About the ”y” in the yx,- characteristic of Hirzebruch
Alain Lascoux
Cet exposé est repectueusement dédié a Friedrich Hirzebruch

ABSTRACT. We indicate how Hecke algebras, Yang-Baxter equation, Hall-
Littlewood polynomials, Macdonald polynomials, are related to the parameter
y that Hirzebruch introduced in his study of Riemann-Roch theorem.

Geometers want to compute the dimensions of spaces of cohomology H!(M,V®
), where V is a vector bundle and €/ the sheaf of j-differential forms over a com-
plex manifold M. In his study of Riemann-Roch theorem, Hirzebruch introduced
a generating function

> (=)' dim(H (M, V @ @)
i,j
that he called x,-genus or x,-characteristic.

This characteristic or its specialization for different values of y can be met
in many places in [Hi], [HBJ], [At]. I shall only speak of the case of a relative
flag variety and shall enumerate many missed opportunities of giving to the extra
parameter "y” the status it deserves.

1. Relative flag variety

Let V' be a vector bundle of rank n over a complex manifold M and F (V') —» M
the associated relative flag variety, the fibers of which are the usual flag variety of
complete flags of vector spaces

MeVe ooV, =C"

of successive ranks 1,2,... | n.

The variety F (V) comes equipped with tautological line bundles Lq,... , Ly.
Their Chern classes generate the cohomology ring H(F(V')) (with coefficients in
H(M)), and their classes generate the Grothendieck ring K(F(V')) of classes of
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2 LASCOUX

vector bundles (with coefficient in K'(M)). We shall denote the first Chern classes,
as well as the classes of the line bundles by the variables z1,... , x,.

The cohomology and Grothendieck rings are thus quotient of the ring of poly-
nomials in z1, ... , ,, modulo some ideals generated by symmetric functions.

When M is a point, symmetric functions have to be specialized to their constant
term in the case of the cohomology ring, while they have to be specialized to their
value in x; = 1,..., 2, = 1 in the case of the Grothendieck ring.

We shall rather lift computations at the level of the ring of (analytic) functions
inxy,..., &y, using its structure of free module of dimension n! over the ring Sym
of symmetric functions.

At this level, we do not distinguish between elements of H(F(V')) and K (F(V).
However, the two Gysin morphisms from H(F(V)) to H(M), and from K(F(V))
to K (M) are different. For the cohomology, it is

O,: H(FV))> f(xr1,..., xn) — Z (%)H

HEG(n) i<j (wl —Tj
while it is

mw: K(FV))> flz1,..., zn) — Z (%)u

HES(n) i<j (1= mi/Ti

for the Grothendieck ring, denoting by f# the image of a function f(z1,..., z,)
under a permutation p belonging to the n-th symmetric group &(n) acting on the
ZTi-

The two rings are connected by the Chern morphism z — e*. However, one
summation involves dividing by the Vandermonde in the z;, while the other uses
the Vandermonde in the exponentials e®. To get a commutative diagram where
the vertical arrows are the two Gysin morphisms, one must introduce the correcting
factor of proportionality between the two summations

Todd = [[(ei = ;) / (1 =777,
i<j

K(F) e gor) T g

Knowing that the class of the relative cotangent bundle in K (F (V) is 32, _; =/,
one recognizes into the factor of proportionality between the two above summations
the Todd class of the relative cotangent bundle Q7,14 and in the commutative di-
agram, Riemann-Roch theorem for a relative flag variety.

The weighted sum of all the classes of the exterior powers of Qz /a4 is

H(l +yz;/x;)

1<j
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Thus, Hirzebruch’s characteristic x, is the morphism

K(F®w) > f(w1,...,zn) — Z UH%)“

e
LEG(n)  i<j J

It is K (M)-linear, and thus is determined by its values on monomials (it would
be sufficient, since K(F(V)) is a free module of rank n!, to give only n! values,
but one would have then to use interpolation technics to compute the image of a
general polynomial).

2. Hall-Littlewood polynomials

The above summation, when the function f is a dominant monomial, taking the
factor [[,;; 5= instead of [T;; zt—yfj, has been used by Littlewood to define
Hall-Littlewood polynomials (cf. [Li],[Ma]). Denote it by .

However, the x(z), I € N", are not linearly independent over C(¢). A basis
is given by the Hall-Littlewood polynomials Qr := x(z!), I dominant (i.e. I =
[i1,92,- .., in], 11 > i3 > -+ > iy > 0; one also says that I is a partition).

In the case when the monomial is not dominant, one must ”straighten” it into
a sum of dominant monomials. This amounts using the following relations, where
* denotes a function not depending on z;, z; 1

X (k@i PPl + 2 ly) (yoi — zi1)) = 0 (%)
(which come from the fact that the image of a function symmetrical in z;,z;y1,
under the morphism 3 (—1)() y, is zero).

Now, from the tables of these polynomials, one reads dimensions of cohomology
spaces or the image of any element in the Grothendieck ring K (F(V')) under the
Xy characteristic of Hirzebruch.

For example, to get the cohomology of the sheaf of differential forms of any
order on the Grasmannian G5 (C?), twisted by the fourth power of the line bundle
giving the Pliicker embedding, one must look at Q44400(Z1,..., x5). The precise
decoding is given in section 12.

3. Associativity

Flags of vector spaces can be split into pieces. This induces factorisations of the
Xy characteristic . Another way to formulate this splitting is to state that there is an
associative law on Hall-Littlewood polynomials indexed by integral vectors (i.e. the
set of all x(2), I € N*), which is just the concatenation of the indexing vectors.
Any Hall-Littlewood polynomial can be decomposed (uniquely) into the basis of
standard Hall-Littlewood polynomials indexed by dominant vectors by successive
applications of (&), that is to say, according to the following commutation rules

y[ ,a+1,b,...]+y[... ,b+1,a,...]_[... ,a’b_|_1’...]_[... ’b,a+1,...] =0 (&)

The special case y = 0 has many applications. In fact, it is the translation, at
the level of the Grothendieck ring, of Bott’s theorem for the cohomology of homo-
geneous bundles on a relative grassmannian G, (V). This variety has a tautological
quotient @ of rank q and a tautological kernel R of rank . Two dominant weights
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I, J determine two irreducible representations of the linear groups Gi(g) and GI(r)
and two homogenous bundles S;(Q) and S;(R), the classes of which in K (G, ) are
two Schur functions. Bott’s theorem is that the cohomology of the tensor product
S1(Q)® Sj(R) is either zero, or concentrated in only one degree, and in that case is
equal to an irreducible representation of Gl(q 4+ r). The class of this representation
is the Schur function of index the concatenation of I and J. In the case that the
index is not dominant, recall that the rule for straightening Schur functions is

S = — 5o bttt (o)

4. Yang-Baxter equation

Geometry however indicates that the description of the cohomology or the
Grothendieck ring of F (V) is a pure algebraic consequence of the case of a P!-
fibration (i.e. the case where V' is of rank 2).

Indeed, calling x; and z; 4 the fisrt Chern classes, or the classes of the two tau-
tological line bundles of F(V'), the Gysin morphism for the cohomology is Newton’s
divided difference

9 fo f(@i, ig1) — f@ig1, @)
T; — Ti41
and the Gysin morphism for the Grothendieck ring is

i fes Tif(Ti, wiv1) — Tiy1 f(Tigr, T4) '
T — Ti41

Now these elementary operators satisfy the so-called braid relations (due to
Moore, and Coxeter for more general groups):

6,»6i+16i = 6i+16i8i+1 and 618, = 836, R |Z —j| >1

T4 1T = Ti41 T T4-1 and 71'1'71']' = ﬂ'jﬂ'i , |’L —]| > 1
This allows to define by products a divided difference d,, and an isobaric divided
difference m, for any p € &(n). In particular, the two Gysin morphisms for a
relative flag variety correspond to the maximal permutation w := [n,..., 1]. For
any reduced decomposition of w one gets a factorisation of 9, and of 7. Thus, for
n=4
Oi4,3,2,1] = 010201030201 = - -+ = 030201030203
T4,3,2,1] = T1T2TT3T2TL = **+ = T3M2M1T3M2T3

Having reduced Gysin morphisms to the case of P!-fibration, one expects a
similar success in defining the i-th elementary characteristic to be

fo (tr; — zip) f (@i, wig1) — (tvipr — ) f(@ig1, 23)
T; — Ti41

Xi -

However

X1X2X1 7 X2X1X2 -
It can be corrected by introducing some shifts

(o = ——)x1 = x2 (1 — ——)
X1 (X2 1+tX1—X2X1 1-|-tX2’
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and this product happens to be a factorisation of the characteristic for n = 3. We
have now replaced the factor [[;_;(#; —yz;) by [[;.;(tz; — ;) but keep the same
notation Yy, in spite of the change of parameter.

More generally, looking at the action of the operators on a specific basis of the
ring of polynomials (as a free module over Sym ) one can check that y factorizes
into simple factors x; — (t + -+ +t*)/(1 + ¢+ - -+ + t*) which involve shifts by the
t-integers [k] ;= 1+ ¢+ --- +tF L,

For example, for n = 4, one has the following decomposition of y :

t+¢2 t

t
x=x10¢e—-——)xi(xs— )(X2—1—+t)X17

1+1¢ 1+t+1¢2
the general law being not difficult to infer for the special reduced decompositions
of the same type. But we must have recourse to the more general Yang-Baxter
equation [Ya] to explain the preceeding decomposition (a,b,c being any distinct
constants)

These relations (for any pair 7,7 4+ 1), together with the trivial commutations
(xi+a)(x; +b) = (x; +b)(xi +a), |i —j| > 1, allow us to define n! Yang-Baxter
elements indexed by permutations in &(n), taking arbitrary reduced decomposi-
tions of these permutations. One can use these elements to recover the classes of
Schubert varieties in the cohomology ring, or the classes of their structure sheaves
in the Grothendieck ring [LLT].

For the x, characteristic of Hirzebruch, one has to use the special parameters
1,t,t2,... t"~!. In other words, Hirzebruch’s characteristic for a relative flag man-
ifold is the specialization of the Yang-Bazter element corresponding to the maximal
permutation [n, ..., 1], taking the “spectral parameters” 1,t, ... t" 1.

This is not yet the way that we shall choose to compute in flag manifolds.

5. Iwahori-Hecke algebra

Defining T; := x;—1, one sees that these last elements satisfy the braid relations
TiTi+1Ti = Ti+1TiTi+1 and TlT] = T]Tl 5 |Z - _]| >1.

However, contrary to the two degenerate cases 97 = 0, n7 = m;, they satisfy

the Hecke relation
(Ti + 1)(Ti —t) =0.

More general operators on the ring of polynomials representing the ITwahori-
Hecke algebra can be found in [LS1]. The algebra generated by the T; and z; is
usually called the degenerate affine Hecke algebra. With Schiitzenberger [LS2], we
had called it the Algébre des différences divisées since the relations between the T;
and z; are no other that the (Leibniz) commutations between the 9; and z;.

This still is not the way that we favor to compute with the x, characteristic ,
we shall rather have recourse to eigenfunctions.
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6. Eigenfunctions

All the operators that we have used up to now commute with the multiplication
with symmetric functions. A priori, their action on Hall-Littlewood polynomials
presents no interest since these polynomials are symmetric. However, given a sym-
metric function, one can introduce a disymmetry, so that symmetrizing it afterwards
provides identities.

Instead of using x on the ring Gym, let us take the composite V:

Sym > f = f(0,z2,23,..., xn) = X(f(0,22,23,..., x,))

It is an easy computation that for a dominant I = [iy,..., i, 0,..., 0], i, > 0,
VQ)=1+t+-+t"D)Q,

We see that the eigenspaces of V are not one-dimensional, and thus we cannot
characterize Hall-Littlewood polynomials this way.

7. Macdonald operators

Macdonald eliminated multiplicities by introducing an extra parameter ¢ and
by considering the operator

6ym9f'—)f(q$1,$2,$3,..- ) CUn) l—)X(f(q:E1,:E2,a:3,... 5 mn)) .

However, taking into account that x operates on a function which is symmet-
rical in zo, ..., x,, one eliminates from an appropriate factorisation of x the part
which acts trivially, so that Macdonald’s operator is V?:

Sym > f > fqri,z2,23,. .., Tp) — 8n_1---81(H(t:U1—mi) flgzi,@0,23,..., ) -
i>1

Let us notice that the operator 9,,_1 - - - 01 is the Gysin morphism for the cohomol-
ogy of a projective bundle P(V), rank(V) = n.

Now one can check that eigenspaces of V¢ are 1-dimensional. We shall give in
the next section a more precise statement by computing the explicit action of V7 on
Schur functions. By specialization, we shall thus be able to handle Hall-Littlewood
polynomials and the x,, characteristic . The following sections summarize the results
of [LLM].

8. Action of Macdonald operators on Schur functions

We must first adapt notation to A-rings. A symmetric function f of x1,zs,... , 2,
will be noted f(X), with X = z; + 22 + -+ - + z,. The two parameters ¢ and ¢ will
be considered as classes of line bundles. Now an element like X% := X i—:; makes
sense as a formal power series in q. The generating function A_; (X%) for all the
exterior powers is by definition equal to

].—tl‘i

tqy _
)\71(X )_HHj>01_qjmi

i



ABOUT THE ”y” IN THE xy- CHARACTERISTIC OF HIRZEBRUCH 7

Now the first step in Macdonald’s operator is replacing x; by qz;, which in a
A-ring must be written

X—=X-— xr1 + qry
However, if we start from a function of X%, we get

t_
X" (X — 21 + qz1)

1
. = X" 4 (t—1)

that one can as well write
(XU - X)4z 4+ (XY X))tz +20+ -+ 2,

Let us write X*? — X =Y to indicate that this element will be invariant under all
the operators we shall use. Our first step is

Y+, +---+zp,—Y+try+azo+ -+,

Now the second step consists in a multiplication by the factor [],, (tz1 — ;).
One can interchange the operations, the first step being now

f(th)=f(Y+$1+"'+35n)'—>f(Y+351+"'+35n)H(351—35i)
i>1

followed by the operation z, — txy.

However, if one starts from a Schur function f, then its product by the Van-
dermonde [],. j(a:i — x;) is, according to Jacobi, a determinant of powers in the
variables 1, %s,..., T, each of them being in different columns. We still have
1 separated from the other variables in the case of a Schur function of ¥ + X
multiplied by the factor [[,.,(z1 — ;). We are in fact reduced to operate on a
determinant where all the columns are invariant, except the first one whose entries
are polynomials in z; with constant coefficients. The only ingredient which is fi-
nally needed was known to Newton, that is, the image of 1/(1 — tz1) under the
sequence of divided differences 9y, O, ..., On—1 is equal to

(1 = tay) - (1 — tay,)

(one can also say that the Gysin push-down of a power of the first Chern class of
the tautological line bundle on P(V) is equal to a Segre class of V', i.e. a complete
function in the z;).

To be more precise, let symmetric powers of any element Y of the Grothendieck
ring be S*(Y) := (—1)'A\}(=Y"), and denote by Z; the ”translation operator” which
transforms a determinant of classes of symmetric powers S¢(Y") by changing in the
j-th column each entry S'(Y) into S'(Y + X (¢t — 1)), leaving the other columns
invariant. Then

THEOREM. The action of Macdonald’s operator V7 on a Schur function of Xt
coincides with the operator

t"TIE H TP+ + 105,
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For example, for n = 3
56 (th) S? (th) 58 (th)
Sea2(X') = | S2(X*)  S¥(X'0) S*(X')
SO(th) Sl (th) 52 (th)
Its image under V? is equal to the following sum of three determinants taking into
account that X% 4+ X (t — 1) = ¢X*?, and writing S’ for S*(X*9):

q6 56 S? 58 56 q7 57 58 56 S? q8 58
t2 qQSQ 53 S4 + ¢ 52 q3 53 54 + 52 53 q454
qOSO Sl 52 SO ql Sl S2 SO Sl q2 S2

9. Determinantal expression of a Macdonald polynomial

If one takes the diagonals of all the determinants in the sum expressing the
image of a Schur function, one obtains that the image of S;(X*?) under Macdonald’s
operator is

tn—l(qil Si1)5i25i3 e m—2gi (qigsiz)sig RS th—3 g iz (qi3Si3) e

i.e. that the leading term (with respect to the so-called natural order on partitions)
of VI(Sp(X1t) is

(tnflqil + tn72qi2 4 toqi")S[(th) .
Therefore, puting
[|I|] = tn—lqi1 + tn—quz N thin , T e N ’

one has that there exists a family of symmetric functions indexed by partitions,
which are eigenvalues of V7 with eigenvalues the [|I]], and are obtained by a trian-
gular elimination from the S%7.

The Macdonald polynomial My, I € N™ dominant, is defined to be the eigen-
function of V7 with eigenvalue [|1|], satisfying a certain normalisation that we shall
ignore here. Many properties of Macdonald’s polynomials have been obtained dur-
ing these last ten years, but no satisfactory explicit expression of them. Using the
structure of A-ring of the Grothendieck ring, we propose a determinantal expression.

Indeed, the elimination process induced from the order on partitions produces
a determinant of the type

* Kk  x  *
0 * % %
0 0 %
s S S S

that is, a triangular matrix of linear combinations of eigenvalues x, apart from the
last row which is constituted of Schur functions.
For example, for A = (2,2,1), one has

5,0,00 —[0,5,0] 0 [0,0, 5] 0 | 600
0 [41,0] —[1,4,0] —[0,4,1] [1,0,4] | @10
Mposny=| 0 0 3,2,0] —[3,0,2] —[2,0,3]| (3.2,0)
0 0 0 3,1,1] —[1,3,1]| (3,1,1)

Ss San S30 S31,1 Sa2.1

14y
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Let us explain how to write the formal determinant before interpreting it. The
bottom row is the list of all Schur functions whose index is smaller or equal to the
partition I. In the column of Sy, one writes the (ordered) expansion of the Jacobi-
Trudi determinant in the complete functions S* expressing Sy, puting on the same
row all the vectors equal up to permutation. For example, the column of Ss; 1

S3 §4 §5
corresponds to the expansion (ordered from left to right) of S3 11 = [S® S' S?
0 §° gt

which is graphically represented by the following diagram

—[041] — [005]
e N\
[311] 0
h e
—-[302] — 0
In the rightmost column of the determinant expressing M7, one does not take
the top element S7. Let us remark that these ordered expansions are also used to
compute Kostant’s partition function.

A bigger example, with multiplicities, for Ms 2 5 :

[6,0,0] —[0,6,0] 0 [0,0, 6] 0 0 0

0 5,1,0] —[1,5,0] —[0,5,1] 0 [1,0,5] 0

0 0 [4,2,0] —[4,0,2] —[2,4,0] 0 —[0,2,4]

0 0 0 [4,1,1] 0 —[1,4,1] [1,1,4]

0 0 0 0 3,3,0] —[3,0,3] [0,3,3]

0 0 0 0 0 3,2,1] —[2,1,3] —[L,3,2]
Se S5 Sa2 Sa1,1 Ss3.3 S3.2.1 S2,2.2

5

How to interpret the determinant meant to express the Macdonald polynomial
M;? Each entry [J] must be simply replaced by the difference [|J|] — [|I]], and S
must be interpreted as the Schur function S;(X?).

For example,

[4,0] —[0,4] 0 [12,2]] —[|4,01] [j0,4[]]—[|2,2]] 0
Myp=| 0  [3,1] —[1,3]|= 0 [12,2]] =13, 1] [11,3[] = [[2,2]]
S S31 S22 Sy(Xt) S3.1(X1) Sy o (X1)
and more explicitely
1-¢*)(@t-1) (1-¢)(t—q) 0
M,y = 0 a1 —-q)(gt —1) qlg—1)(t—-1)
Sy(X1t) S3.1(X1t) Sa 2 (X17)

10. Associativity again

As for Hall-Littlewood polynomials, one wants to retain only the associative
algebra underlying the indices of a choosen basis of symmetric polynomials, at this
stage, Macdonald polynomials (that we shall index by the conjugate increasing
partitions and note Ny, in this section).
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Let I be an increasing vector: I = [i1,...,14,], 0 <4 < -+ < i,. We have
to interpret I as a sequence of operators such that the image of 1 = Ny under B;,
is N;,, the image of N;, under B;, is Ny, ;,, and finally the image of Ny, i, .
under B;, is Nj.

It happens that there are algebraic operators on the ring of polynomials sat-
isfying such properties, they have been defined and baptized creation operators by
[LV] and [KN].

These operators were originally defined as symmetric functions in some distin-
guished elements of the affine Hecke algebra due to Cherednik [Ch]. However, as
Macdonald’s operators, they can be factorised, one of the factor being the Euler-
Poincaré characteristic. The degree raising step just consists into multiplication by
a factor z1 ---x. One needs moreover to combine the operation z; — qr; with
circular permutations of variables. Thus let

Sylin—1

Gt [T1se e s Ty Thg1s ooy Tn] 2 @0k, T1, o0 Tty Tty - -+, T

and define, for every positive integer k the operator By (due to [LV])

B
Sym > f 25 x((@1--m) (L= 1G) -+ (1= G f) -
The same type of computations as for Macdonald’s operators give

THEOREM. Let k be a positive integer, I a partition in N*, J its (increasing)
conjugate. Then

1) B(S1(Xt)) is the determinant obtained from the one expressing S;(Xt?) by
replacing in each entry S*(X*) in column h, h = 1,... k, by (L—t*"git1)S(X1t9),

2) Br(Nj) = Ny, i.e. the image is the Macdonald polynomial indezed by the
concatenation of J and k.

For example, still noting S* instead of S*(X*?), one has

st 55 6 (1-#2¢°)S5 (1 —1t4°)S® (1—¢q7)S7
33(5421) = Bg Sl 52 53 = (1 — t2q2)52 (1 — tq3)S3 (1 — q4)S4
CRECUICE (1-2¢°)8° (1—1g")S" (1—¢*)S>

11. Back to the yx, characteristic : q=0

In the preceeding determinants, we have to put ¢ = 0 or ¢t = 0 (after dividing
in each row by the minimum power of q) to recover the cases of interest for the x,
characteristic . In the first case, it gives the expansion of Hal-Littlewood polyno-
mials in the basis of “modified Schur functions”, in the second, the expansion in
the basis of Schur functions.

For example,

5,0,0] —[0,5,0] 0 [0,0,5] 0

0 [4,1,0] —[1,4,0] —[0,4,1] [1,0,4]
My =| 0 0 3,2,0] —[3,0,2] —[2,0,3]

0 0 0 3,1,1] —[1,3,1]

Ss Sa1 S0 S31,1 Sa2,1
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specializes in ¢ = 0 to

—t—1 241 0 —t—¢ 0

0 -1 1 12 —t 5 R ,
0 S po| = (2 + 1) S0 + t2(t + 1)2S3 0+
0 0 0 _t 2| HE )  + P+ 12801 (8 +19)Ss

Ss Saqp Sz Sz Seon

The specialized determinant can be written ¢ vue: the powers of ¢ just record
the positions of the minimum components in the vectors [J] and [I]. For example,
[8,1,8,8,1,8] would give t + t* (counting the positions of the 1’s from the right,
starting from 0).

However, the preceeding determinant is not equal to the Hall-Littlewood func-
tion @221, because there is a parasitic factor ( = 2 + t), which however is easily
eliminated, knowing that Qy = Sy +---.

Of course, instead of specializing ¢ to 0 (Ycrystalizing” the flag variety), it
would be better to explain why geometry needs the extra parameter q.

This, I cannot explain.

12. Reading tables

Let G4,»(V) be a Grassmann variety, @) its tautological quotient vector bundle,
R its tautological kernel. The relative cotangent bundle is isomorphic to R ® QV,
and O(1) := AY(Q) is the line bundle associated to the Pliicker embedding. Cauchy
formula allows to decompose the exterior powers of the cotangent bundle:

N(R®QY) ~®s.15=; Sr(R)® Sy (QY),

where J' denotes the partition conjugate to J.

Bott’s theorem gives the cohomology of each individual module S;(R)®S; (QV)®
O(k) : it is zero or an irreducible representation of Gl(q + ). Computing in the
Grothendieck ring of the base variety M, simultaneously for all partitions J, one
loses no information. Now, with the same notation as for the flag manifold, one
has the following equality in the Grothendieck ring of G,»(V) :

Svwmee= I a+vh)

1<i<q,q+1<h<g+r ’

and [O(k)] = (z1 - -~ 74)*. Therefore,

Y YH (Y @O0(k) =Y ¢ H (S;(R) @S5 (Q") @ Ok)) = X((21 -+ 24)*) = Qus
i, iJ

Because the Hall-Littlewood functions occuring in this problem are special,
one has in fact a direct algorithm to obtain them (in general, as we already said,
one has to specialize ¢ to 0 in the expression of Macdonald polynomials to get the
expansion in the basis of Schur functions ). It amounts to enumerate all possible
words w of length ¢ + r in the two letters alphabet {0, k} satisfying the condition
that there exists no i such that w; = 0,w;+ = k (otherwise the corresponding
Schur determinant would have two identical rows and thus would vanish).
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For example, if ¢ = r = k = 3, then the tables give
Q333 = S333 — yS3321 + y253222 + y2533111 - y4522221 — y45321111 + y55222111 .

The coefficient of (—y)* is So2921 + S321111, which means that the space of
sections of differential forms of order 4, twisted by O(3), is a representation of GI(6)
which breaks into two irreducible components indexed by the partitions 22221 and
321111.

However the above expansion exactly corresponds to the easier enumeration of
all words with three ”0” and three ”3” which do not possess any factor of length 4
of the type [0, %, %, 3], that is to the set

[3,3,3,0,0,0],[[3,3,0,3,0,0],3,0,3,3,0,0],[3,0,3,0,0,3],10,3,3,0,3,0],[0,3,3,0,0, 3]

This list of words has to be interpreted as enumerating Schur functions, or irre-
ducible representations of the linear group.

To obtain easily such sets of words, one can have recourse to the non-commutative
technics of automata theory.
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