2")
can be written
2701/, (-B) =27 01 /,(A—A") mod (z7°") .

Therefore

(8.6.16) Qn(z)=Sn 1(z—B) =S, 1(z+A—A")

& Sn(A_An):0==S2n_1(A_An)
Let us illustrate Gauss’ theorem in the case of polynomials of degree no more
than 5. It states that the integral fo ), d°(f) < 5, can be realized as a summa-

tion
A f(en) + Aaf(az) + Asf(as)
where a1, a2, as are the roots of Ss333(A-z). However, the moments are S™(A) =

fol ™ = 1/(n+1), and therefore

1/4 1/5 1/6 2°
2

S333(A-z) = S333,0(A;2) = ig i;; i;i ﬁl = (=1+122—30x>+202°) /43200
1/1 1/2 1/3 2°

has the three roots

1\/311\/3
2572 2Vs5-
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In conclusion, the integral will be approximated by
4 1 5 1 1 /3 5 1 1 /3
§f<§)+ﬁf<§+§ 5)+Ef<§_§ 3) -

8.7. The Moment Generating Function

Given a positive function ¢(x) on a real interval [a, b], Tchebychef and Stieltjes
have studied the continued fraction expansion of the integral

b
(8.7.1) oW 4,
a TTUY
around z = 0.
Expanding it formally,
b ) b

(8.72) Wiy = o [ oway.

a n=0 a

one recognizes that it is the generating function of moments Sy, (A), for the linear

functional b
[ 1 [ rwewa.
A a

Therefore, the continued fractions that Tchebychef and Stieltjes have studied
are those that we have considered in Theorem 8.3.1 for the expansion of ™01/, (A).

The hypothesis that ¢ be positive has many interesting consequences, about
the zeroes of the associated orthogonal polynomials in particular. We refer for these
properties to the classical literature [167] [5], [23]. Many of these properties are
easy to obtain using the algebraic identities that we have already written.

For example, the coefficients appearing in Gauss quadrature must be positive.
Indeed, take the normalized orthogonal polynomial P,(z) = S,(z — A™), and let
a € A" be any root of it. Then the weight A, is equal, according to formula

(8.6.11), to
(8.7.3)
_ San—2(A-2(A"-a)) _ 1 b a2
o San—a(a-2(A"~a)) (Snl(a(A"a)))Q/a (Sn-1(y — (A"-0)))"¢(u)dy

which is positive.
To take into account the limits of integration, one has to consider some slight
deformations of the linear functional, like

b b
(8.7.4) / F) (v — a)é(w)dy | / F() (b - 9)d(y)dy |
b
/ F(y) (y —a)(b—y)d(y)dy .

Considering the limits a, b to be rank-1 elements, the associated moments are

(8.7.5) S A—-a) , —-S"YA-b) , —S"T*(A-a-0)
and the unnormalized orthogonal polynomials are
(8.7.6) Sty (A-a=2) , Sy (A=b-2) , S(nia)n (A-a-b-2) ,

since it is a special case of Christoffel’s shift (Proposition 8.4.1).
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These polynomials still satisfy some positivity properties. Let us state a result

due to Possé [148] :
ProPoOSITION 8.7.1. For any positive integer n, the integrals
* Sninyn (A-a —y) b Stnr1yn (A= —p)
(n+1) Yy (n+1) y
dy , d
" Stnta)n (A-a-b —y) b Sippayn (A—a—b — y)
(n+2) Y (n+2) y
b - d ) —a d
a S(n+2)" (A — 2a — b) ( y)d)(y) Yy @ S(n+2)" (A —a— 2b) (y )¢(y) Y

are positive.
Proof. (S(n41)n(A-a —y) — S(ny1)=(A-a — a)) /(y — a) = R(y) is a polynomial in

y of degree < n — 1. Therefore,
S(n+1)" (A_a - y)
= 14+(y—a)R
Sty (A 2a) (y —a)R(y)
Sininyn (A—a —y)\? Siniyn (A—a — Sininyn (A—a —
( fg-i—l) ( Atj y)) _ St ( (j y)+(y_a)R(y) (n+1)n ( Cj Y)
(nt1)n (A-2a) S(ny1) (A-2a) S(nt1)n (A-20)

Now, the integral f: R(y)S(nt1)» (A—a — y)(y—a)d(y)dy is zero because
S(n+1)» (A-a —y) is an orthogonal polynomial. Therefore,

b b 2
S(nt1)=(A-a —y) St~ (A-a —y)
(nt1) sy = [ (25 H(y)dy

o S+ (A-2a) o \ Snt1n(A-2a)
is positive, and the other statements of the proposition could be similarly proven.
O

Let us notice that the explicit value of the integral
b .
S Sty (A=a = 9)()dy = [ Stni1ymo(A-a; y)d(y)dy is
S(n_;’_l)n’o(A*a; A) = Sn;nn (A; A*a) = Snn+1 (A) .

8.8. Jacobi’s Matrix and Paths

Instead of using 2 x 2 matrices to handle recursions defining orthogonal poly-

nomials, one can take tridiagonal matrices

(8.8.1)
G 1 0 - 0] 6 10 0
A G 1 0 B2 G 1 0
’ Cn—? 1 Cn—2 1
| _/Bn—l Cn—l_ | _/Bn—l Cn—l_

We have already met the Jacobi matrix Jac = My, which is the matrix of
“multiplication by z” in the basis of monic orthogonal polynomials {13”}7 n =
0,1, 2,... (reading the matrix by rows : row i+1 gives the expansion of wlg,(:c))
Similarly, N, expresses “multiplication by z” in the basis of adjoint polynomials

{Qn},n=1,2,...
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Let f(Jac) be the evaluation of a polynomial f(z) in £ = Jac. Then it is the
matrix of “multiplication by f(z)”, and it can be interpreted as a matrix of scalar

products:

i (f(.’l}),ﬁo) (f(w)vﬁl) (f(m)aﬁZ)
(ﬁo’f"l (ﬁl;ﬁll “32’3321
U@PLR)  (@PLP) ()PP
8.8.2 = | ko) (P, 1) (Fo,Fa)
(88.2) F@9) = | fefafe) ()PP () Fafa)
(Po,Po) (P1,Py) (P, P2)

Computing powers of Jac or M,, can be described in terms of Motzkin paths, as
we have seen in Theorem 4.6.2. Let us restate it in terms of orthogonal polynomials.

THEOREM 8.8.1. Let A be a generic alphabet, P, (z) and Qn(z) be the monic
orthogonal polynomials, and adjoint polynomials, associated to A. Then

(1) The characteristic polynomial det(z — My,) is equal to P, (z); the charac-
teristic polynomial det(z — Ny,) is equal to Qn(z).

(2) For any k < n € N, the entry [0,0] of MF is equal to the coefficient of
%1 of Qn(z)/Pu(z) (expanded at x = 00), i.e. to Si(A).

(3) For any i,j,k € N, the entry [i,5] of Jac® is the weight of the sum of all
Motzkin paths of length k, starting in [i,0] and ending in [k, j]. It is also
equal to the normalized scalar product

kP, P))/(P;, Py) .

Proof. Expanding det(z — M,,) along its last column provides the first point.
Restricting to powers k < n imply that the entries of MF are equal to the corre-
sponding entries of Jac”; the first entry is described in Theorem 4.6.2, but one can
more generally start from any level and arrive at any level, instead of taking only
level 0.

The interpretation in terms of scalar products comes from (8.8.2). In particular,
one recovers that the entry [0,0] of Jac® is (z*,1) = S,,(A). O

For example,

S13 Sasz S3ass

S3 S11 Sa22 S3333
S S14—S51513 So04—S15203  S3334—S51S53333

3 S11 Sa22 S3333

3
ac’ =
J Sooz  S1S223—S224
S11 S11511

For what concerns the first entry Sy(A) of Jac®, it can be obtained by taking
the truncated matrix M, instead of Juac, as long as k < 2n—1. Thus, to get S3(4A),
M, will suffice. _ B

Recall that the description of @, (z)/P,(z) from the powers of M, is due to
Whittaker [179], and that the interpretation of continued fractions in terms of
Motzkin paths is due to Flajolet [42]. Viennot [175] made an extensive use of
Motzkin and Favard paths, in particular to describe classical families of orthogonal
polynomials, and to give bijective proofs of classical identities in the theories of
orthogonal polynomials, continued fractions, Padé approximants.
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Viennot [176] states that the entry [¢, j] of the inverse matrix of the coefficients
of the P, is the weight of the sum of all Motzkin paths of length i, from 0 to j.
But this is the coefficient of P;/(P;, P;) in the expansion of #%, and therefore the
matrix considered by Viennot is made of the first rows of the successive powers of
Jac.

8.9. Discrete Measures

Let us leave paths and go back to algebra. In all this chapter, we have used a
generic alphabet A of infinite cardinality. With some care, on can use the algebraic
identities obtained so far in more general situations (e.g. requiring only the non-
vanishing of some Hankel determinants).

Following Tchebychef, let us treat the case of a finite and uniform discrete
measure. Let B = {b;,...,b,}, the b;’s being indeterminates, let B" be the
alphabet of zeroes of the derivative of Sy, (z —B), and let §; be the functional

(8.9.1) }l{x =T(B) =nS;(B-B%*"),i>0.
B
The generating function of moments 2~ "1, (A) is replaced by
1 i
(8.9.2) zx_b :Zm ipi(B) .
beB >0

All formulas given in this chapter remain valid when replacing S;(A) by ¥¢(B)/n
if they involve no S;(A), with i > 2n because

én(x)/ﬁn(w) = .'L'il + -4 1'72"52"71(1%) mod $*2n71 .

Let us define A = B — B%". The n-th convergent determines the moments
nSo(A),...,nSa,_1(A), as well as the convergents of order < n. The denominators
of these are still an orthogonal basis with respect to ¢, the last convergent being

n@n(rn) _ 1 — o1l — Sn-1(2z — B)
(8.9.3) B bEZB — ; Ti(B) e

Up to normalization, writing ¥* instead of ¥#(B), the orthogonal polynomials
are [ [pat = Ti(B), i >0,

. lIJ2 \1,3 112'2 gn ... IIJZ”71 "
Po(x):\:[loa l:[IO v ) lIJl \1,2 xl » T Pn(.'L') = : : :
vl o gl 0 11}0 o l1,7;—1 a:.O

(already encountered as a Sturm sequence (3.6.5)).
Every polynomial of degree < n—1 can be expanded in this basis, as shown by
Tchebychef [168], who interpreted this expansion as an interpolation formula :

R /(@) Pi(x)
(8.9.4) fx) = ; L@

Beware that § Pn(z)? = S(p_1)n (A)Spn+1 (A) is null because Spn+1(A) = Syns1 (B—
Bée") = 0. In fact, the linear functional f(z) — $5 f can be expressed in terms of

the f(b), b € B, and therefore it coincides on two polynomials congruent modulo
Sn(z — B).
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Tchebychef found the Darboux-Christoffel kernel respective to § (and because
one can put weights vy, b € B, and let n tend towards oo, the general theory should
be attributed to Tchebychef'), and used it to produce a second expansion. Let
(8.9.5)

K(z,y) = (=" Spn (A=) S(r_1)n-1(A-y) — Spn (A-y)S(n_1)n-1(A-2) .

(S(n—1)» (A))? -y

Then

PROPOSITION 8.9.1. (Tchebychef[168], I p. 416—430). For any polynomial f
of degree < n—1, one has

(8.9.6) f6) = § F@K () = X FOKO
beB

Proof. Tchebychef’s formula is the discrete version of Theorem 8.2.1 and the same
algebraic proof could be given. However a direct proof is even simpler, because
(8.9.6) is just another way of writing the Lagrange interpolation formula. Indeed,

Spn-1(A=y=b) _ Sprn-1((B-b)-y) _ R(y,B-b)
S(n—1)n (A) S(n—1yn (B —Bler)  R(b,Bler)
and therefore (8.9.6) is the interpolation of f(y) at points B :

y,IBb Sn1(y+b—B)
ng R(b, Bler) Zf Sp_1(26—B)

K(b7 y) =

O
One shall find in Ex.8.9 the case of a non-uniform measure, which is useful
in probability theory. Let us now detail the case where B is symmetrical with
respect to 0. Let B = {b} be of cardinality m, let n = 2m, and let B = B+ B, with
B = {b} defined by ¥#(B) = (-1)!¥¢(B), i = 0,1,... In other words, ¥?+(B) = 0,
U2(B) = 2¥¥(B) (to cover the case n odd, one adds the element 0 to B).
The determinants expressing the orthogonal polynomials factorize :

0 ¥+ 0 2

0 2 2 .2 2 4 2 2 4| |p4s 3
0 T2 gl =2 U° z v 0 9* =z _ gs 0\t oz
T 0 g0 o 200710 ©2 0 gt 0 P2 g2 gl
WO 0 @2 0
Up to normalization, one finds for the general case
W2k ... phk—2 2 W2k+2 .. gk g2kl
(8.9.7) Py = \Il.2 \11-2’“ 27-2 » Poky1 = 11;4 \I,Zl.c+2 2;3
\I’O . lI,2k72 .’170 1112 . \I’2k (El

In the case where B is specialized to a sequence of consecutive integers, Tcheby-
chef wrote the explicit convergents :

PROPOSITION 8.9.2. (Tchebychef[168], I p. 382). Let n be a positive integer,

1 1
¢(m)—$_1 x—2+'”+x—n'

1Thus, Darboux-Christoffel formula should be called Darbouz-Christoffel-Tchebychef for-
mula, in the reverse historical order.
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Then ¢(x) admit the following continued fraction expansion, with y := 2xz-n-1
n
12(n? - 1)
v 2(n? — 2%)
- 32(n? — 32)
42(n? — 42)
9y — - --

(8.9.8)

Sy —
Ty —

The denominators of the successive convergents satisfy the recursion
Pi(y) = 2k~ 1)y Pi—1(y) — (k-1)*(n® — (k-1)*) Py—a(y) , k<n.

Proof. Taking y instead of = introduces a symmetry which shows that Tchebychef’s
case corresponds to B = {1/2,3/2,...} or B=4{0,1,2,...}, according to the parity
of n. The values of the Schur functions involved in Tchebychef’s formulas are
straightforward to determine. O

Exercises
Ex. 8.1. Let A be an alphabet and let | be the linear functional such that
Jt* = Sk(A), k > 0. Let P,(z) = (—1)"Sp»(A — z). Show that [ 9, (P,(t)) is
equal to the adjoint polynomial Qn(z) = S(,_1)n+1(A + ).
Ex. 8.2. Let A be generic and let Q1 (), Q2(z), . . ., be the adjoint polynomials

for the linear functional [ such that [(—z)™ = A™(A). Find the functional with
respect to which the @);’s are the orthogonal polynomials.

Ex. 8.3. Let A be generic, z be of rank 1. Decompose any polynomial in z in
the basis of adjoint polynomials Qy(z) := S(—1)n+1(A+2).

Ex. 8.4. Let k a positive integer, A be generic. Define the associated polyno-
mials of order k to be

PT(Lk) = S(p—2)* (A+x) S(n+k)(n+k) (A*Z')-i-(fl)"S(k_l)(k—l) (A-x) S(ntk—1)nt+r+1 (A+x) .

Show that {Po(k), Pl(k) , P2(k), ...} is a family of orthogonal polynomials, and that the
corresponding monic polynomials satisfy the recursions

where (,, 3, are the parameters relative to the orthogonal polynomials IBT(LO) =
(-1)"™Spn (Afm)/S(n_l)n(A) (cf. (8.4.1)).

Ex. 8.5. Find the basis T, (z) adjoint to {z™}, with respect to the quadratic
form (8.1.2). Write Ty, ..., Ty, modulo the span of S(,, 4 jy»+x(A-x), k > 0, as Schur
functions.

Ex. 8.6. Let ]Sn(w) = 2™ 4 --- be the n-th orthogonal polynomial relative to
A. Find the coefficients of the expansion

P,(z) =" + Z exBy(z)
k<n
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Ex. 8.7. Given the orthogonal polynomials 13n and @n, n=20,1,..., associated
to A, find the convergents of

lim 20 (Go(@)/Pu@))
Ex. 8.8. Let n be an integer, A be generic. Evaluate
51 (A)? + S (A)2 B Sy (A)?
S11 (A) S11 (A)Szzz (A) S(n_l)n (A)Snn+1 (A) '
Ex. 8.9. Let A be of cardinality n, and v,, a € A be constants such that
Y aca Va = 1. Define § to be the linear functional

kZO#%wk=Zuaak.

a€A

1

o (D

Give the associated orthogonal polynomials, the Darboux-Christoffel kernel and an
interpolation formula for polynomials of degree < n-1.

_ Ex. 8.10. Let A be generic, with associated unitary orthogonal polynomials
P,(z). Given two rank-1 elements y, z, following [148] (formula 20) show that

(8.9.9) Sun (A = 2)Sny1)n (A —y —z) _ (ﬁ"_l(w)/ﬁ"(m))a” — /B
Snn (A = y)S(nt1)n (A — 2z — 2) (13”71(95)/13"(35)) Ops —1/Bn
where S, is the Wroriski coefficient Sp,n+1(A) S(n_2)n-1 (A)/(S(n_1)= (4))2.

Ex. 8.11. Let A be generic and let B = {b1,...,b;). Define P, j(z; B) =
S(n+k)n (A —B — ). Show that P, j(z; B) has the following reproducing property,
extending Darboux-Christoffel formula :

/A f(@) P k(s B) = (=1)" f(b1)Pry1,k—2(b2; b3, ..., bg) 01 - - - Ok—1

for all polynomial of degree < k+n—1, divided differences being relative to B (see
[117]).

EX. 8.12. Let A be arbitrary, z be of rank 1, n € N. Show that S?"t!(A —
(2n+1)zx) can be written as the following sum of n+1 powers:

2n+1 — 2n 1S”(b+A_B)
ST Crea) = ) (b ey

where B is the alphabet of roots of S(;,1)n+1(A-1).

Such an expression is called the canonical form of a binary form.

In the simplest case, n = 1, this reduction allows to write the roots of a poly-
nomial S3(A-3z) by first computing the roots of Ss»(A-z). The corresponding
formulas are due to Eisenstein.

For the reduction of binary forms of even degree, cf. Kung, [90].

Ex. 8.13. Let b be of rank 1, and z = b+ 1/b. Show that the polynomials
Hy(z) :==S"(z/(1—q))/S™(1/(1 —q)), n > 0, satisfy the recursions

H,—zH, 1+(1—-q¢" " HH,_5=0

and therefore constitute a family of orthogonal polynomials.
Find the associated Darboux-Christoffel kernels.
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Ex. 8.14. Define the Legendre polynomials P, (x) by the generating function

1
2"P(2) = —/—/—— .
Z n() V1 —2xz + 22
+1

Show that they are the denominators of the continued fraction expansion of 1 log(215).

Ex. 815. Let n € N, a € R, a > 0. Evaluate the integral
1
/ 1+ z)*Py(z)dz
-1

(P,.(x) is the Legendre polynomial of degree n. Recall that Legendre polynomials
are orthogonal with respect to the uniform measure on the interval [-1,1]).

EX. 8.16. Let A be defined by S1(A) =1,
Uop(A) = Aog11(A) & Top_1(A) = —Agi(A), E>1.
Compute the Si(A).
Ex. 8.17. Define the Laguerre polynomials L,(x) by the recursion
(n+1)Lpy1=2n+1—2)L,y(x) —nL, 1(x) =0, Le=1.

Find the moments. Show that the associated linear functional is
(o]
f(z) l—>/ e *f(x)dx .
0

Ex. 8.18. Compute the adjoint L (z) of a Laguerre polynomial L, (), using
the linear functional associated to Legendre polynomials:
+1
Ly (z) == Ozy(Ln(2)) dy ,

-1

and find the limit, for n — oo, of L% (x)/L,(z) (as a formal series in z~1).

Ex. 8.19. Generalize the preceding computation by taking the Laguerre poly-
nomials L%(z), defined by

Z 2"L%(z) = (1 — 2)"* Lexp(—z2/(1 - 2))
n>0
EX. 8.20. Given a family of orthogonal polynomial P, (z) = S, (A—z) relative
to some alphabet A, and a linear functional [ on a second variable y, compute the

limit
Lo ] Oy (Pa(a))dy
n—=00 P, (.’E)
(developping the functions near x = 00).

Ex. 8.21. Let z be of rank 1, and a be of binomial type. Define
n
Ppi=) (a)S(a+n—1)/(n—j)! , n=0,1,2,...
0
Show that {P,} is a family of orthogonal polynomials, and find the moments
S™(A). Compute the quotients ¥”(A)/A™(A), n > 2. Decompose z" in the basis
S™(A).
These polynomials are due to Krall and Frink [86]. The usual Bessel polyno-
mials are for a = 2 (Riordan ([153], p.77) takes the normalization P,(—z/2)).
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Leclerc and Thibon [123] generalize Bessel polynomials as symmetric functions:
see next exercise.

EX. 8.22. Define the b;’s by the generating function _ 2¢b; =
z(exp(2) — 1)_1 (2!b; is the i-th Bernoulli number). For any positive integer n, use
the preceding exercise to evaluate the following two determinants :

z" ban, -+ bap—a ™ bapy2 - bap—2
1 1
z" bop—2 -+ ban—¢ z" bap, - bap—sa
1 1
z by bap—2 x by ban,

Ex. 8.23. Let E be generic. For any n > 0, define P,, := ngol S1i n—i(E)
(this is a P-Schur function).

Show, after Leclerc and Thibon [123], that the orthogonal polynomials with
respect to the functional [ " = P41, are the staircase Schur functions
S1..n(E — z). Deduce a continued fraction expansion of Y 1° z7*P; (exceptionally,
we have taken [2° = P; and not [z° =1).

Ex. 8.24. Still writing P; for the P-Schur functions, consider the morphism
on &ym defined by S — P;11/P; (Sym is here the ring generated by complete
functions, with powers of S* in Z instead of N).

Show that the power sums of odd degree are invariant under this morphism.
The reader can use Cauchy’s proposition that symmetric functions are rational
functions in the odd power sums (Exercise 1.22), but must not conclude from it
that all symmetric functions are invariant.

Notice that this invariance implies that the morphism is a projection of Gym,
since P-Schur functions depends only on odd power sums.

Notice also, from the choice of the moments, that the image of the orthogonal
polynomials S;» (A — z) are proportional to the Bessel polynomials of Leclerc and
Thibon seen in Ex. 8.23.

EXx. 8.25. Let E be arbitrary, and {P,(z) = Si._.n(E — z)} be the symmetric
analogs of Bessel polynomials defined by [120] and [126]. Given 2y, ...,z of rank
1, and n > 0, evaluate the following Christoffel-type determinant :

Pryaja(w:) 1<ij<k

Ex. 8.26. Let ¢ be a rank one element. Develop in continous fraction the
g-exponential

E(@):=Y & '7"S(1/(1-¢) =) a7 /(1-q)---(1-¢) .
i>0 i>0

Find the convergents. Give the limit of E(z(1 — q)) for ¢ = 1.

Ex. 8.27. Let k be a positive integer, A a generic alphabet, [ the linear
functional 2?* — S;(A), 2 — 0 if ¢ is not divisible by k.

Find the orthogonal polynomials Pr(bk) relative to [. What about the subfamily
PM neN?

EX. 8.28. Let k be a positive integer, ¢ a k-th primitive root of unity, {P,(z)}
the orthogonal polynomials associated to a generic alphabet A.
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For any n, following Deruyts [38], expand
Py () P (Cz) Pn(Ckilx)
k
Qu(@)=2=G) | : :
Poyk-1(x) Poyr-1(Cz) -+ Pn-i-k—l(ck_lw)
as a polynomial in z.

Ex. 8.29. Given a constant ¢, define the associated Hermite polynomials [7]
by the recursions

Hyii(x) = 20Hy(x) —2(n+ o)Hy () , HSZ,=0,Hg=1

(the usual Hermite polynomials H,, are for ¢ = 0).
Decompose them in the basis of Hermite polynomials. Determine H, " (z) and
H P (x)/H,™ () for k> 0.

EX. 8.30. Given an alphabet A = {a1,..., an}, write >, ;. 1/(a1 —a;) as a
function of a; and A. B
Knowing that the Hermite polynomial H,(z) satisfy the differential equation

D?H, —2xDH, +2nH, =0,

with D := %, use the preceding expression to prove that

a; = Zl<i§n 1/(CL1 — ai)

when A is specialized to the set of roots of H,,, a; being any root.

Ex. 8.31. Let f(z) be the Jacobi polynomial f(z) = P?P~129-1(1 — 2z). Let
A =1{a,...,a,} be the alphabet of zeros of f(z), arbitrarily ordered. Adapt the
preceding exercise to show, after Stieltjes, that

P 4+ % 1/(m-a)=0,

o l-a 1<i<n

knowing that f(x) satisfies the differential equation
z(1—z)D*(f) +2(p— (p+@)z)D(f) +n(n+2p+2¢—-1)f =0.

Show that
1 a+1
) (o —ai) =5~ 5a;

1<i<n

in the case of the Laguerre polynomials satisfying the differential equation :
zD*(f)+ (@+1-2)D(f) +nf=0.

Ex. 8.32. Let A be an infinite alphabet, 2 an indeterminate, and ¥o a param-
eter. Define a linear functional L on polynomials in z by

/(x"):wo, /(xi)z\Il,-(A),i >0.

Find the orthogonal polynomials associated to [.
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EX. 8.33. Let A be an infinite alphabet, X = {z1,...,z,} be a finite one. Let
J;»3=1,...,n, be the linear functional on Clz;] defined by [; zh = S*(A), k>0,
and let [ be the product of the f;’s.

Show that, for every J € N*,

/ S5(%) AK)? = (=)™ D201 85 0_a (A) -
Notice the corollary corresponding to J = 1", with z of rank 1 :
// R(X,2)A(X)? = 5, (A — 2) .

EX. 8.34. Let z be a rank-1 element, [, be the linear functional z7 — S7(4),
k be a positive integer. Show that

| Socre (= 20) = (21)* (4 1) S (8)

Deduce that
/ S (A — 2)2 = (—1)FSpacs (A) Sgren (A) .
A
Ex. 8.35. (Stieltjes). Let g(t) be a positive continuous function of ¢ € [0, 1],
satisfying [ g(t)dt = 1. Define A by S¥(A) := [ g(t)tkdt, k = 1,2, ...
Given any positive integer n, and indeterminates x1,...,,, remark that the

quadratic form
! . 2
Q(:I’.l)"';xn) = / g(t) (Zwitl—l) dt
0

is positive, and deduce from it that
(—1)"(n71)/25(n_1)n (A) >0.

More generally, show that any diagonal minor M ; of the Hankel matrix M :=
[Siti(A)] i j>0 18 positive.

Consider the “generic” case g(t) = 04(B), and express the Schur functions of A
in terms of B.

Given any k, evaluate the multiple integral

1 1 1
/ :c’fg(xl)/ / ¥ g(z,) H (x; — z;)*dwy - - - dzy,
0 0 0 1<i<j<n
and conclude, once more, that the Hankel determinant |Sk1;—i(A)|,; ;,, is posi-
tive (Exercise (8.33) could have been used). -

Ex. 8.36. With the same hypotheses than in the preceding exercise, show that
for every n, k € N, one has the positivity

SCu(f) s

%

EX. 8.37. (Stieltjes). Let [, be the linear functional associated to A, P,
the corresponding monic orthogonal polynomials. Let Ry(z) := [, P, (z)(z—z) L.
Write 1

Ro(2) Stnga(2) +27(-++)) ,
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taking the Laurent expansion of 1/R,(z). Show that the polynomial St,;(2)
verifies

/ P (2) Stp1(z)z* =0, i=0,...,n.
A

Ex. 8.38. Let A, B be two finite sets of complex numbers, of respective cardi-
nalities a, §, witha € A= |a] >1,be B=|b < 1.

Given the polynomial R(z, A + B), Wroriski [180] claims to be able to obtain
A and B separately, i.e. to find the factor of R(z, A + B) comprising the roots of
modulus less than 1.

Support Wronski’s claim of a “universal factorization” by evaluating the limit

of
S18;na(A+B —z; A+ B)/Sp« (A +B)
for n — oo.

Ex. 8.39. Let A be a finite set of complex numbers, that one orders according
to decreasing modulus: |ai| > |az| > |ag| > ---. Let k be such that |ag| > |agy1]-
Writing St for Sr(A), show that

1 . 1 Slk—l Slk+1 Snk—l Snk+1
ay ---ag N S_lk SlkSQk o Snk S(n+1)k

EX. 8.40. Let A be a finite set of complex numbers, |a;| > |as| > ---. Knowing
from the preceding exercise that a; ~ Sp11/Sy, iterate, using A — a; instead of A,
to conclude with Ostrowski ([144], formula J.37 p.280) that 1/as is the limit of

Sk,k+1(A)/ Skt1,k+1 ()

Test the result on A = {2,1} and withdraw your conclusion.

Ex. 8.41. Given a one variable function f, let a be a root of f and z =
a + e¢. Newton shows that z — f(z)/f'(z) is equal to a modulo €. Define, for
any integer n, D,(f) to be the determinant obtained from S;» by specializing
S fO(x)/(i!f(x)),i=1,..., n, where f® is the i-th derivative.

Generalize Newton’s method by showing that

z—D, 1(f)/Dn(f) =a mod !,

For example,

I'Nf _ 3
T — W =a mod €
L fl/f

Following Kalantari [78], take the special case f(z) = 1 — 2sin(z), z = 0, to
approximate 7/6 by a quotient of two determinants.

Ex. 8.42. (Stieltjes, letter 422 [10]). Compute the specialization of Schur
functions indexed by partitions v such that v DO (£-1)¢, £ being the length of v,
when S; = ¢, i =1,2,....

Deduce a continued fraction expansion of

4

T +qr?+gq $*3+---+q"2$*1*"+---
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Schubert Polynomials
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9.1. Newton Interpolation Formula

We want to be able to perform algebraic computations in the ring of polynomials
in a1,as, ..., in a manner similar to what we did in the case of Gym(A), that is,
independently of the number of variables; in particular, we want to avoid expanding
a polynomial in the basis of monomials, but rather use operations on combinatorial
objects to replace algebraic computations on polynomials. Moreover, we want this
combinatorics to extend the combinatorics of symmetric polynomials.

Of course, a generic polynomial of degree 5 in 6 variables depends on (150)
coefficients, whatever way one chooses to represent it. Any specific tool is unlikely
to be interesting in the generic case, but will apply only to the description of spaces
of polynomials satisfying some requirements.

Let us show how Newton’s point of view can be used.

Given a function of one variable (the time t), let B = {b;, bo, b3, ...}, consider
the divided differences with respect to B and let

f6 faa faaa L
denote
f(01)01, f(b1) 0102, f(b1) 010205, ...
Then the formula of Newton to interpolate f(t) from its values at time by, bo, ...
is
(9.1.1)  f() = f(ba) + £ (t = ba)+
FO%(t = b)) (t = ba) + fO99 (t — by)(t — ba)(t — b3) + -+~

the expansion being exact if n+ 1 points b; are used and f is a polynomial of degree
<n.

In other words, Newton found that one could extend the already known case
of finite differences, when by, ...,b; = by+i-1,... form an arithmetical progression,
to an arbitrary sequence B, by normalizing the differences by the interval (of time)
to which they correspond.

When by, be, ... all collapse to 0, then equation (9.1.1) becomes Taylor’s for-
mula

F@®) = fO) + f(0) ¢+ f"(0)/2!4% +-- -,
the factorials in the denominator being clear by putting b; = ie and letting € tend
to 0.

Since divided differences are the discrete analogues of derivatives, the question

is :

139
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What is the discrete analogue of Taylor’s formula in several variables ?

In other words, what are the coefficients of the images of f(ay,as,...) under the
possible different divided differences (evaluated in by, ba, b3, . ..) in the expansion of
f(al,ag, .. ) ?

The answer, that I obtained with Marcel-Paul Schiitzenberger some years ago
(cf. [106]), is as simple as in the case of one variable, and will be presented in the
next sections. First, let us make some comments about the formula of Newton, and
prove it

9.2. Newton and Euclid

Newton’s formula is linear in f(z). To prove it, it is sufficient to test it on
powers of z, or equivalently, to test it on the single function (z — z)~1.
Since f0; ---0,_ 1 = (2—a;)"'---(z—a,) !, one has to check that
1 1 T-ay (x—a1)(z—a2)

(9-2.1) o - Z—aq (zfal)(zfaz) (Z*al)(zfcm)(zicm)

As we did for Lagrange interpolation, we insert x in the set of interpolating
points to see what happens. Let us do it twice, in consecutive places, i.e. let us
look at the case where a,, = z, or ap+1 = z. The equation becomes

I | (z—a1)--- (z—ap_1)

-z E+'”+ s (z—ap—1)(z—x)
. 1 s (z—a1) - (z—apn—1) (z-a1)---(x—ay,)
 z-a - (zman-1)(z-an) - (2-an)(z-2)

The difference is

(z—ay)---(z-an_1) (z-a1) - (z-an_1) (z—a1)---(z—an)

- (z—ap—1)(z—x) s (z—ap—1)(z-ay) - (z—ap)(z-x)

?

which, indeed is null, and this proves (9.2.1), and therefore the Newton formula in
general, by induction on n.

Interpolating (1 — zz)~!, instead of (z — z)~!, one gets a formula equivalent to
(9.2.1) :

1 1 T—-aq r R(z,A)
9.2.2 = g BT RR)
( ) l-zz 1l-zay +z(l—zal)(l—zaz) 2 R(1,2A541) +
that one often encounter with A specialized. For example, one has
1 1 -1 1) (z—q !
1wl @)
l-zz 1-z (1-2)(1-2q) (1-2) -+ (1-2¢™)

Let us pause a moment and ask the favourite question of Israél Gelfand: what
was the problem?

Given f(z) and A = {a1,...,a,}, Newton and Lagrange wanted to write a
polynomial ga(z) of degree < n—1 such that
(9.2.3) fla;)) =gala;) , 1<i<n.

1We could have given a proof using vanishing properties, but in that case, it would be almost
the same as the one that we give for the multi-variate case in Theorem 9.6.1.
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In that terms, the problem was solved much earlier by Euclid, by division, as we
have seen in chapter 3 :

(9.2.4) f(2) = 9(@) + () Rz, &)

where (x) is the quotient, i.e. the integral part of the fraction f(z)/R(z,A), or
equivalently, where the RHS is determined by the condition that g(z) be of degree
<n.

Suppose that f(z) = S¥(xz — B), k > n. Then, Euclid’s answer, put in A-ring
notation, consists in writing -B = (z-A) + (A-B), and expand accordingly :

(9.2.5) S*(z-B)
= S¥(z-A)+S" (A-B)S* ! (2-A)+57 (A-B)S* 2 (2-A)+- - - +S* " (A-B)S™ (v-4)
+ P A-B)S T (2-A) + -+ + S*(A-B)S° (z-A)
- (mk_" + S A-B)zF T 4 S’“‘”(A—JB)) R(z, A)
+ Sk_"+1(A—IB)S"_1 (z-A) +---+ Sk (A—IB)SO (z—-4A).

The factor of R(x,A) can be rewritten S¥~"(z + A-1B), and one sees once more
that it is equal to f(ay)0;---0, = S*(a;-B)d, - --0,, when defining a,; to be
equal to x.

Therefore, the three equations of Lagrange, Newton, Fuclid can be summarized
into

f(@) — fO1--- OnR(z, An)
020 - X St
(9.2.7) flar)+---+ fO1-+ On—1 R(x—Apn_1)
(9.2.8) = S%z-A) +--- 4+ S A-B)S™ ! (z-A)

The three mathematicians cited above have just chosen three different bases,
triangularly equivalent, of polynomials of degree < n—1:

(9.29) {R(z,A\a):a€ A}, {R(z-A;}:0<j<n-1,
{S%(z-A) : 0 < j<n-1}.

Notice that what Euclid calls the remainder is the principal part (= ga) for
Newton and Lagrange.

The advantage of Newton’s method is to show instantly the difference f(z) —
ga(z). Take notice that there are many ways to express fd ---8,, and disguise
that it be a divided difference.

One can, for example, use residues and Cauchy integral (cf. Ex.(7.27)), we
shall come back to this point later.

Comparing the different expressions (9.2.6), (9.2.7), (9.2.8) is a way to produce
g-identities, as shown by Fu et al [48].

9.3. Discrete Wronskian

Newton’s formula is closely connected with a discrete analog of the Wronskian,
and could be checked using it. Here we shall on the contrary use the Newton
formula to describe Wrorniskians.
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Indeed, given n one variable-functions f;, we define their A-Wroniskian to be

(9.3.1) Wa(fiy--o fn) =

fi(al)ﬁl .. 6]',1 |1§z',j§n
PROPOSITION 9.3.1. The A-Wroniskian of n functions f1,..., fn is equal to the
quotient |f;(a;)|/A(A), taking here the Vandermonde A(A) to be [1;5:(a; — ai).
It is also equal to the determinant |fi81 051 ---7rn_1|

Proof. Replace each f(a;) by its Newton’s expansion: f(a;) = f(ai) +--- +
fo1---0;—1 R(a;,Aj_1). Then we see that the determinant has columns equal to
linear combinations of the columns of the Wroriskian,

colj = coly + coly R(aj, Ay) + -+ -+ colj R(aj,Aj_1) .
Therefore, the two determinants coincide, up to the factor
R(as, Ar)R(az, Az) -+ R(an, An—1) = A(A) .

Because | fz-(a]-)|/ A(4A) is a symmetric function, one does not change the value of
the Wronskian by taking its image under

Tw = (Wn—l)(ﬂ'n—Zﬂ'n—l) et (7"1 T 7Tn—1) .

Now, the Wronskian has been written as a determinant such that the entries in
the successive columns are symmetric functions of A;, Ay, ..., A, respectively.
The operator m,_1 operates non trivially only on column n — 1, then the operator
Tp—2Tnp—1 Operates on column n — 2 of the new determinant, and finally the image
of the Wroriskian under 7, is the determinant where each of the operators (7,—1),
(Tp—2Tn-1), ... (71 - Tp_1) have been applied to the appropriate column. The
entries of the final determinant are now symmetric functions in A. |
For example,

fila1) fi(a2) fi(as)
f2(a1)  falaz)  fa(as3)
f3(a1) fa(az2) fs(as)

(02*611) f1(01)+f151(a3 a1)+f16182(a37a1)(a37a2)
+f281(a27a1) f2(al)+f28l(a3 a1)+f26182(a37a1)(a37a2)
( f3(a1) (

+f301(az—a1) =

I
o
—~

)
8
N—r
ho
—
IS
8
SN’ e s

a1)+f301(az—a1)+f30102(az—a1)(as—a2)

filar)  fi0i(az—a1) f1010:2(a3—a1)(az—as)
= |fa(a1) f201(az—a1) [f2010:(az—a1)(az—az)| = Wa(f1, fo, f3) A(A) .
f3(a1) fz0i(az-a1) f3010:2(az—a1)(az—as)

Moreover,

f1(a1)7T17T2 f15171'2 f16152
Walfi, f2, f3) = Walf1, fo, f3) memima = | fo(ar)mma  faOim2  f20102
f3(ar)mma  f3bima  f3010:

In the special case where all the functions f; are powers of a variable, we see
that the Wroriskian interpolates between the expression of a Schur function as a
determinant of complete functions, and as the quotient by the Vandermonde of a
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determinant of powers of variables. For example, with A of order 3, transposing
matrices for commodity, one has :

Sa(A1)  Ss(A1)  So(Ar) ai af a}
Wa(z?,2°,2%) = | Si(A2) Si(A2) Ss(Ae) |=| ay a3 af |/A(A)
So(Az) S3(A3z) Sr(As3) a3 af aj
aim s admm aimmy S2(A)  S5(A)  So(A)
= Sl (AQ)T"Q S4(A2)7T2 Ss(Ag)?TQ = Sl (A) S4(A) Sg(A)
So(As) S3(A3) S7(A3) So(A)  S3(A)  S7(A)

More generally, multi-Schur functions can be considered as Wronskians, powers
of = being replaced by some S*(z-B). For example, given any i,,k € N, and any
elements &, &, &5 of a A-ring, then

(9.3.2)
. , Sa1-&) S¥(a1-&) S*(a1-&)
Wa(S'(z—61), 5 (2-6), S* (2-61)) = | S (az-&) S(ar—&) S*(a2-&) |/A(A)
Si(az—&1) S'(az—&) S*(az—&)
SHA-&)  ST(A-&)  SH(A-&)
=| 87 H(Ae=&) STTH(Ax-&) SFTM(A9-&s) | = Sijo1k—2(A=E1; A= A=E3).
ST As-&) STT(As-&) SFTP(As-&)

All expressions involving multi-Schur functions can now be rewritten. For ex-
ample, the r-remainder in the division of S™(z — B) by S™(z — A) given in (3.2.1)
can be reformulated :

(933) Sln—r; (m—n+r)" (A — I; A*]B) = A(A)il X
Sl(a-z) --- S "(a;-x) S™(a;-B) --- S™t""1l(a;-B)

Slap-z) - S""(ap-x) S™(a,-B) --- S™t"1(a,-B)

9.4. Schubert Polynomials

Let us go back to the problem of writing a discrete analog of Taylor’s formula,
when replacing derivatives by divided differences.

The universal coefficients, called Schubert polynomials® due to their relevance
to geometry, can be defined recursively as follows:

(1) They are polynomials Y, (A, B) in two infinite totally ordered sets of vari-
ables A = {ay, as, ...}, B = {b1, by, ...}, indexed by vectors v € N>
having only a finite number of non-zero components.

(2) They are globally stable under divided differences in the a;’s, that is, the
image of a Schubert polynomial is either 0 or a Schubert polynomial.

(3) When v is weakly decreasing (one says that v is dominant, or is a decreas-
ing partition), then

(9.4.1) vo= [ @-b),

(i,5)€Diagr(v)

21t would have been justified to call them Newton polynomials, but this interpretation was
obtained later, though it can be considered the simplest.
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product on all boxes? in the diagram of v.
(4) Given v € N*® and i € N such that v; > v;41, writing v9; for

[’01, vy Vi—1,Vi41,V5 — ].,'Uz'+2, .. .], one has
(9.4.2) Y, 0 =Yy, -
One does not need to write what happens when v; < v;41, because in that
case Y, is the image of some Y, under 9;, (precisely v' = [v1,...,vi—1,Vit1 +

1,v;,Viy2,---])- The vanishing 87 = 0 implies then that Y, 8; = 0 in that case.

One has now to check that the above definition is consistent.

First, a Schubert polynomial can be obtained from another one by two dif-
ferent sequences (necessarily reduced) of divided differences. But, since divided
differences satisfy the braid relations, the images of any Y, under two different
reduced products corresponding to the same permutation are equal.

A more serious problem is that in the orbit of a dominant polynomial under
divided differences, one finds other dominant polynomials, and we must ensure that
they are still equal to the product described by their diagram, as required by axiom
(9.4.1).

For example, Y5543 is by definition the product

a4—b1|as—b2|as—b3

a3—b1|as—bz|as—bs|az—bs

Y5543 =
a2—b1|az—bz2|as—bs|as—bslas—bs

a1—b1|a1—bz2|a1—bs3[a1—ba|a1—bs

but it can be obtained from Yggzes4321 by a (long!) sequence of divided differences,
and one must ensure that the sequence produces at the end the polynomial indicated
by a diagram of boxes.

Because the set of partitions is a lattice (with respect to intersection and union
of diagrams), compatibility of dominant polynomials can be reduced to checking
compatibility for pairs of the type: a staircase, and a partition contained in it.

We first check an elementary step, corresponding to a pair of consecutive rows
in a diagram constituting a regular stair (with differences of lengths equal to 1). Let
us write D for the product [](; ;)e piagr(n) (@i—bj), A being a (decreasing) partition.

LEMMA 9.4.1. Let v be a partition, and let ¢ € N be such that v; = viy1 + 1.
Then the image of D, under 0; is equal to Dy, with n obtained from v by decreasing
v; by 1.

Proof. The polynomial D, is equal to D, (a; — b,;), and D, is symmetrical in
a;,a;y1. Thus the statement comes from the fact that the image of the linear
factor under 9; is 1. O

Now, we verify that one can find enough chains of partitions satisfying the

hypothesis of the preceding lemma.

LEMMA 9.4.2. Given an integer n, and a partition X such that A < p := [n —
1,n—2,...,1], then there exists a sequence of partitions from p to A such that each
step is of the type

Vi, i = Vi1 + 1, Viga, .o = [V, - - V=1 Viga, -] -

3A box in position (i,7), i,j = 1,2, ..., gives a factor (a; — b;).



9.5. VANISHING PROPERTIES 145

Proof. We give a graphical proof. The elementary step concerns a pair of consec-
utive rows, say row i and row i+1, of lengths differing by 1. In that case, we have
just seen that the effect of the divided difference 0; is to erase one box :

" _)
m

If one numbers the boxes of the skew diagram p/A by successive diagonals, as shown
in the figure for A = [6, 6,6, 2, 2],

7
12| 6
1411 5
10
131913

L]

then one easily observes that peeling off the boxes in the order they are numbered
satisfy the configuration (*) at each step. O

In final, if Y, = D), then all its images under products of divided differences
which are indexed by a dominant vector satisfy property (9.4.1), and therefore the
definition of Schubert polynomials is consistent.

9.5. Vanishing Properties

Newton’s polynomials (t—by) - - - (t=by,) could be characterized by their vanish-
ing properties, they are even defined in terms of their roots by, ba, . . ..

In general, the knowledge that a polynomial in several variables vanishes at
some points is difficult to use to reconstruct the polynomial. However, we shall
see that in the case of Schubert polynomials, the situation is as simple as in the
original set-up of Newton.

The next lemma describes almost dominant Schubert polynomials.

LEMMA 9.5.1. Let v be such that vea > v3 > -+ > v, >0 =vp41 =Vpqa ="---.
Define k by the condition that vy < vg, v1 > Vgy1, and let X, J be

A =[ve+l,v3+], ..., v+, 01, Vkt1,s-- -, Un) 5, J = [Uny-ee s Vkg1,V1,Vky---,02] .
Then
(951) Yv = SJ(AH—]B)\" 3. - .;Ak —IB)\k;Ak _IBX)C—1 3. - .;AQ —IB)\l) .

Proof. Y, is the image of the dominant polynomial Yy under 01 ---01. But
Yx =8 (an-By,) S (a1-Bx;) = Sxuping (An By, ;.5 A1 =By, )

the last expression being obtained by using, once more, the transformation lemma
(1.4.1).

At each step in the sequence Yy, Y Or_1, YA Or_10k_2,.. ., one has a determi-
nant with only one column which is not invariant under s;, 1 < ¢ < k-1. Therefore
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0; acts in that case by changing A; into A;;; and decreasing by 1 one component
of the index of the current Schubert polynomial. |

We can now study specializations. Let us see the effect of putting a; = b;.
Recall that we denoted AT = {as,as, ...} the alphabet starting with as.

LEMMA 9.5.2. Let v € N*°. Then

Y AT BY) ifvr =0
(952) Y’U — 7)2,?)3,---( ) ) f 1 . )
a1=b1 0 otherwise
Proof. Because any Y, can be obtained from some Y, v : v9 > v3 > ---, using
02,03, . .., but not 01, one can suppose that v is such that voa > v3 > --- > v, >0 =
Up41 = ---. In that case, Y, has a determinantal expression (9.5.1). If v; = 0, then

the partition indexing the determinant has a first part equal to 0, one can reduce
the order by 1 and change all A; — B; into (A");_; — (Bt),;_1 without changing
the value of the determinant if a; = b;.

If v1 > 0, then with A as in (9.5.1), Y, is divisible by (a1-b1) - - - (ag—b1). This
factor being symmetrical in aq,...,ax, the image of Y, under 91 ---0; is still
divisible by it. Therefore Y, vanishes under the specialization a; = b;. O

If one now specializes A to B (i.e. a1 = b1, az = ba,...), then the preceding
lemma, implies by recursion the following fundamental vanishing properties.

PROPOSITION 9.5.3. All Schubert polynomials vanish under the specialization
A =B, except Yo (which is equal to 1).

We shall see later that Schubert polynomials satisfy more vanishing properties
related to the Ehresmann-Bruhat order on the symmetric group.

9.6. Newton Interpolation in Several Variables

Let us for a moment index products of divided differences by vectors, instead
of permutations.
Given K = [kl,kz,. ] S Nn) let

oK .= ...(33...3k3+2)(52...3k2+1)(31...akl) ,

that is, 8% consists in products of blocks of consecutive divided differences, of
respective lengths kq, ko, . . ., starting with 01, 0s, ... respectively.

This product is chosen in such way that Yx (A, B) 8% = Yo(A,B). For example,
for K =[2,0,4,1], one has

9% = (84)(05040506)( )(O1d>)

and
04 03040506 0102
Ya041 — Y04

> Yoo > Yo -
Each divided difference acts by pushing to the right, and decreasing it, the rightmost
non-zero component of the index of the current Schubert polynomial.

One easily checks that Y;(A,B) 8% # Yo if J # K.

We can now state the multivariate Newton interpolation formula.

THEOREM 9.6.1. For any polynomial in ay,as,..., one has :

(9.6.1) )= > 7 (B)Yk(AB) .

KeN>
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Proof. One has to test (9.6.1) on a linear basis of polynomials in A (with coefficients
in anything, for example functions of B). One takes the Schubert polynomials
{Y,(A,B)} as such a basis. Now, one has to check whether the following equations
are true :

(9.6.2) Yi(AB) = Y (Y)” (BB)Yx(AB).
KeNee

But the Y?K are either zero, or Schubert polynomials, and they all vanish under the

specialization A = B, except for Y9 o,..; = 1. This happens only in the case K = J,
and the sum reduces to the single term Yo (B, B) Y, (A, B). It proves equation (9.6.1)
in full generality. O

The original Newton formula has not been lost. When f depends only on ay,
then fBK is 0 if K is not of the type K = [n,0,0,...] for some integer n. In that
case, Yg is dominant, corresponding to a row diagram with n boxes, and indeed
the Newton polynomial is

Yin0,0,.] = (a1 —b1) (a1 — ba2) -+ (a1 — by) -

Let us give a case with two variables, interpolating f = a3a,. Formula (9.6.1)
reads

f=FYoo+ fO2Yo1 + fO1 Yio + 0102 Yoo + 0201 Y11
+ f010203 Y30 + f020102 Yo1 f02010203 Y31 ,

that is, in expanded form,

afaz = b%bz Yoo + b:f Y()l + (b% + b1b2 + b%) YIO + (b% + b1b2 + b1b3) Ygo
+ (b% + b1b2 + bg) Yn + b1 Ygo + (bl + b2 + b3) Y21 + Y31 .

The interpolation (9.6.1) allows to expand permutations in terms of divided
differences.
Indeed, for any permutation o, one has

FA) =325 Yk(a,B)

K

and identifying A and B gives the following proposition.

PROPOSITION 9.6.2. Any permutation o expands, in the degenerate affine Hecke
algebra, as a sum of divided differences with coefficients which are specializations
of Schubert polynomials:

(9.6.3) o= Y 0"Yk(A”,A) .

KeNee

We had given in (7.4.1) the expansion of any element of the affine Hecke algebra
in the basis of permutations, and could have inverted the matrix expressing divided
differences, which involved specializations of Schubert polynomials. In fact, we shall
see in (10.2.10) that, more generally, Schubert polynomials occur as coefficients in
the expansion of Schubert polynomials in other variables.
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9.7. Interpolation of Symmetric Functions

The interpolation of symmetric functions is a natural step after interpolation
in one variable. It can be studied directly, using only properties of symmetric
functions [33], we shall prefer obtaining it as a by product of the Newton’s formula
(9.6.1).

Let f(A,) be a function symmetrical in {a4,...,a,}. According to the preced-
ing theorem, one can write this function

(9.7.1) f(A,) = Z; crYr(AB) .

Let us check that all the indices I corresponding to non zero coefficients ¢y are

of the type
I=[0<i; <iy---<i,00...].

Indeed, f(A,) depending only on ay,...,a,, is annihilated by all 0, with k& > n.
Similarly, being symmetrical in ay,...,a,, it is also annihilated by 0y,...,0,_1.

Therefore, all the Schubert polynomials appearing on the right side must be
annihilated by the same divided differences, because otherwise one would have a
sum of Schubert polynomials equal to 0. This is equivalent to say that I can have
only the decrease ...i,, 0. ... O

These special Schubert polynomials are called Grassmannian Schubert poly-
nomials, because they arise in the description of the cohomology of Grassmann
manifold?.

Let us show an example of the interpolation of a symmetric function in two
variables, say Yo5(A, C), where C is another infinite alphabet. Write Y;Y; for the
product Y;(B, C)Y; (A, B). Then formula (9.7.1) reads

Yo5(A, C) = Ya5Yg0 + Y204 Y01 + Yo14Y11 + Ya003 Y02 + Yo103 Y12
+ Y0002 Y03 + Yo03 Y22 + Yo1002 Y13 + Ya00001 Yoa + Yoooo2 Ya3
+ Yo10001 Y14 + Y200000Yos + Yooooo1 Y24 + Yo10000 Y15 + Yoooo0o Y25.

In the case B = 0, the above expansion expresses the Schubert polynomial
Ya5(A, C) as a linear combination of all the Schur functions Sy(a; +a2) = Y; (A, 0),
I C 25. Cauchy formula (10.2.10) gives more generally the expansion of any poly-
nomial Y, (4, C).

The Grasmannian Schubert polynomials Y;(A,B) are a natural generalization
of Schur functions : the leading term of Y;(A,B) (i.e. term of higher degree in A)
is the Schur function Sr(A,) = Y(A,0). They are called Double Schur functions
by Chen, Li and Louck [34], who give a combinatorial description in terms of non-
intersecting paths.

They also can be written as determinants. Indeed, let I =i; < --- < 4, and
K=I“+p:=i,+n—1,..., 02+ 1,i1 + 0. Still writing By, for {b1,...,bx}, the
Schubert polynomial Yg is dominant and equal to

YK(AalB) ZR(ana]Bkl)"'R(athn) :SK“‘(A’H _Bkm'-'aAl _Bkn) .

The image of Yg under 0, with w = n---1, is by definition Y;. However, it can
also be computed directly. Using the factorization

O = (On-1) (On—20n-1) -+~ (01 - Op-1) ,

4They first occurred as natural generalizations of Chern classes of a difference of two vector
bundles [93].
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one obtains, as for (9.5.1),

(972) YI=SI(A'TL_IBIC17"'JA’”_IBIC“)J

the leading term being evidently the Schur function Sr(A,).
The image of Yx (A, B) under 9, = ) +0 A~ can also be written as the

quotient 7o

(9.7.3) Y: = |R(a,By,), - R(a,Br,) | ,cp /A(AL),

i.e.

9.7.4) Yr=3" (=) (R, By ) - RlanBr,)) /Alk) .

If I has repeated components, one can reduce the preceding summation to a subset

of the symmetric group, as for (7.7.3).

Let us describe in more details the simplest case, the case of “double complete
functions”, when I has only one non-zero component. Let m € Nand r = m+n—1;
then

Yor-1rn = Yro00...01 * - Op—1 = La, (R(a1,B,)) .

Leibnitz formula suffices in fact to compute Ygn-1,,, and the way that Ygn-1,,
is obtained from Y,.(A,B) using it can be visualized as follows.

A string of boxes, some of them occupied by a e, means a product of linear
factors according to the following recipe :

” in an empty box at position j, put the factor a; — b;, where ¢ — 1 is equal to
the number of dots on the left of the box. Finally erase the o’s.”

For example,
OCeele 0= (a; —b1)(a1 — ba) @ e(az — bs) ® (ag — b7) .
The starting point Y, is equal to a string of r boxes. Its image under 0; is
equal to the sum of all strings with one dot,
Yor 1= O...0e0...00.

The next step, using Js, puts one dot in a box right of the existing dot, and thus
Yoor_2 is the sum of all strings of length r with two dots :

YO(,H:ZD...D- O...0e0O...0.

Finally, Ygn-1,, is equal to the sum of all strings of r boxes with n — 1 dots. In
other words,

(9.7.5) Ygn-ipm
= (a1-b1) -+ (a1-b;) (ag—biy2) - -+ (ag=b;) -+~ (an—bn) - -+ (an=by) -

Suppressing the void boxes, one could also write this summation as attached to a
diagram of m boxes, with shifts in the indices of the b’s given by the contents of
the boxes.

For more general diagrams®, with B = {0,1,2,...}, this construction is due
to Biedenharn-Louck [17], who defined factorial Schur functions. This the case
of ”Stirling interpolation” at points B = N:= {0,1,2,...} of symmetric functions.
Factorial Schur functions are indeed specializations of Grassmannian Schubert poly-
nomials at B = N.

50ne further generalization is for Key polynomials [102], using crystal graphs.
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In that case, R(a,N,) =a(a—1)---(a — n + 1) may be considered as a polar-
ization of the nth-power and may be conveniently represented by the symbol al™.
Identity (9.7.3) reads now
(9.7.6) Yr(AN) = ‘a[’“], akll A4,

a€A,
while (9.7.5) becomes

(9.7.7) Ygn-1,, = Z(al) -+ (a1—1) (a2—i—2) - - - (aa—j) - - - (ap—h) - - - (@ap—7+1) ,
sumonall -1 <i<j<---<h<r.

Expression (9.7.6) shows that factorial Schur functions can be characterized by
their vanishing properties®, as noticed by Okounkov. Factorial Schur functions play
an essential role in the study of central elements in the universal enveloping algebra
$(B[(n)) (cf. the work of Olshanski, Okounkov,Nazarov, Molev).

There is a less evident way of relating factorial Schur functions to Schubert
polynomials. They now occur as specializations of some Schubert polynomials in
A=1{1,1,1...} and B = {0,0,0...}, the variables” being now the components of
the vector I indexing the Schubert polynomial. This leads to a theory of binomial
determinants, as part of a bijective combinatorics so notoriously illustrated by our
friend Xavier Viennot.

The relevant properties of factorial Schur functions are now related to dimen-
sions of representations of the linear groups or unitary groups, as functions of the
components of highest weight vectors.

Some operations on symmetric functions can be explicited using Newton’s in-
terpolation. Let us mention, for example, the uniform translation A — At :=

{a1 +1,a2 + 1,..., a, + 1}. Since divided differences are invariant under this
translation, (9.7.1) becomes, for any J = j; < jo <--- < jp, 0,0,...:
(9.7.8) Yy (AY) = Y,/0(1,0)Ys(4,0)

I

denoting Y,,; the image of Y; under &', by 1 the alphabet {1,1,...}, by 0 the
alphabet {0,0,...}.

In that case, too, the operation A — A is easier to understand when applied
to the argument of a Schubert polynomial rather than only a Schur function.

We shall not explain further how to recover most of the properties of Schur
functions from the theory of Schubert polynomials. We would need for that to
introduce more combinatorial tools attached to them.

9.8. Key Polynomials

Other operators satisfying braid relations can be used to define new linear bases
of the ring of polynomials in A.

We shall now employ isobaric divided differences, instead of divided differences,
with the same starting points as for Schubert polynomials.

Key polynomials will be indexed, as Schubert polynomials, by vectors in N*°
having only a finite number of non-zero components. We identify a finite vector
with the infinite one obtained by concanating to it, on its right, an infinite number

5More generally, Schubert polynomials can also be characterized by vanishing properties.
7Thus, one gets only the restriction of factorial Schur functions on positive integral points,
but this is sufficient to determine them.
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of 0 components. Recall that for v € N*, we write vs; for the exchange of two
coordinates:

VS§; = [’1)1,...,’Uifl,’l}i+1,'l)i,’l),'+2,...] .

DEFINITION 9.8.1. Key polynomials K, are defined recursively as follows. If v
is dominant, then
K, =Y,(A0) =a".
Otherwise, if v and ¢ are such that v; > v;41, then
Kvs,' = KU T .

The coherence of the definition is insured by the braid relations. Contrary to the
case of Schubert polynomials, in the orbit of a polynomial indexed by a dominant
v, there is no other dominant polynomial, and therefore there is no compatibility
to check between dominant polynomials.

Notice that when v; < v;4+1, then K, is symmetrical in a;, a;+1 and preserved
by ;.

It is easy to check that K, = a’+ terms smaller for the lexicographic order
(reading from the right), and therefore K, has the same leading term than Y, (A, B).

Given € Nand A = [l; < --- < A, < 0] a decreasing partition, then the polyno-
mials K m,, 0 € &, are linearly independent (as we see from their leading term),
and therefore generate a space of dimension the number of different permutations
of A (=n!/|6,|, where & is the subgroup of &,, stabilizing A).

In the case where v is an increasing partition (followed by zeroes), we have seen
that Y,(A,B) is a double Schur function. The same property is true for K, (but
we defined key polynomials in only one alphabet).

LEMMA 9.82. Letn €N, T e N*, I =[i; <--- <i,]. Then Ky is equal to the
Schur function of index I, in ay,...,a,, and thus is equal to Yr(A,0)..

Proof. Same proof as for Grassmannian Schubert polynomials, except that isobaric
divided differences increase alphabets without decreasing degree. |

There is a more general family for which K, = Y, (A, 0) (this is the case where
v is a vexillary code). This happens to be exactly the case when K, is a multi-Schur
function [106], [109], [134].

We shall state in (10.5.4) that, a Schubert polynomial Y, (A, 0) decomposes
into a positive sum of key polynomials. The sum is reduced to one element iff the
code is vexillary.

Exercises

Ex. 9.1. For any positive integer p, let N =: {0,1,...,p}. Define the Stirling
numbers (of the second kind) to be the complete functions in N,, the (positive)
Stirling numbers of the first kind to be the elementary symmetric functions of N,.

Show that, for any n € N, one has

" S"THN) 2 + ST (M) 2(2-1) + ST (N) 2(a-1) (2-2) + -
= > (-1l S (N)A (Nis ),
2%
1 1 x z(z-1) SP(z-N,_1)

Z—T z+z(z—1) 2(z-1)(z-2) SP1(2-N,)
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Ex. 9.2. Let 2 be an element of binomial type, n a positive integer.
Following [140], write z™ as a linear combination of A™(x), A™(z+1),...,A"(z+
n-1).

Ex. 9.3. Let f(z) be a function of one variable, {z1,22,...} be an infinite
alphabet. Write [4, j] for the image of f(x;) under the product of divided differences
0;---05-1.

[n,n+1] -+ [n,2n]

For any n, write the product of : : by the two Vander-
[1,n+1] --- [1,2n]

monde determinants A(zy,...,z,) and A(zp41,...,%2,) as a single determinant.

Ex. 9.4. Let A be arbitrary, k,n € N, ¥ > n. Show that the remainder in
Newton’s interpolation of f(m) := A¥(A 4+ m) at points {0,1,...,n—1} is equal to

m—1
R= Am—j—1)A"""(A+j).
7=0

Ex. 9.5. Given two finite alphabets B, A = {ay,...,a,}, write the Newton
interpolation, at points ag,as, ..., of any remainder in the division of R(z,B) by
R(z,A). Write the coefficients of all Newton’s polynomials (x — a1)--- (z — ag) as
minors of the same matrix of order n.

Ex. 9.6. Let f(x) be a polynomial of degree n. After Carlitz, compute the

determinant ‘ i+j .
f(q ) 0<4,5<n

Ex. 9.7. Let n € N, By, = {b1,...,b,}, 0 < k < n. Write the interpolation of
polynomials in z in the basis {z" = S™(z—By), 2" ' (z-b1) = S™(z-By),...,S™(z-B,)},
knowing f(0) and the values ¢; = f(b;), 1 <1i < n.

Ex. 9.8. Let m,n € N. Help the rev. Blissard®[19], p.160, finish proving that
1 n+m (ntm)---(n+2) _ 1 ((n-i—m) o (n4l) 1)

mmmn T T me1 A\ med

Ex. 9.9. In 1819, Sarrus, in the Annales de Gergonne 10, p.220, asked for a
direct proof of the identity :

2n 2n 2n+2 2n 2n+2 2n+4
=213 2132015 | 204320452047
Answer him. Beware that

2n

2n n 2n 2n+2 N
2n+2  2n+2 2n+4

diverges!
Ex. 9.10. Let A = {ay,...,a,}, 2,y be of rank 1. Prove that

S l(z+y —A) z-a  (z-ai)(z-az) | (z-a1)---(z-ap_1)
(y-a2)--(y-an) = y-ax  (y-a2)(y-as) (y-az) -+ (y-an)

87 have found this by observation merely. It is doubtless susceptible of proof.
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ExX. 9.11. Let B be finite, A be infinite, writing A, = {a1,...,a,}. Show that
for any k € N, one has
SH(B) = S*(A1) + S (A2) ST (B-Ar) + S¥72(Ag) ST (B-Ag) + - -
Ex. 9.12. Let A be of cardinality n + 1, E be of cardinality n, B be infinite, 2
be of rank 1. Write By, = {b1,..., b}, k> 0.
Show that
Meez—¢) _ = S*(A=E—B,)
Mocs—0) 2= S5z = Bipr)
Ex. 9.13. Let f1,..., fn be functions of one variable, having integrals F3, .. ., F,.
Let W =W (f1,-.., fa;21,--.,2n) be the discrete Wroniskian W = det(f;0: - ..0j-1)1<i,j<n,
where the divided differences are relative to X = {x1,...,z,}.
Evaluate the integral

1 Yn

dml---/ dzx, W A(X)
Y2 Yn+1

EXx. 9.14. Let k,n be two positive integers, B = {b1,be,...} be an infinite
alphabet with periodicity conditions b; = b;, i € N.

Compute the determinant

‘Yoi,jkﬂ' N
1<4,j<n

in Schubert polynomials in the two alphabets A = {a1,...,a,4+1} and B, putting
Yoi» = 0 for r < 0.

Ex. 9.15. (Factorization of the Vandermonde matrix).

Let A be of cardinality n, and V := [a:‘_]]1<”<n. For every k: 1 < k < n,
let Ay, := {a1,...,ar}. Using Newton to interpolate each a¥ in A;_;, show that V
factorizes into o

V = [R(ai_l, Aj_l )] [S]_z(Az)]

(with R(z,0) =1, R(A,B) = [],c4 e (a—b)). Decompose these two matrices into
products of matrices with entries in the set {0,1,a1,...,apn,(a; —a;) 11 <i<j <

EX. 9.16. Let A be infinite, and, for any k, let Ay, denote {ai,...,a;}. Expand
the characteristic polynomial of the (right-justified) n x n Pascal matrix

M := [AJ?z(Am_l)]ISz,JSn -
Ex. 9.17. Recall that the Rogers-Szegd polynomials are
H,(z) =5"(1+2)(1—-¢)~1)S™*((1 — ¢~ 1)L, with z,q of rank 1.
For n > 0, define Y, := (z + 1)(z +¢q)--- (1 + ¢ 1).
Find the matrices of change of bases between {H,} and {Y,,}.
EX. 9.18. Write [i] :== 1+ ¢+ --- + ¢*~1. For every positive integer n, show
the identity
(@=[n)--(@=P2n-1) _,_ [ e [n]*[n-1]*
z---(z—[n—1]) z [2] z(z —[1])
x [n]*[n-1]*[n—2] [n]*[n-1]7---[1]°
28] 2(z — [1])(z - [2] [1]---[n]z(z = [1])--- (2 = [n-1])

which is due to Lindeldf for ¢ = 1.

+ .- :I:q"(”ﬁl






CHAPTER 10

The Ring of Polynomials as a Module over
Symmetric ones
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10.1. Quadratic Form on ol

Let us forget totally that we have obtained, in the preceding chapter, a linear
basis of the ring of polynomials in an infinite alphabet A. We shall recover Schubert
polynomials from a different approach.

Instead of relying on interpolation methods, we now want to generalize the
description of the ring of symmetric polynomials: starting with a Cauchy kernel
was sufficient to define a scalar product and to obtain the basis of Schur functions.

It is easy to imagine a non-symmetric Cauchy kernel; remarkably, the ensuing
theory is a natural extension of the theory of symmetric functions: at the combina-
torial level for example, the fundamental objects are now indexed by permutations
instead of partitions, and conversely, partitions appear as special permutations.

Let n be a fixed integer, and A = {a1, a2, ..., a,}. The space that we want to
describe is the ring Z[4], as a module over Gym(4A).

To be able to use vanishing properties, we introduce a second alphabet B =
{b1,b2,..., by}, and denote by Pol(A) the ring

Pol(A) = Q[A, B]/(Sym(4) = Gym(B)) ,

where the ideal (Gym(A) = Gym(B)) is the ideal generated by all f(A) — f(B), f
symmetrical. We shall consider Pol(A) as a module over Sym(A), which is now
defined to be the ring of symmetric functions in A with coefficients in B.

We have already stated that Pol(A) is a Gym(A)-module, with basis the mono-
mials a’, I < p:=[n-1,...,1,0]. We shall now give a more precise description of
this free module.

First, the simplest method of computation in a free module is to have a qua-
dratic form, and pairs of adjoint bases, or even better, orthonormal bases.

An appropriate quadratic form! is defined by using the maximal divided differ-
ence of G(A) :

(10.1.1) Pol(A) > f,g=(f,9) =(fg,1):= fgo., € Gym(A)

LEMMA 10.1.1. The divided differences 0;,i = 1,...,n—1, are self-adjoint with
respect to (, ). Therefore, for o € G(A), 9, is adjoint to J,-1.
Moreover o is adjoint to (—1)4@) g1,

11t extends the intersection form in the cohomology ring of the flag manifold.

155
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Proof. Given any i < n, factorize w = s; 0. Then (f 8;,9) = (f0; g 9;)0,. Because
f 0; is a scalar for 9;, the preceding expression is equal to

(72 (99) &,

and the symmetry between f and g implies that it is also equal to (f, g0;). By
product, one gets the assertion for every 9.
Similarly

(fo,9)=F"90u=1Fg" 08, =(-1)"fg" 8, = (-1 (f, g0 ).

O
10.2. Kernel
Let
(10.2.1) Ko(AB) = [[ (i—ay).
1<i<j<n
This function has fundamental and evident vanishing properties:
LEMMA 10.2.1. For any permutation o € &,,, the specialization K, (A", B) s

vanishes, except the case K, (B, B) = A(B).

Proof. By induction on n, one sees that all specializations have at least a factor
b; — b;, except in the case of the identity permutation. a
The following proposition shows that K, (A, B) is a reproducing kernel.

PROPOSITION 10.2.2. For any f € Pol(A), one has
(10.2.2) (f(4), Ku(AB)) = f(B)

(we have written = instead of an equality to point out that we are identifying
symmetric functions in A with those of B).
Proof. Any polynomial in A can be written as a linear combination of a!, I <
p=[n—1,...,1,0], with coefficients in Gym(A). However, a’ K,,(A,B) is a linear
combination of monomials a’*7, I < p, J < [0,1,...n-1], that is, of monomials
having an exponent I + J < (n — 1)™. The image of such a monomial under 9, is
0, except if all its exponents are different, and this is precisely the case where I + J
is a permutation of p. In that case a!*” 9, = +1.

Therefore, the image of each monomial a’*” is independent of A, and one can
specialize A to B in the expression

FAK,(AB), = Y (—1)“">f(A")Kn(A",1B)m
gES(A)

However K,,(B?,B) is 0 if o is not the identity permutation, and the summation
reduces to a single term

f(BK, (B,B)/A(B) = f(B) .
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Now, we shall see that Schubert polynomials are compatible with the quadratic
form (they are “almost” an orthonormal basis, apart from a twist in indices).

We first need to write them differently, using permutations rather than vectors
to index them. Indeed, given o = [o1,...,0,] € &(n), its code is the vector
clo] =1, ..., cn] such that ¢; := card(j > i,0; < 03), 1 <i<n.

It is immediate that o — c[o] is a bijection between &(n) and the vectors
¢ € N* such that ¢ < p (i.e. such that ¢; <n—i,i=1,...,n).

We shall write X, or Yo indifferently for the same Schubert polynomial.

Given a permutation in &(n), there exists at least one path in the permutohe-
dron, from w = [n,...,1] to it, and therefore all Schubert polynomials X, o € &,
can be obtained from a top one X,,.

In summary, Schubert polynomials for &(n) are defined by

X, (AB) =] (@i —b;)

1<i,j<n,i+j<n
Xo(AB) = Xu(A,B) Ouo

(10.2.3)

Notice that K, (A,B) = (1)) X, (A, B).

In fact, we have decomposed the resultant R(A, B) into the three factors X, (A, B),
+K, (A, B), and the diagonal [],(a; —b;). Graphically, a box in position [4, j] stand-
ing for a factor (a;-b;), this decomposition is

oEEN
R({ala as, a3}; {bla b27 b37 b4}) = g g g = )
the three factors being represented by O, B and Q respectively.
The preceding definition implies the recursions
(10.2.4) X, (AB)O; = Xps, (AB) if £(0s;) < £(0) .

(because 67 = 0, then X, (A, B)d; = 0 if £(os;) > £(0)).
For &3, the Schubert polynomials are

(a1-b1)(a1—b2)(a2—b1)
81 82
Y/ AN
(a1—b1)(az—b1) (a1-b1)(a1—b2)

82 ‘ 61
(a1—b1) artas—bi1—bo

01 \ / 02

1

Proposition (10.2.2) can be generalized.

THEOREM 10.2.3. For any f € Pol(A), any permutation o € &(n), one has
(10.2.5) (f(&), ()X, (A, B)) = f 0,1 (B) -
Proof. One has

Xow (A, B) = Xy (A, B) Qoo w = Xu (A, B)w (wyow w) = Xy (A,B)w 9,
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and one can shift the divided difference 9, to the left of (, ) thanks to Lemma
(10.1.1). Now the formula results from proposition 10.2.2 for the function f9,-1.
O

The theorem shows a symmetry property of Schubert polynomials which is not
evident from their definition with operators acting on A only. Introducing C, a
third alphabet of cardinality n, take f(A) = X, (A, C). Then (10.2.5) implies

(X (A, C), (-1)“")X,0 (A, B)w) = X, p-1(B,C) .
On the other hand, putting w on the left,
((71)€(w)xw(Awa(C)a (_l)e(aw)xmu(Aa ]B)w) = X,u(C,B) ,
because (-1)““)X, (A, C) is a reproducing kernel. Therefore, one has the symme-
try :
(10.2.6) Xo (A, B) = (-1)4X, -1 (B, A) .

COROLLARY 10.2.4. The quadratic form (,) is non-degenerate. The space
Pol(A) is a free module over Gym, with the two adjoint bases {X,(A,B)} and
[(~1)o9X,, (A, B) : o € S(A)}.

More precisely

(X, (A,B), (-1)")X,, (A%, B)) = b, -

Any element of Pol(A) expands into the basis of Schubert polynomials X, , o €
G(A), as follows :

f(A)

SO (F, ((DHX,, (A% B) X, (4,B)
(10.2.7)

> £0,-1(B) X, (A, B)

Newton’s interpolation in several variables has given another expansion in terms
of Schubert polynomials, this time with coefficients independent of A and indexed
by permutations of arbitrary order; in expansion (10.2.7), the coefficients, on the
contrary, belong to &ym(A). For example, for n = 2, this expansion is

a% = b% + (a1 + ag)(al — b1)
while Newton states
ai = b2 + (b1 +b2)(ar — b1) + (a1 — by)(ar — ba) -

Both equations coincide modulo Gym(A) = Sym(B).

Notice that the two expansions are identical when f(A) is a linear combination
of the a!, I < p, with coefficients in B, because no symmetric function of A (except
constants) is used in that case.

Let us show now that the interpretation of divided differences as scalar products
allows to express them in the basis of permutations.

PROPOSITION 10.2.5. Let 0 € &,,. Let 8, = ECCZ be the expansion of O, in
the basis of permutations. Then

(1028) ()¢ = (1)) K,o1 (85, )5 o5 = Koo (4%
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Proof. Let us replace, in formula (10.2.5)
(f&), ()X, (A%, B)) = £ 0, (B)
1

the scalar product by its expression (f,g) = > ﬂ:( ) A(A)~. It becomes
Zif(AC)XU_lw(A“’C,A)) X =&, ;
¢
erasing f which is irrelevant, one gets the proposition. |

We had written in (7.4.1) the expansion of any element of Diff by making it act
on K, (A,B). Since K,(A,B) = (-1)%“) X,,(A¥, B) and since wd,w = 0w, the
two expressions involve specializations of Schubert polynomials, but not the same
polynomials, as mentioned in [115]. One has in fact, for any pair of permutations,

(10.2.9) (-1)4X, (A AC) = Xyouw (AY, A¥S) .

One can view Schubert polynomials as a basis of Jol(A) depending on param-
eters by, ..., by, and let the parameters vary. Indeed, let C = {c1,..., ¢p}. Then
the following theorem shows that the matrix of change of bases has Schubert poly-
nomials as entries. The case ( = w should be considered as the non-symmetric
Cauchy formula :

THEOREM 10.2.6. Let A, B, C be three alphabets of cardinality > n, and let
¢ € 6(n). Then

(10.2.10) X (A,C) =X, (B,C)X, (A, B) ,

sum over all reduced factorizations ( = no (i.e. factorizations such that £(o) +

£(n) = £(C))-

Proof.  One applies corollary(10.2.4) to the function f(A) = X.(A,C). Since

f(A) belongs to the span of monomials in A of degree < p, = is in fact an equality.

Moreover, to require non nullity of X;d,-1 is the same as to require that the product

(¢n~=1)(n) be reduced. O
For example, for { = [2,4,1, 3], the expansion is

X413 (B, C)X1234 (A, B)
—Xo143(B, C)X1324 (A, B)

+X1243(B, C)Xa314 (A, B) + Xo134(B, C)Xy423 (A, B)
—X1234(B, C)Xa413 (A, B)

The special case ( = w is worth of interest. It states that [[;, <, (a;i — ¢;) is
the sum of all products X,,,-1 (B, C) X,, (A,B), where B has been chosen arbitrarily.
One can take B = 0, but also B = {0,1,2,...} or {¢°,¢*,¢%,...}.

The usual Cauchy formula for the resultant follows from (10.2.10). Indeed,
given n,m € N, let { = [m+1,...,m+n,1,..., ] Then

X (A,B) = H II (a = R(An,By) ,

1<i<n1<j<m

Xoa13(A,C) =

and the expansion

ZX (0,B) X, (A, 0)

involves only Schubert polynomials Wthh are symmetrical in A, , or B,,, thus,
which are Schur functions. It just remains to recognize that reduced factorizations
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of ¢ correspond to pair of partitions complementary in m”™ (taking the codes of o
and n~1).

10.3. Shifts

A Schubert polynomial indexed by a permutation ¢ € &,, such that o, = n
can be obtained from the dominant Schubert polynomial Y,,_5 . 10,0, instead of
starting with Y,_1, .. 1,0. Therefore Schubert polynomials are invariant under the
embedding &,,_1 — &,,_1 X &1, which consists in adding to a permutation in &,,_;
a fixed point n; equivalently, one concatenates to the right of the code a zero:

c€e€B,1=> X, = X[a’n] & Y= Y[,O .
We also need the embedding &,,_1 — &1 x&,,_1. It induces the transformation
XJ (A, IB) — XU+ (A, IB) & YI(A, IB) — YO’I(A, IB)

on the Schubert basis, where o+ = [1,01+1,...,0,_1+1], and we shall now describe
this embedding at the level of polynomials.
Let us also denote, for any alphabet A, the shift of indices by AT = {as,as,...}.

ProPOSITION 10.3.1. Let o € &,,, I be its code. Then

(10.3.1)X,+(A,B) = X (AB")(a1-b1) - (an=b1)0p---01 ,

(10.3.2) = X, (ABY) (14 0p(ant1-b1)) -+ (1 + 01(az—b1)) ,
(10.3.3) = X, (AB") (1, —b18,)--- (m — b10y) .
FEquivalently,

(10.3.4) Yo,r(AB) = Yr(A,BT) (a1-b1) - (an=b1) dp--- 1 .

Proof. Let us first treat the case of X, +.

X+ (A B) = X1, 1 (A,B) Oy, - 01 = X, (A, B ) (a1-b1) - -- (an—b1)0n - -~ 01,

the first formula is indeed true for w.
Now, X,(A,B*) is the image of X, (A,B*) under some product of divided
differences 9;, with 1 < i < n—1. One has to study an expression of the type

Xw(Aa B+)az Tt 6] (Cll*bl) .. (anfbl) an - 81 .

But each divided difference 9; commutes with the factor (a;—by)--- (an—b1), be-
cause it is symmetrical in a;, a;41. Moreover, the braid relation

0i (On-++01) = (Op -+ 01) Oia

shows that one can put all these divided differences on the right, increasing their
index by 1. Finally, the RHS of (10.3.1) is equal to

Xo (A B )(a1-b1) -+ (an=01)i41 - - Oj1 = Xt (A, B)ig1 -+ Oy

and (10.3.1) is true in general.
By Leibnitz’ formula,

(an—b1) tet (al_bl) On = (1 + 8n(an+1_b1)) (an—1—b1) te (a1—b1) ;
or
(an_bl) T (01—51) Op = (ﬂ'n - b13n)) (an—1—b1) T (611—51) .

Tterating, on gets the second and third expressions. |
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In the case where ¢ is a dominant permutation, we shall check directly the
preceding formulas. Let A € N* be a decreasing partition.

The Schubert polynomial Y » (A, B) is the image of Y1~ (A, B) under 8,, - - - 1.
Writing

Yar1n (A B) = Sx,415500+1(An = Ba, 415005 A1 — By 1)
one gets
Yo x(AB) = Sxusinn (Angr — By, 415580 = By, 14)

the effect of each divided difference 0; in J,, - - - 01 being to increase A; to A;y;, and

decrease \; + 1 to A;.
By iteration, one gets the following lemma.

LEMMA 10.3.2. Let A € N* be a decreasing partition, k € N. Then
(10.3.5) Yor A(A,B) = Sx,son (Bapr — Ba, a5 -5 A — By k) -

Extending the case (9.5.1), we shall call such a code [0*, \] an almost dominant
code, and correspondingly, define an almost dominant permutation and an almost
dominant Schubert polynomial.

We now want to check (10.3.3). We have first to see what is the image of a
complete function S*(A,, — IBj) under (a,,—b1)0;.

Since S*(A, — IB;F) = S¥(A, +b1-Bjy1), SE(A, — ]Bj) is sent to

S*(An+b1-Bj11)=b1S* ! (An+b1-Bji1) = S*(An+b1-Bj1~b1) = S*(An-Bjp1) .
Therefore, the image of S, 41;..;0+1(Ay —Bf 5...; A1 — B} ) under (a,~b1)d; is

Samino1+15iai+1 (A1 — Ba, 413 4,1 — BY A —B) .

n—1 i
By iteration, one obtains that

Yo (A,B) = Sx, 1500 +1(An =B 5.5 A0 = BY ) (a0 -01)0y - -~ (a1-b1)01
which is Eq. 10.3.4.

10.4. Generating Function in the NilCoxeter Algebra

Several formulas given in the preceding section involve taking reduced factor-
izations. This restriction can be conveniently implemented by using generating
functions in an extra algebra of divided differences (not acting on the variables a;,
nor b;). We shall follow the common terminology and call it the NilCozeter algebra.

DEFINITION 10.4.1. Let n € N. The NilCoxeter algebra NE, of order n is the
algebra with Z-linear basis u,, o € &,,, satisfying
(10.4.1) UolUy = Ugy if L(ov) = (o) + £(V) & usu, = 0 otherwise.

Equivalently, M¢,, is generated by u1 = us,,...,un—1 = us,_, satisfying u? = 0
together with the braid relations

(1042) UiUj; = UjU; if |Z - jl Z 2 5 UiUi41U; = U1 U UG41 -
This algebra has been used in [107] to give a decomposition of Schubert poly-

nomials according to the powers of the first variable.
Define the NilCauchy kernel to be

(10.4.3) NRn(AB) = > X, (AB)u, .

eSS,
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Formulas involving reduced factorizations are conveniently written in 9N¢,,. In-
deed, the product fg of two general elements of M€, f = " fru, and g =) gous
is such that

f9="Y (f9)cuc with (f9)e= D falo,
CES, n,0:mo=¢
where only reduced products no appear, because otherwise u,us = 0.
One can now translate Eq. 10.2.10 into the following theorem :

THEOREM 10.4.2. Let A,B,C be infinite alphabets, let n be a positive integer.
Then

(10.4.4) MR, (A, C) = 9MR,(B,C) MR, (A, B) .
In particular,

(10.4.6) 1 = 9MR,(0,4) MR, (A,0) .

We shall now show that the NilCauchy kernel 918, (A, 0) can be factorized into
simple factors of the type (1 + a;u;). But we first give a factorization which is
equivalent to the expansion of Schubert polynomials stated in Prop. 1.7 of [107].
Let us extend the shift of permutations and alphabets to the NilCoxeter algebra
and put u} = u,+, €. Uy, = Uias23-

ProrosritionN 10.4.3. The NilCauchy kernel factorizes into

(10.4.7) NRn(A,0) = (1 + arun_1) -~ (L+aw) » X, (AT)u
vEGn_1

Proof. Specializing Eq.10.4.4 in B = {a1,0,0,...}, C=4{0,0,...}, one obtains

Z XU(A)U’U = %(Aa 0) = ZXC({CM,O, - }) U¢ ZXW(Aa {a1707 .- }) Uy -

€S,

But, according to Lemma 9.5.2, X, (A, {a1,0,...}) = 0if n ¢ &1 x 6,1, and
X, (A {a1,0,...}) = X, (A1) if n = v+. Moreover Y X¢({a1,0,...})uc =
(1+a1un_1)---(1—|—a1u1). O

Tterating, one gets the following factorization obtained by Fomin-Stanley [45]
and Fomin-Kirillov [44] :

COROLLARY 10.4.4. The NilCauchy kernel factorizes into
(10.4.8) MRn(A,0) = ((1+a1un_1) - (1+a1u1))
((1+a2un_1) - (1+a2uQ)) - ((1+an_1un_1)) .
In fact, these authors state :
(10.4.9) 9MRn(A,B) = ((1+(a1—bn_1)un_1) . (1+(a1—b1)u1))

((1+(a2—bn_2)un_1) . (1+(a2—b1)u2)) . ((1 + (an_l—bl)un_l)) ,

but this also can easily be obtained from (10.4.4). We preferred stressing the link
between the expansion of the NilCauchy kernel and the usual “Hopf decomposition”
of any symmetric function: S(a + B) = ) ,a'Dgi(S)(B). Let us point out that
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MR, (A, B) is not a Yang-Bazter element?, though one can use Yang-Baxter relations
to prove that it is the generating function of Schubert polynomials. We shall later
use Yang-Baxter elements in NM¢,, to obtain Schubert polynomials.

The factorized form of MR, (A, B) is better displayed in two dimensions, using
the convention to read the successive columns from left to right.

(1+(a1—b3)u3)
M(A, IB) = (1+(a1—b2)u2) (1+(a2—b2)u3)
(1+(a1—b1)u1) (1+(a2—b1)u2) (1+(a3—b1)u3)

The indices of a, b are just the coordinates, the u;’s are numbered starting from the
diagonal.

The expansion of MR, (A, B) gives the Schubert polynomials as sums of prod-
ucts® of factors of the type a; — b;. For example the coefficient of uz in MRy (A, B)
is equal to

(a1-b3) + (a2—b2) + (az—b1) = X1243(A, B) .

10.5. NilPlactic Kernel

In this section, we show that Schubert polynomials can be obtained from non-
commutative computations. We shall not give proofs, but want only to illustrate
what kind of combinatorics is involved. Other combinatorial approaches of Schu-
bert polynomials are possible: the Weintrauben of Kohnert [84], the enumera-
tion of all reduced decompositions by Billey, Jockush, Stanley [18], the configura-
tions of Fomin-Kirillov, the lattice graphs of Lin and Yang [127] &c. With M.P.
Schiitzenberger, I preferred using key polynomials [113][114], already introduced
in (9.8.1), because they can be interpreted as sums of tableaux extending to De-
mazure characters* the classical description of Schur functions, and furnish a link
with representation theory. Reiner and Shimozono [152] have shown how to obtain
key polynomials from an enumeration of reduced decompositions.

The NilCauchy kernel can be refined by replacing Coxeter relations by the
nilplactic relations (we use other variables y; instead of u;, to distinguish the two
cases):

Yi Yir1 _ Yit1

Yi Yi  Yit1
and, for i < j < k,
Yj = Yi Yk & Yk = Yi Yk
Yi Yk Yi Yi Yj Yj

Two reduced words which are equivalent in the nilplactic monoid gives the same
permutation, when evaluated in the symmetric group (y; — 8;).

2An element of a Yang-Baxter basis, to be defined in (10.7.1).

30ther expansions of the same type are obtained by using Monk’s formula.

4Young tableaux of a given shape index a basis of an irreducible representation of GI(C™).
More generally, the tableaux appearing in a key polynomial index a basis of the space of sections
of an ample line bundle over a Schubert variety [37].
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One can now define a NilPlactic kernel S¥PIR,,
(10.5.1) PIR,, = <(1 +a1yn)---(1+ alyl))

(@ +aagn) -+ (1 + ) - (1 + anym)) -

Notice that each block expands as a sum of columns® in the y;’s

The expansion of MPIR,, is given by the following theorem, that we shall not
prove in this text, because it requires combinatorial properties of tableaux outside
our present scope®.

One needs the notion of a bottom key of a tableau ¢, which is the collection
of all rows which appear when permuting the rows of ¢ using the Nil-action of the
symmetric group. For example,

) 5 5 5 1256 1256 1256
46 '_>46 r_)1246 '_>1246|_> 4 o 145 o 145
235 1235 35 135 135 3 34
1124 124 124 24 24 24 2

In that case, the bottom key is the set of bottom rows (with the same multi-
plicities as the lengths of rows of the tableau, to fill the same shape) :

(10.5.2) (12, 12,4, [1,2,4), [1,2,3,4]} .
This construction provides a code, that we shall call bottom code and note
be(t) = [bey, bea,...]. By definition, be; is the number of occurrences of ¢ in the

bottom key of t.

The bottom code is a permutation of the lengths of the rows of ¢. In the
preceding example, the bottom code” is [2,4, 1, 3].

Expansions in the nilplactic algebra involve now key polynomials, instead of
Schubert polynomials.

THEOREM 10.5.1. The NilPlactic kernel expands, in the nilplactic algebra, as
a sum of tableaux, with key polynomials in A as coefficients :

(10.5.3) NPIR,,, = > K(be(t)) ¢,

sum over all tableauz (read by columns, and which are reduced words) that appear
as subwords of

Y- y1) Wn-y2) - (Yn)
be(t) being the bottom code of t.

For example,

NPl 5 |92

L o[
NPIR, = aas +a? +a1a2+a1+(a1+a2)+1
an

(the term yoy» has disappeared, because it is not a reduced word).

5i.e. strictly decreasing word.

6The NilCauchy kernel and the NilPlactic kernel are very similar. However, properties of the
first one are an easy consequence of the Cauchy formula (10.2.10), but the second requires a more
refined combinatorics involving crystal graphs.

TWe started with a tableau of shape [1,2, 3,4]. In general, a bottom code is not a permutation.
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Projecting the nilplactic algebra onto the NilCoxeter algebra, and comparing
(10.5.3) and (10.4.3) one obtains that Schubert polynomials are positive sums of
key polynomials.

COROLLARY 10.5.2. Let o be a permutation. Then
(10.5.4) X, (4,0) =Y Koy 5
t

sum over all tableaux which are a reduced decomposition of o.

Equations (10.4.8) and (10.5.3) look almost the same. However, the first one
is merely a rewriting of Cauchy formula, while the second relies on rather subtle
properties of the nilplactic monoid. The reader should not confuse the NilCoxeter
world with the Nilplactic one!

From the Rothe diagram® of a permutation, one gets at least two tableaux
(which can be the same!) by packing rows horizontally to the left, then packing
vertically down, or performing these two operations in the other order.

For example, these two packings give for o = [21543] :

33t & 3t g
1.. . 1 ... 14.. 1.. . 1.34 134.

In the case of a vexillary permutation o, there is only one tableau which is a
reduced decomposition of o. The smallest example of a non-vexillary permutation
is 0 =[2,1,4,3]. In that case, M¥PIR, contains the terms aja1ysy: and ajasy1ys +
ai1asy1y3, the coefficients being the two key polynomials K and Kjg1, s3s; and
s183 being the two tableaux which are reduced decompositions of o = [2, 1,4, 3].

One recovers that the coefficient of us143 = uius = usu; in 9Ky is equal to

Xa143(A, 0) = K + K101 = (a3) + (a1as + a1a3) .

For G5, there are 17 non-vexillary permutations, and only two have more than
two tableaux as reduced decompositions. Indeed, for o = [21543] (the case o =
[32154] is obtained by symmetry), one has the extra tableau :

DERIE R I B
1. - 1. - 1 ... 13..

Because %4 = gzli, its bottom key is {[1,4], [1],[1]}, giving the bottom code
[3,0,0,1]. Similarly, 15, = '34% has bottom key {[1,3,4],[3]} and bottom code
[1,0,2,1]. Finally % has bottom key {[1,3],[1,3]} and bottom code [2,0,2]. In
total

Xo1543(A, 0) = K3z001 + K021 + Kooz -

The reader can check by himself that the decomposition of the other non-
vexillary Schubert polynomials for &5 is given by the two horizontal and verti-
cal packings of the Rothe diagram: Xjzos4 = Koio1 + Ko2; Xo1354 = Kigor +
Ky; Xo1435 = K01 + Ko; X124 = Kaoo1 + K3; Xo1s534 = K2 + K35 Xo1453 =
Kio11 + Kao001; Xo3154 = Ki101 + K12; X31504 = Kooz + Kzo1; Xo4153 = Ki201 +
Kso; X31542 = Kog21+K3011; Xos143 = K301 +Ko3; Xy2153 = K3101+K32; X32514 =
Koy1o + Ks11; Xs2143 = K101 + Ky2; Xaosa1 = Koro1 + K311,

8In the Cartesian plane, not using matrix conventions.
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10.6. Basis of Elementary Symmetric Functions

Any decomposition of the kernel

Ka(A3) = 3 VAV (B)

gives a pair of adjoint bases. Indeed, for any 1 < j < nl,

D (Ui(A), V5(A) V;(B)) = (Kn(A,B),V; (A) = Vi(B) ,

i

and this shows that (U;,V;) = 4, ;.
For any J = [j1,..-,Jn), 0" < J < p = [n—1,...,0], any B, writing B, =
{b1,...,br}, define

P;(B) := A (B, 1)--- A1 (By) .
The kernel can be written
(1061) Kn(A, IB) = Snil(an - n_1)5n72(an_1 — IBn_Q) .- 'Sl(ag — Bl) ,

and therefore one has the following proposition.

PROPOSITION 10.6.1. {Ps(A) : 0" < J < p} and {a! : 0" < T < [0,...,n-1]}
are two adjoint bases of Pol(A). The pairing is

(10.6.2) (PJ(A) , (aﬂ—J)w) = (=)l

This proposition provides an analog of the Kostka matrix: the scalar products
(a!,Y;(A,0) , I <0,...,n-1], J < [n—1n...,0] are obtained when writing a
monomial in the Schubert basis, and when writing Schubert polynomials in the
basis Pr. Inversely, the scalar products (Pr, Y (A“,0)) occur in the expansion of
Py in the Schubert basis, as well as when expanding a Schubert polynomial in terms
of monomials.

For example, for &4, each row of the following matrix give the expansion of a
Schubert polynomial Y7 in terms of monomials (listed in the same order than the
codes indexing the Schubert polynomials, and identified with their exponents).
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0000 |1 .
0o10| . 1
0100
1000 | . . . e
0o200f. . . . 1 . 1 . 1
orzo{. . . . . 1 . 1 1
200(. . . . . . 1 .
1010 . . . . . . 11
1100 . . . . . . . .1 .
goooO | . . . . . . . . .1 .
o2z.0 . . . . . . . . . .1
2010 . . . . ..o .
1200 . . . . . . . . . . . . 1 .
! R
2100 . . . . . . . . . . . . . .1 0 .

oo . . . . . . . . . . . . . . .1 1

2200 . . . . ...

3100 . . . . ... ... .1
1210 . . . . . . . . . . . . . . . . . .11
2110 . . . ... o o1
3200 . . . ..o e
B 8 1 |
2210
3210

— .

The columns gives the expansion of elementary symmetric polynomials in the Schu-
bert basis. For example, the 9-th column must be read as the expansion

Po110 = Xog31 + X32a1 + Xg132 + X3412
because the codes of the reversed permutations are
[0,1,1,0], [0,2,0,0], [1,1,0,0], [1,0,1,0] .

The basis {P;(A)} is specially interesting in the non-commutative case, since
there are many algebras in which it is natural to define non-commutative elementary
symmetric functions. But to recover a Schubert calculus in these algebras, one first
needs to rewrite the action of divided differences purely in terms of the basis P,
([110], Def. 3.1.; [52]) :

LEMMA 10.6.2. For any 1 < k < n-1, any integers p,q such that p < k,
q < k-1, one has
(10.6.3)

Ap—l(Ak)Aq(Ak_l) + -+ AO(Ak )Aq+p_1(Ak_1)
AT (AR)AP 2 (Ag_1)— - AP AL)AY (A1) p<gq
AT(AR)AP (A1) + -+ A%(Ay) + AT (A )
—AP(Ag)ATTH (A1) = - AP (AL )AO (A ) P>q

AP(Ap)AT(Ap—1) Ok =

Proof. The product
AP(AR)AY(Ap_1) = AP (Ap_1) + ap AP V(A1)
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is sent to AP~19(A,_1) under ;. From Pieri formula, one gets a sum of A;;(Ag_1);
each Schur function can be transformed by adding a; to its top row, and expanding
it again:

Aij(Ap—1) = A (Ap)A (Ap—1) — AP (AR)AT 1 (Ag—1) -

Summing up this terms, one gets the lemma. |

Since for any k, any P; can be written Py = Prigoyn AP(Ar)A?(Ar_1), with
J = J'pgJ", the lemma describes how divided differences act on the basis {P;}.

Using the expansion of any polynomial in A in the basis Pj is the easiest way
to lift it to the free algebra, or to the plactic algebra [110]. In the case of Schubert
polynomials, one obtains the same expansion than in (10.5.4). However, it is not
evident from this method that the lift of a Schubert polynomial to the plactic
algebra will be a positive sum of tableaux. This approach must be combined with
representation theory, and a description of Schubert functors (cf. Kraskiewicz and
Pragacz [87]).

10.7. Yang-Baxter Basis

Let us go back to the NilCoxeter algebra again, and introduce new linear bases,
still noting 9; the algebraic generators of ME,,.

Let 1,...,7, be variables’ which are invariant under 8;; write x for the al-
phabet {z1,...,z,}.

One defines recursively, by induction on the length, a Yang-Bazter basis'®
{V, :=V,(x), 0 € 8,}, depending on x, starting with Y; =1 :

(10.7.1) Vos; = Vo (1+ (Tgpy—%0,) 8i) , L(osi) > (0).

The coherence of the definition is insured by the Yang-Baxter relations stated in
the next proposition.

PROPOSITION 10.7.1. For any a, € C, for any i € N, the following relation
is true :

1 1 1 1 1
——)(0i+ ) =(0: =)0+ ——) (0; ).
a+,3)(z+,8) (Z+1+ﬂ)(z+a+ﬂ)(z+l+a)

The graphical display of these relations is, taking ¢ = 1, and also figuring a
trivial commutation relation :

(10.72) @i+ ) (Bos +

9Yang says spectral parameters.

10The original case of Yang [181] was in the group algebra of the symmetric group. However,
because one uses only reduced decompositions, Yang’s construction is valid in the Hecke algebra,
or any of its specialization. Jian-Yi Shi has extended the notion of Yang-Baxter basis to any
Coxeter group.



10.7. YANG-BAXTER BASIS 169

123
61+§// \82+% 1234
[213] [132] 51+§// \83+%
L o+ L [2134] [1243]
[231] [312] 05+ 5\ A O+ g
@14_%\\ /0y + 1 [2143]
[321]

In our case, it is more convenient to take factors (1 +ad;) instead of (9; +a~1).
For any choice of sufficiently generic spectral parameters, in particular when
taking indeterminates'!, one gets a new Yang-Baxter basis. Notice that the Yang-
Baxter basis associated to x“ = {z,,...,21} is not the same as the Yang-Baxter
basis for x. To understand how they are related, or more generally, to expand any
element of NC,, into the Yang-Baxter basis, one first introduces a quadratic form :

(10.7.3) N, > f,9 = (f,9):=rfgNo.,

where g — g is the morphism z; = £,4+1-4, 0, — 9,-1, and where the intersection
sign NQ,, means extracting the coefficient of J,,.

THEOREM 10.7.2. The Yang-Baater basis {Y,(x)} is self-adjoint :

=+A(x) fo=v
=0 otherwise .

(1074) (ya';ywu) = {

Proof. The theorem is true when v = w, because only there is only one product
W1V, having a term 9,. Two elements ), and ),,s, differ by a factor of the
type (1 + (z;-xx)0;). However,

(7o 90+ @=a0))) = (F QU+ @nt1-j=onin-1)s 9)
and the theorem becomes now a statement about the morphism “ multiplication
by (1 + £0;)” on the linear span of )V, and )Y,s,, which is immediate to check. O
Let us illustrate how one would compute directly the scalar product of two
Yang-Baxter elements without knowing the preceding theorem. Let us take the
“biggest” scalar product for &3, that is, (Vs21, V321)-
One has to extract the coefficient of 9,, in the product of V321 by

}/321 = (1+61 (.771—.'172)) (1+62 (iL‘1—$3)) (1+81 (IL'Q—.'L';;)) .
One introduces each factor of Y351 in succession;

There are interesting integral specializations which gives Young’s idempotents, cf. Jucys
[67] and Cherednik [35].
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Y301 (1401 (21 -72)) = OYa31 + QY321 ,
Q(1+01(z2—21)) (1402 (x3—21)) (1402 (21 —23) ) (1+01 (£2—23)) N P321 = 0,
O Yao1 (1+02(21-73)) = dY321 + MY312
&(1+01 (2—1)) (1+02(x3—x1)) (1+01 (x3—2) ) (1+01 (x2—23))N 321 =0,
WY312(1+01 (z2-23)) N D321 =0 .
In total, the coefficient is null, as required by Theorem 10.7.2.

Having the adjoint basis of {)/,}, one can now expand any element of N¢,, in
the Yang-Baxter basis by evaluating scalar products.

Let us however find directly the developed expression of the Yang-Baxter ele-
ments in the basis {9, } without having recourse to the adjoint basis.

Let o and i be such that ¢(c) < £(os;). Suppose known the expansion

yo’ = Z 8,, X,, (XU, X) + ausi Xusi (XU, X) )

with v : £(v) < £(vs;). Then its product by 1+(z,,,, ~%,,)0; is
Z 0, X, (x7,%) + Oy, (X,,Si (x7,x) + X, (x7,x) (x5, 7.%(,1.))

and the identities
XV (XUSi ) X) & XVSi (XUSi ) X) = XVSi (x¢77 X) + XV (x¢77 X) (m0i+1 _xlfi)
give a similar expansion for ),,, and prove the following theorem.

THEOREM 10.7.3. The matriz of change of basis between {YV,} and {0,A(x)},
and its inverse, have entries which are specializations of Schubert polynomials :

(1075) yg- = Z 61/ XV(XU7 X) ’
v<o
(10.7.6) 0, AX) = Y Vo Xuy(x,x47)

Remark that recursions on Schubert polynomials provided by divided differ-
ences are easier to understand than recursions on Yang-Baxter coeflicients.

10.8. Yang-Baxter Elements as Permutations

We have obtained Schubert polynomials in the expansion of divided differences
in the basis of permutations (10.2.8), or of permutations in the basis of divided
differences (9.6.3).

We obtained them again in Theorem 10.7.3, this time when developing Yang-
Baxter elements. In fact, one passes from the expression of a permutation o to the
expression of ), by just changing formally x into A in Eq. (10.7.5).

This formal change can be interpreted as developing products like
(1401 (a2—a1))(1+0=2(az—a1)) - - - ignoring the fact that the §;’s act on the variables
aj. Physicists would call this type of computation normal reordering, and would
write

1Y, (A) =0

Let us show one way to see why normal reordering works in the case of Yang-

Baxter elements.
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Every element of Diff or NC is characterized by its action on the Schubert basis
{Xs(A,0)}. Equivalently, one can take a second alphabet B such that the X, (0, B)
be linearly independent; the maximal polynomial X, (A, B) is a generating function
of the Schubert basis in A, and therefore, as we already used it several times, every
element of Diff or N is characterized by its action on X, (A, B).

For what concerns Yang-Baxter elements, we choose to see how they act on

X (A xY) .

Because of the recursive definition of Yang-Baxter elements, one can display
the action by taking the permutohedron with the Yang-Baxter labelling of edges,
putting X, (A, x¥) at the origin and using 1+ 01 (z2—x1), 1 + J2(x3—11), . . . instead
of 1/a+01, 1/(a+B)+02, . ... The successive images are obtained by taking, for each
edge, the image of the element on top of the edge under the operator (1+ (z—z')s;)
written on the edge. In a word, we use the Yang-Baxter permutohedron to push
down X, (A, x¥).

a1—x2

a1—x3 a2—Ir3

01 (z2—z1) NIH02(z3—z2)

H

1—T1

HH

1+62($3—$1)l ll+31(w3—$1)

H
i

a2—T2

a2—T1

=]
-
&
@
Q
fory
&
-

N(H01 (23 —22) W HO2(z2— 1)

a1—r1

a1—r2 | a2—T1 |

We notice that for each edge of color 9;, the polynomial on top is the product
of a polynomial symmetrical in a;,a;1 by a factor (a;—z), that we indicate by a
double box. Its image under (1+(z'-z")8;) is (a;—z"), because one also has that
x = z'. Therefore, all the polynomials are products of factors (a—z). More precisely,
they are equal to X, (A, x“?), the Yang-Baxter elements (in A) act as permutations
on X.

It is not difficult to extend the computation to any &,, The combinatorial
property to observe, and prove by induction on length, is the following one.

LeEmMMA 10.8.1. For any o, the diagram representing X, (A, x¥) YV, (x) is such
that for any j : 1 < j < n-1, its j-th column is equal to

Hk€{0j+1,---7<fn} (aj — o) -
The preceding result translates into the following algebraic statement.

THEOREM 10.8.2. The image of X, (A x¥) under the Yang-Baxter element
Vo (x) is
X (A, x%%) .
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The reader should be aware that the images that we computed are simple
because we started from X, (A, x¥) = K(x,4). Any other element, e.g. X, (A, x),
would have given polynomials difficult to interpret.

We end this chapter by pointing out that we have obtained the same coefficients
by computations obeying different rules :

e Expanding (1+0; (z2—x1))(1+02(z3—21)) (1401 (x3—12)) in NE3, using Yang-
Baxter relations.

o Expanding (140 (a2—a1))(1+02(az—az))(1+01 (a2—a1)) in Diff5, using braid
relations and Leibnitz’ rule.

e Expanding (1-s1) 2= (1-82) ;7252 (1-81) 77257 in Diff;, using braid re-
lations, together with the commutations fo = o f°.

e Expanding X, (A, x") in the basis {X, (A, x)}.

Exercises

Ex. 10.1. Let A = {a1,...,a,}. Write the Vandermonde A(4) := [[,_;(a; —
a;) in terms of simple Schubert polynomials X, (4) and X, (A%) (with w maximal
element of &(A)). Write in a similar manner the product [[;_;(a; + a;).

Ex. 10.2. Let A = {aa,...,a4}. For any o € G(A), compute the image under
0y of (x —az) Y(z —a3) 2(x —aq) 3.

EX. 10.3. Denote [i] the g-integer [i] := 1+ g+ ---+¢* 1. Fix two parameters
@, 8 and for any indeterminate x, any k € N, define its modified k-power z<%¥> by

29> = (@ — )z — qa— [18) -+ (z — ¢ — [k-1]8) .

Given K = [k1,...,k,] € N, and z4,...,2,, compute the quotient of the determi-
<kj>

nant |x;

‘ by the Vandermonde in z1, ..., 2.

Ex. 10.4. Denote by YJ'Hc a Schubert polynomial Y ({a1+k,a2+k,-- -}, B). For
any n,k € N, factorize the triangular matrix [Yoﬁ?lk,j]o <ij<n_1 into a product
of matrices, each depending only upon a single b; € B (and upon A; one has put

Yyi-i, =0 when j < 7).

EXx. 10.5. Let m,n € N. Let Z be the family of partitions contained in n",
S be set of permutations ¢ such that Yom ,»0, # 0. For each increasing partition
I <n™, denote by Y[y the Schubert polynomial in A, B of index [0™, 41, ... ,in].

Compute the inverse of the matrix [Yi;0,], cTioes:

Ex. 10.6. Let n be a positive integer, w be the maximum element of &(x1, ..., 2,)-
Compute the image of

Todd = ((nfl)xl +___+Oxn)(§)

under 9,,.

Ex. 10.7. Develop X, (A, {b,0,0,...}) in terms of powers of b. Comment the
case where o is a Grasmannian permutation.
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Ex. 10.8. Given a positive integer n, and A of cardinality n, write the linear
morphism on the ring of polynomials in A, as a free-module over Gym(A), induced
by X,(A,0) - X,-1(A0), 0 € &, without using the Schubert basis.

Adding a second alphabet B, do the same for the linear morphism induced by
X,(A0) - X, (A B).






CHAPTER 11

The plactic algebra

0 O

08§-
08%
08;‘-
08;‘-

odo odo odo odo
o5 B8 S5 TS
T T T T

088-
088'

0do odo odo odo odo odo
& 65 TS o5 B8 5
& T T s T T

o0 0o
o o

One way to better understand symmetric functions is to define non-commutative
symmetric functions. There are several ways to do it. For example, since symmetric
polynomials are polynomials in the elementary symmetric functions, then one can
take formal non commutative variables A? and claim that the free algebra generated
by them is the ring of non-commutative symmetric polynomials. There are some
grounds to support this claim, see [56].

We shall take here a simpler point of view, defining an action of the sym-
metric group on the free algebra, and picking out some appropriate invariants as
generalizations of Schur functions. Indeed, considering Schur functions as sums of
“tableaux” is the point of view introduced by Littlewood [131], which could be
better understood after the work of Schensted [158].

To get a free version of Schubert polynomials, we shall sketch two strategies: us-
ing isobaric divided differences, but this require to first define free key polynomials,
or using a non-commutative kernel.

We do not give proofs in this chapter, but just show how easily many con-
structions from the preceding chapters can be adapted to the free algebra, or to its
quotient, the plactic algebra. Combinatorial properties of tableaux in themselves
would require a book (we refer to Fulton [51] or Lothaire [124]), and more objects,
related to diagrams of permutations or to reduced decompositions, are needed to
prove properties of free Schubert polynomials.

11.1. Tableaux

Let us take a totally ordered alphabet A = {a; < a2 < ...}. In the examples,
we usually take A = {1,2,...,n}.

A nondecreasing word v € A* is called a row. Let u = x1---z, and v =
y1---Ys be two rows (z;,y; € A). We say that u dominates v (u>v) if r < s
and for ¢ = 1,...,r, z; > y;. Clearly, every word w has a unique factorization
w = uy - - u as a product of rows of maximal length. A tableau is a word w such
that uy > us > ... > ug. It is customary to think of tableaux as planar objects and
to represent w as the left justified superposition of its rows. For instance, taking
A={1<2<...}

t = 68 4556 223357 1112444

175
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is a tableau whose planar representation is

357
1]2]4]4]4]

6|8
415|156
2|2
1)1

Similarly, a strictly decreasing word is called a column. Reading from top to bottom
the lengths of the rows of a tableau ¢, one gets an (increasing) partition sh(t) which
is called the shape of t.

A word (in particular a tableau) is standard if it is a permutation of 1,2,3,....
Any word can be standardized by indexing, from left to right, the different occur-
rences of the same letter (and renormalizing after that, the alphabet to be 1,2, ...).
For example

2122111+ 27 11 2523 151314 > stand(2122111) = 5167234 .

11.2. Plactic Algebra

Schensted described an algorithm to associate to any word w a tableau P(w).
This algorithm can in fact be traced back to Robinson. One can give an algebraic
formulation to this algorithm by defining, after Knuth [82] the plactic relations

(11.2.1) zzy=zzy (r<y<z),
(11.2.2) yrz=yze (x<y<z).

Two words are congruent iff they differ by a sequence of plactic relations. The
plactic algebra Plac is the quotient of the free algebra under the plactic relations.
The plactic algebra is an intermediate quotient between the free algebra Z[A*] and
the algebra of polynomial :

Z[A*] —» Plac = Z[A*/ =] - Pol(A) = Z[A] .

Let us note ev the projection map (evaluation) onto Pol(A).
Given a word w = [z1,..., Z¢], not only can one find the tableau P(w), but
one can also record the sequence of shapes of

P(z1), P(x122), ..., P(x122---2¢) -

This sequence can be encoded into a standard tableau Q(w) by labeling the boxes
of the successive shapes sh(P(x1)), sh(P(z1x2)), sh(P(z12223)) . .., in the order of
their creation.

We can now give Schensted’s result :

THEOREM 11.2.1. FEach word w is congruent to a tableaw and only one tableau,
which is no other than P(w).

The morphism w — (P(w), Q(w)) is a bijection, and thus the elements of the
plactic class of w are in bijection with standard tableaux of the same shape as P(w).

The class of w is mapped, under standardization, to the class of stand(w).
Moreover Q(w) = Q(stand(w)).

Let u be a word. Define the free Schur function S, of index u to be the sum
of all words w such that Q(w) = stand(P(u)).
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We shall see that the commutative image of S,, is the Schur function Sj(4A),
where J is the shape of P(u). But already, we notice that the image of S, in Jlac
is equal to the sum of all tableaux of shape J, sum that we shall still denote S;(A).

Now, given t, and a row [z1, 2, . . .], then an analysis of Schensted’s construction
[82] shows that the shape of P(tzjzs---) is obtained by adding to the shape of
t an horizontal strip of boxes ( the boxes being added from left to right). This
implies, in fact, that Pieri’s formulas are satisfied by Schur functions in the plactic
algebra. Thanks to Giambelli’s characterization of the ring of symmetric function,
that we saw in Proposition 1.9.3, it gives the following theorem which allows us to
recover symmetric functions at the level of the plactic algebra [95] :

THEOREM 11.2.2. The ring Sym(A) is canonically embedded into the plactic
algebra, by sending a Schur function Sj(A) to the sum of all tableauz of shape J.
The Pieri formula (for any partition J, any positive integer k)

Sy(A) Sk (A) = Z Sr(4)
Ie{J®k}
induces a bijection
{(t, u) : sh(t) = J, sh(u) = [k]} «— {t: sh(t) € {J @ k}},
and a bijection
{(u, ©) : sh(t) = J, sh(u) = [K]} < {¢t:sb(t) € {J @ k}} .

For the tableau given above, here are two possible ways to write using the left
or right Pieri’s bijections :

68 618 6[8
BEET -[450506 _ME .
2121413314151 T RRBEGBITL. 212306
TNNREE OO0 RMME OO0BEGE

The multiplication of a Schur function S; by the simplest one, Sy, can be described
as adding a box to the diagram of J in all possible manners furnishing a diagram.
The non-commutative version, i.e. the “simplest” Pieri formula, states that given a
letter z and a tableau ¢, there exists a unique pair #', z' such that zt = 'z’ and such
that ¢’ has the same shape as t. With M.P. Schiitzenberger, I used this property to
put a rank-order structure on the set of tableaux, the rank ( the charge) being an
invariant useful in the theory of Hall-Littlewood polynomials [135].

Cauchy formula is also an easy consequence of Robinson-Schensted’s construc-
tion.

Given two totally ordered alphabets X = {z1, z2,...}, Y = {y1, ¥2,...}, 2
monomial w in the commutative variables (Y), z € X, y € Y, is called a biword.

Ordering lexicographically w, with priority to Y, one writes

Y1 Y1 Y2 Y2 Ys Ys
11.2. —
( 3 Y (Ch) <b1> (Clz) (bz) (as) (b3>
where a1 ---b1, az---ba, ... are rows in the monoid X*, and a;,b; belong to X.
One can erase the y;’s and keep the underlying word in X™*:

w— w' = [al-'-bl,ag'-'bg,a3'-'b3,...] .

Ordering lexicographically w with priority to X, one obtains similarly a word
wY in Y.
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Schensted’s bijection can now, following Bender and Knuth[13], be reinter-
preted as combinatorial version of Cauchy formula :

THEOREM 11.2.3. The map w — (P(w) := P(w®),P(wY)) is a bijection be-
tween biwords and pairs of tableauz of the same shape:

(11.2.4) IT 11 (1 - (i))l => 1),

zeX yeY
(writing an equality instead of a bijection).

Noticet that biwords are monomials in commutative letters, but that they nev-
ertheless give rise to non-commutative statements.

11.3. Littlewood-Richardson Rule

Commutativity of the product in Gym(A) has interesting consequences at the
level of Plac.

For example, combining the left and right Pieri bijections, one obtains a bijec-
tion

{(u, 1) : sh(u) = [k], sh(t) = J} «— {(t', u') : sh(t) = J,sh(u') = [K]},

which is used to provide a statistics on tableaux related to Hall-Littlewood polyno-
mials (k = 1 suffices for that purpose).

The fact the module generated by the non commutative Schur functions is an
algebra gives an interesting description of the decomposition coeflicients of products

Si(8)Ss(A) = g5 Sk(A) .

Say that a word w is a Yamanouchi word iff, for every factorization w = w' w",
then |w"|; > |w"]2 > |w"|3 > ---. In particular, a Yamanouchi tableau is of the
type

ya=---3%2%0210 with o< A3 <Ay < )\ .
Notice that a Yamanouchi tableau is determined by its shape, as well as by its

commutative evaluation.
It is easy to check :

LEMMA 11.3.1. A word is Yamanouchi iff it belongs to the class of a Ya-
manouchi tableau.

The second part of the following proposition is the celebrated Littlewood-Richardson
rule [133], the first part is due to M.P. Schiitzenberger [161] :

PROPOSITION 11.3.2. Given three partitions I, J, K, and a tableau t3 : sh(ts) =
K, the number of solutions of the equation

tito = t3 y Sh(tl) = I, Sh(tg) = J, Sh(t3) =K

is independent of the choice of the tableau t3, and equal to g{f 7
In particular, the number of solutions is equal to the number of tableaux t1 such
that t1yy is a Yamanouchi word in the class of yx -
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We have just seen that Littlewood-Richardson rule is a consequence of the
embedding of Gym(A) in Plac, which in turn follows from Pieri formula at the level
of Schensted construction.

There is a stronger statement in the free algebra, which is even easier to prove,
and that I have used in different constructions with M.P. Schiitzenberger [105].

THEOREM 11.3.3. Let A’ and A" be two sub-alphabets such that o' < a", for
alla € A', a" € A". Given two tableauz t' € A'* and t" € A" one has

Z w' | LW Z w" | = Z Z w
Plw')=t' P(w')=t" teSH(# #") P(w)=t
where SH(t',t") is the set of all tableauz t such that t|ny =t and P(t|a) =t", that
18, of all tableauz t occurring in the shuffle product of t' and a word in the plactic

class of t".

Thus the shuffle of a plactic class of A’ and a plactic class of A” is a union of
plactic classes of A (identifying a class and the sum of its elements). It is in fact a
direct consequence of the following property :

LEMMA 11.3.4. Let B be an interval in the alphabet A. Then
w=w = wp=ws

Proof. It is enough to check the lemma in the case when w' differs from w by a
single plactic transformation, and this amounts to the observation that erasing z
or z in (11.2.1) or (11.2.2), we are left with zy = zy or yz = yz. O
Proof of theorem. The words occurring in the shuffle are exactly those w such that
w|y =t and w|pr =¢". By the above Lemma, this set of words is saturated with

respect to the plactic congruence, hence is a union of plactic classes. |
For example, to compute SZ,, one can take the shuffle of the two classes asa;a; +
ajaza; and agazas + agasaz. The multiplicity 2 in SZ, = 25123 + - -+ comes from

4
the fact that there are two tableaux [2]3] ,
1[1]5]

[l SV 5N

5] of shape [1,2,3] in the shuffle
1[3]

of the two classes.
We refer to [124] for a stronger statement involving free Schur functions S,,.

11.4. Action of the Symmetric Group on the Free Algebra

Let us now reintroduce the missing entity, the symmetric group &(A), by defin-
ing an action on words compatible with the plactic relations.

In the case of an alphabet of cardinality 2, the action of §, is in fact commonly
used in computer science. Let the letters be ’)’ and ’(’, with the order ) < (. Given
a word w, pair all successive parentheses (...) . The sub-word of un-paired letters
is of the type )™ (. Change it, inside w, into the subword )™ (™.

For example, the pairing for the word

NOOMN O

can be visualized by interpreting an opening parenthesis as a North-East step, a
closing parenthesis, as a South-East edge. We have put in a box the parentheses
which are paired, and pointed out by dots one pairing. In this representation,
paired letters are two sides facing each other at the same level.
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More generally, given an integer i, and a word w, treat a; as’)’ and a;41 as ’(’
to exchange the number of occurrences of a; and a;y; in the word w, and denote by
s;(w) the resulting word (this is an action on values, we denote it on the left). Tt is
clear that w — s;(w) is an involution on words, but in fact it is even a representation
of the symmetric group, as shows the following theorem (cf. [105]).

—~

—~

THEOREM 11.4.1. The operator s; on words preserves the @Q-symbol and pre-
serves the set of tableaux :

P(si(w)) = si(P(w)) & Q(si(w)) = Q(w) .

The operators s; satisfy the Moore-Cozeter relations

(11.4.1) 2 = 1,
(11.4.2) §i8; = S8j8; (|Z —]| > 1) ,
(1143) §iSi+18; = Si+1SiSi+1 -

Proof. The first part is checked directly, the exchange of unpaired letters being
compatible with Schensted’s construction.

Equations (11.4.1,11.4.2) are immediate. The first part of the theorem restricts
checking of (11.4.3) to tableaux in 1,2,3, with no more than two rows because
complete columns 321 can be ignored. We refer to ([124]) to finish the proof. O

Because the action of the symmetric group preserves the ()-symbol, all the free
Schur functions S, are invariants under this action, but they do not generate any
more all the invariants.

The easiest way to generate words in a plactic class is to use the celebrated
jeu de taquin due to M.P. Schiitzenberger. To define it, one needs the notion of
skew Young tableauz, and their deformations through vertical and horizontal moves
of boxes in such a way that weakly increasing conditions in rows, and strictly
decreasing conditions in columns are satisfied at any step.

Notice that the plactic class of a tableau with two rows contains products of
two rows which are determined by their lengths , as a consequence of Theorem
11.2.1:

LEMMA 11.4.2. Let t be a tableau of shape [, B]. Then for any pair of integers
(7,0), a < 7,0 < B, v+ = a+f, there exists a unique pair of rows (u,v): |u| =,
|v| =6, such that uv = t.

The jeu de taquin is a way to get successively all these words; in fact they come
as a string of words, the two ends being the tableau and the contre-tableau.

Exchanging the role of the P and @-symbols, one gets a right action of the
symmetric group which is the counterpart of theorem (11.4.1), and such that ele-
mentary transpositions are described by (11.4.2).
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THEOREM 11.4.3. Given a tableau t of shape J € N¢, then for any permutation
o € &y, there exist in the plactic class of t a unique word which is a product of
rows, whose sequence of lengths is J°.

For example, here are the words of shape [1, 2,2, 3],[1,3,2,2],[3,1,2,2],[3,2,2,1]
in the class of the tableau 43423112 :

4] 4| [1]4
3[4 1
2
1

|1

==l BN SN TN

‘»—nmwuk

11.5. Free Key Polynomials

We have lifted the permutation action of the symmetric group to the free alge-
bra. More generally, one can lift the action of elementary isobaric differences, or of
the generators T; of the Hecke algebra, to the free algebra, but these new operators
do not satisfy Moore-Coxeter relations any more.

It is however possible to obtain elements corresponding to permutations (inde-
pendent of the choice of a reduced decomposition), by starting from special words
(the analogs of dominant weights).

Let us first reinterpret the action of the symmetric group &,, using letters 1,2
instead of parentheses.

Define a string to be a maximal set of words having same the same subword of
paired letters.

Here is a string, where the paired letters are on top of each other.

11122 11122 11122 11122
11111 —» 11112 — 11122 — 11222
11222 12222 22222

— 11222 — 11222 — 11222 .
The action of G4 is the symmetry with respect to the middle of the string. For
1

k. the . 12222
m 1m 1 .
exampre, Lhe 1mage o 11112 ° 11222

But, on commuting letters, the image of aaf, i < j, under m; is

aval +as el +aial T + -+ alal

i.e. is the sum of all monomials interpolating between aia? and alai. Tt forces us
to define the image under m; of a a word w in a;,as, with more occurences of a;
than of as, to be the sum of all words in the string containing w, between w and
s1(w).

We extend the action to all words by requiring that w + s1(w) be invariant.

For example, the image of 1222211222 is

11122 11122 11222

11122 11222 11222.
We now apply this construction to all pairs of consecutive letters a;,a;y1, by

ignoring the other letters and treating a;, a;+1 as we did with a1, a2, thus obtaining
operators 7; on the free algebra.
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It is convenient to also use 7; := m — 1, i.e. to subtract the identity operator
to ;.

Free key polynomials can now be defined by adapting the definition given in
chapter 9. However, the property that a key polynomial does not depend on the
choice of a reduced decomposition must be proved, because as we already said, the
operators m; or 7; do not satisfy the braid relations anymore (cf. [113]).

DEFINITION 11.5.1. Free key polynomials K7 | indexed by v € N*® | are defined
recursively as follows. If v is dominant, then

F _ v3 V2 V1
K, =---a3°ay’a;" .

Otherwise, if v and ¢ are such that v; > v;41, then
Kl =KIn.

For example, the different key polynomials obtained from K3, = 2, are
Kiy = T1+12 Kior = 11+51, Koo = i Hia+h +is s Koy = T+ i+ 43,
K(ﬁz :%1 +%2+§1 +%3+§3 +§2 +32 +33a

If v is such that v; < vi41 then K7 is the image of some element under 7;, and
therefore, is symmetrical in a;,a;+1. It implies that if v is of the type I, 0,0,...,
with I € N? partition, then K7 is symmetrical in ay,...,a,. In fact, because it
is a positive sum of different tableaux of shape I, and because it projects onto the
key polynomial K, = Y,(A,0) = Sr(a; + -+ + a,), then it coincides with the free
Schur function Sj.

Key polynomials are characters of Demazure modules. We refer to Kashiwara
[79], Littlemann [129], [130] for more general constructions in the framework of
Kac-Moody algebras.

11.6. Plactic Schubert Polynomials

Inspired by the constructions of Young, Littlewood found a non-commutative
version of Schur functions by allowing repetitions of letters in Young tableaux.
However, it took a long time to define a multiplication on the module generated by
these new functions. We shall easily find a free version of Schubert polynomials, but
unfortunately will loose multiplication. Even at the commutative level, there is up
to now no extension of the Littlewood-Richardson rule for Schubert polynomials,
except in special cases. The product of a Schubert polynomial by a Schur function
is described by Kohnert [85].

Let A = {a1,...,a,} be an alphabet (with non-commuting letters), and B =
{b1,...,b,} be an alphabet of commutative indeterminates.

Define, in Pol(B) @ Plac(A) the following kernel :

(b1 + an-1)
K(B,A) = (b +:an—2) (b2 +:(1n—2)
(b1 ‘}“al) (bo ﬁ'-al) coo (bp—1 Fan)

One reads this expression by columns, from left to right, and evaluates the words

in Plac(A).
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One defines the plactic Schubert polynomials X7 (A) as coefficients of the Schu-
bert polynomials in B. In more details,

(11.6.1) KB,A) = > X,u(B,0)X7 (4) .
ge€G,
For example, for n = 4, the coefficient of X341 (B, 0) = b1bobs is
F oo
Xz = ;’ 5" :{’ 5" i’ 0" % 5" % 1]’

It is not straightforward to show, from this definition, that plactic Schubert
polynomials are positive sums of tableaux (without multiplicities). This is why
one needs to use some combinatorial properties of reduced decompositions, the
nilplactic algebra being the proper set-up, as we saw in chapter 10.

We refer to a forthcoming study of Lin and Yang for a combinatorial inter-
pretation, in terms of lattice graphs, of general Schubert polynomials[127] in two
alphabets.







APPENDIX A

Complements

A.1. Minor Identities

Pliicker relations have been obtained in the 18¢ century in the process of elim-
inating unknowns inside systems of linear equations. The treatise of Muir [138]
gives even a reference to Fontaine des Bertins, in 1748, for the three-terms relation,
and to Bézout, in 1779, for the general one.

For finite sequences of integers A, B, write AB for the concatanation, A \ a
when erasing an element a of A. Let n € N, M be an n x co matrix. For any A of
length n, write [A4] for the minor of M taken on the columns specified by A.

Given two sequences A, B of respective lengths n+1, n—1, then Plicker relation
is

n+1
(A.1.1) Z(—ni [A\ a;][a;B] =0 .
The typical relation is for A = {1,2,3}, B = {4} :
(A1.2) [12][34] — [13][24] + [23][14] =0,

and there are many ways to justify that it “generates” all Pliicker relations, i.e.
that one can write n+1 terms relations, n > 2, in terms of (A.1.2) only.

In the case
|1 T2 T3 T4 ---
M= [ 1 1 1 1 ]
relation (A.1.2) becomes
(A.1.3) (x1 —z2)(x3 — 24) — (21 — 23) (T2 — T4) + (2 — 23)(x1 —24) =0
and is immediate to check.
However (A.1.3) implies that Pliicker relation is also true for
_|T1 T2 T3 T4 -
M= [:c% 3 x3 3 ]

and, then for

Ti2 T2 T32 T42
the entries of M being now independent indeterminates, i.e. the matrix being a
2 X 00 generic matrix.
More generally, a Vandermonde matrix

Mz[xl T2 T3 T4 ]

n—1 n—1 n—1 n—1
Iy Lo T3 Ty

Vn($1,$2, .. ) =



186 A. COMPLEMENTS

will be generic enough to check the validity of the n+1 terms Pliicker relation
(A.1.1).

In that case, it is directly related to the Lagrange interpolation. Indeed, for A, B
of cardinalities n+1, n—1, then the Lagrange remainder for S"!(y-B) at points A
vanishes :

(A.1.4) > 8" (a-B) R(a,A\a) ' =0.

Multiplying by A(A)A(B), it can be rewritten

(A.1.5) > +£A(A\a)AaB) =0,
a€A

and this is indeed (A.1.1) for the Vandermonde matrix.
For example,

[123] [4be] — [124] [3be] + [134] [2bc] — [234] [1be] = 0O
(as—b)(as—c) (az—b)(az—c)
(as—ai1)(as—az)(as—a3z)  (az—a1)(az—az)(az—as)
(az-b)(az—c) (a1-b)(a1-¢c) 0

(az—a1)(az—az)(az—as)  (a1-az)(a1-az)(ar-as)
A(alaa27a3)A(a47b7 C) - A(a17a27a4)A(a37b7 C)
+A(a17 as, a4)A(a23 b) C) - A((J’?; as, a4)A(a17 b; C) =0

are three ways to write the same relation.

At this stage appears a fruitful interpretation, in terms of symmetric groups
representations. &y, acts on a matrix and its minors by permuting columns; in the
case of a Vandermonde matrix, it amounts acting on the polynomial A(z1,...,2,)-
A(Zpi1,-- -, T2,) by permuting variables. It is known since Young [182] that the
linear span of the orbit of the preceding polynomial is an irreducible representation
(in char. 0) of shape 2™.

For any permutation o € &a,, write [[o]] for the product [o1,...,0n] [Ont1,---,02n]
of minors of V,,(x1,22,...). Then (A.1.5) can be rewritten

(A.1.6) (o] (1 - Z Timt1) =0,

sum over all transpositions 7; py1.

Replacing [o] by the Young idempotent attached to o, one has now an iden-
tity, which is a key ingredient in the description by Young [182] of irreducible
representations.

For example, (A.1.2) has to be decoded as

(Al?) (1 + 81)(1 + 83)82(1 — 81)(1 — 83) (1 — T13 — 7'23) =0.
The important point is that
(I—s1) (1 =713 —73) = Z (-1)"9¢
(EG3

and this allowed Young to conclude that the LHS of (A.1.7) vanishes, because there
is no element alternating under G35 in the space generated by the minors of order
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2. More generally, Young uses that

n

Yoo tv(A=) min)= Y, (-D)H9¢

veS, =1 CEGnt1

and therefore, that, for any o € &4, one has

(A18) o] 0= Y rimer) = o]l 3 v (1= misa)

T vEG,

=l Y ()%9¢=o.

’ CEGnt1

The modern version of the theory of representations [143] uses simpler relations
than Young did. It states that the “tableau” [12][34] is an eigenvector for the Jucys
element 7y3+723, with eigenvalue 1. More generally Young’s orthogonal idempotents
(which are in bijection with tableaux) are eigenvectors [67] of the Jucys-Murphy
elements Ji := ), , Tit, and relations like (A.1.1) become nullities of sums of
eigenvalues.

Let us describe the counterpart, in terms of minors, of the generalization of the
Lagrange interpolation :

AI , AII
(A.1.9) Sym(n|n) > f — Z IJ;((T,A”)) = f(a1,-..,02n) Onjn »

where 0, stands for (0, ---02p1) --- (01 --- ).

Instead of having a sum over the elements of a set of cardinality n+1 like in
(A.1.1), one can take sums on subsets. Let p,n € N, p+qg = n+1, and let A, B,C
be sequences of numbers of respective lengths n+1, n—p, n—q. Let M be an n x co
matrix. Then

(A.1.10) > (A, AM[BA[A"C] =0,
AT+ A=A

sum over all decompositions of A into two increasing subsequences of lengths p, g,
e(A’, A") being the sign of the permutation A’ A" of A.
When M is a Vandermonde matrix, (A.1.10) becomes the Garnir relation [55)

(A.1.11) > €A, A)A(BA) A(A'C) =0,
A A=A

A B, C being now interpreted as sets of variables.
But if one divides this relation by A(A)A(B)A(C), then one gets

R(B,A") R(A",C)

(A.1.12) ROAT AT

=0

A +AT=A

or

(A.1.13) Sg—nyp(a1+---+ap —B) S(p_1ya (apr1+---+appq —C) Oy =0 .
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However, this last nullity is a direct consequence of the corollary 7.7.2 of Bott’s
theorem :

Sp(C—B) = £Spr(ar+---+ap — B)S(p)a (apt1+---+aprq — C)Fpq
= £(a1 - ap)S(g-1yr(ar+---+ap — B) (ap+1 - aptq)
Sp-nya(aptrt - +aprqg — C) Gp)q
=+S_yp(ar+---+ap —B)Sp_1ya (app1+- - +aprg — C)Opjg a1+ apyq ,

the vanishing of Sg» (C — B) being due to the cardinalities ¢-1, p—1 of B, C.

The reader may have already guessed that the Garnir relations can be deduced
from factorizations in the group algebra of the symmetric group; unfortunately,
the present text is not the proper place to comment the work of Young and the
numerous relations he wrote in his substitutional analysis.

In characteristic 0, quadratic relations are sufficient to generate all relations
between minors. However, for concrete applications to the theory of symmetric
functions, or the theory of orthogonal polynomials, one needs to have recourse to
other types of relations. Apart from Pliicker relations, we essentially used only a
polarized version of Bazin’s relation, that we explain now.

LEMMA A.1.1. Letn,r € N, n>7r. Let A= {a1,...,a2,—2}, B={b1,...,br},
C={ci,...,cn—r} be sequences of integers, M be an n x oo matriz. Then
(A114) [ai...ai+r_2 bj C] o = [a1...arC]---[ar_l...azr_z C] [BC] .

1<i,j<r

For example, for A = {1,2,3,4}, B = {b,V',b"}, C = 0 and n = 3, one has

[126] [120] [12b"]
[23b] [230] [23b"]| = [123] [234] [bb'b"] .
[34b] [34b] [340"]

Forn=6,r=4, A={1,2,3,6,7,8}, B={b,c,d,e} and C = {4,5}, Bazin states

[12345b] [12345¢] [12345d] [12345¢€]
[23456b] [23456¢] [23456d] [23456 €]
[34567b] [34567¢] [34567d] [34567 €]
[45678b] [34567¢] [34567d] [34567 €]

All the relations between minors that we have written up to now are easy con-
sequences of the multi-linearity of a determinant. For more sophisticated relations,
we refer to the article of Leclerc [119], and his analysis of Turnbull’s theorem.

The reader may encounter quadratic relations looking different from the van-
ishing of an (alternating or not) sum of products, and he must be aware that trying
to iterate Pliicker relations is not always a good strategy to prove these relations.

We shall take a single example, as an illustration of why one has to supplement
minor identities with representation theory. Consider Ciucu’s identities about Schur
functions. It states that a certain sum, indexed by all subsets of cardinality n of a set
of cardinality 2n, of products of Schur functions, is equal to 2™ a product of Schur
functions. The question for us will be : writing Schur functions as determinants, is
there a proof which avoids painful repetitive applications of Pliicker identities® ?

One has first to rewrite the identity as the following minor identity (Ciucu’s
identity is when taking a matrix of complete functions):

= [123456] [234567] [345678] [45bcde] .

LA combinatorial proof, in terms of non-intersecting paths, was given by Fulmek[53].
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LEMMA A.1.2. Given a matriz of order nx2n, for any permutation o € S, let

[[e]] code, as before, the product of the two minors [o1,...,05] and [Opt1,---,02n].
Then one has
(A.1.15) > (ol =2"[1,3,...,2n-1][2,4,...,2n] ,

geGnIn

sum over all permutations such that 01 < -+ < 0y, Opy1 < -+ < O2y.

One step further is to translate the statement in Young’s terms, as a relation
inside the irreducible representation of shape 2" or [n,n] (the correspondence be-
tween a shape and its conjugate involves signs, and the involution s; — —s;). But
instead of taking products of Vandermonde determinants as above, one can use
simpler elements in the quotient ring C[A]/&ym_ (A) (ring of polynomials modulo
the ideal generated by symmetric polynomials without constant term), with A of
cardinality 2n. In that set-up, the product of two minors of order n is replaced by
a single monomial in the orbit of (a1 ...a,)™ under Ga,. We refer to [27] for this
correspondence, and its application to the straightening of elements belonging to
an irreducible representation.

More surprisingly, relation (A.1.15) boils down to the nullities a?” = 0, 1 <
i < 2n. We shall not give here more details about representations, our only
aim was to stress that with an appropriate trilingual dictionary Symmetric Func-
tions/Minors/Representations, computations may be greatly simplified.

To get a flavour, take n = 3. We have just claimed that the three following
statements are equivalent:

e For any increasing sequence of 6 positive integers A = {a; < /1 < a2 <
B2 < az < 3}, then
Z Sa1,a2*1,a3—2 Sa4,as*1,ae—2 = 8Sa1,a2*1,a3—2 Sﬂl,ﬂz*1,63—2 ’

sum over all Grassmannian permutations a1 < as < ag; a4 < a5 < ag of
A
e For any 3 x 6 matrix

> o1, 02,03][04,05,06] = 8[1,3,5][2,4,6]
o
sum over all Grassmannian permutations: o1 < 03 < 03, 04 < 05 < 0g.

Z(_l)e(a) (a000333)7 = § 4000333

sum over all shuffles? of [0,0,0] and [3, 3, 3]

However, the last statement is immediate, because, with A" = {ay,as,as},
A" = {ag,a4,0a6}, it is

Wooo(A') U333(A") — W3 (A")W33(A") + 33 (A")W3(A")
— W333(A")Tpoo (A") = (1 = (-3) +3 — (-1)) a3afai = 8%,
and is a direct consequence of af = 0.
2The sum is over all different monomials in the orbit of 2000333 byt there is a sign, because

one takes the occurrence of the representation of shape [3,3] in maximal degree (= 9), and not
the Specht representation of shape [2,2,2], which occurs in degree 6.
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Fundamentally, one replaces a summation over the symmetric group (for the
first two equations), by a summation on monomials, i.e. by a polynomial. At this
stage, one can use algebraic operations on polynomials (here multiplication) which
were missing at the level of permutations®.

A.2. Exact sequences

The notion of exact sequence is widely used in algebraic geometry. It applies
to categories of objects, for example, vector bundles on which acts a group, which
are too sophisticated for our present needs. We shall keep from this notion only
the idea of “positive enumeration”, and restrict to exact sequence of integers.

DEFINITION A.2.1. (0 = mg, m1,..., My, Myy1 = 0) is an ezact sequence of
integers iff the partial alternating sums

m; —mj_1+mj_o—---xtmy,Jj=0,...,n+1,
are non-negative.

One can disguise exact sequences of integers into seemingly more elaborate
sequences : exact sequences of classes of representations of the symmetric group
(in char. 0), exact sequences of symmetric functions, exact sequences of elements
of a free algebra, &c.

In the first case, (0 = Vo, Vi,..., Vo, Vat1) is an exact sequence of representa-
tions iff for every partition J, denoting by (J : V;) the multiplicity of the irreducible
representation of shape J in V;, then the sequence (J : Vp), (J : V1), ..., (J : V11)
is exact.

Similarly, a sequence of symmetric function (fo,..., fnr1) is exact, iff for any
partition J, the sequence ((fo,Sys), ..., (fa+1,5s)) is exact (multiplicities can be
written as scalar products). Choosing another basis of symmetric functions than
Schur functions would entail different exact sequences.

For a sequence of elements of the free algebra: f; =, ¢} w, one requires that
for any word w, the sequence (2, ..., ¢®*1) be exact.

The Jacobi-Trudi determinantal expression of a Schur function gives rise to ex-
act sequences that I used in my thesis [97] in relation with syzygies of determinantal
ideals. In particular, I needed the following property.

LEMMA A.2.2. Let K = [ki,...,ky] be a partition, let M be the Jacobi-Trudi
matriz expressing Sk in terms of complete functions. Denote by M’ the minor
obtained from M by suppressing its last row and its j-th column Then

1 2
OaM Skl—n-l—l; M Skg—n+2a "'aMnSkna SKaO
is an exact sequence of symmetric functions.

Proof. Each minor M? is a Schur function, and its product by a complete function
is given explicitly by Pieri formula. One notices that if a Schur function appears

3writing factorizations in the group algebra of the symmetric group is more complex than
decomposing polynomials, though most identities of Young, through rewritings using the Yang-
Baxter relations, can be reduced to the relation (s; + 1)(s; — 1) = 0, s; being any simple
transposition.
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in the sequence, then it appears also at the preceding or following step, and only
there. Thus, the restriction of the sequence to any J appearing in it is of the type

0,0,...,0,85,57,0,...,0,

and this insures exactness. O
Sa S5 So S11

For example, for J = [2478], the determinant is g}) g‘; §§ *?9190 and gives the
S_1 S S¢ Ss

sequence (that we prefer to write with arrows)
0 — S_1.S589 = S2 S289 — Sg S249 — S S247 — Saa7s = 0
which translates into a sequence of sets of partitions
0—0—{22][289]} - {6 ®[249]} - {8 ® [247]} — {[2478]} = 0 .

Since Gym is a commutative sub-algebra of the plactic algebra, the preceding
lemma, induces a similar statement in the plactic algebra, but now Schur functions
are sums of words (one can choose to write products of Schur functions by complete
functions on the right or on the left, for each term in the sequence) :

LEMMA A.2.3. Let K = [k1,..., k] be a partition. Then

05 Skat1,..kn+1 Ski—nt15 Skyka+1,..kn+1 Ska—n+2; « - -5 Ski,ekn_1 Skps SK; 0

is an exact sequence in the plactic algebra.
The restriction of the sequence to any word w which appears in it, is of the type

0,...,0, w,w,0,...,0.

Tterating Laplace expansion of Jacobi-Trudi determinant, one obtains a se-
quence of products of complete functions which is no less exact :

PROPOSITION A.2.4. Let K € N be a partition, A and alphabet. Let
My:= ) SEFAT=r(4)
o, (a)=L

Then

0—>SK—>M0—>M1—>---—>M(;)—>O

is an exact sequence inside the plactic algebra.

For example, in the case of K = [2,2,2], one has the exact sequence

0 = Sagp — §2%% — G912 4 5213 5 5330 4 G411 420 4 0.

[3]
9121 , one finds the sequence
1[1[1]

0,0,231211+ 132211, 123211+ 231121, 0,0, 0,

Restricting it to the class of the tableau

which becomes exact once evaluated in the plactic algebra.

Instead of tableaux and products S”, one could use paths, whether intersecting
or not, and relate the preceding proposition to Gessel and Viennot [58] construc-
tions on Jacobi-Trudi type determinants. In our case, we do not need to describe
an involution to find the objects corresponding to a Schur function, pairs of “in-
tersecting paths”, that have to be eliminated, correspond to identical words in the
plactic algebra.
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The Gym-operator “multiplication by a Schur function”, and the Littlewood-
Richardson rule can also be formulated in terms of exact sequences.

Vexillary Schubert polynomials can be treated in a similar manner, and the
constructions of Chen, Li and Louck [34] rewritten inside the plactic algebra.

A.3. Cauchy Residue Formula

Given a rational function f(z), and a € C, let f(z) = Efi ck(z — a)? be its
expansion in a neighbourhood of z = a. Cauchy defined the residue of f in z = a
to be the coefficient c_; and expressed it as the integral

1
Res(f,a) :==c_1 = 27r\/__l/rf(z)dz ,
where I' is any simple curve in the complex plane enclosing the point z = a.

This definition extends to more general functions, but we shall restrict to the
space Rat of rational functions in one variable z. In that case, the map f —
Res(f,a) is a linear functional that one computes without integration, but with
the help of Laurent expansions. It is natural to extend Cauchy residue to any finite
set of points (not necessarily distinct) in C (however, we shall treat these points as
rank-1 elements).

Let us see how to do it. More developments can be found in the book of
Fuhrmann [49].

First, any rational function f = P/Q, with P, Q relatively prime, Q = R(z, A),
can be uniquely decomposed into

f=f++f—/Q7

where f_ is the remainder of P modulo Q.

A rational function of the type P/Q, with deg(P) < deg(Q) will be called
proper, and the linear span of such functions will be denoted PRat_. The above
decomposition means that one has a direct sum decomposition

Rat ~ Pol & Rat_ ,

the explicit isomorphism being given by division.
Elements of SRat_ have an expansion as formal power series in 2!, that we
shall write with the help of alphabets :

B% UI/Z(A) -

On fRat, one defines a bilinear symmetric form <, > by

(A.3.1) <f,g>=0 , f,g€Pol or f,g € Rat_ ,
(A.3.2) <S™z-B), 1/201/,(A) >=S"(A-B) ,meN, any B .

As a special case, one has

1 1
(A.3.3) <S™(z-B), Y —a >=< S"(z - B), > 01/z(a) >= S™(a-B) ,

a being a rank-1 element.
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When A is of finite cardinality, say n, one can obtain the functional
[ =< f,1/z01;.(A) > by symmetrization from the case card(A) = 1. Indeed, let
w be the maximal permutation in G(A). Ordering totally A, one has

(1-a12) 'm, = H(l —az)"! and S™(A-B) = S™(a1 — B)7, ,
a€A

which implies that 7, is compatible with the form <, >.
Because 1/S™(z — A) = 217" /2[[(1 — az) = 2'7"/(z — a1)7,,, one has

1
m _ — qgm—n+la_
< S™(z B)’isn(z—A)> S (A-B) .
More generally, given D of cardinality k, one gets
k
-D
(A.3.4) <S™(z-B), % >= §m -tk (A-B-D) ,

because S¥(z —D)/S" (2 — A) = zF "0, (A - D).
It is now clear that the quadratic form <, > is non-degenerate, and that the
orthogonal of Pol is Rat_, i.e.

(A.3.5) VfePol,< f,g>=0 & g€ Rat_ .

Formula (A.3.4) easily produces pairs of adjoint bases of some natural spaces. Take
for example the linear span Raty of 2°/S™(z — A), i =0,...,n— 1.

LEMMA A.3.1. o The orthogonal of Raty is the space of polynomials of
degree < n—1.
o The adjoint basis of {2¢/S™(2—A),0 <i <n-1} is {S°(2-A),..., 5" 1(2-A)}.
o The adjoint basis of {S" (2 + a—A)/S" ! (2 — A),a € A} is
{S" (2 +a-A)/S"1(2a — A)}.

Proof. Let us write D=y, A if A*(D) = A%(A), i < k (this implies that symmetric
functions in D of degree < k coincide with those of A).

The first two statements correspond to (A.3.4) with (D=4 A and B = 0), or
(D =0 and B=,, A) respectively. In that case

Sk(z — D)
Sn(z — A)

and this proves the two statements.

For the last one, picking out any pair a,a’ € A, we take B = A-a, D = A-d'.
The function S""}(A — A +a— A +a') = S"!(a + a' — A) vanishes if a # a'
(because A — a — a' is an alphabet of cardinality n—2), and otherwise becomes
S 1(2a — A). 0

We have widely used Euclidean division on Pol. Let us finish this section by
finding out the operation adjoint to taking a first remainder, as an operator on Rat.

<S™(z-B), >= §m-mHkHL(g)

LEMMA A.3.2. Let X be an alphabet of cardinality n > 1. Then the adjoint of
“First remainder modulo R(z,X)” is the linear morphism on Rat_ :
1 Sz + A -X)

PR TP g
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Proof. Let us take f(z) = S™(z — B), as usual. Then the first remainder of f
modulo S™(z — X) is R =(=1)""1Sn-1, ny1(X — 2; X — B). Therefore

(A36) < R — O']_/Z (A) > = (—l)n_lsln—l;m_n_;’_l(x —a, X-— ]B) Tw
(A.3.7) = (=D Spamt g (X-A;X-B) |

On the other hand, let D be the alphabet of cardinality n—1 such that S?~!(z—
D) = " (2 + A — X). Then

S 1(z — D)
—_ m ’l m—i X ]:B
<f(z),73n(z_x) S™(X-D-B) ZS D)S )
n—1
= (—1)"1 3 84 (R-A)S™ (X—B) = (—1)"Syumsi_ns1 (X—A; X-B)
i=0
which is the same function. O

n—1
Notice that the expansion of %

> IS A+ (X-A-D) =27t + 2728 (A) - + 27T (A)+
27" (S™M(A) — S™(A-X)) 4+ 2 2 (SMHH(A) — S"TH(A-X) — ST(X)S™(A-X))
+2 "3 (82 (A) — S"P2(A-X) — SH(X)S"T (A-X) — S*(X)S"(A-X)) +

at z = o0 is

A.4. Differential calculus on symmetric functions

To be able to perform computations independently of the number of variables
motivated the creation of algebraic and combinatorial tools already at the start of
the theory of symmetric functions.

In these notes, we have mostly used the canonical scalar product on Gym to get
expansions in different bases, and symmetrizing operators like divided differences
to provide recursions.

However, Cayley, Sylvester, MacMahon were taking another approach, by sys-
tematizing the fact that Gpym can be considered in different ways as a ring of
polynomials (the variables being the elementary symmetric functions, the complete
functions, or the powers sums).

They were using differential calculus in these variables. The functions they
wanted to study, like the resultant or the discriminant, or more elaborate invariants,
were characterized as solutions of differential equations.

This point of view is now much relevant to the modern trends of the theory
of symmetric functions. One can even mix differentials and discrete operators like
divided differences, as in the case of Dunkl operators.

Restricting to operators on functions of one variable (and symmetrizing after-
wards) already provides interesting operators on Gym. For example, the Debiard-
Sekiguchi-Macdonald operator DM is of this type [135] :

Gym(A) > f(ai,..., an) = f(gar,..., an) =
flqar,-., an) [[(tar —a;) 2 --- = Dem(s)

i>2
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Let us just show how to use the first derivative in a single variable to build
differential operators on the space of symmetric functions. Let A = {a1, ..., an},
and D :=

d
day

LEMMA A.4.1. Let K be any function of a1, with coefficients in Gym(A). Let
V = Vk be the operator

Gym(A) 5 f = V(f) :== 7, (KD(P)) .
Then V is a derivation, i.e.
V(fg)=V(f)-9+f-V(g) .

Indeed D(fg) = D(f)g + f D(g), and f,g being symmetrical, commute with
the total symmetrizer 7.

By varying K = K(ay), one can obtain as many differential operators as is
needed to fill a grant application. Here are only two of them, the derivatives with
respect to A* or to ¥ :

PROPOSITION A.4.2. Letj €N, 1 <j<n.
(1) Let K = (—a1)*™4. Then V = %.
. J
(2) Let K = (-1)" 'a; 7 " (a1---ay,). Then V=3 ﬁj.

Proof. Because the V’s are derivations, we have only to check their action on
algebraic bases of Gym(A). In the first case,

D(A'(A)) = D(A(A-a1) + @A H(A-ar)) = A LA —ar)

and A" 1(A —ai)a; 7 = Syi1,_j(A;ar) is sent by m, onto Syi-1;_;(A) which is
0, except for Spi-1,1_;(A) = (=1)771Sy._o(A).

In the second, D(¥;(A)) = iai™', and ia* a2 7 "ay---ay is sent by 7, onto
iS1n-1ij—(n—1y(A) = (=1)""1i if i = j, and sent to 0 otherwise. O

Having at our disposal the derivatives with respect to elementary symmetric
functions or power sums, one can combine them to obtain more sophisticated dif-
ferential operators. The articles of Cayley, Sylvester, MacMahon about invariant
theory are full of such operators.

One can also obtain in this way representations of the Witt or Virasoro algebras
([77]). Another application is to describe the product by a conjugacy class, in the
group algebra of the symmetric group, as a differential operator [118] . The reader
will understand that we do not fix any boundary to what is possible with symmetric
functions.

Let us just end this section by illustrating that even at the level of notations,
symmetric functions can be useful in differential calculus.

A function y(z) of z is the equation of a “line in the plane” iff y” = 0. To
find the differential equation satisfied by a general planar conic y2 + --- = 0, one
writes as many derivatives (the third, fourth and fifth) as is needed to eliminate the
arbitrary coefficients. The solution (Monge equation) has been obtained by Monge.
Let us see how to recover it without computations.

Let us write

1 dy

= YW pia) L i>
i + 2)! d (4),i20
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(one has to write A°(A) instead of 1). The general theory indicates that the looked-
for expression does not depend on y and y’, and, as a symmetric function of A
written in the basis of power sums, does not depend upon ¥y (A). Since it is of
degree 3 in the variables A(A) (three derivatives have been used), and also of
degree 3 in A (the leading term is proportional to A3(A), and the expression must
be homogeneous), then Monge equation must be identical to

T3(A) =0,
up to a scalar. Indeed,
A%(A)  AY(A) 0 y'/2 g6 0
—2W(A) = | A(A) 2A2(A) AO(A) [=|y"/6 yj24 y"/2
2A2(A) 6A3(A) 2A(A) y /24 yv/120 y'"/3
the determinant on the right being Monge’s expression, once expanded.
The first differential invariants of Halphen [63] could be as easily obtained.
However, symmetric functions do not explain the structure of the space of differen-

tial invariants. They just help eliminating unnecessary computations, and arriving
faster to the heart of the matter.



APPENDIX B

Solution of exercises

B.1
Ex. 1.1 Take B of cardinality k. Then

S*(1-2B) o, (A) = 0. (A-B) = (-1)* szslk;j_k(ma; A) .

The specialization S*(—B) = Si(—A), i = 0,...,k consists in replacing B by A in
the determinants Syx,;_,(B; A), because B occurs in degree k at most in them. In
summary,

Sk(1-2B) o, (A) = (-1)F szslk,j,k(A) .

Ex. 1.3 Since B is arbitrary, one cannot directly apply the transformation Lemma
(1.4.1) which requires cardinality conditions on alphabets to be subtracted. How-
ever, the Laplace expansion along the last n columns imply the result, because the
list of partitions contained in I is a subset of the list of partitions obtained by
taking minors in the last n columns.

There is, however, a better reasoning. Because i, < n, the Laplace expansion
will involve only Schur functions S;(B) with £(J) < n. Therefore, one can suppose
that B be of cardinality n, in which case subtracting B in the first r rows produces
the block S;(A-B).

Ex. 1.4 One sees that the determinant, coming from Newton’s recursions, express-
ing the power sum W¥(A) in terms of elementary symmetric functions, can be
interpreted as —Aqx-1,1 (A;B). Expanding, one gets

T*(A) = S*(A-B) - S*(4) ,
from which follow all required decompositions.
Ex. 1.5 Writing F(2) = [[,(1-2za)"!, one has &(z) = 3, a(1-za)~t, ®*)(2) =
k'S a1 (1-2a)71,
M) (0) = k! Ty 41 (A) .

Therefore, the required expression is
S"(a) =) wA e, e,
I
sum over all partitions of weight n.

Thus

60t + 80P 4+ 307 + U2 4 gl
= 3" 4+ 403" +30'D' + 652" + d* .

24 S*(A)

197
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Ex. 1.6 Permuting rows and columns, putting signs, one recognizes in the deter-
minant Agon(A;d), with b = —z, a rank 1 element, and A{(A) = y;. Therefore
it is equal to the polynomial A,(A —b). One could as well have seen that the
determinant is the resultant of A, (A — z) and 2z — x.

Ex. 1.7 To see that one can apply the transformation Lemma (1.4.1), let A be of
cardinality m, and let X, Y;, 1 <4 < n be of cardinality i—1.
Consider the determinant

M(A,X,Y) := det (A(A+X; +Y0)), ;o -

From (1.4.1) one can replace the X; by 0. Expanding by linearity in Y;,
we similarly get that the resulting matrix is the product of [A7(4)] by
A°(Yy) 0 0
A%(Y2) AY(Ys) 0
A%(Ys) AM(Ys) A?(Ys)

Therefore, M (A, X,Y) = A1x(A) A*(Y3)---A"71(Y,), and one gets the value
of the original determinant by specializing all the letters in the different alphabets
to 1, that is one gets

Aan i) = Sum) = (" T

n

writing m for the specialization of A. Notice that the essential fact which allowed
us to simplify the determinant was that it had regularly increasing alphabets in
rows and columns. The same computation would have led to the evaluation, given
k €N, of det (A7FF(A +X; + Vi), ;-

Ex. 1.9 The involution A — —A in the argument of a Schur function corresponds to
conjugation of partitions. It is more complex to follow it in a multi-Schur function.
The above identity is a case where there is only an extra term apart from the one
indexed by (1%,2)~ = (1,k + 1).

Expanding both sides of the required identity with respect to B, we transform
them into

(—1)k+2 (51k2(A) + S1e1(A)S1(-B) +--- + Slk,—k(A)SHz(*B)) =
S1.k+1(—A) + Si1(-A)S1 (—B) + Spy2(—B) ,
the terms not written being null (=Schur functions with two identical columns). O

Ex. 1.10 Let A, B be of respective cardinality «, 3, and let O = g*. Then, from
lemma (1.4.1), one gets

Sr(A+B) [[(a—b) = Si~;0(-B; A-B) = S;~,0-(-A;B-4) .

Ex. 1.11 Multiplying the successive rows by the Vandermonde determinants A(A;.),
A(TA,), A(T?A;), ..., one recognizes a Bazin-type determinant. For example, for
r =4, K = [a,8,7], one gets the determinant

[asas 012a] [asa012f] [asas 0127]
[asa1 012a] [asa: 0125] [asaqr 0124]
[a1a2012a] [a1a20124] [a1a20127]



of minors of the 6 x 12 matrix

indices | a -+ ag O 1 2 Q B Y |
1 0 a a! a2 af df o
. - b
o - 0 :
0 1 aQ af a ag df a

the left part being the identity matrix of order 6.
According to Bazin, the determinant is equal to

[asagai012][agar a2012][012a87] = A(az, azas)-Aazasas)-A(As ) Sa—3,6—4,y—5(A6) -
The general case, with p = [0,1,...,n-1], will be

D(K,r) A(A)--- AT A,)
= A(TA 1) AT A1) A(Angr—1) Sk—p(Angr—1) -

Notice that the same computation would work for a multi-Schur function Sk ,,(A—
By;...; A — By), starting with |S% (T"~1A, — B;)|. The reader can give another
proof, writing inside the initial determinant T%(A,) = Ay 11 — (Apgr—1-TA,).

Ex. 1.12 Let us take four letters, and A = z1 + x2, B = y1 + y2. Specializing some
of them allow to recover the smaller cardinalities.

We have nullities S;(A — B) = 0 when I D [3,3,3]. In the case where I D
[2,2], I 2 [3,3,3], on has a factorization of S;(A — B) in three factors given by
(1.4.3). There remains to explicit the case where I is a hook.

Ex. 1.15 The entries of the adjoint matrix are minors of the original matrix. In our
case, they are minors of the Toeplitz matrix [S7~], since the Jacobi-Trudi matrix
itself is so.

The required entries are therefore skew Schur functions, up to sign. The exam-
ple should be written

Ss6/11 —Sse/1 Sse

Si6/11 —Sie/1 Sie

Sia11 —Sua1 S
and this gives the general pattern.

Ex. 1.16 For each k,r € N, the identity

S12..kr = S12..65" — 512...k/1ST+1 + ,5'12.“,6/11,5‘T+2 ...

given by the expansion along the last column, shows that

So . Si1 S3  Ss Sz
*So 51 . . S _ . 512 514 516
512/11 _SIQ/I 512 ’ 12347 ) ) 5123 Sl25
_3123/111 ‘5123/11 _3123/1 5123 ) ) . 31234

It remains to normalize by left multiplication by a diagonal matrix.
Ex. 1.17 Using Sg—i(Ai —Ak—1) = >, Sj—i(Ai)Sk—;j(—Ax—1), one obtains that the
product of the given matrix by I:S]'_z'(—Aj_l) , is the identity matrix, the

1<4,j<n
terms above the diagonal being null because, for k > i, Ay_; — A; is an alphabet

of cardinality < k — 4.
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Ex. 1.18 If [I] = [i1,...,in] € N" is (weakly) increasing, and denote a shifted
Wroniskian, then derivating it by rows, one gets

dx (1) Z [T+,

sum over all vectors which are a permutation of [1,0"~!]. However, the terms such
that [I + €] is not a partition vanish (coding determinants having two identical
rows), and therefore the sum is

d
%([I]) = ZJE{I@I} [J] )

i.e. is given by Pieri formula. One recognizes another occurrence of the space of
symmetric functions. Finally,

dk
W= Soodrl,
IEN™ |I|=k
where the sum is over partitions of weight k, and where each constant d; =
(S1,(S1)¥) is the dimension of the representation of shape I of the symmetric
group (in char. 0).
This should be considered as a concise answer, as required by Muir (IV, p.246)

commenting the work of Konigsberger.

Ex. 1.20 Take A of cardinality > n, let y, z be rank-1 elements, z = 1 — y/z. Let
f(2) = 0,(—A). From Taylor formula around z = 0 one gets

fly) = f(2) —z2f'(z) + 2?22 /2L f" () —
But f'(2)f(2)™' =2 4ea a(l—za)_l, so that

£z =Y [ e-zb)"

BCA beB
sum over all subsets B of cardinality r. Therefore

I(2) Z 2w (A

I4(I)=r

The conclusion follows by identifying coefficients in f(z-zz) and
F(2) X (-m2) fO(2) (@1 f (2)) !

Ex. 1.21 Expanding the determinant expressing a ribbon along any row, or column,
one gets sums of products of smaller ribbons, and this allows in particular to check
that the product of two ribbons is obtained by gluing, in two different manners,
the last box of the first one to the first box of the second one, using diagrams of
skew partitions to represent a ribbon.

For example

ogd

od

oo & oo ooo
oad - Ooa = + QE

O30

O O
L) ooad ogd

ud ooo

ooo

Expanding a determinant of ribbons along a row, or a column, one can try, by

induction on the order of the determinant, to identify the symmetric function it

represents. However, even for the order 2, it is not straightforward, because two
products of ribbons can be equal without being identical.
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One must proceed by a step-by-step transformation of the successive rows of
the determinant. We refer to [103] for the details. Another method, still explained
in [103], is to recognize that, more generally, Bazin theorem allows to express any
Schur function as a determinant of ribbons.

Ex. 1.22 From the definition of tan(), and from exp (ZDI(—Z)’\II’/Z) = S 2AY

one gets the first equality. Using the determinantal expression of the coefficients
of the quotient A_,(B)/A_,(A) of two series, for y = 22, and replacing A‘(A) by
A% Ai(B) by A%71 /Al | one recognizes in them the specified Schur functions. For
example,

A°(B) AY(B) A2(B) A3(B)

A A3 A5 AT
S —A _ | A9 A2 ATAS| a1 | AC(A) AT(A) A%(A) A%(A)
1234/12 - 1234/12 - 0 AO A2 A4 - 0 AO(A) Al(A) Az(A)
0 0 A%A? 0 0 A°a) A'(A)

Given a formal series f and two other series g,h such that f = g/h, then g,h
are of course not uniquely determined by f. However, one has here the constraint
that the identity is valid for A of any cardinality. In other words, each truncation
(zAl .. -:I:z2”+1A2"+1)/(1 .. -:|:Z2"A2") or (zAl 4. -:tz2”+1A2”+1)/(1 4
22n+2\2n+2) {5 a rational approximation of tan(Z), and now the coefficients are
uniquely determined if the approximation exists ( normalizing the approximation
as (z+---)/A+---)).

Since Z involves only the odd power sums, the elementary symmetric functions
are rational functions of the odd power sums. If A is of finite cardinality n, then the
right member is a rational function, which is determined by the Taylor expansion
of tan(Z) to the order involving the same number of parameters. Thus A!,... A"
are rational functions of U1, W3 ... W27+l and so is any symmetric function of A.

Ex. 1.23 This is another way of obtaining the symmetric analog of the tangent or
cotangent function seen in the preceding exercise. With z; = cot(a;), y; = 1/z; =
tan(a;), A = {a1,...,a,} X={21,...,2,}, Y={y1,...,yn}, one has

AL(Y)-A3(Y)+A%(Y)----
tan(4) = 1— A2(Y) + AS(Y) + - =1 (A ()
1 AX)  AMX)-ATEX) AT AX) -
tan(A) A*(X) A" 1(X) — An3(X) + A7 5(X) +---

cot(d) =

Ex. 1.24 This is almost the same computation as in Ex.1.22. We have to explicit
the Taylor expansion of
(1- 22A% 4+ 2N 4 - ) (zA17z3A3+z5A5f .- -)71 .

But we know how to write the coefficients of the quotient of any two series as
determinants in the coefficients of the two series. In our case, with § = Al(A),
y = 22 /6, the expansion is

1
] (1= yS12(A) — ¥*S123(A) — 4*S1234/1(A) — -+ 4™ St mp1/1..m2(A) —--+)

Ex. 1.25 We are in the case of a Schur function of a difference of two alphabets,
which factorizes according to Proposition 1.4.3:

Sjmn (A —R) = S; (=A) S (A —A) = AI(A) Spm (A—A) .
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The extra factor, which is the resultant of A and A, is equal to

Spn (A—A) = H (ai +a;) = S51,..n—1(A) S1,... n(A).

1<i,j<n

On the other hand, Sj ,» (A — A) is a polynomial in ¥; (A — A) = (1—(-1)")¥;(4),
1 <i < 2n. In all, only the odd powers sums ¥4 (A), ¥3(A),..., ¥, 1(A) appear
in the expression of Sj ,» (A —A), S1,.. n—1(A), Si,...n(A).

Ex. 1.26 Take the determinantal expression of Si. ,/1x = A1 n/k in terms of the
A?. Tt factorizes, a factor being equal to A""*. One moreover knows that Si. .,
depends only on the odd power sums ¥!, ¥3, ... ¥2"~! because one cannot remove
of ribbon of even length from the diagram of [1,...,n] (cf. (1.8.9)). One can obtain
the skew functions S. ./, any I, by derivation with respect to power sums, and
therefore they also involve only odd power sums.

Ex. 1.27 Minors of S,,»(A) are skew Schur functions. The expansion of Q(z,y)

also produces skew Schur functions that one has to check to be the same.
For example, the adjoint to Sgeee(A) is

Se66 -See7  Serr -S7r7 Sees  —Se67 Serr St
Se66/001 ~S667/001 S677/001 ~S777/001 | _ | =566 Ss67+S666 —S667~S577 S617
Se66/011 —9667/011 S677/011 ~9777/011 Ss56 —S566 9557 S567+5666 —S667
Se66/111 —S667/111 S677/111 —9777/111 ~Ss55  Ss56 —Ss566 666

Ex. 1.28 Identify Sym with Sym(A). The right factor of V is the operator f —
f(A—1/2), as is checked on the basis ¥¥ (A). The second factor is “Multiplication
by 0.(A)”. Assuming the property to be true for length < £, we have, for any
IeZ" any ke Z

Vi (S1(A)) = Si(A = 1/2)0.(A) N 2* = 37 (=2) 75715 () 2 S'(A) N 2*
4,3
and this is the expansion of the determinant Sy (A) along its last column.

Ex. 1.29 The function ) > is simpler. Indeed, the Laplace expansion of each
S1,;(A) produces

303 Si (WS W = 3 Sipe (W)(-2)Ho(8) =1 (A=) o)

—n k=0
and this is clearly a rational function of z with denominator A_;(A).

Ex. 1.30 Expanding the determinant along the last two rows, one would get Schur
functions of A indexed by partitions of length < 2. One thus loses no information
by supposing that A is of cardinality 2, and similarly, that B is of cardinality 3.

Subtract now A in rows 1,...,5 and B in columns 4,...,8. The new determi-
nant factorizes into

503 (]B) S(k+3)5 (C - A - ]B) So2 (A) .

Ex. 1.31 The Vandermonde A(A) is a Schur function S, 1,2, .0(ai,.-., a),
but the transformation is not given by lemma (1.4.1) because one modifies each
row. However, it also is given by multiplication by a triangular matrix with unit
diagonal. One could have even added or subtracted different alphabets, Ay, Ay, ...
in successive columns.
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In the special case where B = —A, getting rid of signs which are uniform,
one obtains a determinant of elementary symmetric functions in the subalphabets
A— a;.

Ex. 1.32 The matrix is the product of the Vandermonde matrix in the z?, and of
the matrix [A"~=1(A)])1<; j<n. Therefore, its determinant is equal to

+[]=F - 29 A2 1 () = £ [[ (=i — 2j) A1z 1@ + - + Tn) Atz n 1 (A)

Ex. 1.33 The determinant is equal to A"~ 1(A) A(A), and thus proportional to the
first elementary symmetric function of the alphabet {1/1,..., 1/n}.

Ex. 1.34 By induction on n, one has to prove that
A" JA™ 4 Son [(ATA™E) = AT /AT

which is evident, once noticed that Ssn = Ayp.
This expression is used by Whittaker (1918; MuirV, p.272) as an approximation
of the smallest root of o,(A) = 0.

Ex. 1.35 Muir’s rule states that ¥ a8 = ). .S,, sum over all permutations v of
[0°,12,2%]. All the vectors such that there is no null component at distance 2, on
its right, of a component equal to 2, give a non-zero contribution. Such a vector
can be considered as a word in 0, 1, (20),2 and is of the type [0°,u,2%], with § < 83,
u being an arbitrary permutation of 1%, (20)7, with v = 8 — §. Therefore,

Tiags = ) (-1)7 (a N 7) Statay g -
20,

Ex. 1.36 Let N > n(k-1). Muir’s rule states that ¥y = ) S,, sum over all
permutations of [0V, k"]. The Schur functions which are null in this sum are those
indexed by a v such that there exists i : v; = k, virr = 0 (because then S, has two
identical columns). It is easy to see that all the other vectors give different Schur
functions.

Ex. 1.37 For the mutiplication of Sy by A*, one first concat 0% to I. Now "T};" (S 1)
reduces to a single non-zero determinant, the one where indices have been increased
in the first k rows. This determinant factorizes into A* Sy, and therefore CT,;'“ gives
the multiplication by A*.

For the multiplication by S? or S3, one writes So = Uy 4+ Ty, S5 = U3 4+ U5+
U111. One has to check that the terms Srym , with H a permutation of [0---02],
[0---011];[0---03], [0---012], [0---0111] are zero functions, or cancel two by two,
and that the terms which survive are exactly those such that J/I is an horizontal
strip.

Ex. 1.38 Write [a..b][c..d] - - - for the family of partitions J such that a < j; <b,¢ <
j2 < dJ,... Then {[0038]®5} C [0..0][0..3][3..8][8..], {[0035]®8} = [0..0][0..3]3-.5][5..],
{[0068] ® 2} = [0..0][0..2][6..8][8..]. Therefore, partitions belonging to {[0038] ® 5}
are distributed in two subsets, according to the value of their third part. It im-
plies that, in the expansion of the determinant along its last row, the vanishing
S3558 — S335° + SesS? is realized by eliminating each middle term with one term
on its right or on its left.

But, if one takes instead the expansion of the Schur function S357, then {[0068]®
1} C {[0038] ® 4}, the difference {[0038] ® 4} \ {[0068] ® 2} is a strict subset of
{[0035] ® 7}, the complement being S3s7.
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More generally, the ordered expansion, along its last row, of the Jacobi-Trudi
determinant expressing Sy, J partition € N, will involve a sequence of sets of
partitions & = 0,&4,. .., &, such that each & decomposes into £ U &', with & =

i1, & =&, , defining £, := {J}, and such that & 1 N &1 =0. .

Ex. 1.39 (MacMahon [136], I, p.39). @y is characterized by the equations Dg1(Q,,) =
0, Ds+(Qn) = Qn-r, r > 1. Let us put ® 1 =0 = ®_,. Since Dg:i(®;) = 0 for
i>2,Dg1(®;) = ®;_1, and Dg2(®;) = AJ+®;_,, one gets the equalities P, = Q,
by checking the equations

Des(P) = TS5+ (1) i58 0.

D (Py) = Z(_l)iéisk_i_T + Z(—l)i‘ﬁi—15k_i_r+1+
S (g + A S

and this last expression is equal to Pj_,, because the terms in A? vanish: for any
J, X NI =0,

Ex. 1.40 The identity comes from the fact that the adjoint Dg+ of multiplication
by ¥* is a derivation.

Ex. 1.41 Recall that Dgi(¥; ;) = ¥;, and Dgi(¥;) = 0if 4 ¢ J. The opera-
tors 6; = & (Ds:()) commute, and allow to filter the space of monomial functions
according to the smallest part in their index. Therefore,

1 = 61 +6,(1—61) +05((1—62)(1—61)) +---
= fl (Dsl) +§2 <D52(1 —01)) +£3(D53 ((1 —02)(]_ —91))) 4+ -

Ex. 1.42 The entries of the inverse are the minors of order n of the original matrix,
up to sign. Identifying ¢; = S*(A) (or to S*1(A), if one does not want ¢y to be
equal to 1), then they are minors of the matrix S(A), that is they are skew Schur
functions of A.

The general entry of the inverse matrix is

£ S(nn 10y 16 (A) = £ S((n1)i pn-iy /15 (A) -
This matrix can be considered as a discrete Wroriskian of the functions
Sn" (A)a Sn—l,n"—1 (A)J R S(n—l)” (A) .

Ex. 1.43 For this type of properties of matrices, one can suppose by continuity
the matrix to be diagonal, in which case the statements are just rewritings of the
definitions of elementary symmetric functions, complete functions and power sums.

Ex. 1.44 Suppose M to be diagonal.

Ex. 1.45 There is, of course, no special property of the sequence 2,4,...,2n of
powers of M. One could take any sequence of powers. The required nullity is a
variation about Cayley-Hamilton theorem :

M™ — M TAY(A) + M 2AY(A) —--- + MPA™(A) ,

and results from the fact that the sequence of powers of M is a recurrent sequence
with characteristic polynomial S™(z — A). Thus Cayley-Hamilton’s nullity should
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be written S™(M — A) = 0, and the required relation comes from the Laplace
expansion, along the bottom row, of

S2(A)  SHA)  SS(A) ..o S2m(A)
S3—‘;’L(A) Ss_;L(A) S7—7.1(A) - S"+1(A)
M? M4 M6 .. M2

Ex. 1.46 By continuity, it is sufficient to treat the case of a diagonal matrix, with
A as a set of eigenvalues. In that case,

dety(1+yM) = [[ (1+ya) exp(-ya) = exp(yts —y*t>/2+y’t3/3—---) exp(—yt1)
a€A

=exp(0 —y*t*/2+1%3/3— ),

and the equivalence between the different expressions that we gave of dety(1+yM)
is clear.

Now dets appears as the image of the generating series of elementary symmetric
functions under the specialization ¥y = 0. Thus the determinants figuring in the
RHS of (x) are the determinants expressing elementary functions in the basis of
power sums, with a diagonal of 0’s instead of a diagonal of ¢;.

More generally, one can define k-regularized determinants by the formulas

dety(1+yM) =det(l1 + yM)exp(—t1 + t2/2 — -+ - £ tp_1/(k-1)) ,

and their expansions involves the specializations ¢t; = 0 = --- = t;_1, of the usual
determinants expressing Newton’s relations between power sums and elementary
symmetric functions.

B.2

Ex. 2.1 The sum is the logarithmic derivative of S™(y — X) with respect to y (with
X = +---+2,). Therefore 3, 1/(y — z;) = S"1(2y — X)/S"(y — X).

Ex. 2.2 Both sides are linear in S7(A); one can take A = a of rank 1, in which case
the identity is a” — (¥)a"Y(a — 2) + (§)a" 2(a —z)2 + - =a"*(a — (a — 2))*

Ex. 2.3 Subtracting 0,x, 2z, ... in rows upwards, one gets the determinant

‘Sjn+j_,~((i+1);c - jA)) Writing S"*t!(z-A4) = f(z), one has f/ =

1<i,j<k—1
S(n+1)i(z—jA), and one recognizes in the determinant the Wronskian of f°, ..., fk—1
(minus its first row and first column), up to the factors 01,11, ..., (k-1)!. Therefore,

according to Wroriski himself, the determinant is equal to
(3) n (3)
(f’(:c)) = (s 2z — A)) .
For example, for k = 3 one has
3
Spian(3z — A; 3z — 24) = (S"(Qx - A)) .

Ex. 2.4 Let us give an example of how to use elements of rank 1 to obtain identities
about elements of binomial type.
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One has

75" (@DA) = 30 (1 0 S (8) = 5 38 (@) (4)
a+pB=n

= > gD ) D71 (A) = 3 SV (g41-4(1) Tr(A) -
Taking the image of this identity under ¢* = S?*(q) — S*(r), one gets

D (-1)28%(r)Siaa(A) =D ST (r+1—£1)) ¥r(4) .

For example, in weight 4, one has

54(T)\I’4(A) + 54(7‘—1) (11113(A) + l];'22(1&)) + S4(T—2)q’112(A) + S4(T—3)\I’1111(A)
= S4(T)S4(A) — 53(T)513(A) + SQ(T)5112(A) — SI(T)SHH (A) .

Ex. 2.5 We do not need a,q to be rank-1 elements, but just formal parameters.
We recognize that the Jacobi-Trudi determinant expressing Sy is a specialization of
Cauchy determinant ‘(l—my)*l ‘, for X ={a,aq,...,aq" 1}, Y= {gr " ... ¢},
and therefore S;(A) is equal to the product of all the entries of the determinant
times A(X) A(Y).

When a = 1, one has the limit case S,(4) =1/n for ¢ — 1.

Ex. 2.6 cf. Riordan, [153], p.169. By recursion, one shows that

A™(4) = ala—nB) "' S"(@=nB) , THA) = amB-1)-- (nB-n+1)/(n—1)!.

Ex. 2.7 Subtract z in all the rows, except the last one, and subtract y in all columns,
but the first one. Then the determinant factorizes, one block being a Schur function

of A—z—y, the other being ‘ 500(0) SO"EO) ‘ =1.

Ex. 2.8 Decomposing each column as a sum of columns involving only one letter,
acccording to ¥% = S m,a*, one gets a sum of determinants, but the only ones
which are non zero are those for which no two columns contains the same letter.
This proves nullity for order > n. For order n, the remaining determinants are
in bijection with permutations of the letters, and their sum is just [, m, times
the sum obtained when all m, are equal to 1. Therefore, a minor of index I,.J,
I,J € N" is equal to

[ImaS1(4) S (A) AA)? .

Bellavitis (1857), Muir II, p.353, gives the case I = 0", J = k".

Ex. 2.9 (Glaisher(1879), Muir III p.243). The first determinant is the special-
ization of the expression of ¥™ in terms of complete functions, for S™(A) = n.
Therefore, f(z) = 0,(A) = (1 +23)(1 —2)~1(1 — 2?)~! , and {T¢(A)}, which is
our first determinant, is periodic of period 6, with values, starting from ¢ = 1,
equal to 1,3,4,3,1,0, 1,3,4,.... The second case is S™(A) = (n+1)2?, with gen-
erating function f(z) = 0,(A) = (1 + z)(1 — z)® (we should have a first row
[1.22,2.3%,3.4%).. ], but adding to it the second row, one transforms it into the
sequence of cube [13,23,...] ). Therefore ¥"(A) = 3 — (—()™, with ( specializing
to —1; in other words, ¥2" = 2 and ¥2"+! = 4,

Ex. 2.10 First notice that, for the properties that we examine, the set of integers
decomposes according to each prime.
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The statement involving convolution comes from the identity
S*(Ap +B,) =) SH(A,) S i(B,) .

Products of Si(—1) are 0 if one of the k is bigger than 1, and the sign is the
parity of the number of prime divisors.

For all m, py...1,..(n) = 1, and the convolution square of this function is 7.

The sequence A = (Ag,...,A,,...) gives the function p 4 such that p4(n) = n,
i.e. gives the identity function.

One checks that ¢ is the convolution of y and p 4, and that o is the convolution
of p4 and py (with py(n) =1 for all n).

For more properties of the Moebius function on the integers, and of multiplica-
tive functions, we refer to Dixon [39] and Apostol [6].

Ex. 2.12

P

y) =) SPA) [ 2 s"(B)

p>0 n>1

Cauchy’s formula (EnZO 5”"5"(]3)) = > ¥p(p) ST (B) gives by homogeneity
nagqn p . T
(Zn21 'S (IB)) B ZI:E(I):p lI;B(p)s (IB) )

y) =Y al"1s“D(4) ¥ (p) S'(B) .

The required derivative being the coefficient of 2™, the conclusion follows from the
fact that for every j > 0, S7(B) = D’(y)/j!.

Ex. 2.13 The compatibility of 4*(A) with the involution A — —A is seen on the
expression of S?(A®). The compatibility with addition comes from the fact that
generating functions multiply: v, (A+B) = v, (A)~, (B).

For what concerns multiplication, one has for example the inequality

T?(A°B°) = U?(AB) — 20" (AB) # (T?(A) — 2T (4)) (T*(B) — 2T (B)) .
Ex. 2.14 For any partition J, one recognizes in A ;j(A®) a multi-Schur function. For
example, for J = [1,2,4], one has

AL(A) A3(A+2q) AS(A+5q)
A12a(A%) = | A%A-q)  A%(A+q) AS(A+4q)| = A1jp,a(A-2¢; A; A+3q)
A-1(A-29) AL(A)  AY(A+3q)

the last equality being obtained by adding 0, q, 2g, ... to the alphabets in the suc-
cessive rows, upwards, of the determinantal expression of Aj.0.4(A-2g; A; A+3q).
In general, the shift will be [j1—n,...,j,—1].
If J is a rectangular partition J = k", then one can also transform by columns
the alphabets, and obtain

and therefore

Apr (A®) = Agr (A + g(k-1)) .
The two cases needed for a continued fraction expansion are
Apn (A%) = Apn (&) = Spn ()

and
At (A%) = Apn-1 (A +0) = Stn_1yn (A +0) -
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Ex. 2.15 The formulas of change of basis are linear in S™(§), and one can take any
element A instead of £, as long as the S™(A) are linearly independent. For example,
with z of rank 1, then one has S™(z — ny) = (z — y)™ and

570 = (G0 +0)" = X (" )8 i

J
Replacing z by z€ — y, one gets
=S"(xé~y) =

xn ymn—l
n! (n-1)!

-
N
N
[—
.
N——
<
3
<
n
<
—~
IS
|
o
S
+
—
~—
<
~

and therefore

Ex. 2.16 With ¢,z of rank 1, the g-exponential is o1 (2/(1-¢)), and therefore, for
every n > 1, n™'¥,(2/(1-¢)) = 2"(n(1-¢))~".
Ex. 2.17 Since

ZAi(m)Aj(a:)uivj = (14+u)®(1+v)° = (1+ (utv+w))’ = ZA"(x)((u+v+uv)”,
0;1e has
i j _ n n
AN(z)N (z) = ;A (z) (n—i,n—j, z'+j—n) .

To decompose more complicated expressions in the A*(z), the best way is to use
Newton’s interpolation at points 0,-1,-2,....

Ex. 2.18
Ny — n x_y(l_q) — _1)iqi y(l_q) jiE
M-y = A (o= 1D Py st (K2 nig
_ A y'(1-q)*
= LEVVOTg A

and this proves that the generating function factorizes as stated.
The limit case ¢ = 1 gives the Charlier polynomials treated by Touchard [172].

Ex. 2.19 The first equation results from the expansion of S™(1+¢ 1_1‘11;1 ), the sec-
ond one, from the expansion of ¢~ *(k—1)/2 Ak ((1+ coeg )+ (@ +q"+m_1)).
Ex. 2.20 Leaving only 1 in the RHS, writing [n] =1+ ¢ + - -- 4+ ¢"~1, this is
g™ V2 A ((fml g™ [n]) - ™ [n]) = A™([m]) ¢ V2

Ex. 2.21 It suffices to write (1-¢)~' = 1+ ¢(1-¢q)~! to get the recursion. Writ-
ing (a+z)(1-q¢)~' = z(1-¢)~! + a(1-¢)~ !, one can expand r, in terms of Gauss
polynomials:

Finally, the generating function

Y g = (150) = (%) W izamasn
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gives Gauss’ identity for a =1 = —z.
Ex. 2.22 The sum is
(-0t ($55) =) aeemst (11, )
1—¢2 1—gq
and therefore the result is (1+¢)(1+¢?) - - - (1+¢™).
This gives the value of a Rogers-Szegd polynomial at + = /¢ (and a = 1).
Ex. 2.23 The identity to show is

i g2kt _, _q_q2k+1 . q
1 1— ¢ 1 1— ¢ 1 1— ¢

and thus amounts to ¢?¥*1 = —(q — ¢?**1) +¢.
But not all g-identities reduce to a = —(b — a) + b.
Ex. 2.24 go to next.
Ex. 2.25 Recognizing that C2 = S™(AB), with B = (1-a)(1-¢)~!, A = {a1,az2} of
rank 2 such that A'(A) = 2cos(#), A%2(A) = 1, one expands S™(a1B + a>B).
Ex. 2.26 Putting in factor (1-¢q)---(1-¢")g™"t1)/2, letting a be of rank 1, one
rewrites the functional

1= [r-gs () (Fig) oo

By linearity in f, it suffices to write the case f(k) = y*. One can suppose y to be
of rank 1, in which case the sum is equal to

nfl-a ., 1-ag®™\ _
S (1—_qq y+ 1_1/q) = Fu(y) -

One sees that the terms in the expansion of F,(0), according to powers of a, are
equal to those of aF},(¢?). Therefore, the functional vanishes on f : f(k) = 1—aq?*
and this gives a proof of the preceding exercise. One can add the vanishing of
f: f(k) = ¢ % — a®¢®F, by similarly comparing the expansions of Fj,(¢~!) and
F,(¢%), when n > 2.

The more general vanishing properties, obtained by direct expansions, are that

F.(¢™" rH aqu—H)

vanishes for n > r, that is
k(l r) _ aqu(r—l—l))

> :I: =0.
(ag®; @)n+1
Stated differently, they are the identities :
_ qn—r _ q2n (l_qn—i-r) + a(qn+r _ q2n)
n 1—g" " — T Qn >
S (( q )+a71_1/q a" S -1/ , n>r

Ex. 2.27 Introduce two elements x,y of rank 1. Recognize that the above expres-
sion is the coefficient of z" in & f (z, y)‘ o , where
f(z,y) =Y, (zy)i St (pA) (= TyP)AI (A) Moreover, one can take A to be a sum
> a of rank 1 elements in that case f(z,y) =[[,(1 —azy?)/(1 — awy)” The log-

arithmic derivative 7 L log f(z,y) is equal to Y, =2 (a;;”) + £ (1 aigyp 2 from which
one sees the required nulhty iny=1.




210 B. SOLUTION OF EXERCISES
Ex. 2.28 The [k, jl-entry, k,£=0,1,..., is equal to

2 yryp 1ymy VIRV STA)

For example,

1 0 0 o] Jr o 0 0
-1 1 0 0] |1 &t 52 33
1 -2 1 0| |1 258' 2824 s 25% 4+ 2512
-1 3 =31 351 3824351 383 6512 4 St
1 0 O 0
_lo st sz g®
“lo 0o s 2812
0 0o o st

Ex. 2.29 By definition,

H(z +e) = Z 2"TIAYE) = H ((z+z) + a)

ecE a€A
= (z+2)" + (2+2)" "AY(B — 2) + (2+2)" A’ (B —2) +--- + A"(B —z).

Expanding each AJ(B — z) = > (—z)A’~%(B), one gets the required expressions,
whose main interest was to illustrate that the ‘+° sign, as well a the ‘- sign, can
have different meanings.
Ex. 2.30 S" 1(2z — A)/S™(z — A) is the logarithmic derivative of S"(z—A), and
this settles the first point.
One recognizes in Sy»—1(A—a—(A%" +a)) a resultant R(A-a, A%"+a). However,
for any a' € A, one has R(A%" a') = R(A-a’',a'), and therefore

R(A-a, A% +a) = +R(A-a,a) [[ R(A-d',a) = +A(4) .
a’€A\a
Ex. 2.31 Writing ¥;(A) = nS*(A — A%"), then Y ¥;(A) = noy(A — A%"), and,
indeed, oy (—A%") =1 — (1-1/n)AL(A) + (1-2/n)A%(A) —---
Ex. 2.32 Write —A%e" = (A — A%") — A, Therefore S¥(z — Ae") = Y Sk~i(z —
A)SH(A — Ader) = 5™ Sk—i(z — A) T, (A)/To(A) .

Ex. 2.33 Since Py (z) := Sgr o(A — A%", ), using the preceding exercise, it can be
written as

n

l\pk(A) %lII%,I(A) zk+i

L L :
H\IJO(A) R ElIlk—l(A) .'E‘]
Summation on = a € A transforms the last column into a multiple of a previous

one, hence the sum vanishes.
Using Pliicker relations, one can write

Pk (.’L‘)2 = Skk—l (]B — 2.'1]')Skk+1 (]B) + Sk+1k—1 (]B — 2$)Sk_1k+1 (IB) s

with B = A — Ader,
Take now n = 4, to simplify indices. The candidate to nullity is



‘ 1, S11(B) + S5 (B-2a), Sa(B-2a)Sa22(B) + Sz3(B-2a)S11 (B),

S33(B—2a)S3333(B) + S144(B-2a)S222(B)

a€A ’
By successive subtractions, it simplifies into

‘ ]., SQ(IB_QG), 533(18—2(1)511(13), 5444(13—20,)5222(]3) ‘ .

However, the last exercise shows that the elements Sy44(B—2a) are constant, and
thus the last column is a multiple of the first one and the determinant vanishes. [

Ex. 2.34 Since ) 2'U;(A)/n = 0, (A — A%"), then
Kj/(j-1)! = T;(A — A7) = T;(A) — T;(A%T)
and one expresses ¥;(A) and ¥;(A%") with the help of Waring’s formula.
The first values are nK; = Al, n2K, = —4nA? + (2n-1)A1,
n®Ks = (12n-18n?)A'2 + 18n2A3 + (6n2-6n+2)AtL.

Ex. 2.35 Put z := 1-z. Then z is a rank 1 element, and thus S;(1 4+ z) = S;(2 —
z) = > (—2)"S;1:(2). Apart from one part-partitions, the only J for which S;(1+
x) can be non zero are of the type J = [1™,h,k], h > 1, m > 0. The correspond-
ing summation reduces to ((—z)’”A2(2) + (—2)™FIAL(2) + (—z)m+2) Sh-1,k-1(2).
Finally, for such J, one has

Simpp(l+z)=(—-h+1)(x - mz? .

Ex. 2.36 Taking generating series, one has to show that
u ne d , .
T 2o S (BrDA) = 2 (w8 ((8+2)4) L.

but both sides are equal to [T, (1 —ua) P~ ua (1 — ua)~".

Ex. 2.37 The Tchebychef polynomials are given by the generating function
(1-z2)(1-2z2+2%) "t = " 2T, (z). In other words, T}, (z) = ¥,,(B)/2, with B of
cardinality 2 such that A'(B) = 2z, A%(B) = 1. The alphabet A = (1 — ()B, with ¢
of rank 1, is such that ¥,, = 2(1 — (") T,(x). Therefore, the identity to be shown
is just the specialization { = —1 of

log(0.((1 = 0B)) =log (T2 EEE ) — Y v, Bn

Ex. 2.38 The left hand side is r! S;.(z), with  of binomial type, the right side being
its expansion in the basis ®”. This gives the first equality. To take into account the
restriction on parity, one introduces a rank 1 element £ which will be specialized
to —1. Then ¥;((1 — &) z/2) = z if i is odd, and = 0 otherwise. The left hand side
becomes 713, ((1 — &) 2/2), and one finds its values by taking the generating series

z/2 z/2
1—2¢ 142
az((l_g)m/z)_<1_z> _(1_z) .
The same method would allow to explicit the summation 3, 24/)1/(¥7, &)

restricted to partitions with all parts multiple of a fixed integer p. One has to take
& to be a primitive p-th root of unity instead of being —1.




212 B. SOLUTION OF EXERCISES

Ex. 2.39 Since a monomial function ¥;(z) is proportional to Ny, according to
Formula (2.2.2), one has just to expand sf in the basis of monomial functions.

s J
sf(z) = Z &, 57) Nyay

malmal- -
7 1 2

sum over all partitions J = 1™12™2 ...

Ex. 2.40 Instead of derivating, one can take the Taylor expansion of S;(z + y).
However, the values of Schur functions in an element of binomial type are not
linearly independent, and the usual expansion as a sum over all partitions contained
in T is too big. Let us see that one can give a summation on hook-partitions only,
and prove that

8

(—1)ﬂ
+ﬂ /18 a] =

®  as= Y

a,B: a+82>1

The RHS can be interpreted as the limit, for ¢ = 1, ¢ a rank-1 element, of

SI (z + 2( 1 —-q)) — Sr(z)
1-q)

dz

z being also treated as a rank 1 element.
But taking the power sum basis ¥ instead, one sees that

/ [jes (v +2/(0=¢) =a*) 2 1-¢/ ¥/ (x)
z(1-q) ]
has the limit £(J)z¢))=!  and therefore is indeed the value of the derivative of

U/ (z) = 2%). This proves the first equality of (x). The second expression results
from

d
d\IJk = D\IJ’c _ZH:EDSH )

sum over all hook-partitions of weight k. In fact, it is immediate to check directly

that d/d,, acting on symmetric functions in z expressed in terms of power sums,

coincides with the sum of derivatives with respect to the power sums. a
Notice that, for a complete function,

iSk(a:) = Sk_l(:c) + %Sk_g(w) + %Sk_3(x) —+ -

dx
and this gives the derivative of a binomial coefficient (**%').

Ex. 2.41 The power sums U¢(A) = ¥i(z2)Ti(1 + () = (1 + () specialize into 2
if 7 is even, 0 if 7 is odd. The expression of monomial functions in terms of power

sums is compatible with doubling the parts of a partition /. Denote this operation
by I — 2% 1. Then

k

U5 (A) = Ur(2z) if J=2%I or0if J has an odd part .
The determination of Schur functions is a little more subtle. One needs to use the
factorization, due to Littlewood [132], of Sr(2B), for Q is the “alphabet of p-th
roots of unity” (here p=2), and B is arbitrary. The outcome in our case is that the
specialization of a Schur function St is equal to £S5y (x) Spv(z) if I is a partition
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without 2-core, and with 2-quotient [I, "], and is null if I has a core. In particular,
if I = [2n], then I' = [n], I" = 0, and this gives Gillis’identity

o x z x
>0 (1) i) = )
=0
Ex. 2.42 Because f(z,A) is linear in the S™(A), one can restrict to A = a, with «
binomial. In that case
1 1 1 1 2
feay= 2 =14lp_a e+l , altlietd)

z—a z 2(z4+1) zz+1)(z+2) zEz+1)(z+2)(z+3)
identity that is a special case of Newton’s interpolation formula. Now everybody
agrees that z — a = (2 + y) — (o + y) and this settles the first point.

1 1 1 _ (1 1y 1 .

As for the product (1 2 728) P Goeim = (X - z—ﬂ)m’ one is re-
duced to evaluate all the (S™(a) — S™(8))/(a — B), n € N. The expansion of
S™(a) involves Stirling numbers of the first kind, that is, the elementary symmetric
functions of an alphabet specialized in {0,1,..., n—1}. It remains to express the
(a* — B*)/(a — ) in terms of products of Si(a), S7(8).

Ex. 2.43 Taking advantage that the interval of summation has not been specified,
one chooses —r < n < o0o. The Laplace expansion of the determinantal expression
of Sy, (z) along its last column gives :

Zz"SJn(a:) ZZ )iz "Sy/1i (@) Sn+i(z)

n =0

- S S XSt

i

= > (=2) Syp@) 1 -2) "

i

Notice that the summation in 4 is restricted to 0 < 4 < ¢(J). For example,

(1-2)" Z 2"Sin(z) = Si(z) =27 'S1(z) =2 — 27",

n>—1

(1—2)" Z 2" Sagn (x) = Sa3(x) — 2_1523/1 (=) + z_2523/11($)

n>—2

1
24 24
Ex. 2.44 For all positive integers n, k, one has Dy, Sp+r = Sn. On another hand,
expressing S,y in the basis ¥, one gets

Do. S — ki Z L — kzm L
Peontk TR g £ (W, 9T M ZR T T

The unknown sum is therefore equal to Y ¥*S, /k. Using multiplication of Schur
function by monomial functions, one gets a sum on Schur functions indexed by
vectors of the type [k, 0°] + [0°, n], ¢ = 0,..., k-1, which, by reordering, finally
gives

22 (24+1)(242) (3-1) — —w(2-1)(52+6)(z+1)2~" + %w(;ﬁl)(x—l)z_?

Sntk + Skn — St k1,0 +S1,1, k2,0 — "
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Ex. 2.45 Derivations of polynomials S™(z—A) rather than of series o, (A) are easier
to write. Truncating the series to an arbitrary big order, one can write it f(z) =
S™(z—4). Now, Q becomes

Q = S*z-A)+ (mf:l)ny"l(x—A) + (m;2>y2$25"2(x—A) +---

= S™z— A+ (m+l)zy) .

On the other hand, a direct computation shows that

P =S"(z+2zy — A) and oy e pnt S"(z+B) = S"((m+1)z + B) ,

for all B and all rank 1 element 2. One concludes by putting z = zy, B = 2 — A.

Ex. 2.46 First, the explicit expression of Hermite polynomials is equivalent to the
generating function Y. 2"H,/n! = exp(—2zz — 2?). Therefore, A is such that
Ul(A) = -2z, U2(A) = -2, ¥¥(A) = 0 for i > 2. The forgotten functions for A are
equal, by definition, to the monomial functions for A', such that ¥1(A') = —2z,
U2(A') = 2, U¥(A') = 0 for i > 2. In particular, the only surviving functions are
those indexed by partitions of the type 1"2¥. Because

2T g (A) = ‘I’Q(Al)‘l’lnzk (A) = Tyngra (A)
one can ignore the parts equal to 2, and therefore, one has only to compute for the
indices 1", in which case one obtains H, /n!.

Ex. 2.47 This determinant is a special case of the first determinant in Eq. (2.4.6).

Therefore, the determinant is to (—1)"n! times a Gegenbauer of order n, but for

the parameter —ka. In particular, Gegenbauer polynomials can be expressed as
determinants in the Tchebychef polynomials G(n,1,z), but more simply, one can

choose to express them in terms of the coefficients of (1 —2z2+22) (taking a = —1).
In that case, the determinant is tridiagonal, with main diagonal
[2az, 2(a+1)z, ..., 2(a+n-1)z], above diagonal [2a, 2a+1, ..., 2a+n—2], subdiago-
nal [1,2,...,n-1]. For example, 4! G((4, a, z) is equal to the following determinant :
2az 2a 0 0
1 21+a)z 142 0
0 2 22+ a)z  2+4+2a
0 0 3 23+ a)z

= 96z a+176z*a® +960°z* — 9622 — 144520 + 160 z? —482%a° +12a+1202.

Ex. 2.48 The generating function given in the preceding exercise shows that the
Gegenbauer polynomials are the complete functions of aA, with A of rank 2 such
that A'(A) = 2z, A?(A) = 1, and « of binomial type. The summation to study
is . U ;(—1/a)S’(ad), and the Cauchy formula gives its value S™((-1/a) ad) =
(=1)"A™(A). Therefore the sum is —2x for n =1, 1 for n = 2 and 0 otherwise.

Ex. 2.49 The hypotheses are 0,(2z) = (1 — 22z + 22) 1. Therefore

0:(z) = (1 — 22z + 22)"1/?
and the S™(z) are the Legendre polynomials.

Ex. 2.50 Since 1/y specializes to  — v x2-1, the first statement is equivalent to
the generating function

Zz"pn =1—2(y+1/y)+2°) V2 =1 —-220+2%) /2.
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One deduces from it that the polynomials are characterized by the recursions

1 1
Pn:(2——>.’1}Pn_1—<1——) Pn_g, P():]., P_1:0.
n n

One then checks that the other expressions also satisfy the same recursions.

It is interesting to spraid out these compact expressions, to recognize that \-
rings are not too far from the XIX century analysis. For example, by definition,
S 2AN(n(¢+1)) = ((1+ 2)(1 — 2))", and therefore ([153], p.66) :

S™((n+1)z —n(¢+1)) = > Sk ((n+1)z) A% (n(((+1))) =
(n41)--- (n4+n-2k) (n\ ,_,
D% (n — 2k)! (k)x ‘

The next expression is due to Murphy ([153], p.66) :

S ((n+1)z —n¢) = z.rksk (n+1)(=¢)"~FA"H( Z kk'kT‘H: Al

- = X (1) (”Z’“) (%””)k

is also a classical expansion, and the last one is due to Dirichlet :

A"(na +nb) = 3 P A (n) b FAM R (n) = Z(Z)z(%”)k(%l)n_k :

Ex. 2.51 Use the expression P,(z) = A™(na + nb), with a = ﬂ , b= 21 as
in the preceding exercise. Then, according to Lagrange—Bﬁrman formula (2.4.3),
> 2"P,(z)/n is the logarithm of g(z)/z, where g(z) is the inverse of

-1 -1
Jz(a+b)=z<1—z%+1) (l—szl)

Ex. 2.52 (cf. Schur [160] III, p.361, Prosper [150]. The equations defining F'(x)
are

(—2) T (A) +Z%A"*i(—izA)/\z(iA) N {z...,2"} ={0,...,0},

writing f N z* for the coefficient of z* in f.
These equations are very similar to those involved in Lagrange inversion, and
admits the solution

F(z) = (-1)"P"(A —2* A" (—iA) .
(z) = (-1) ()+izzliz (—id)

Ex. 2.53 T, is the operator A — A + z, and T_,, the operator A — A — z,
the expansions (), (xx) being special cases of the Taylor formula describing the
morphism A — A + X on the ring Gym(A) (with coefficients in Gym(X)). With
this interpretation, the four formulas are immediate.

More general operators appear in the theory of Hall-Littlewood polynomials
[75].
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Ex. 2.54 By induction on n, one has to compute the image of
o1 ((1-t)A(Z-2)) F(A-ZY + 27)

under V,. But exp((-2;)!Dy: /i) is the operator f — f(A —27"), and
exp ((1-t%)2*W? /i) is the operator “multiplication by o, ((1-t)A)”.
Therefore, o1 ((1-t)A(Z~z1)) f(A-ZV + z; ') becomes, under V,,

o1 ((1=8)(A-27 ") (Z~21)) f(A - ZY)
=01 ((1-t)AZ) o1 ((1-t) (=21 A — 27 (Z-21)) f(A - ZY)
and finally = 0y (1-0)AZ) o1 s, ((--1)(Z-21)) f(A — Z) .

Ex. 2.55 The reader, undoubtly, will accept that the example be generic enough.
Once more the required identity comes from Pliicker relations. Take the matrix

25 5 6 7

14 4 5 6

03 3 4 5 |,
alphabets 0AA-2z2 Az A2
indexing L0 5 5 6 7

and recognize that
[05'6][567] — [056][5'67] = [55'6][067]
gives what is wanted, since
[55’6] = 5544 (A, A-.’L‘; A-.’L’) = 554;4 (A, A-IL’) - 3&'553;4 (A, A- .’L‘) = .’L'S444 (A) .

Ex. 2.56 The ring Gym(A) ® Gym(B), with coefficients in (), decomposes into a
product ® Q [¥*(A), ¥ (B)], this decomposition being compatible with the scalar
product. Fixing k and putting z = ¥*(A), y = ¥*(B), one is reduced to study the
space Q[z,y] with scalar product

(xiyj , x™y™) = ! klj'k] 0i,m0jn -
But one can write the scalar product with a polynomial f(z,y) = 3 fi;z'y? as
d &
9= fi,jmw(g)

Therefore the operator g — ((z+y)*(z —y)?, g) coincides with

z:O:'y ’

g— ki+j(dz+y)i (dw—y)j(g)

z=0=y

which annihilates all monomials in (z+y), (z—y) of total degree i+j, except (z+y)¢(z-y)7.
This proves the orthogonality of ¥/(A-B) U7/ (A+B) for partitions with all parts
equal to k, and therefore for all partitions without restriction.

The property just obtained can be used to describe, at the level of characters,
the branching rules of the hyperoctahedral group B,, into &a,,.

Ex. 2.57 The scalar product corresponds to the Cauchy kernel o1(AgBy + --- +
Ap_1B,_1). One has first to rewrite the argument. Since it is bilinear in A;, B;,
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onecanusea’,...,a® 1, b%,...,b" !, a,bof rank 1, instead of the alphabets. Write
now

L+ab+---+a" 1" 1 =9" (1 + ab) = S 1 ((1+b[k]) + b(a—[k]))
= ) SI(1+b[k]) 'S (a—[k])

i+j=n—1
= 3 (FST R ST RDE ) (af =AY (k] AR (K] a )

i+j=n—1

(suppressing the eventual negative powers of a in the last sum).
Therefore AgBy + --- + A,—1B,_1) can be decomposed into a sum of terms

<]Bi + SH((ED)Biy1 + - + Sj([k])]Bi-i-j) (Az — AM((RDA: +--- Ak([k])A'i—k)
and this decomposition induces a factorisation of the Cauchy kernel into

[T on((Bi++ ST (kDB (A £ A*(RDA)) -

i+j=n—1

B.3

Ex. 3.1 (cf. Giudice, Muir V p.183). The expression to consider is a linear operator
from Pol to Pol,,, which interpolates f(z) in all a € A. Tt is therefore the identity
on polynomials of degree < n—1 and the null operator on the space of polynomials
divisible by S™(x — A). It therefore coincides with the first remainder.

Ex. 3.2 n = 3 will be generic enough. The matrix, together with indexing of
columns, is

0123 m 3
-012 m—-—1 2

- 01 m—2 1

---0 m-=-3 0

alphabets AAAA A—IB-F% i
indezing 0123 m x

Pliicker gives the following relation, on minors of order 4 sharing columns 1,2 :
[012z] [123m] = [012m][123z] — [0123] [12mz] ,

that iS, more explicitly, S()o()(] 5111’m73(A, A*B‘HE) = Smfg(A*B-i-.’L') Slll,O(A; .’L‘) —
S0000 S11,m—2,0(A, A-B+z, ). Subtracting A in the top row, or z in the first three
rows, one gets

—Sm(—IB -+ .'L') = Sm_g(A -B -+ .'L') Slll(A - .73) - Sll,m—2(A — I, A — IB)
and therefore, S™(z—B) is congruent t0 S11,ym—2(A—z, A—B) modulo S111(A—2z) =
—S3(z — A).
Ex. 3.3 The only difficulty is to produce an appropriate matrix having the required
Schur functions as minors.

For example, let us look at the third remainder of S"*!(z — B) by S™(z — A).
The input consists of the two successive second remainders Syn—2 33(A — 2, A — B)
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and Sin-2 44(A — z, A — B), that one can place inside the following matrix
0
0

indexing 1 2 3 4 a ﬂ Y
1 2 3 4 7 8 9
o 1 2 3 6 7 8
. 0o 1 2 ) 6 7
0 1 4 5 6
. 0 3 4 )
alphabets LA~z A~z A~z A~z A—z A-B A-B A-B]

The term on the right in Pliicker equation
[12340,8] [01238~] — [123457] [0123a,8] = [012346] [12307]
is, indeed,
S3(A-B) S111,444 (A-z,A-B) .
Ex. 3.4 Modulo S™*!(z—B), the k-th remainder can be replaced by
Sir (B-A-12)S™(z-A), according to (3.1.5).
Expanding Sji (B-A-b) = >°7_(~b)!S;i 1:(B-A), writing
b'S™(b—A)Spr (B-A-b) = Sp.pys(B-AsD) ,
and using that >, S"(b-A)/R(b,B \ b) = S" "(B-A), for any r € N, one finally
writes Kronecker’s sum as :
J

D (=1)" S i(B-A)Sji j1: (B-A) .
i=0
One concludes, each S« ;(B~A) being null from having two identical columns.
Kronecker notices that the above vanishing properties determine the remain-
ders, up to normalization. One can also interpret his result in terms of orthogonal

polynomials. Indeed, let [, , be the linear functional on polynomials in z such
that

P(z) := Y _ P(b)S™(b-A)/R(b, B\ b) .
b

A—B

Then [, pa* = S¥(B-A), and the remainders appear as the “first orthogonal
polynomials” with respect to [, p, the other Syx (B— A —x) being null for k£ > n+1.

Ex. 3.5 Let AV :={1/a:a € A}. Then
S™(1 —zA) = S"(z — AV)S"(-A) .
Therefore, up to non-zero constants, the successive remainders are
Sin-12(AY =2, AY) | Sin-233(AY —3,AY) ..., S(n+1)n(AV) .
Now, expanding
Stn—r (1ryr (A — 2, A) = (=) Sps1n—r—i (11r)r(A)

and using that Schur functions of AV can be expressed as Schur functions of A
indexed by complementary diagrams, one finally gets

> (=) ST TIE (4) = (—a)" (A= 1/a)

for the r-th remainder.
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For example, for n = 5, the second remainder Si11,33(AY — 2, AY) is equal to
St1133(AY) — zSo1133(AY) + 2% Soo133 (AY) — 2% Soo0s3 (AY) .
Multiplied by Ss33333(A), it becomes equal to
Sa29(A) — £S223(A) + 2% Sa33(A) — 2°S333(A) = —2°S333(A — 1/z) .
Ex. 3.6 From the definition of the companion matrix C(A), one has that for any
a €A
1,a,...,a" "1C(A) =[1,a,ad’ ..].
This implies that Vo= (A)C(A) = V(A), where V(A) is the Vandermonde matrix.
Therefore, for any J € N™, one has A(A)C(A); = V(A);, that is det(C(A);) =
Sy(A).
For example, for n = 3, J = [1,4, 6], one has
0 Ss00 Sso0
det((C(A)J) =11 S40 570 = -
0 S3 Se
One can find the hook functions in the determinant expressing S;(A) by decom-
posing the diagram of J into diagonal hooks [103].

Notice that because the left part of the companion matrix is the identity matrix,
a minor of any order of the companion matrix is equal to a maximal minor.

S3  Se
S113 S116

Ss00 Ss0o
Ss Se

Ex. 3.7 For any z, one has the factorization
[, z,..., 2" 'C(A) =[1, =, 2%, .. ]

modulo S™(z — A). Therefore, the infinite Vandermonde matrix in the z;’s factor-
izes, modulo the polynomials S™(z; — A), into :

V(X)o= C(A) =V(X) .
Now, thanks to Binet-Cauchy, for any J € N*, one has
det(V(X),) = det(V(X)r) det(C(4) /1) ,
I

sum over all partitions I € N¥, I < (n — k)*. However, as seen in the preceding
exercise, all minors of C(A) are Schur functions of A, up to a sign. |
For example, with k = 2,
121 22 S100(A) Sr00(A) Tt o
Lo ] | se se | = [ 7]
S2(A)  S5(A) 2

Extracting the factor x1 — 22, one gets the expansion
(1‘1 — 1’2) (5235(A) — (.’12'1 + 1'2) 5135(A) + x129 S35(A)) = Z‘%.’L’g — :EI.Z';

which can be written more compactly (21 — z2)S2,35(A-X, A). In fact, the general
remainder can always be written as a multi-Schur function in A — X, A.
Ex. 3.8 Expanding Sy (A, (z—A) + (A-B)) = Y777 Sis (A, A-B) S (z-4),
one finds that the desired matrix is
[(_1)jslj,n—i(A7A - ]B)] 0<i,j<n—1 "

Since (—1)7Syi ,, (A, A —B) =3, S97%(—A) S~k (A —B), one finally gets that
the matrix factorizes into Sp»(A — B) So=(—A). O
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Ex. 3.9
Sl (z-A+a) S"(z-B) = S*" ' (z-A + a-B)
=S (z-A)S" (a-B) + S" *(z-A)S"" (a-B) +--- =
5"(a-B) (snfl(x—A)aO 5" 2(z-Aal + -- ) = $"(a-B)S" L(z — A +a).
(ATh)is gives another proof that the determinant of Bez(A,B) is [[, S"(a —B) =
R(A,B).

Ex. 3.10 Using the notation of (3.6.2), one has for the successive remainders the
expression :

ZA 25Tz + B — A) ZZA )2 S"TI(B) SU (z — A) .

Now, we have already expressed Y 5 S™ "7 (IB) as a determinant of power sums

Yo(A) - r_2(A) Pn_j_1(4)

Br_1(A) - Yor_5(A) Bn_jir_a(A)

Taking into account the expansion of S7(z — A), one sees that the required coeffi-
cients can be expressed as determinants of powers sums multiplied by elementary
symmetric functions.

For example, for n = 4, writing S? for S¢(x — A), v; for 1;(A), one has fy =
S*(z - A);

1
fi=5%a— AT =S¥z — A+ A— A7) = 2 (Vg +n S+ ¢ S+ 1 5%)

Yo Y3 Yo 15% 4+ 1h2 St + 13
f2= Z br a5 @A =0 0,652 St 1y
1 |Yo 1 Y35 o 1 Y2 St + 13
fa= 3| ¢ tuj| S(@—A) = |1 g2 35! +1y
7=0 |b2 Y3 Y5 Yy 3 YgSt + 45

Yo 1 2 Y3

fo= Y1 2 3 Py

o 1P Py s

3 by s s

Ex. 3.11 Some caution is needed, because of the symmetry of the role played by A,
B in the Euclidean division. One has to start from Syn—r (,_q)-(A —z, A — A%T),
instead of Syn—1-r (py1)-(A%" —z, A" — A). Now, just replace in the determinant
expressing Syn—r (r_1y~(A — 2, A — A%") the complete functions S7(A — A%") by
¥;(A)/n. Laplace expansion, according to the last r columns, of such a determi-
nant will give a sum of products of determinants of power sums times polynomials
+81:(A — z) = S/(z — A), in which one recognizes the sums obtained in the pre-
ceding exercise.

For example, for n = 4, one has

47 = S110(A — 2, A — A%T) =471 Y (—1)IATTHA — @) ¥i(A)



ST 52 4hs 4y
SO St 4y 1hs
- 8% 9y o

-« o Y

St ahg by s

- —3 |S% 92 s 1
478 f3 = S1 00 (A —z, A — A%T) =473 2
f3 1,222( z, ) ) wl w2 ¢3

- o Y1 Y2

Yo 1 P2 Y3

—4 _ _ Adery _ 4—4 ¢1 ¢2 ¢3 ¢4
470 e = Saaas(A = ATT) =470 L) e s

3 Y1 Y5 Ye

472 f2 = S11’11(A — .’L',A — Ader) = 472

Ex. 3.12 The developed expression of ¢(n,a,b) is

ot = ' (7) 355 -

From it one gets with care or computer, but without difficulty, that the respective
remainders of ¢(n,a,b) are:

by ¢(n-1,a,b) = (n—l);((cz_li))¢(n—2,a—1,b—2)
by é(n-1,a+l,b) = (n—l)%m—z,a,m)

a(b—n+1)(a—b+1)
b(b-1)2(b-2)
(a-1)(a—b+5)
b2(b-1)
(a-1)(b-n)(a—b)
b(b-1)2(b-2)
(a-1)(a+1-b)(b—n-1)
(b-1)(b-2)%(b-3)
Ex. 3.13 Onerecognizes that (n—1)S™~!(z-B) is the derivative of S™(z—A). There-
fore S,_1)»(A-B) is the discriminant of S™(z-A), and the other Schur functions

to compute are its multiple by (A"~'(A)) ot

by ¢(n-1,a,b-1) = (n-1) #(n-2,a-1,b-3)

by ¢#(n-1,a-1,b) = (n-1) #(n-2,a-2,b-2)

by ¢(n-1,a-1,b-1) = (n-1) o(n-2,a-2,b-3)

by ¢(n-1,a-1,b-2) = (n-1) d(n—2,a-2,b-4)

B.4

Ex. 4.2 Let us write I := [i1, 9, ..,4;] for a monomial b%'b22 - - - b}* in the expansion.
5 025 -0 172 k P
By recursion, one sees that its coefficient is

i1 +ip =1\ fig+i3 =1\  fig1+ip—1
i2 i3 ik

(in particular, if by, appears in a monomial, all other b;, j < k appear in the same
monomial) O

For example, b7b$b4 appears as coefficient of z'2 with coefficient (7)(3) = 588.
Notice that taking the Stieltjes parameters by = S1(A),by = —S2(A)/S(A), bs =
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S22(A)/S'2(A), ..., gives the expansion of )\,(A) in the rational basis of Schur
functions indexed by partitions [k*], and [(k &+ 1)¥]. Thus
5222 52522 52‘ 533
4 _ @il 112 22 22
A*=S - 35 +3S —252,2 — gt +2 git — giiz ? .

Touchard [171] gives a development without multiplicities, in terms of words
in by, ba,.. ., the letters not commuting any more.

For example, the third Taylor coefficient is written by Touchard as

b1b1by + bibiby + bibaby + bybaby + bibabs .

Ex. 4.3 We have given the expression of the parameters in a continued fraction
expansion of the type 1+ 7 f,f; of a series 0,(A). None of the three required
fractions is exactly of this type and we leave it to the reader to find the minor
adaptations necessary.

All required parameters can still be expressed in terms of Schur functions in-
dexed by rectangular partitions. In the case of a power (1 + 2)°, we know the
explicit values of all Schur functions Sy(a) and this gives the first expansion. The
coefficients in an expansion of the type 1+ 1+£§7§/ are by = a,bs = (1—0a)/2,bs =
(1+a)/6,bs = (2—)/6,...,bap = (n—14a)/(4n—2),bapnt1 = (n—a)/(4n—2), .. ..
Another classical expansion is

1
(00— a)z
1(1+a)z
11-a)z
22+ a)z

A4 22— a)z

(1+2)° =

1+
1+

2+
3+

On the other hand, e* = 0,(A), with A such that S"(A) = 1/n!. This is the
specialization of alphabets which corresponds to dimensions of representations of
the symmetric group: one has Sia (A) = (kn)!/(1---k)(2--- (k+1))/(n- - - (k+n-1)).

Finally, —log(1 — z) = z0,(A), with S¥(A) = 1/(k+1). The Hankel determi-
nants that one has to evaluate are in that case specializations of Cauchy determinant
|1/(:c, + yj)|, the x;’s being consecutive integers, as well as the y;’s.

Ex. 4.4 More general computation in next exercise.
Ex. 4.5 Since Si(A) = (1-q)---(1-¢* 1)S?((a-b)(1-¢) '), with a,b,q of rank 1,
one can use the known values of Sr((a-b)(1-¢)™"'). In final,

z(a-b)
z(bg-a)
zbg(g-1)
2q(bg*-a)

b2 (-1
qu(q )

o,(A) =1+

y

1+

1+

14

14 .
the parameters being

-5 a7 (bg' —a), bg'(¢" — 1), ...
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Ex. 4.6 Expanding the determinants according to their last column, one gets the
recursion between successive convergents and a,, b,. For example, the quotient of
the two determinants

ai b2 00 as b3 0
-1 as b3 0

& -1 as b4
0 -1 as b4 0 —-la
0 0 —las 4

is equal to the fourth convergent

& _ (a1a2a3a4 + a1a2b4 + a1b3a4 + b2a3a4 + b2b4)
Q4 a2a3a4 + a2by + bzay

Instead of expanding determinants, one can have recourse to the now familiar
P, 4] P3 Py a4

Pliicker relations and read [Q4 = [ 0s Qg] [bJ from the maximal minors of

100 ay b2 00
000-1 as b3 0
010 0 —1az by
0010 0 —1lay
Ex. 4.8 Sylvester determinant given in the preceding exercise is in that case a minor
of index [1,1,...] of the matrix S(—4), up to signs which cause no problem.

Ex. 4.9 The terms as,_1a2, coincide with Wronski’s parameters 8,. On the other
hand, one needs to check that (,, = a2, +asn+1. In fact, both sides can be rewritten

Cn = Gon + G2p 41 = S(nfl)n—ssnn — S(n,g)n_zs(n_’_l)n_l -

S(n,]_)n—25nn—1
For example,
S12/82 —S1=C =as +az = —S2/S1 + +522/5152 ,

S133/S33 — S12/S2 = (2 = a4 + a5 = —51533/52522 + S2.5333/ 533522 .

Ex. 4.12 Taking the interpretation given by theorem (8.8.1), one has to specialize
(o=1=( =+, 01 =—1= s =---. One could more generally specialize all
Bi’s to the same value —b. In that case, the generating function is given by the
continued fraction

F = -
bz?

b2

1l—2z—---

1—z2x —

1—zx —

It satisfies the functional equation
1/F =1— zx — bx*’F

and therefore, is equal to

F = (1 — 2z — /1 =22z + (22 - 4b)w2) /2b2” = 14+z2+(b+2%) 2%+ (3bz+2°)2®
+ (2b% 4 6b2% + 2%)xt + (10622 4 10623 + 2°)2® + - - -,

the case b = 1,z = 1 giving the generating function of the number of Motzkin paths
14z + 227 + 42® + 92* + 212 + 512% + 12727 + - - -.
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B.5
Ex. 5.1 Adapting Formula (5.1.7), one considers the determinant
S™(A) .- SmTL(A) 200, (A)
Sm=n(A) .- SmTLA) 20, (A)

Subtracting to each row ! times the next one makes it factorize into
TSy (A —271) 0,(4).
On the other hand, expanding o, (A) in the last column of the determinant,
one gets
m—n—1 m—1
> S (W)™ + D S i (A2 ) S s (A)z™
i=—n i=m—n >0
Each determinant in the middle sum is null, and therefore
m—n—1
P(z)=2"Sm(A-z7") & Q@) =2" Y SpriA)z"H
i=—n
is the answer, the difference being also expressed as a sum of Schur functions than
one can put into a single determinant.
Frobenius’ problem was in fact to find the Padé approximant of type [m—1/n]
of 6, (A) and already received many solutions much earlier (from Cauchy, Jacobi,
Rosenhain in particular).

Ex. 5.2 One has to compute the S, _1)»(B) and Sy~ (B), n > 0, with B such that

n . .
S™(B) = S™(A = tSTTHA) .
® =5"hrm) = 3 () o5
From Lemma 1.4.1, one sees that

n

Sn-1yn(B) = Sin-1)n(8) & Spn(B) = Spn (A+9) =Y 4'Stn1)imn-i(A),

i=0
and therefore, in terms of functions of A,
1
z(y +8Y)
2811/ (y + SY)
B 2(y? + yS12/S11 + S22/S11)/(y + SY)

o, (B) =
1—

1+

1

Notice that, more generally, for I € N, then
S(n—l)"—i—I(IB) = S(n—l)"+I(A +i1y, A+ (7;2+1)ya s At (in_"n*l)y) .

Ex. 5.3 Since P = [[,cp [l —af) = [TII(¢ — a), it is the resultant (in z) of
the polynomials [[(z + a) and [[(z — ¢) = 2"+ — 1.
On the other hand, since > 2¢S¢(Q) = (1 — z"*1)~! one has, for 0 < k < n,

~— —
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and one recognizes in the given determinant S,»+1(2 — A) = R(Q, A).
One can give other expressions of this special resultant. For example, R(2,A) =
[Toea(l — a™*?t), and therefore it is equal to

gl (H(1 - a)) = grl (Z :I:Ai(A)) =3 T y(4)

One can also obtain this expression from Cauchy formula (1.5.3).

Ex. 5.4 One has to compute the functions S(,,_1)» (A) and Sy~ (A), for A such that
S™(A) = H,(x). The values of the first functions can be found, among a wealth of
evaluations of determinants, in the article of Krattenthaler [88].

To compute the second functions, one introduces the positive Hermite polyno-
mials H;' := Hp(zv/-1)(v/-1) ™. The law required from the reader is

WIZH;’_ ) 72:_2H3_/Hf_ ) 73:H;—/Hf_ ) '74:_4H;’_/H;_7
Yont1 = H:-q-l/H;l_ & Yon = _QHHT—Ll/H: ’

and one gets in total

Z " Ha(w) = 22z
1—

z]x
z2(2z +1/x)
1 dzz/(22% + 1)

1+

B. Leclerc [121](formula 33) shows more generally that Hankel determinants
of Hermite polynomials can be expressed as Wrornskians of positive Hermite poly-
nomials.

Ex. 5.5 The determinants S,» and S(,_1)» are of Cauchy type ‘(crb)’1 |, for A =
{3,5,7,...},or A={1,3,5,...}, and B = {0,-2,-4,...}. They are in consequence
immediate to evaluate.

One finds

1
122/1.3
222/3.5
3%2/5.7
1— 2=
. 4%22/7.9

1+2/3+2%/5+---=
1—

1-—

the parameters being equal to n2(2n —1)"1(2n+1)"1, n=1,2,....

Ex. 5.6 Writing f,(2) = 0.(A), one has A{(A) = (-1)ia/i. The determinants
Ann(A), Any1)»(A) are again of Cauchy type. The continued fraction expansion
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of the type (5.3.4) is
1
fa(z) = )
- za
) z/2
z/6

3

3

where the general parameters are
Yon = n/(4n — 2) & Yant1 =n/(4n +2) .

Ex. 5.7 This type of alphabet is encountered in relation with the function arcsin
(cf. Sylvester [166], art.35). Using that arcsin(z) is the integral of (1 — 2?)~'/2,
one finds, putting z = 22, that

arcsin(z)
V1 — 12
B 2 , 24 , 246 , 2-4-6-8 ,
Sttt it Tisst T35
The required Hankel determinants for this series are easy to evaluate, contrary to
those for o,(A), and one finds

o.(A+1/2) =

1
22/3
2z/15
12z/35
4z/21
| 102/33

1—

1-—

the general term being 2[i/2] (2| (i+1)/2] — 1) (2i-1)"1(2i+1) ! .
Ex. 5.8 The first expansion is obtained from the continued fraction for o,(A) by
writing that 1/0,(A) = A_,(4)) :

A' = 2N+ 22N - = (1= A (A) /2.

The second continued fraction is obtained from 1/(1—A_.,, (4)). Instead of finding
the complete functions S(A) as Taylor coefficients, one has their images under the
shift A® — A1, More precisely, let hf = |e;r—z'+1|1§i,j§n7 ef = A i >0,
e;" =0, ¢ < 0. For example, ht = A2, hg_ = A2 A3 = Saa, h;_ = S33 — S22,
hj = S44 — 25533 + S2299 - ... Then the Taylor expansion for the second continued
fraction is
i +hfz+ b2+
Ex. 5.10 All the Schur functions of A = (1-¢)~! are known. On the other hand,
for B such that S*(B) = (1-q)/(1-¢**'), one sees that a Schur function S;(B),
when I such that I > (¢(I) — 1)¢()| is a specialization of Cauchy’s determinant

(1-¢)/(1 — z;y;)|, the variables z;, y; being specialized to some powers of g.
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In final, one gets
z 22 1
1-¢  1-¢? z/(1-q)
qz/(1-¢)
qz(1-q)/(1-¢°)(1-¢°)

1+ .

1+

1-—

with parameters

) 1-—¢t )
Yoit1 = ¢’ % g 21 & Y2i = 4* 2i—1 20y
(1-¢%) (1-g2i+1) (I-¢*~1)(1-¢*)

and the g-logarithm leads to

22 23 Z
T T T 2/ (1+g) |
- _ 20/ (+0)((+g+¢)
1-"
with parameters
_ )2 _i)2
Yoic1=¢"" (l_qQ(il_lq)()l_qu) & Y2i = 4 (l_qz(il)(cll_)qmﬂ) :

More determinants related to the g-exponential and the g-logarithm will be found
in the article of Bornwein [21].

B.6

Ex. 6.1 Of course, one also needs z in the determinants! One has to separate
the two alphabets in the expressions (6.1.2) or (6.1.3), or take the appropriate
determinantal expressions of the two resultants in (6.1.1).

To Hadamard [62] are ascribed the two following determinants of order a.+/5+2:

AOB) - A(B) APH) e A

N Aa+:ﬂ(IBS) o AP(B) A%(A) - Aa+:ﬁ(A)
0 0 (_z)ﬁ 1

Expanding them according to their first a + 1 columns, one indeed recognizes the
expression given in (6.1.2):

1 1
Q = :*:ZaA(B+1)a(IB—A + ;) & P = :*:ZﬁA(a+1)B (A—B + ;) .
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For example, for the approximant [2/3] (i.e. a = 3,8 = 2), one finds
1 0 0 0 0 0 1
A 1 0 0 0 1 AY(A)
) A2(B) AY(B) 1 0 1 AMA) A2(A)
+2°A333(B-A+-)=Q=| 0 A*B) A'(B) 1 AY(A) A%(A) A3(4)]|
o 0 0 A%(B) A'Y(B) A%2(A) A*(A) 0O
0 0 0 A%(B) A*(A) 0 0
1 -z 22 —28 0 0 0
1 0 0 0 0 0 1
AYB) 1 0 0 0 1 AY(A)
) A2(B) AY(B) 1 0 1 AYA) A2(A)
+22A(A-B+>)=P=| 0 A%(B)AYB) 1 AY(A) A2(A) A3(A)
? 0 0 A2(B) AX(B) A2(A) A3(A) 0
0 0 0 AB)A3A) O 0
0 0 0 0 22 -2 1

Ex. 6.2 (Littlewood, [131], p.102). A function of the type Q(z) = 2"S;(A —1/2),
with J a partition in N* will do. Indeed, let a be the first letter of A and =, the
symmetrizing operator a’ — S¢(A), Vi > 0. Then multiplying the last column of
Ss0(A1/2) = S;(A —1/2) by 2"/(1 — az), and taking the image under 7, one
gets

o0
Q(Z)O'Z(A) = Z$iSJ7i_n(A) .
i=0
Now, Sj,i—p is null for
i€ {jla j2+17 jn-H’L—l}

and therefore one has just to take J such that the above set is K.
For example,

)z +az® +a%2® +aP2t +- | W, =
5(A) +22  +az® +a?2t +---

and Sa3s,—1 = 0 = Sazs1 = Sa3s4.
Ex. 6.3 Write [3/a] = 0,(A — B), card(A) = a, card(B) = . Then, by definition,
Sk(A-B) = S*¥(D), k < a + B. But for any ¥,
Sk(A_B) = SI&:;O’c (_Ba _A) ’
and all the entries of this determinant are Schur functions of I, being the coefficients
of the numerator or denominator of [3/«a]. This provides an answer, though not

optimal.
Let us look more closely at the first non trivial coefficient. One has

Sotpt1,8(A-B) = £S5 1)er1 (A-B) =0,

because it is the resultant of A + 0 and B + 0 (which have in common the element
0). The last determinant differ from Sz1ya+1(ID) only in the first entry Saqs41,
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and therefore, one gets
Sotp+1(A=B) = Soi54+1(D) — (=1)*S(g41)a+1(D)/Sp= (D) .

More generally, one would use the nullity of Sa4gtk,s+(A-B), k > 1 (which just
says that (S‘(A-B)) ., is a recursive sequence of characteristic polynomial S(1 —
zA)), because the S*(—A)Spa (A-B) = S(s41)a /10— (A-B) are the cofactors of the
elements of the first column of Sy g4k, 5= (A-B).

Ex. 6.4 Imagesof SV (y;—D) under products of divided differences are still complete
functions, and therefore the entries of the two determinants under examination are
complete functions. The determinant expressing Q(2) is the image of S(ny_gye (Y —
D, 0), that we have obtained in (6.4.2), after subtracting YV,_1, . ..,Y—1 in the alpha-
bets of the successive rows, and (¥Y—Yg+2), (V—YVa+3),-.-incolumns 1,2, ..., a—1.

As for the second determinant, it is the image, under the same transformation,
of SN_ﬁ_l’(N_ﬂ_l)a(y +2-D,Yy-D) = S(Nfﬁfl)a+1 (¥ + z — D). Equality (*) is
now recognized to be one possible definition of the remainder of degree 5.

Ex. 6.5 For degree reasons, up to powers of z = 1/z, each of the differences is
a rational function with numerator of degree 1 in z. To determine them, one
needs only to compute two (appropriate) terms in the expansion of these rational
functions.

The result is, up to powers of z,
(8/a] — [5-2/a] = Sga+1(A)S(g_1)= (A) + 2S(3_1)a+1(A)Ssa (A)
S(g-1)=(A — 2)S(g11)= (A — 7) ’
o1 Spa-1(A)S(g11)e (A) — 25(5+1)-1(A)Sp= (A)
[8/a] = [B/a=2] = — —
S(g+1)= (A — 2)S(g41)a-2(A — z)

Ex. 6.6 For a change,we shall use Sylvester’s relation, and check the statement only
for n = 3,k = 4. First, because of homogeneity, one can restrict to = 1. Consider
the following matrix, writing S; for S;(A),

Sy S5 Sg S7 1
S3 S4 S5 Se 1
So S3 S4 S5 1
S1 52 83841
00010
S5 S S7
Taking M = |S4S5Se| as a pivot, and recognizing, after subtracting 1 in the
S3.54 S5

alphabets of the first, second and third rows, that the full determinant is equal to
—S444(A-1), one obtains the identity

—det(M)S444(A-1)

M || M| M
1 o 0f ’

i

S1
S555(A)Ssas (A1) = S555(A-1)S444(A) — Ss444(A)S55(A-1) .

Ex. 6.7 For m > card(B) = /3, the approximant is
[m/n] = (=1)"2z"" S, m+1(A—B+ :L')/S(m+1)n A-B-2z),z=1/z.
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Both Schur functions factorize, according to Proposition 1.4.3 :

_ n nem RAB)R(z,B)(zAA)™ P  X_.(B)
/] = ) R BYR(A, 2) (AR F—T ~ X_(A)
and thus the Padé approximant is constant, and equal to f(z), for m > 3. We refer
to [11], p.282, for the general case of an holomorphic function.

B.7

Ex. 7.2 One needs only to test on the basis f; € {1,—y}. Then 17 =1, 10 = 0,
—ym = 0, —yd = 1, and the required formula follows immediately in that case.

For example, for r = 3, one has 8 words. Because S19 = 0, the words with one

occurrence of @ give a zero contribution, and there remains only 5 terms (rewriting

S1,.1=-1):
fifafsm = fim for fam—(f1m f20 f30+ f10 fom f30+ [10 20 fam) Si1(z+y)+f10f20f30512 -

Ex. 7.3 Taking the alphabet B = {a1,qas,...,¢" la,}, one sees that §; is a divided
difference relative to B, and there is nothing new to prove. Since 0, sends any
monomial to a Schur function, then ¢, sends any monomial in B (or A, up to a
power of ¢) to a Schur function in B.

Ex. 7.5 6, = 0,(a1 ---a,)" L.

Ex. 7.6 Rewriting

51. — _(qai—i-l +p)(‘)z. + w ,
a; — Qi1
one can check 610201 = §20105.
Beware that the operators do not preserve polynomials.
A better proof is to conjugate by the Vandermonde A(A). One has

A(A)TH 8 AA) = (ai-aip1) 'di(ai—aiy1) = i(qai +p) -
Now, both A(A)~18;620; A(A) and A(A)~18,6,5:A(A) are equal to 321 (gai+p)?(qas+p).

More generally, with n = |A|, w = [n, ..., 1], one has
AM)T6,AM) =0, ][] (qai+p)"".
1<i<j<n

For example, the image of the monomial a?as under d3z; is
(qa1 +p)*)(qa2 + p)
(a1-a2)(a1-a3)(az—as) ’

where ¥, is the monomial function of index [1,2].

Ty5(A)

Ex. 7.7 Since f is a function of one variable only, fr,, = frymy - - - 7m,. By induction,
one supposes that

f71'17f2 Tl = f(al) + fﬁl + f%l%g + ...+ f%l .. '%n—l .

The image of this identity under 7, = 147, contains only the extra term f7 - - - T,
since 7, kills all terms not containing a,,, that is, all the terms of the RHS, except
the last one.
In the case of f =1/(1 — z), with A of cardinality n, one gets the identity
1 1 1 a a
= Ty = —+ 2 + 3 —+ -

(1-a1)---(1-a,) 1-a1 1-a1  (1-a1)(1-a2) (1-a1)(1-a2)(1-as3)
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which just says that monomials can be filtered according to the last letter appearing
in them.

Ex. 7.9 Let g(x) be a polynomial. Then the remainder of g(z)R(z,A’) modulo
R(z,A) is equal to >, 9(a)R(a, A')R(z,A—a)R(a, A—a)~", and the sum reduces
to the single term

9(E)R(E, A')R(z, A)R(E,A') ™ = g(R(z,A') .

Therefore, g(€) is the coefficient of 7!, with n = |A|, in the remainder.

However, one does not know R(z,A’), because it would be the same as knowing
x—& = R(z,A)/R(z,A"). One has to replace in the preceding computation R(z,A’)
by

R(IIH—IBI,AI) = S(n,l)m (:L' +B - A’) = S(n,l)m (.’L‘ +B— A) ,

with m = |B|. Thus g(€) is the quotient of the coefficient of 2"~ ! in the remainder
of g()S(n—1)= (z+B-A) by the extra factor S,_1)m-1(B-A).

Finally, the value in £ of a rational function f = g/h will be the quotient

of the coefficients of 2"~ ! in the two remainders of g(2)S(,—1)m(z+B-A) and
h(z)Sn—1)= (z+B-A).

Ex. 7.10 The product is equal to f(z) := S _1ym-n+rm(A — B,z — A) . The
remainder is equal to the image of f(a;) S™ !(x + a; — A) under the product of
divided differences 8 ---8,,_1. Expanding S !(z + a; — A) according to a;, one
has

f(al) Snil(x +a1— A) = ZS\],m-H(A -Ba — IB) Snilii(m - A) )

with O = (r — 1)™~"*". Now, the image of S(a; — B) being S/~"*1(A — B), the
image of the sum is

Z SD,m—i—z’—n—i—l (A - IB, A - IB) Sn_l_i (SL’ - A)

in which one recognizes the expansion of the r-th remainder of S™(z — B) modulo
S™(z — A).

In fact, we have already seen in (3.1.8) that the r-th remainder can be inter-
preted as a first remainder.

Ex. 7.11 The answer is

(x—ay) - (z—ap) n odd
—23" 27" 2-1A%+1(A) neven

and this is a special case of computation of Fuler-Poincaré characteristic.
Let x be the Euler-Poincaré morphism :

Gmn(al |a2, v ,an) e f L) (a1+a2) e (a1+an) f81 . '8n_1 S GUm(A) .

One finds that x(1) = 1 when n is odd, and = 0 otherwise, that

x(a1(1-ay)~ Z—SJ —ZSH

j>1

z=—"1
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sum over all hook partitions H, and that

X((1+a2) . (1+an)) = (1+a1)(1+as) - - - (1+an) X((1+a1)—1)

Y A%(A) if n odd
| =S A%H(A) ifneven

Writing
(x-a1)(z+az) - -- (z + a,) = (v+a1)(z+az) --- (z + an)(2x(x+a1)_1 — 1) ,

one concludes.

Ex. 7.12 (Polya IT p.82, Ex. 69) One has to compute the image of (1 — a;)
(1-a1a2) - - - (1-ayay,) under La. One finds that only two terms in the expansion of
this function give a non-zero contribution. For example, for n = 6, one obtains

(—-D3azaza3 — (—1)3
(=1)%ag ---a2a% = (ag---a1)a — (ag---a1),
and this gives the required formula.

Ex. 7.13 To recognize the Lagrange interpolation, one replaces the pair A, B by the
pair X = {a1b1,...,a,b,}, B. The sum to compute is

> b7t R(b;,X) R(b;, B —b;) " .
i

In other words, one has to compute Lg(z), for -1 < i < n-1. Only the two
extreme terms contribute, (—1)"~1(b; ---b,) ! for the first one, 1 for the second.

Ex. 7.14 Writing 0 = 0 -+ - 9,_1, one decomposes the right hand side into
(bl - blal) T (bl - bnflanfl)aB + —1/b1(b1 - blal) Tt (bl - bnflanfl)(bnan)aﬂ% .

The contribution of the first part is (b7~ — b7 'a;)d = 1 — a;. For what
concerns the second, define B' = {by,...,b,—1}. Using O = 0w 95,1, and showing
by induction that

1/b1(by — bray) - -~ (b1 — bp1an1)0w

is independent of B, one gets in total
l-a)+a(l—a1))d+an1+...+an_1---0a2),
which is the required identity.
Ex. 7.15 For n = 3, one writes
(1-a})7'(1-a3) ™" = (1-a3)o1(af + a3 + a3) .

Now, (1-a3) is sent to 1 under m,. This implies the general case, because 7, =
Tp 1Tn 2Ty 1T, sends o1(af +---+a2 ;) = (1 —a2)o,(A) onto oy (A). Noticing
that
ol(af + aﬁ) = (1 + a102)71 ZSzk(al + a2) = Z (—1)iSij(a1 + az)
k i<j: itj odd

one gets the second statement.
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Ex. 7.16 Proof by induction on n, writing

(1- (a1+a2)3:)71 (1= (ag+--- +an,1)$)71

T T
=1-az)"2(1- 1= (ag+--tan_ )
(1-a17) < azl—alx) ( (a> @ 1)1—a1x>

Ex. 7.17 By linearity, it is sufficient to prove the statement when fi,..., f,, are
powers, but in that case the quotient of the determinant by A(A’) is a Schur
function. Thus one can ignore determinants, and decide to prove the equality

AII)

F(X) = Z FA’ A, R A7)
N A =

for any symmetric function F' which is a linear combination of Schur functions
Sr: I < (n-m)™.

At this stage, to compute the image of Sr, one writes R(X,A") = S(,_pmym (X~
A"), and one recognizes in Borchardt’s theorem the version (7.7.5) of Bott’s theo-
rem.

Ex. 7.18 From Lagrange interpolation, one sees that the function is equal to
SI~;m(A; ai _B)al <o Op1 = SI‘;m—n—}-l(A; A- IB)

Since m < n, there are most two non-zero terms in the expansion
> Sr=m—nt1—;(A)S7 (-B). Explicitly, with I = [i, 5], which gives I~ = 1772 one
gets

Ai(A)Aj+mfn+1 (]B) _ Aj+1 (A)Ai+mfn (IB) .

More generally, a sum Y ., R(a,B)R(a,A-a)"'Ar(A — a), with £I) = r, and
|A| — |B| > r—2, would give a sum of r terms of the type Ax(A)A? (B).

Ex. 7.19 In the case where A has only one letter, there is no doubt that (z—a)(y-a)~! =

(1 - =2

Suppose that the identity is true for A, = {a1,...,a,}, and let us prove it for
Apy1 ={a1,...,an41}. Notice first that the divided difference relative to a pair of
letters (a—z)~t, (b-z)~ "' is equal to 8%, = —04p(a—z)(b—1x).

The image of R(z, A, )R(y,A,) ! under 8¢ (relative to the pair a,,a,1) is

R(II}, A'rl,—i-l) (x—an)(y — an+1) _
R(yaAfn+l) (wian)($*an+1) On(an — m)(an-l—l .'L')
Rz, Any1)

—(z-an)(y — an+1)0n Ry, Ani1)

R(H}', A'n-f-l )

=) R A

Therefore, the image of o,_, (A?) is

oy—o (A011) (1 - &> o, =

ap+1 — T

Opoy— ﬂE(Anﬂ)( ),

Ap41—T

and one gets the identity for A, ;.
This property can be found in [173].

Ex. 7.20 The solution of this problem is one possible interpretation of Lagrange
interpolation when the interpolating set is cut into two pieces A, B. Indeed, let
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f(z) = S7(x — E). Then, Equations (7.8.9, 7.8.10) read

R(x,B
f(.’L') - ﬁs(ﬁ_i_l)a—l;’y_a_kl(AmB; A*E)
R(xz, A
— ﬁ5(0+1)ﬁ_1§7ﬁ+1 (B—.CL'—A; ]B—E)

=Rz, A+B)S"*PFz+A+B-F).
Hill [64] gave a determinantal solution to this problem.
Ex. 7.21 In front of a sum of n+1 rational functions with denominator of degree n,

one appeals to Lagrange. Thus, the interpolation points must be

0, a1+as, a1+as+as+ay, a;+as+as+astas+ag,. ..
This forces the function to interpolate to be

f(z) = (cc — al) (m — (a1+a2+a3)) . (m — (ar+ag+--- +a2n_1))
and even signs agree.
Since f = 2™ + - -+, its image under the Lagrange operator is 1.

Ex. 7.22 The required formula is given by the Lagrange interpolation for f(k) =
S™(kA). Write B for the interpolation set {0,1,...,n}. Then, because S™(kA) is
a polynomial of degree n in the variable k, one has

Sn(kA) 5 Sm(iA) Sy Sn(iA)
(k (k

R(k,B) —O)R(@I,B—14) —4)il(n —i)!

icB
Ex. 7.23 Consider Jacobi’s summation as a functional
© : Pol(z) » Gym(A) @ Rat(z)
Since two polynomials have the same image under ¢ when they are congruent
modulo R(z,A) (because the functional involves only the values in a € A), it is
sufficient to compute ¢(z°),...,(z"1).
I claim that
I R(z,A)~1, 0<j<nk-1
o(x?) = kol R(z,A)~ !, j=n-k
gtk @itk (A) R(z, A)™!, n-k<j<n-1
Indeed, the subsum on a € A’ can be written ) S, _gyryc(A'), sum over the k
vectors € = [0%, j+k-n,0F~17%] i =0,... k — 1. Writing now

R(mJAI)il = R('Z'JA)il R($7A”) = R(x7A)71(_1)nikSI"—’°(A” - £L'),
remembering that, for any I € N¥,
Sln—k (A” - 1’) SI(AI) = Sln—k;I(A — I A’)

is sent to Syn—k,;7_(n—gyx (A — z;A) under } ,_,. 4, one finally gets that, for any
Jj€eN,
Rz, A) p(@?) = (=1)"F > Spamn, (A —2;4) .
€

Decomposing in terms of z, one obtains a summation involving Schur functions,
most of them having repeated columns.
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In more details!, for j < n—k-1, there remains only the contribution of ¢ =
[j+k-n,08=1], but Syn-r, (A — z;A) = (—2)" %Sy~ (A) in that case.

For j > n—k, each of the k terms Sin-r (A — 2;A) gives a contribution
(—=2)" K Sgn-r (A). When j = n—k, it is k(—z)"""So» (A). When n—k < j < n-1,
the sum of Schur functions is equal to a power sum. a

For example, for n = 3,k = 2,

for xo H Sl;,l,o(A*.’L';A) = 51;71,0(1%) H 51;0,71(1&*.’17;1%) = 0,
for .CL'I : Sl;o’o(A—ﬂf;A) + 51;070(A—$;A) = —2;550;070(&),
for 1’2 : Sl;o’l(A—ZL';A) = —Z‘Sg;g,l(A) H Sl;l,o(A—.’E;A) =0.
Ex. 7.24 One can put ¢(j) = S/(A — E), with |E| = r — 1, supposing ¥(0) = 1.
Thus, the determinant becomes S;- (A—E) since [[ R(b, A—b) = R(B, A—B)A?(B)
Therefore f(a) = a™ "R(a,E)/R(a, A — a) is equal to

> Ssn—ry(B—E)/R(B,A - B) = S;»(A — E)
B

Aitken gives another proof, by numbering the letters of A, factorizing the matrix
into the product

L
and using Binet-Cauchy.
Ex. 7.25 Let us take f(2) = S¥(2 — D) for some k and D. Then
Sz ~D)/R(z,A) =) 2 "ISI(-D)SI ()

4,520

Diag(f(a),.-, f(an)) [ai7*

1<i<ri1<k<n Lgign;lgkgr ’

and the coefficient of 27! is indeed S¥~"+1(A — D).
Taking g(B) = R(B,D) for some finite alphabet D of cardinality > n, and using
A(B + D) = A(B)R(B,D)/R(D), one is reduced to the preceding case.

Ex. 7.26 This is another way of asking for the limit of the Lagrange interpola-
tion, when some points coincide. We gave Jacobi’s formula (7.8.12). It translates
concretely into

1 3 1
(@z-a)(z-b)"  (z-a)"(a-d)"

n (n—21-1) (2;1,7—2)
e e e L e e e

1 1

(z—a)3(z-b)3(z—c)®  (z—a)3R(3a,b+c)
6a-3b-3c 21a?-21ab-21ac + 6b% + 9bc + 62
T @ a?R@a,bro) T @ ORGa,b1 0 LA
the expression written needing to be completed by symmetry in a,b, .. ..
Except for the case of two distinct poles which requires only simple coefficients,
one needs to have a convenient way of writing the expansion of the derivatives, with
respect to a, of a function of the type 1/(z-a)R(a, B).

1However, [71], p.27, Non est meum, per calculos prolizos terrorem incutere lectori,
eodemque repetito negotio plurimas paginas implere.
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Ex. 7.27 Tt suffices to test both sides of the equation on the basis of polynomials
{S™(z + a-A), a € A} U{S"TF1(z — A), k >0}

For the first polynomials, both members are equal to 1 (we assume known the
residue of 1/(x — a)). For the second family, one has indeed

Sk+HL(A — A) =0 = residue of z*
Hermite’s expression can be used for Lagrange’s or Newton’s interpolation formula.

Ex. 7.28 The determinant obtained by replacing A by A, = {a1,...,a,} factorizes
into Sr(A,) x Sy(Ay). Its image under m,, where w is the maximum element of
G(4A) is the original determinant. On the other hand,

Sy(An) = 85(A - = Sy~ (A)SL(A — An) .

The image of this sum multiplied by S I(An) under 7, is now the left-hand side,
according to Bott’s theorem.

Ex. 7.29 The determinant is the limit case, 1 — z,..., T, — =, of the determinant
with i+1-th row equal to f(z;),..., f"*1(x;). Therefore, it is the limit of

f(@1) - f(@n) Az, f(21), ., f(@n)) /A2, 20)
which is
f@" (fl@) —2)" fl@)v=/2.
Ex. 7.30 If M was satisfying the equation (M —a;) --- (M — as) = 0, with five dif-
ferent roots, then any function f(M) could be obtained by Lagrange interpolation :

=Y f(a)S*(M + a; — A)/5* (2a; — A) ,

because the difference f(z) — > f(a;)S*(z + a; — A)/S*(2a; — A) is divisible by
S5(z — A).

In the present case, we have to use one of the limit case of Lagrange interpola-
tion, for example (7.8.11) for m = 2,n = 3. The evaluation of S*(M — E) is equal
to

k _ (M -b) (M - a)®
ST (M E)_(—b) b=a) Sa;k—1(2b-3a—M;2b0-E) .
Expanding the Schur functions, one gets a linear combination of S¥*~2(3a-[E),
Sk=1(3a-E), S* (3a-FE), S*~1 (2b-E), S* (2b-E).

The function that we wanted to evaluate, however, was not S¥(M — E), but
exp(M). The last step, to erase the phantom alphabet E of cardinality %, is to
recognize that S*~!(2z2-E), S* (2z-FE) are the derivatives of S*(z-E), 2S*(2-E),
and that 25%2(3z-E), 2S* 1 (3z-E),25* (3z—E) are the second derivatives of
Sk(z-E), zS*(z—E), 22S*(z-E), and thus must be replaced by exp(z), (1+z) exp(z)
and exp(z), (2+z) exp(z), (2+4z+2?) exp(x) respectively.

Let us note that we only used that (z — a)®(z — b)? was vanishing in M, not
that this polynomial was of minimum degree.

In the case of a more complicated polynomial, one would use expressions in-
volving only the derivatives of f(z) and not of 7 f(z). For example, instead of
using S33.x—2(3a—2b — M;3a-E), one would subtract 2a in the first row, a in the
second row. Now, the last column is S*(a — E), S* 1 (2a — E), S¥ 2 (3a — E), that

is f(a), f'(a), f"(a)/2.

S33k 2(3& 2b— M 3a— ]E)
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B.8
Ex. 8.1 Write Spr(A — ) = Spn;o(4A; ). Its image under O, is
Spn; —1(A; z +t) and the linear functional has just the effect of replacing ¢ by A.

Ex. 8.2 Compared to the usual functional used in this chapter, we have changed A
into —A. Therefore, up to normalization, the orthogonal polynomials are Sy,» (A+zx),
and the adjoint ones are Q, = S(p_1)n+1(-~A+x) = £5(,41)»-1(A-z). On this last
expression, one sees that @1, @2, ... are the orthogonal polynomials for the shifted
functional z" — S"*2(A)/S%(A), n > 0.

Ex. 8.3 Write the polynomial to decompose as S*(z —B). According to the preced-
ing exercise, @1, Q> . .. are the orthogonal polynomials associated to the functional
™ — S"T2(-A)/S?(-A). Writing
Qn(2)S*(@—B) = (-1)" ' S(ny1yn-10(-A; 2)S* (z—B) = (-1)" 'S p1yn-14(-A;z-B)
one obtains the coefficient of decomposition

(Qn, S* (@ = B)) _ Sntnyn-14(-A ~A-B)
(Qna Qn) S(n+1)" (_A)S(nfl)" (A)

Ex. 8.4 According to Theorem 8.3.1, (—l)k_IS(k,z)k(A—i—m)S(k,l)(k_l) (A-z)~! and

(1) *S gk 1ynti+1 (A+2)S 4 ynti (A=z) ™! have the Taylor expansion

e 42728 (A) + -+ 2728, 3(A) + Oz 2k |
Therefore P,(Lk)S(k,l)(k_l) (A=) 7S pynti) (A-z) ™ = O(xz~2k*1) and P is of
degree < n in z. Since {13,(10)} and {13,(11)} satisfy the same three terms recursion,
{Igy(bk)} also does (but with a shift of indices). Notice that P£k1) =0, Po(k) =

S(k—1)+(A)?, and therefore P™ has degree n.
Ismail, Prodinger, Stanton [65] use the associated orthogonal polynomials to
Al-Salam /Ismail polynomials to generalize Rogers-Ramanujan identities.

Ex. 8.5 Since the quadratic form can be defined by using the Darboux-Christoffel
kernels, one has K (z,y) = Y. y"Tn(z), and therefore

B _\i—n Sjj/l"(A)
Tn(x)—g( 1) Sy 1 (A)S;i1 (A)

Sji(A-x) .

For example, writing Sy for S;(A),

S Sa2 S333
To = 1-218(A )+ Son(A-z) — =238 Gura(A-z) + -
0 Si1 1(A-2) S115222 22(A-2) 8592253333 33(A-2)
So Sia Sa33
T o= 205 (A-g) - Spa(A-) + =25 Suua(A-z) + - --
! S 1(A-a) 8115222 2 (A=2) 822253333 333(A-2)

For any k,n,k < n, the projection of Tj(x) in the space generated by P, ..., P,
is, up to a scalar, the only polynomial of degree < n which is orthogonal to
20, .., ehm gkt e Clearly Sgqayny1e(A=2) = Spi (ny1)tn—i)0(A5 ) sat-
isfies the same property (it is the coefficient of (—y)* in S(,41)» (A — 2 —y)). The
factor of proportionality is found to be £S5,.+1(A). For example, for n = 3, one

has

TO = —S444(A—.'IS')/S34 (A) , T1 = S344(A—SU)/534(A) ,
T2 = S334(A—$)/Sg4 (A) y T3 = S333(A—.'L')/S34 (A) .
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Ex. 8.6 The identity is the expansion of " in the basis of orthogonal polynomials.
Therefore, the coefficients are the normalized scalar products

cx = —(@", Pe)[(Pe, Pr) = (—1)*' Spn n(A) /Syt (4) -
Ex. 8.7 Instead of the series 3" 27 % 15;(A), we have the series
Sz 1(i + 1)Si(A). Therefore, to get the new convergents, we have to change
Si(A) into (i +1)S;(A), i = 1,2,... inside the determinantal expressions
Pa(@) = Sunio(85 1) & Qn(®) = £S(pry—s0(—A; 2)
Ex. 8.8 This is the specialization of the Darboux-Christoffel kernel :

Kn+1(0, 0) = S(n+1)n (A)/Snn+1 (A) .

Ex. 8.9 The generating function of moments is >, v,/(1 — za) and, as a rational
function, can be written

S va/(1=za) = [[(1 -2t/ [[ (1 - 2a) ,
a beB a€A

where B is of cardinality < n—1 (suppose = n—1, to be generic). All formulas given
for [ , for orthogonal polynomials, kernels, expansions, inwvolving no moment of
order > 2n — 1, remain valid when replacing A by A-B, as we used for the case
B— ]Bder .

For example,

Kn(2,y) = (=1)" ' Spn-1(A-B — 2 — 4)/S(n1)» (A-B)
and, for f(z) of degree < n—1, one has

A_
§ K@ =T K s et RAZZ @=5.

Ex. 8.10 The rational function 8zy(Pn_1(m) /P, (z) can be written in terms of the
Darboux-Christoffel kernel K, (z,y) = (—1)""'Spa-1(A — 2 — y)/S(n_1) (A). Tt is
equal to

n S(n—l)" (4) Kn(z,y)

S(n-2)=1(A) Py(z)Pu(y)
Subtracting —1/8,, and reducing to the same denominator, one gets a multiple of

Sn"+1 (A)Sn"—l (A —T— y) — Spn (A - x)Sn“ (A - y)

which is equal to Sip41)n (A — 2z — y) S(n_1)»(A), as we have already seen many
times. This gives us the left side of (8.9.9).

Notice that S(,41)» (A —y — z) is a “shifted” orthogonal polynomial, as used
in Proposition (8.7.1).

Ex. 8.11 Let us test the statement on the basis
{27 :j=0,...,k-1}U{S;(z-B) : j =k,..., k+j-1} .

Since Pp(z; B)2? = S(jq)n,;(A-B; ), the left hand side, when f(z) = 27, is
equal to S(pyk)n; j(A-B; A).
On the other hand, for any h, j, one has

b Sh(A-B+by) = Spyj(A-Biby) — b Spy1 (A-B) — bI %S 2(A-B) —

(=1
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Therefore, with m := n+k-1, b} S, ns1 (A—by — - —bg) = bl Sy pn (A-B-by; A-TB)
is sent, when j < k, onto
Smtj—k+1;mn (A-B + B; A-B) = (=1)"S(m—1y~;;(A-B; A)

under 0 - -- Oy_1, and this proves the statement for the first family.

For the second family, the left hand side is equal to S(;4k)n;;(A-B; A-B),
which is null when k < j < k+n—1. The right hand side is null for any j > k,
because S;(b; — B) is so.

Ex. 8.12 One recognizes a Lagrange summation in the RHS. Writing

(b-z)*" 1 S™(b+A-B) = (-1)"Sin.2511(B-A;b — (2n+1)z)

one gets that it is equal to (=1)"Sinpy1(B-A;B — (2n+1)z). Since one wants a
function of A—(2n+1)z), one rather writes

(-1)"Sinnt1(B-A;B-A + A-(2n+1)z) .

Fortunately, according to (8.6.16), S"*1(A-B) = 0 = S"*2(A-B) = --- = S?"F(A-B),
and this is equivalent to the nullities
Sln+1(]B—A) = 0 = Slnz(]B—A) == Sln7n+1(]B—A) -

Therefore the sum (=1)" 3" Sin py1-i(B-A)S?(A-(2n+1)z) reduces to its last term
(=1)"Sin _n(B-A) > (A~ (2n+1)z) = S* (A~ (2n+1)7) .

Ex. 8.13 These polynomials are called continuous g-Hermite polynomials by Askey
and Ismail [8], who take the normalization 22 = b+ 1/b. Expanding

s (1) =5 (1) =5 (% )
= (1iq> -esm (111) s (111) ’

one needs only to multiply by (1 —gq)---(1—¢"!) to recognize the required recur-
sions.

The expansion of the Darboux-Christoffel kernels (8.2.4 ) can be written in
terms of the coefficients of the three-term recursion and gives

n—1
(@—y)(1=g)---(1-g¢") (1-9¢)---(1-¢)
Notice that the function }°.., z’% factorizes. It is an extension of
Mehler’s formula for the usual Hermite polynomials [8].

Ex. 8.14 One finds that the moments are Sa;1+1(A) =0, S2; = 1/(2i+ 1), and they
are, indeed, the coefficients of the Taylor expansion of log((z + 1)/(z — 1))/2 near
z = oo. Note that P,(x) can be written S™(z), with z = (y + y~1)/2, y of rank 1.

Ex. 8.15 According to Euler,

=0

[ arara-a - 2a+ﬁ+l%

Using Dirichlet’s decomposition of Legendre polynomials seen in Ex.2.50,

+1 -1
x—ab:aj—a

Pn = An s =
(na+nbd), a 5 5



240 B. SOLUTION OF EXERCISES

one gets

[1(1 +2)*Py(z)de =27" Z(—l)nik (Z) gn+a+l F(a+rk:;—zzi7’;;k+l)

_ 20+l n _22M8n(a+l—n) .y a---(a-n+l)
© (n+1)Spy1(a+1) Zi(k) §*(at1) = (n+1)Spq1(a+l) 2 (a+1) -+ - (a+n+1)

This computation is due to Hermite ([69] IV, p.500).
Notice that the expression vanishes for @ = 0,...,n—1. It proves that that
P, (z) is orthogonal to z°,..., 2" 1. Moreover, for & = n, one finds that

1) n!> 2
(n+1)!  2n+1°
Ex. 8.16 One proves by induction that Si(A) = k!. Indeed, take the determinantal

expression of ¥, (A) in terms of the complete functions, and add the last column
to the first one:

/PnPn=2"+1(2—1)---(2—E

nSy S1 .- Sn (n+1)S, S1 - Sn
(n—1)Sp_1 S1 - Spa nSp_1 S oo Shoa
0So S_nt1 - So 150 S_nt1 - So

It becomes equal to (—1)™ times the determinantal expression of Si»+1(A) =
Anyi(A) if Sp(A) = kSk—1(A).

Ex. 8.17 One finds the same alphabet as in Ex.8.16, i.e. Sp(A) = k!, k > 0.

Ex. 8.18

1 1
L:L(m)/Ln(-T) = 2(1’71 + 31'73 + g.%'is +---4 51

the expansion being exact up to m = n/2. Thus the limit is

log((z +1)/(z - 1)) ,

which is the generating function of moments of Legendre polynomials P,(x), seen
in Ex.(8.14)! For example, on has

Ly 2 —9z+55/3 & Py 2 —4/15 1 1
2L; 23 —-922+182—-6 2Py 23 —3/bx =z 3a3

.,L,72m+1 4. )

+ .- ,

Ly  z* —252° 4+ 601/3z% — 1825/3z + 10003/15
2Ls 2% — 25z* + 20023 — 60022 + 600z — 120
Py 2*—7/92%+64/945 1 1 1

T B _10/9° + 521z 7 343 sam T
and " "
i L O En@y [ O (Pay 1
n—00 Ln(x) e Pn(a:) i V. 17

Taking instead the “true adjoint” of Laguerre polynomials (i.e. with respect
to f(z) — [, e "f(z)dx) would have given the generating series of moments:
gl llz 2423+,

Ex. 8.19 Go to next exercice.
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Ex. 8.20 The exercice has nothing to do with orthogonal polynomials. Let P, (z) =
Sp(z —B). Then

Ouy(Pa(2)) = Sn-r(z +y —B) =2" 7' Y (y/2)'Sn—iz1(1 —27'B) .

Therefore

Sh_ — B)d —n—
f ‘Sly(f::__yﬁ) ) Y :x_l/ldy+x_2/ydy++x_"/y"_1dy+:v n 1(_‘_)’

and the required limit, for whatever reasonable meaning of the term, is [ 1/(z —y).
In particular, P, = 2" and [ = fjll gives at the limit log((z + 1)/(z — 1)).
One does not need to take Legendre polynomials.

Ex. 8.21 I claim that the moments are
—1
S"(A) = (a(a+1)---(a+n—1)) .

Indeed, let us look at Spn.0(A; z) for such A. Multiplying each column by the biggest
denominator it contains, and multiplying the successive rows by 1/0!, 1/11, 1/2!,..
one gets the determinant

A(a+n-1) .-+ A%a+2n-2) z/0!
A"(a+n-1) --- A™(a+2n-2) 2°/n!
which transforms into
A(a+n-1) .-+ A" (a+n-1) 2z7/0!
A (a+n-1) --- AM(a+n-1)  2%/n!

Introducing for convenience ¢ such that S™(§) = (—1)"/n!, n > 0, one recognizes
+2"S1n0(@tn-1;€z7") = £8" ((at+n-1)z + £) ,

whose expansion is P,.

Notice that more generally, any Schur functions S;(A), for I € N* such that
I > (n-1)", factorizes into factors of the type 1/(a + k). In particular, one can
compute the Schur functions S(,—1)» (A) and Sy~ (A), and therefore, write continued
fraction expansions of o, (A).

In the case of the classical Bessel polynomials, the moments® are S™(A) =
1/(n+1)l.

Let f(2) := 0,(A), and f' be its derivative with respect to z. Then one finds

zf': (1+z—a)f+a—1,
i.e., dividing by f,
Zzi+1\1,i(A) =zf'/f=1+z—a+(a—-1) Z(—z)iAi(A) :
i>0 i20

This implies
Ti(A) = (~1)i(@ — 1) Ai(A) , i > 0.

2The specialization S™(A) = 1/n! occurs in the computation of dimensions of irreducible
representations of the symmetric group
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Notice that the above equations characterize the Bessel polynomials, the value

TL1(A) = A(A) can be kept as an extra parameter (that one can specialize to 1 or
a by homogeneity).

Finally, by recursion, using P, = nlP,, one finds the expansion

n_ 1 ~ n (a+l) =~ n (a+3) ~
P e e (Jmpl * (2> (D) (arnsD) 277

n (o + 2k-1) ~
+ (-1 (k) (arh 1) (arnh Dy kT

For example, for n = 4, one has :
4 _ f’o 4131 G.ﬁg
o ala+3)2+a)(1 +a)_a(a+3)(2+a)(a+4)+(2+a)(1 +a)(a+4)(a+5)
4ﬁ3 ﬁzi
T @32+ (@+d)(@+6) @3 @+ (@t5)(@t6)

Ex. 8.22 The inverse of the generating function is Y 2?/(i+1)!, i.e. the generating
function of the moments of the classical Bessel polynomials (with parameter a =
2). If A is such that S‘(A) = 1/(i+1)!, then A*(A) = (—1)%b; and the associated
orthogonal polynomials are

Spn(A—2) =£Apn (A —2) = Appn-1(A-2;4) .

Therefore, with n = 6 for example, taking into account the vanishing of ba; 1, % > 1,
one has

A6 (A— 3&') bg - b10 -
A°(A-z) bg - bg - bio
A _ AYA-z) - ke - bg :
Ao (A2ib) = \\sp ) by - B - by
A2 (A* :L') - b4 - be -
Al (A* :L') b2 - b4 - be
A6(A—SL') bs b10 55'6 + £U5b1 + Z‘4b2 + bﬁ bg b10
=C- A4(A—.’L') be bg|=0C- zt + .’E3b1 + $2b2 +bs bg bsg|,
A2 (A-.’L’) by bg z2 + zby + bsy by bg
bﬁ b8 blO
where C' is the extra factor independent of x : C = |by bg bg|.
by by be

It is convenient to write Ag g5 (A—z; A)C ™! as

1'5 bg b10
(b1 + (wtboz Labyz 3+ - )) 2 bg bg| N Pol(z),
.’L'1 b4 b6
where NPol(x) means the restriction to non-negative powers of z.
Now this expression can be identified with a Padé approximation. Indeed,
1175 bg blO
z3 bg bg |is the numerator of an approximant of the hyperbolic tangent tanh(1/2x),
:Cl b4 ba
and the pair of determinants to study is the numerator and denominator, up to the
same factor, of an approximant of tanh(1/2z). But these approximants are obtained
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by decomposing Bessel polynomials into their odd and even parts. Therefore, our
two determinants are, up to a common factor?, equal to the odd and even part of
a Bessel polynomial.

For n = 6, the Padé approximant is

42(x + 240x° + 79202°)
1 + 840z2 + 75600x* + 66528026 ’

the Bessel polynomial of degree 6 is the sum of the numerator and denominator,
and one has

z° bg bio

3 = ————(z + 2402° + 7920z°) .
x b4 ba
Introducing a rank-1 element y such that 32 is to be specialized to —z2, one
can write our determinants in a compact and unambiguous manner.
Indeed
.’E4 bg blO 0 bg*.%'zbe b10*$2b8
A3(A+2y) A(A+2y)
2 _ 2 _2p | — —
xz bﬁ bg =10 b6 T b4 bg T b6 = AG(A+2y) AS(A-l-Qy) = A89/1(A+2y) .
1 b4 b6 1 b4 b6

More generally, the numerators of the approximants of tanh(1/2xz) are propor-
tional to

Ay(A+2y), Ag(A+2y), A45/1(A+2?J) ) Asg/l(AJrzy) )
Asg9.10/12(A+2y) , Ao 11,12/12(A+2y) ...
Ex. 8.23 One can expand P, in two ways
Pn = AYB)S’((E) + A" *(E)S*((B) + A" (E)S*((E) +---
AMHE)ST ((B) + A" (E)S® ((B) + A" °(BE)S° ((B) +- -

With the help of these expansions, one checks that [ z*S; nW(E—1x) =
J S1..nk(E —z) is null for 0 < k < n, and that

/Sln,n(E - 37) = Sl,._,,m_l(]E) .

Thus, one can write a continued fraction expansion involving only staircase Schur
functions of E, instead of our usual developments with rectangular partitions :

0 iy s,

Z;Z = S12/5:
S123/81512
5123451/ 5123512

g RTITRTR

z—51+

Z+

It generalizes a continued fraction expansion of the hyperbolic tangent. The polyno-
mials S; ..., (E-z) can be considered as symmetric analogs of the Bessel polynomials,
that one recovers for E such that S*(E) = 1/i! (the exponential alphabet).

3to get this factor, and evaluate more general Hankel determinants, we refer to the survey
[88].
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Ex. 8.24 After Cauchy, one defines
tan(z; A) 1= exp (2T (A) — 2°/3T3(A) + 2°/58°(A) —---) ,
and one obtains from him that it is equal to
(2S'(A) — 2°S3(A) +2°S°(A) —---) (1 —2°S%(A) +2*S*(A) —-- -)71 .
It is transformed into

2Py — 2Py + -+ 2Q2—2°Qs+---
P —22P3+--- Q1 —22Q3+---
with @Q; = 2P;. But now, Q; is the specialization ¢ = —1 of S*((1-¢)A), and we
have to study a quotient of two sums of complete functions.
Given any B, let us write X = o, —(B/2). If B is such that ¥;(B) = 0,
j>1,theno_, ~(B/2) = X !. The function (25%(B) — 2*S*(B) +---) (S*(B) —
22S3(B) + - - -)_1 is equal to

2-X2-X2 1 X-X!
(X2 - X-2)/y/-1 - 1X+X!
Therefore, when B is specialized to (1-¢)A, and ( is specialized to —1, one

obtains that the image of tan(z;A) is still tan(z;A), and consequently, that the
power sums of odd degree are invariant under the transformations S* — P;11/P1.

= tan(z; B/2) .

Ex. 8.25 We have to apply once more the polarized version of Bazin relation, writ-
ing the Phyoj—2(2;) = Si..n0(E;z;) as minors of order n + 2k — 1 of the same
matrix.

For example, for k = 4, the matrix is

indices 0 R 2n+11 I R T4
SO(E) .. 52n+11 .’L‘?—H) .. xz+6
S_n_6(IE) - Sn+5 w(l) P 1-2

The determinant of orthogonal polynomials is the following determinant of minors,
not writing the columns in common :

[0,2,4z1] [0,2,2n+7, 21] [0,2n+7,2n+9, z1] [2n+7,2n+9,2n+11, 4]
[0,2,4z5]) [0,2,2n+7, 22] [0,2n+7,2n+9, z2] [2n+7,2n+9, 2n+11, 4]
[0,2,4z3] [0,2,2n+7, 23] [0,2n+7,2n+9, z3] [2n+7,2n+9, 2n+11, 3]
[0,2,4x4] [0,2,2n+7, 24] [0,2n+7,2n+9, z4] [2n+7,2n+9,2n+11, z4]

It factorizes into

[z1222324] [[0, 2,4, 2n+7] [0, 2, 2n+7, 2n+9] [0, 2n+7, 2n+9, 2n+11] =
A(.Z'l, e ,.Z'4)Sl__.n+3(E — X1 — T2 — T3 — .’L’4) Ser_l(E)Slwg(E)Slm(E) .

In the general case, the answer is the product

A(.Z'l, e ,.Z'k) Sl...n+k1 (E — Xy — " — .’Ek) Pn+1 (O)Pn_;,_g (0) s Pn+2k—3(0) .
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Ex. 8.26 We know the explicit value of Schur functions at A = 1/(1 — ¢), in terms
of hook lengths. Putting these values in (8.3.2), one gets (o = 1/(1 — q), 1 =
q/1-q9)(1—¢*,

_ ¢ - -q" (¢ -1

(= ("' -1@" -1
n (q2n71 _ 1)(q2n+1 _ 1)

_ 3n—2
& Bn=q @ 2 1) (@ T —1)2(g>" — 1)’

1
S J0-00—7)
=4 ¢ 0 -0/0-)i-a)
TT 39 5 1ot — o2 ]
q Y e

(-1 -1)
The n-th convergent, denoting [’Z] a Gauss polynomial, is
S ena(—a") T [ (@ 1) (g - 1)
S end et [ (@ = 1) (@ - 1)
The limit, for ¢ = 1, is the fraction with {, =1, 81 = 1/2,

a=—n-1)7'2n+ 17" & Bo=(2n-1)77/4,

1. 1
lez/z!: 172
r—1+

n

(¢" -1)

1/36
1/100

z+1/3+
z+1/15 +
z+1/35+ .

Ex. 8.27 The alphabet B such that Sy;(B) = S;(A), the other S;(IB) being 0, is not
generic, and it is not clear whether there exists a family of orthogonal polynomials.
However, if it exists, then it is given by the formulas that we wrote using B instead
of A.

Reordering rows and columns in Sy,»,o(B; ), one can obtain a matrix triangular
by blocks, with only one block containing x (the blocks being best explained by
taking the “k-quotient” of partitions, but we shall not need it).

To be more specific, let us take K = 3. Then, writing ¢ for S;(A) and - for 0,
one has, for example,

2 . . 3 2P 2 zt

2 xt .1 gt

1 2 . 28 2 3 x®
1oLz 2| TE T g L g = eSAr) Su(A) Sn(4)

R A 1 2 x3

0 . . 1 . 2° 01 20

More generally, one finds
Sy (B—12) = Spn(A-2%) Spn(A)?
Seninmsi(B=2) = @St (A-2%) Sun (A) Spns (A)
S@nt2yme2(B—1z) = mS(n+1)n(A*$3)Sn"+1(A) S(nt1yn+1 (A) .

The last two polynomials are proportional, and therefore the Sy~ (B-z) are not
a basis of polynomials. However, S(3,)s»(B — ) is a polynomial of degree n in
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y = z3. This indicates that, for a general k, one has to restrict to the family of
S(kn)e~ (B — ), in which case the triangularity illustrated above gives

S(kknyen (B — 2) = Spo (A-z*) Spn (A)F71

and we have recovered our usual polynomials, but this time in y = 2*.

Ex. 8.28 This is a special case of Christoffel determinant, with B = {(z, ..., ¢(¥~'z}.
Write Z = {1,(,...,¢*" 1} (therefore AY(Z) = 0 = --- = A*1(Z2), A¥(Z) =
(=1)*¥=1). According to proposition (8.4.1), Qn () is proportional t0 S(;4 51y~ (A—
zZ). Expanding it in the basis S!(—z2), one gets, with 0 = (n + &k — 1),

> Dy, (So(d)z"s"(-2),
T

sum over all partitions I. However, all S7(—2), j > 0, are null, except S*¥(—Z2) =
—1. Using Muir’s rule for the multiplication by monomial functions (or the adjoint
operation), one finally gets that @, (x) is proportional to

D So-u(d) (—zF)/E.
u€{0,k}™
For example, ()2 is proportional to
Sgg(A)—Z‘2 513(A)—$2 Sgl(A)+1'4511(A) = 533(A)_Z'2513(A)+$2522(A)+$4511(A) .
Ex. 8.29

n—3

-1 -2
HE = Hn—20<”1 )Hn2+22c(c+1) (n2 )Hn4—23c(c+1)(c+2)< 5 )Hn6+...

is checked by recursion and double checked by computer.

In the case ¢ = —n, the recurrence becomes
H " = 2zH,"+0
H ', = 2xH " —2H",...

and it implies that
H. (@) = H(z) H," (@) -

To describe H,, ™ (z), one needs the positive Hermite polynomials defined by the
recursions

HY  (2) = 2zH} (z) —2(n+c)H!_(z) , HY =0,Hf =1.
One finds
| | !
T n! 5 n! 3 n!
Hy = Hu 29 =5 oo + 427 g0 i Hnma + 42 50 = Hie +

and this shows that H, "(z) = H, (z).
Ex. 8.30 The sum Y (a3 —a;) ! is the value in = ay of the logarithmic derivative
of Sp—1(z — (A — aq)), thus is equal to

Sn_g (2&1 - (A - al)) Sn,2(3a1 - A)

Sn_l(al — (A — al) n 1(2(11 — A) ’
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Thus, we have to prove, in the case of a zero of an Hermite polynomial, that
a; = Sn_z(?)al - A)/Sn_l (2&1 - A), i.e. Sn(2a1 - A) = Sn_2(3a1 - A), which can
be written
Sn(2z — A) =5, 2(3z — A) mod Hp(z) ,

D(zS,(z—A)) = %DQ (Sp(z — A))

and that is no other than the differential equation satisfied by Hermite polynomials.
O

For more general relations see [70].

Notice that 2, 1/(a1 — a;) is the logarithmic derivative of the discriminant
[Tic;(a;i — a;)? with respect to a;. Schur [159] determines for which z1,...,z,
(belonging to some real domains) the discriminant reach its maximum. He found
that the maximum is reached, when z} + --- + 22 < 1, for the zeros of Hermite
polynomials (conveniently normalized).

Ex. 8.31 The differential equation for Jacobi polynomials implies that the function
Sp—2(3z — A)/Sn_1(2z — A) = D?(f)/2D(f) specializes, for = a, into —(p —
(p+q)ar)/ai(l = a1) = —p/as + ¢/(1 - a1).

In the second case, D?(f)/2D(f) specializes into 1/2 — (a + 1)/2a.

Ex. 8.32 We have seen that when A is of finite cardinality n that ¥;(A) = nS*(A—
A%) with n S !(z — A%e") the derivative of S™(z — A). One can pass to in-
finity by just formally writing ¥;(A) = ¥((A)S? (A — A%"), and one can check
that expressions for orthogonal polynomials remain valid when changing S%(A)
into Sz(A — Ader) = ‘IJZ(A)/lIJO

To  Ui(A) Uy(A)
For example, (¥ (A) U5(A) T3(A)|is, up to normalization, an orthogonal poly-
1 T z?
nomial for .
Going back to finite cardinality, say card(A) = 4, this last polynomial can be
rewritten, using the factorization

1 ai 0
11111 1 a» 0 lI’() \Ill(A) \I’Q(A)
a1 Q2 a3 G4 T laz 0| = | T1(A) Ta(A) T3(A)
a? a3 a% a? 2%| |1a4 0 1 x x?
001

into

A(B +2)A(B) = > A(B)* R(B,z) .

Expressions of this type have been intensively used by Sylvester [165] in his study
of Sturm sequences.

Ex. 8.33 Write S;(X)A(X) as the minor V; on columns J of the infinite Vander-
monde matrix in the z;’s. Multiplying V; by a monomial corresponds to increasing
exponents uniformly in each row. To multiply by A(X), we thus have to sum over
all the monomials in the expansion of A(X). To see what happens, take n = 3 to
be more specific.

Vy can be written 3 . (—=1)4) (z7+01)7_ Tts product by (—1)¢*) (z0121)",

v E Bg,is
(—1)!®) 2 ()7 (£1912))7 (z0121)"

o

Z]ESCA, card(B)=2
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Therefore

/ SIX)A®)? =Y (~1)HHO IO 4

_Z z e(n)SJ+ [222]—[210]" (A))o
—n! Z 1)4m) gI+2221-[210] (o)

= ! (=1)"""D/2 G oo (A)

putting 7 = vo~!. The reader may be surprised that a summation [012]7 + [012]7
results in the addition of [222] (=[012] + [210]).

Ex. 8.34 Write Sgq1)x (A — 27) = S(g41)»,0(A — z,7) and expand into:
Zi:o...k ixiski(k—i-l)’“—i,o(A; -Z') = Z iski(k+1)k—i7i(A, .Z‘) .

All terms give the same contribution under f,. O
To get the corollary, one has to write

Skk (A - ;L')2 = S(k_'_l)k(A - QIL')S(k,l)k (A) + Skk—l (A - 2;E)Skk+1 (A) .
Let us notice that the corollary computes the scalar product (Pg(z) , Py(z)).

Ex. 8.35 Since the quadratic form is positive, its determinant is positive. But it is
S(n—1)n (A), up to reordering of columns, hence a sign.
More generally, given any partition J = [ji,. .., jn], one could as well has taken

the quadratic form
1 1\ 2
g(t) it T at .
| o ()

In that case, one obtains that the minor M} ; is positive.
With g(t) = o4(B), the integrals become sums of complete functions :

/1 t* g(t)dt = Z SiB)/(i +k+1).

The matrix M factorizes into

Som) SY(®) S*(B) ---] [1/1 1/2 1/3
. SoB) SY(B) ---| |1/2 1/3 1/4

SB -N:=| . - SY%B) ---| |1/3 1/4 1/5

The minors of N are special cases of the Cauchy determinant |(;Uz + yj)_1|. Thus,

using Binet-Cauchy theorem, one obtains (skew)-Schur functions of A as a sum of

product of a (skew)-Schur functions of B by a minor of N. But these last minors are

special cases of the Cauchy determinant |(wz + yj)’1| and immediate to evaluate.
For example, the initial minor of order n

YS®/@+1) - SB)/G+n)

SIB)/(i +n) - S(B)/(i+2n—1)

is equal to the following sum over all partitions J

H1<a<,3<n((.7ﬁ+/3) (Jat+a))
Sy(B)Njon = Sy(B) (n —1)! .
g, e =250 [ [5oaGa + o+ B)
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As for the multiple integral, one can notice that, for any r, the integral of

n—1 r r+1 r+n—1
1 =z --- x x] Ty SRR 1
r,.r+1 - - —
TiTy ~ = : :
. n—1 r+n—1 r+n .. T4+2n—2
1 =z, Ty z zy, zy,

is already equal to the Hankel determinant, for r = k — n + 1. Taking the multiple
integral of (n!) ™'Y ¢, (=14 (a7t - 27t 1)7 still gives the same Hankel
determinant.

This last computation is due to D.Bessis [15].

Ex. 8.36 This is
(“1)kS™HE(A — k) = /1 AR (k — 8)tmg(t)dt = /1(1 )k g(t)dt
Ex. 8.37 0 0
R,(2) = z*IZ/Snn;O(A; r)aliz I = Zz*"*jsnn,nH(A) .
J

Define the alphabet A™ (already encountered in the Euclidean division) by
Si(A") = Spn ot j(A)/Spn+1(8) , j=0,1,....
In other words,
1 2z

Rn(z) = zinSn"‘*'l(A) 01/z (An) & Rn(z) = S n+1(A) /\—l/z(An) .

Therefore
Stn+1 (.’L‘) = Sn+1 (IIJ — A")/Snnﬂ (A) .
Let B be the alphabet of roots of St,y1(z). All symmetric functions of A” and B
coincide modulo A™F2(A™), APT3(AR), . ...
Now

[ o) Stus @' = [ Suoodi 2) Surrsilo — B) = Suesnirilhi = B
A A
n+4+1 n+1
= Som nt1ti j(A)S; (—-B) = Spetr(A) D S1yi j(A)S;(-B) .
=0 3=0

If 4 < n, the sum is equal to S;4;(A™ — B), therefore is 0 as wanted. As a matter
of fact, the sum, for any i > 0, is equal to (—=1)" "1 Sjn+1 ;_p(A™).

Ex. 8.38 Take the expression of a Schur function as a determinant of powers of the
variables, divided by the Vandermonde. Then

A C

Sio;na(A+B—2; A+B) ‘B D‘
Spa (A + B) T lar el

‘B’ D

with 4 = ‘Sl(a -2),...,58%a—-2)

)

A’:‘O —2),..., 8 (a~
en’ S%a —x),..., S a—1x) ea

B= |Sl(b—:c),..., Sﬁ(b—m)‘beB, B = ‘So(b—x),..., Sﬁ_l(b—m)‘

C = ‘a/”", ..., qetAtn—1

)
beB

. D= ‘b/””, o ba+ﬁ+n—1‘

achA beB’
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The determinant of D tends towards 0, the fraction tends towards
det(B) det(C)/ det(B') det(C), i.e. towards R(B,z), which is, up to a sign, the
required factor of R(z, A + B). O

Supposing no root equal to 0, one can exchange the role of A and B by consider-
ing the reversed polynomial [[(z—1/a) [[(x—1/b) and find the factor corresponding
to A.

Notice that, when a =1, it is easy to exhibit functions having dominant term
a™, the quotient of two successive such functions having limit a. For example,
one can approximate a by S"*!(a+B)/S™(a+B), or "t (a+B)/¥" (a+B). This is
Bernoulli’s method to produce the root of biggest modulus, when it is unique.

Ex. 8.39 By recursion on n, one shows that the truncation of the series is equal to
S+ /S(nt1)r, i-e. that one has

S(n_1)k + Snk—lsnk+1 _ S(n)k

Snk SnkS(n+1)k a S(’n-‘rl)k )

On the other hand it is clear (and this is a special case of Wroriski’s result (Ex.8.38),
that S,k /S(ny1)+ tends towards 1/(ay - - - ax), since Sy,» has dominant term (ay - - - ax)™.
The result for k¥ = 1 is attributed to many authors, of various nationalities.
Considering the function 1/ [[(1 — az), the preceding formula gives the product
of its k-th smallest poles.

Ex. 8.40 The limit of
Sk(A—al) — Sk(A) —alsk,l(A)
Ser1(A—a1)  Spt1(A) — a1 Sk(A)

is 1/az. Replace a1 by Sg2(A)/Sk+1(A) — €. Then

Skk1(A) + €x Sk 1(A)Sk41(A) 1
’ tends towards - ,
Skt+1,k+1(8) + €£Sk(A) Sk41 (4) ends towards -

but one cannot neglect the terms in ¢! For example, when A = {2,1}, Si(4A) =
2k+1 _ 1, e, = 1/(2k+2 - 1), Sk7k+1(A) = Zk(l + 2), Sk+1,k+1 (A) = 2k+1, and

Skokt1(A)/ Skt1e41(A) =3/2#1 .
Ex. 8.41 Put f(z) = (z — a)g(z). Then
fi@)/it = (z - a)g' () /it + ¢ () /(i = 1)! .

Define A by A%(A) = gi(x)/(i! g(x)), and consider € to be a rank-1 element.
Then fi(z)/(i!f(z)) = A*(A + € 1), and therefore

Dn(f) = Su(A+€1).

Thus

-1
o — D1 (f) —ate— Sp—1(A+eh) = a4 el Sn(A)

D.(f) Sn(A+e1) Sp(1+€h) -
In the special case of f(z) = 1 — 2sin(z), the determinants D,(f) have to be
specialized under f%(z) =0, f2*1(z)/f(z) = (=1)i2/(2i + 1)!.
Another way to write the result is

1 n
I — D D, /D, ~
T~ 2sin(2) E "D, & n-1/Dn ~7/6,
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but in fact the “approximation” of 1/(1 — 2sin(z)) by 1/(1 — zm/6) results from
Bernoulli’s method for approximating the biggest root of a polynomial R(z,B) by
S™(B)/S™ 1 (B) or ¥,,(B)/¥,,_1(B) .

Ex. 8.42 Take the determinant expressing a Schur function in terms of complete
functions. Dividing each row by the power of ¢ present in the first column, and each
column by a power of q in such a way that the bottom row becomes ¢°, ¢?*2 2112,
g?vs~2n+4 | one recognizes in the transformed determinant a Vandermonde in
the powers of g figuring in the new bottom row. The hypothesis is needed to have
no S; of negative index in the determinant.

Finally, one gets

2, 2. . 9y 429
S,, — q"1+"2+ H (1 _ q21/_7 2v;4+2j 21) .
1<i<i<t

This implies, for the parameters in the continued fraction expansion,
Cn — q2n71(q2n+2 + q2n _ 1) & /Bn — q6n74(1 _ q2n) .

For example,

4 qx*2 + q4m*3 + q9w74 + qlﬁaf5 + =

T—q+

r—q¢®—¢+q+

14 _ 20
r—q°—q¢" +¢+ i

T—q % —ql + b+
Stieltjes gives an equivalent, but a little less simple, continued fraction.
Notice that the associated orthogonal polynomials have simple coefficients, be-

cause they are Schur functions indexed by partitions v satisfying the hypothesis

v D (£-1)%.

For example, truncating the fraction as displayed above, one gets

1-¢° A-¢A-¢%) , .1-¢
— 28 21 14 2 7 3 4
P4(.’L')—q —q 1_q2x+q mw —ql_qz.’ll' +x .

B.9
Ex. 9.1 This is Newton/Stirling interpolation at integral points.

Ex. 9.2 The required expansion is not given by Newton interpolation at integral
points (called Stirling interpolation), because the polynomials that we are given
have the same degree in z.

One notices that the determinant

" A"(z) --- A™(z+n-1)
n™ A™(n) ---  A"(2n-1)
n A":(l) o A"

is null, because the space of polynomials in z, divisible by z and of degree < n, is
of dimension n. Now, one rewrites the binomial coefficients in the determinant, as
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complete functions of n + 1. For example, for n = 4, the determinant becomes

zt AYz) AY(z+1l) A(z+2) AY(z+3)
4+ S°%5)  S(5) S2(5) S3(5)

3¢ . 85 S'Y(5)  S%(5)
2t . : S°(5)  SY(5)
"t : : 5°(5)

The expansion along the first column and the first row produces the required rela-
tion
Y EA(@+§) (n-i)"AT (1) = 0.
0<i,j<n—1
Ex. 9.3 Writing for clarity X = {z1,...,2,}, Y = {Zp41,.-.,%2,}, and using the
Newton interpolation formula for the z;’s and the y;’s, one recognizes that the
determinant is equal to

1 ‘f(wi) — f(y;)
AXAY) | zi—y;

Ex. 9.4 The expansion

A*(A +m)
= (Ak(A)+- AR (A) AT (m)) + (A’“*”*I(A)A"“ (m)+- -+ A (A)A™ (m))

shows that the second term of the RHS is the remainder. We are asked to prove
that
m—1
DA (m—j—1) AT A4 ) = AR A) A (m) 4 -+ ARTT(A)A™ (m)

Jj=

The equation being linear in A?(A), it is sufficient to prove it for A = —z, for x of
rank 1. Now, R can be interpreted as the remainder of A*¥(m — x) modulo z*~".

Ex. 9.5 We have to compute the image of the remainder under divided differences.
The most appropriate expression is given by (3.1.6), the r-th remainder being con-
gruent to So., (A-B; 2—B) modulo R(z,A), with m = card(B), O = (m—n+r)" 1.
We are back to the interpolation of a complete function S*(z-B), and therefore the
r-th remainder is equal to

Stim(A-B; a1 ~B) + Sm—1(A-B; Az -B)(z-ar)+
+ SD;m72(A_]B§ As —]B)(.'E—al)(m—az) +oee

writing, as usual, &; = {ay,...,q;}, j €N

The last remainder is the resultant S,,» (A-B), and already of order n. But it
can be written as Sp;..;mm (An —B; . .. ; Ay —B; Ay —B), and the coefficients in Newton
interpolation can be realized as minors of this last matrix, using transformations
of the type

Sk;k;k;*(A_B; A_Ba A_Ba *) - Sk;k;k;* (A'n _IB; An—l _IB; An—? _IB; *) .
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For example, for m = 5, n = 4, the succesive remainders are equal, modulo
S4(z-A), to

S20;5(A—]B; .’L'—]R)

Sy (Al —B) + Sy (AQ *B)Sl (."L'*Al) +
+Sg (Ag —B)Sz (IL'—AQ) + 52 (A4 —IB)S3 (IL‘—A;;) s

S35(A-B;2-B) = S35(A-B;A;-B) + S3.4(A-B; Ay -B)S* (z-A;) +
+S3,3(A-B; A3 -B)S? (z-Ay) ,
Sus(A-B;z-B) = Suas(A-B; Ay -B) + Susa(A-B; Ay-B)St (z-A;) ,
Sss5;5(A-B; 2-B) = Ssss;5(A-B; A; —B) = Sss55(A-B)

and their coefficients are all minors of Ss.5.5,5(Ay —B; Az —B; Ay —B; A; -B).

Ex. 9.6 Write f(z) = S™(z — B) (supposing the polynomial of exact degree n, we
can normalize it). Using in each row of the determinant Newton’s interpolation for
f(¢'z) at points ¢°,q', >, ..., one transforms it into

q""S”’j(q"+---+q"“—IB)‘ ,
0<ij<n

up to the factor A(q°,...,q"). .

With g-integers [i] := 1 + ¢ + --- + ¢*!, the determinant can be rewritten
quS™Ii([j + 1] — ]B/qi)‘. Multiplying it by the inverse of the g-Pascal matrix
[S”’j’i([j + 1])], which is no other than [S””"j(—[n - z])], one transforms the
determinant into

"5 (-B/)

¢'s" (B .

In all, one gets
2
£5"(=B) -+ S"(=B) (A", -, 4"))

Ex. 9.7 This is Newton interpolation for the function f(x)z~" of the variable z =
1/z at the points 1/b;, completing with the value f(0). For example, for n = 3,
and g(z) of degree < 2, one has

f@)a™® = g(z) = g(1/b1) + gd1(a™" = b7") +gd1da(a™" = by ) (@™ = by ,

and therefore, for f of degree < 3,

flx) = g(b1)x3 + g01 bl_l:L'2 (b1—z) + 90102 bl_lbz_lm(ln —z)(ba—x)
+ £(0) by by byt (b1 —2) (ba-2) (b3 -2)
the last term being obtained by identification in = 0.
Ex. 9.8 This is the Newton interpolation of the function f(z) = (m — z)7!, at
points 0,1,...,m-1, specialized into £ = m+n. The remainder
(x—0)---(xz — (m-1)) (n+m) - -- (n+1)
(m—0)---(m— (m-1))(m — x) m!(-n)
f(z) specializes into —1/n.
Of course, the identity does not need to be restricted to positive integers m,n,
provided that no 0 appears in denominator.

specializes in ,

Ex. 9.9 Newton interpolation, for the function f(z) = 2n/(z+z), in the interpola-
tion points {0,2,4,...}, with z specialized in 2n 4+ 3 and z in —2n — 2.
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Ex. 9.10 Take Newton formula for f(z) = S" !(z+y — A), in the interpolation
points ai, - . ., ax:

f@) =8""y+a1-A) + (z-a1)S™ *(y + ar+az—A) +---

Each of the complete functions factorizes, and one recognizes the required formula.
Notice that the left-hand side vanishes for = a,, y = a;.

Ex. 9.11 Ordering B, take the image of Newton’s interpolation of b¥ at points A
under the isobaric divided difference 7, acting on B, w being the maximal permu-
tation in G(B).

Ex. 9.12 Start with Newton’s interpolation of (z—a;)~! at points B, which states
(z—a1)"t =Y S*¥(ay — By,)/R(2,Be+1)- Multiplying by S™(a; — E), one takes the
image of both sides under 8; - - - 8,. On the left, S™(a;-E)(z—a1) ™" = (-1)"71S1»,n(A-2; a1-E) /R(z, A)
gives

(-1)" " Sin,0(A — 2;A —E)/R(2,A) = R(2,E)/R(z,A) .
On the other hand, S"(a; — E)S*(a; — By) = S"t*(ay — E — By) is sent onto
SE(A —E — By).
Ex. 9.13 Proof. Recall that the discrete Wronskian is equal to det(f;(z;))/A(X).

The integral
Y1 Yn

fi(z1)dzy - - fn(@n)dzn

Y2 Yn+1

is equal to (Fi(y2) — Fi(y1)) - (Fr(Yn+1) — Fu(yn)). By summation on the sym-
metric group &(X), one gets that the integral to evaluate is equal to

W(l,Fl, . .,Fn;yl, .. -;yn—i-l) .
In particular, for f;(z) = z%,i = 1,...,n, one gets that the integral of A(zy,...,z,)
is equal to A(y1, .., Ynt1)/(n+1)L
Ex. 9.14 This determinant is obtained from the discrete Wronskian of
(1, Yx, Y(2k), - - -» Y(nk)) by suppressing its first row and first column. The period-
icity conditions are such that ¥{;x) = (Y3)? = (a1 —b1)7 -+ (a1 — by)?, j > 0.
Let f(z) = (z—b1) - -+ (—by). The Wroniskian is equal to [[; ; (f(a:) — f(a;)) /(ai—
a;), and therefore the original determinant is equal to the product

H YE),k—l ({a,-,aj},]B) = HS’“_l(ai +a; — ]B) .

1<i<j<n+1 i<j
In the case where ay, ..., a,41 tends towards z, then the determinant tends (up to
the factor 112! - - - n!) towards the Wroriskian of derivatives f', (f2),..., (f®), and

each Si_1(a; + a; — B) tends towards f’. Wroniski did obtain that the Wroriskian
of f,...,(f™) be equal to 1!---n! (f)r(n=1)/2,

Segar (Muir IV, p.185) generalizes Wronski’s identity by taking a Wronskian
of arbitrary powers of f instead of the powers 0,1,2....

One can replace the sequence j = 1,...,n in the determinant under scrutinity
by any sequence of positive numbers.

For example, taken = 2, k = 3, {j} = {4,6}. Then the determinant

Your  Your ‘
Yo,0,10 Yo,0,16
is the discrete Wronskian of Yy, Y12, Y15 and factorizes into Ss 14({f(a1), f(a2), f(a3)})
times the Wroniskian of Yy, Y3, Ys, where f(z) := (z — b1)(z — b2)(z — b3).



B.9 255

Ex. 9.15 An example will suffice. For n = 4, the right factor of V factorizes into

SO(Al) Sl(Al) Sz(Al) 3(A1) 1 a . . 1. . . 1..
SO(Az) SI(AQ) 52(A2) I 1 as . .1 a; . .1
SO(A;;) SI(A3) .01 as o1 as R | ai
. SOA4) 10 I F I I R |
while the left one is
1 . . . 1. . . 1..
1 ag — ap . . .1 . . . 1.
1 az — ap . .1 asz — a2 . L1
1 as — a1 .. 1 a4 — as .. 1laq4—as3
1 .
1 R(ag,Al)

1 R(as, A1) R(a3‘; Ar) .
1 R(a4,Ar1) R(as,As) R(as,A3)

Ex. 9.16 Use that the coefficient of a Schubert polynomial X, inasum f = ¢, X
is equal to f0,-1(A = 0). Thus, one has to compute the image of det(M — z) under
sequences of divided differences. However, one has that A¥(A;)9; = A*1(A4q).
One sees that at each step, one has a determinant with different alphabets in each
row (except in rows where no A appears). In the case where A; and A; ; both
appear in a determinant, then 9; transforms row A; into a row identical to row
A;_1, apart from the occurrence of a ‘z‘. Thus the determinant reduces to the
cofactor of this z, and one can iterate.

In all, one finds a sum of (}) terms, with coefficients of the type
+21(22-1)(z — 1), 4,5 € N, € = 0,1. A more precise description would require
introducing an appropriate representation of products of divided differences.

For example, for n = 4, one has

-z . . 1
—z 1 Y1
1 Yoo—2 Y

1 Yoour You Y-z

(z — 1)2(2 + 1)2}’}) — 22Vi11 — 22Yi010 — 22Yas + 2Y5 — 2(z—1)(z+1)Yo; -

The next case, n = 5, gives —(z + 1)2(2 — 1)3Yb +23Ya90+22(2— 1) Y1001 + 2 Y1201 +
2*Yiin — 2Ya + 2(z — 1)(2 + 1)Yo2 — 2°Ya3 + 2°(2 — 1)(2 + 1)Yo11 — 2*Yape.

Ex. 9.17 The two families of polynomials are compatible with the ¢g-derivative f —
D,(f) := (f(z) — f(gx)) (x — gqz)~'. Indeed, one easily checks that

]__
1y g D,(Y,) = 1=y

D,(H,) = T2

]__
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Adding the values in z = —1 fixes then the relations between the two bases. One
finds
(1-¢")(1-¢""") (1-¢")---(1-¢""?)
= Y. Y, a4
R e (e (R M
1 =™ (1 — n—1 1—qg™)---(1— n—3

1-¢?

6 (1—q")---(1-¢""%)

(1-¢*)(1—¢")(1—-¢%
(there are signs and powers ¢?~1 in the second formula).

For more considerations about such expansions, see Kupershmidt [91].

Ex. 9.18 Multiplying both members by z(z — [1]) - - - (z — [n—1]), I claim that the
identity to show becomes the Newton interpolation of f(z) = (z — [n])---(z —
[2n-1]) at the points [n—-1], [n-2],..., [0]. Thus one has only to check the spe-
cialization of the Schubert polynomial Yyi ,,—;, @ < m, in A = {[n-1], [n-2],...},

= {[n], [n+1],...}. Multiplying each a;,b; by g-1 just introduces powers of
q-1. Therefore, one can as well compute the specialization for the alphabets
{(g™-1),(¢""t-1,...} and {(¢"*'-1),(¢"*?-1,...}. Schubert polynomial being
invariant under a uniform shift a; = a; + 1, b; = b; 4+ 1, one is finally reduced
to evaluate some Ygir(¢",¢" 1, ... ; ¢"t,¢"*2,...). This a g-specialization of a
g-factorial Schur function, that it is immediate to evaluate on its determinantal
expression.

(1-¢>)(1-4q*)

H, ¢g+---

q

B.10

Ex. 10.1 A(A) =X, (A, A¥), and therefore, according to (10.2.10), it expands into
AR) = D (DA X0 (A) X, (A°) .
seS(A)
Similarly,
Stoma(d) =[J@i+a) = > Xow(A)X,(A°) .
i<j ceS(A)
Thus, the sum [],;(a; — a;) + [[;,(a; + a;) expands in terms of permutations of

even length, the difference, in terms of permutations of odd length. These expres-
sions can be used to describe invariants of the alternating group.

Ex. 10.2 Multiplying by the symmetrical factor [],.,(z-a)?, one has to compute
the image of
(x—a1)®(z—a2)*(z-a3) = Xyz21 (A, B) ,
with B = {z,z,z,z}, and therefore one gets X, (A, B)R(z,A) 3
Ex. 10.3 Each factor z — ¢*a — [k]3 can be rewritten (z—7v) — ¢*(a—7), with y =
B(1 — q)~t. Therefore, the required quotient is obtained from a g-factorial Schur
function under an easy modification.

Ex. 10.4 The matrix is the commutative product of
al—b 1 0

o o . , b {by,.... b},

a,—b



B.10 257

as can be checked by induction on k, using the relations
}/Om—1j = -Yvom—Zj + (am - bj+m71) me—lj,l .

Ex. 10.5 The required inverse is the matrix obtained by replacing each Schubert
polynomial Y, by +Y,-1, each entry of the product of the two matrices being
obtained by Cauchy formula (10.2.10).

For example, for m= 0, n = 2, the following two matrices are inverse from each

other :

1 Yo Yoo Yii Yo Yo 1 =Yo1 Youur Yoo —Yoor Yoo
0 1 Yoou Y1 Yier Yoor 0 1 =Yoo1 -1 Yin —Yio
0 O 1 0 Yi Y, 0 0 1 0 -Y; Yi1
0 0 0 1 Yoor Your 0 0 0 1 —Yoor Yoo
0 O 0 0 1 Yo1 0 0 0 0 1 -Yo:
0 O 0 0 0 1 0 0 0 0 0 1

Of course, the same method gives the inverse of a matrix where, instead of using
the family Yp), I € Z, one takes a permutation ¢ and all the Schubert polynomials
X5, where n runs over all permutations lower than ¢ in the permutohedron.

Notice also that the above pair of matrices looks more mysterious when spe-
cializing B to {1,q,¢>,...} (factorial skew Schur functions), or even when B = 0.
This exercise generalizes Ex. 1.17, where we used only complete functions.

Ex. 10.6 The only monomials in the expansion of T'odd which give a non-zero
contribution are (z?)’, p = [n-1,...,0], 0 € &,,. Since the image of z* under 9,
is 1, the image of T'odd is the same as the image of

Z (n—l)il---Oi"ﬁxl .

(I,0):0€6,,I=0p TR
On the other hand,
Y (1)1 (1) -0 = A(n-1,...,0) = (n-1)!--- 11

Therefore the image of Todd is (}) !.

Ex. 10.7 For general A, B, we have X, (A,B) = 3 (~1)“") X, (B)X, (A), sum over
reduced factorizations v~ 17 of 0. But

> (-1D)X,({b,0,0,...Huy = (1 = bup_1) -+~ (1 = buy) .
veES,

Taking ( = 0~ !, the two facts above can be written in terms of divided differences :
(-1 = X({,0,0,...},4) = X1~ 8iB) (1 — Du_1b)

the right side being evaluated in (0, A).

In the Grassmannian case, J being the code of o, one has X, (A, {b,0,0,...}) =
S7(A—b), and the expansion of S;(A—b) produces a sum over all partitions obtained
from J by removal of a vertical strip. This property is more generally true for a
vezillary permutation, though defining vertical and horizontal strips require some
work, compared to the case of a partition.
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FOI‘ example, X1475236 (A, ]B) = Y0242 (A, ]B) = Y033011(IB, A), and

Yo33011
—bYo30211  — bYo33010
+b*Yos0111  + b*Yo30210

—b*Yoso110

Yos3011 (1 — 01b) - -+ (1 — 9gb) =

which by inversion of permutation, gives

Yo242
—bYp142  — bYq232
+b*Yo1a1  + b*You32
—b*Yo131

Ex. 10.8 It is better to introduce anotherl alphabet {z1,...,z,}, apart from A =
{ai,...,an}, B = {b1,...,b,}. Let us assume that divided differences act on the

x;’s only, and write © for the specialization of z1,...,z, to 0.
Then, a direct consequence of the Cauchy kernel is that
1+ 03by
XJ(.’El,...,.’L'4;0) 14+ 0sb1 1+ 03bs @ZXU—l(B,O) ,

1+01by 14020y 1+ 03b3
where the array is a product of divided differences acting on its left, which is read by
successive rows, from top to bottom (it could also be read by columns downwards,
from left to right). The reader will agree that n = 4 is generic enough.
Similarly, and more generally,
1 + 83 (a3—b1)
Xg(xl,...,$4;0) 1+62(a2—b1) 1+63(a2—b2) (C) :XJ(A,IB) .
1+ 01(a1-b1) 1+ 0x(a1-bs) 1+ 03(a1—b3)
Therefore, the two triangles of operators, followed by the specialization ©,
constitute an answer.
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Adams operations, 32

Adjoint to multiplication, 16

Affine Hecke algebra, 96

Almost dominant, 145, 161
Alphabet, 1

Alphabet of inverses, 12
Arbogast’s composite derivative, 39
Arm, 5

Associated polynomials, 131

Biirman, 35

Bézout, Bézoutian, 52
Bazin relation, 188

Bell number, 83

Bernoulli number, 134
Bernoulli’s approximation, 250
Bessel polynomial, 134
Binary form, 132
Binet-Cauchy theorem, 8
Binomial-type element, 32
Borchardt interpolation, 111
Bott theorem, 100

Bottom key, code, 164
Braid relations, 93

Calogero operators, 108

Canonical form of a binary form, 132
Cauchy, 26, 33

Cauchy formula, 13, 14, 159
Cauchy kernel, 14, 15, 161, 163
Cauchy-Jacobi symmetrization, 102
Cayley Graph, 94

Cayley-Hamilton theorem, 204
Charlier polynomial, 40

Chebyshev: see Tchebychef, 42
Christoffel determinant, 119
Circulant, 82

Code of a permutation, 157
Companion matrix, 51

Complete function, 5

Composite derivative, 39
Conjugate partition, 2

Content, 4

Continuous ¢-Hermite, 239
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Cotangent, 26
Cumulant, 42
Cumulative sum, 2

Darboux-Christoffel kernel, 116
Darboux-Christoffel-Tchebychef formula, 130
Debiard-Sekiguchi-Macdonald operator, 194
Demazure character formula, 163

Derived alphabet, 41

Diagram, 1

Dilogarithm, 39

Dirichlet convolution, 38

Discrete measure, 129

Discriminant, 55, 221

Divided difference, 93

Dominance order, 2

Dominant, 143

Double Schur function, 148

Dyck path, word, 71

Ehresmann-Bruhat order, 97
Elementary symmetric function, 5
Euler-Poincaré characteristic, 231
Exact sequence, 190

Faa de Bruno’s composite derivative, 39
Faber polynomial, 44

Factorial Schur function, 149

Faddeev’s algorithm, 29

Ferrers’ diagram, 1

Forgotten symmetric functions, 43

Free Key polynomial, 182

Frobenius code of a partition, 4

Garnir relation, 187

Gauss polynomial, 40

Gauss quadrature, 124

Gegenbauer polynomial, 43

Giambelli, 23

Grassmannian Schubert polynomial, 148
Grothendieck, 39

Hammond operator, 17
Hankel form, 81
Hankel matrix, 28
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Hecke relation, Hecke algebra, 94
Hermite, 113

Hermite polynomial, 43, 83, 135
Hook, 4

Horizontal strip, 4

Infimum of partitions, 3
Isobaric divided difference, 93

Jacobi polynomial, 135

Jacobi symmetrizer, 13

Jacobi tridiagonal matrix, 69, 127
Jacobi-Trudi determinant, 8

Key polynomial, 151, 165
Kronecker approximant, 87

Lagrange interpolation, 103
Lagrange inversion, 34

Laguerre, 26

Laguerre polynomial, 133
Lambda-ring, 32

Leg, 5

Legendre polynomial, 44, 133, 214
Leibnitz, 17

Leibniz: see Leibnitz, 17
Littlewood-Richardson rule, 22, 178

Moébius function, 38

Mehler formula, 239

Moments, 115

Monge equation, 195
Monomial function, 7
Moore/Coxeter relations, 93
Motzkin path, 70

Muir’s rule, 20

Multi-Schur function, 9, 25
Multi-Schur: transformation, 9, 10
Murnaghan-Nakayama rule, 20

Newton, 6

Newton approximation, 137
Newton divided differences, 93
Newton interpolation, 139, 146
NilCauchy kernel, 161
NilCoxeter algebra, 161
NilPlactic kernel, 163

Nilplactic relations, monoid, 163

Odd power sums, 26

P-Schur function, 134

Padé approximant, 85

Partition, 1

Permutohedron, 94

Pieri formula, 22

Pliicker relation, 185

Plactic algebra, relations, 176
Plactic kernel, 182

Plactic Schubert polynomial, 182

INDEX

Power sum, 5

g-binomial identity, 34
g-Charlier polynomial, 40
g-exponential, 34, 134
g-logarithm, 83

Rank of a partition, 4
Rank-1 element, 32
Reciprocal difference, 66
Reduced decomposition, 94
Regularized determinant, 29
Reproducing kernel, 102, 116
Residue, 113

Resultant, 49

Ribbon, 4, 26

Rogers polynomial, 41
Rogers-Szegd polynomial, 40, 153

Série de Facultés, 42

Scalar product on Gym, 14
Schensted, 23

Schur function, 8
Sergeev-Pragacz formula, 100
Skew Schur function, 8
Staircase Schur function, 134
Stieltjes continued fraction, 69, 81, 117
Stieltjes’ tableau, 78, 79
Stirling interpolation, 149
Stirling numbers, 151
Straightening, 189

String, 181

Sturm sequence, 55, 129
Super-Dyck path, 72
Super-Motzkin path, 72
Supremum of partitions, 2

Tableau, 175

Tangent, 26

Taylor formula, 139

Tchebychef interpolation formula, 129
Tchebychef polynomial, 42, 98
three-term recurrence, 118

Totient function, 38

Vandermonde matrix, determinant, 11
Vandermonde: factorization, 153
Vertex operator, 27, 44

Vertical strip, 4

Weyl character formula, 100
Wronski Algorithm, 57

Wrofiski continued fraction, 58, 117
Wronski universal factorization, 137
Wronskian, 12, 25, 141

Wynn identity, 87

Yamanouchi word, tableau, 178
Yang-Baxter relation, basis, 168



