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Abstra
t

Litllewood gave expansions of produ
ts of the type

Q

1=(1�a

i

a

j

).

Several authors published generalizations involving a small number of

extra fa
tors

Q

1=(1 � xa

i

). We show that the method of Littlewood

(that we express in terms of �-rings) 
overs these extensions. We also

express Littlewood's 
oeÆ
ients in terms of orthogonal or symple
ti


S
hur fun
tions.

Given an in�nite alphabet A = fa

1

; a

2

; a

3

; : : :g, Littlewood [7℄ gave ex-

pansions of produ
ts of the type

Y

(1� a

i

)

�1

Y

i<j

(1� a

i

a

j

)

�1

&

Y

(1� a

i

)

�1

Y

i�j

(1� a

i

a

j

)

�1

; (1)

the 
ase

Q

(1� a

i

)

�1

Q

i<j

(1� a

i

a

j

)

�1

being due to S
hur [10℄.

By fun
toriality of symmetri
 fun
tions, Littlewood's formulas imply with-

out further 
omputations expansions of more 
ompli
ated produ
ts like

Y

(1� a

i

)

�1

Y

(1� b

i

)

�1

Y

i�j

(1� a

i

a

j

)

�1

Y

i<j

(1� b

i

b

j

)

�1

Y

(1� a

i

b

j

)

�1

(2)

involving a se
ond alphabet B = fb

1

; b

2

; : : :g.

However, Littlewood's method does not restri
t to expli
iting the above

produ
ts, and allows to expand produ
ts of the type

Y

i

1

(1� x

1

a

i

) � � � (1� x

n

a

i

)

Y

i<j

1

1� a

i

a

j

(3)
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involving a �nite alphabet X = fx

1

; : : : ; x

n

g, the alphabets A and X playing

now a disymmetri
al role.

To obtain his formulas, Littlewood des
ribes in fa
t the adjoint of the

multipli
ation by 
ertain series of symmetri
 fun
tions (see the theorem be-

low). We shall state his results in terms of �-rings.

The 
ase X = fx

1

; x

2

g has been 
onsidered by Ishikawa [2℄, Ishikawa and

Wakayama [3℄, Bressoud [1℄, and the 
ase X = fx

1

; x

2

; x

3

g by Jouhet and

Zeng [4℄.

Before reinterpreting their formulas, let us re
all some de�nitions, for

whi
h we refer to [8℄.

Given two alphabets A , B , the 
omplete fun
tions S

j

(A

�

B ) are de�ned

by the generating series (with z an extra variable)

�

z

(A � B ) :=

Y

b2B

(1� zb)=

Y

a2A

(1� za) (4)

Given � = (�

1

; �

2

; : : : ; �

r

) 2 N

r

, the S
hur fun
tion S

�

(A

�

B ) is

S

�

(A

�

B ) =

�

�

�

S

�

i+j�i

(A

�

B )

�

�

�

1�i;j�r

:

When � is weakly de
reasing, it is 
alled a partition. In that 
ase, following

Frobenius, one uses another des
ription of partitions, by de
omposing their

diagram into its diagonal hooks, and writing � = (� j �) [8℄ p.3.

On the spa
e Sym(A ) of symmetri
 fun
tions in A , there exists a s
alar

produ
t ( ; )

A

, and S
hur fun
tions indexed by partitions 
onstitute an or-

thormal basis with respe
t to it :

�

S

�

(A ); S

�

(A )

�

A

= 1 &

�

S

�

(A ); S

�

(A )

�

A

= 0 � 6= � : (5)

Another way to state (5) is to assert the existen
e of a reprodu
ing kernel

K(A ; B ) := �

1

(A B ) =

Y

a2A ; b2B

(1� ab)

�1

whi
h satis�es

8f 2 Sym ;

�

K(A ; B ); f(A )

�

A

= f(B ) ; (6)

be
ause the Cau
hy formula states that

K(A ; B ) =

X

�

S

�

(A )S

�

(B ) ; (7)

sum over all partitions.
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Given any symmetri
 fun
tion f , the adjoint D(f ; �) of the multipli
ation

by f is de�ned by

8f; g; h 2 Sym ;

�

D(f ; g) ; h

�

= (g ; fh) (8)

The formulas

�

1

(�

2

(A )) =

X

S

�

(A ) ; all � with 
olumns of even lengths (9)

and

�

1

(A + �

2

(A )) =

X

S

�

(A ) ; all partitions � (10)

are equivalent, be
ause �

2

(A +1) = A +�

2

(A ). Combinatorially, 
onsidering

the letter 1 to be bigger than all the letters in A , it is equivalent to enumerate

all tableaux in A , or all tableaux in the alphabet A + 1 := A [ f1g with


olumns of even length (we write unions of alphabets with a `+`). Indeed,

the 1's o

upy the horizontal strip su
h that the inner shape � has 
olumns

of even lengths.

The 
omputations of Littlewood in 
hapter XI of his book [7℄ 
an be

rephrased in the �-rings paradigm as follows :

Theorem 1 (Littlewood). Given two alphabets A , X, then one has the

identities

�

1

(A X + �

2

(A )) =

X

�

S

�

(A )D

�

�

1

(�

2

);S

�

)

�

(X) (11)

�

1

(A X + S

2

(A )) =

X

�

S

�

(A )D

�

�

1

(S

2

);S

�

)

�

(X) (12)

�

1

(A X � �

2

(A )) =

X

�

S

�

(A )D

�

�

1

(��

2

);S

�

)

�

(X) (13)

�

1

(A X � S

2

(A )) =

X

�

S

�

(A )D

�

�

1

(�S

2

);S

�

)

�

(X) ; (14)

sum over all partitions �.

Proof. All four generating series fa
torize : �

1

(A X+�

2

(A )) = �

1

(A X)�

1

(�

2

(A )).

Sin
e �

1

(A X) is a reprodu
ing kernel, one has for any � :

�

�

1

(A X + �

2

(A )) ; S

�

(A )

�

A

=

�

�

1

(A X) ; D(�

1

(�

2

);S

�

)(A )

�

A

= D(�

1

(�

2

);S

�

)(X) :
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and this proves the �rst identity.

The same proof would work for �

1

(A X) f(A ), f being any symmetri


fun
tion. Indeed property (6) entails

�

1

(A X) f(A ) =

X

�

S

�

(A )D(f ;S

�

)(X) ; (15)

and formulas (12, 13, 14) are a spe
ial 
ase of it. QED

Let us mention that other expansions are possible. Indeed,

S

2

(A � X) = S

2

(A ) � S

1

(A )S

1

(X) + S

2

(�X)

�

2

(A � X) = �

2

(A ) � �

1

(A )�

1

(X) + �

2

(�X) :

It implies, for example, that

�

1

(A X + �

2

(A )) = �

1

(��

2

(X)) �

1

(�

2

(A + X))

= �

1

(��

2

(X))

X

�

S

�

(A + X) ; (16)

sum over all partitions � with 
olumns of even lengths. To go further, one

would de
ompose S

�

(A + X) in the basis of S
hur fun
tions in A , and use

in general Littlewood-Ri
hardson's rule to 
olle
t fun
tions in X. But in the


ase where X is of small 
ardinality, the expansion 
an be written dire
tly.

For example ([1℄, th.IV), if X = x

1

+ x

2

, equation (16) 
an be rewritten as

�

1

�

(x

1

+ x

2

)A + �

2

(A )

�

= (1� x

1

x

2

)

X

�

S

�

(A + x

1

+ x

2

) (17)

and is easy to expand in terms of the S

�

(A ), interpreting it as the sum of

all Young tableaux with even 
olumns, on an alphabet with last two letters

x

1

; x

2

.

Let us show in more details how to make expli
it the 
oeÆ
ients in Lit-

tlewood's identities, for 
ard(X) = n = 1; 2; 3, re
overing the related results

of [1, 2, 3, 4℄. We shall treat only the 
ase of �

1

(XA +�

2

A ), the other being

similar.

When n = 1, X = fx

1

g. Then D(S

�

;S

�

)(X) is non zero i� the diagram

of �=� is an horizontal strip. Therefore, given any partition �, there is one

and only one partition � with even 
olumns su
h that D(S

�

;S

�

)(X) is non

zero. Equation (11) spe
ializes to

�

1

(x

1

A + �

2

(A )) =

X

�

x

odd(�)

1

S

�

(A ) ; (18)
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where odd(�) is the number of 
olumns of � of odd length.

Take now n = 2. A skew diagram �=� gives a non-zero fun
tion S

�=�

(x

1

+

x

2

)

i� it is made of horizontal strips of height 1 and 2. De
ompose the partition

into blo
ks B

k

, k = 1; 2; : : : of 
olumns of the same length k (denoting `

k

its width). If k is odd, then the restri
tion of �=� to this blo
k must be an

horizontal strip of length `

k

, giving a fa
tor S

`

k

(x

1

+ x

2

). If k is even, the

restri
tion of �=� is a 2� i re
tangle, with 0 � i � `

k

. The �gure shows the

restri
tion of a strip to two 
onse
utive blo
ks :

i

z }| {

� ��� � � ��� �

� ��� � � ��� � � ��� �

� ��� � � ��� � � ��� �

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

� ��� � � ��� � � ��� �

| {z }

`

2r

| {z }

`

2r�1

The sum over all possible i gives a fa
tor S

`

k

(1 + x

1

x

2

). Moreover, there

is no interferen
e between the di�erent blo
ks, and therefore, one gets that

the 
oeÆ
ient of S

�

(A ) in �

1

�

(x

1

+

x

2

)A + �

2

(A )

�

is

D(�

1

(�

2

);S

�

)(x

1

+ x

2

) =

1

Y

k=0

S

`

2k

(1 + x

1

x

2

)S

`

2k+1

(x

1

+ x

2

) : (19)

The 
ase n = 3 is treated by Jouhet and Zeng [4℄. The independent

blo
ks are now the blo
ks B

k

of 
olumns of length 2k

+

1; 2k.

There are two possible 
on�gurations for those �=� giving a non-zero


ontribution :

i

z }| {

� ��� � � ��� �

� ��� � � ��� � � ��� �

� ��� � � ��� � � ��� �

� ��� � � ��� � � ��� �

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

� ��� � � ��� � � ��� �

| {z }

p

| {z }

q

; p = `

2k+1

; q = `

2k

; i � 1

The sum over all i = 1; : : : ; p gives

x

1

x

2

x

3

S

p�1

(1 + x

1

x

2

x

3

)S

q

(�

2

(x

1

+ x

2

+ x

3

)) :

j

z }| {

� � ��� �

� � ��� � � ��� � � ��� �

� � ��� � � ��� � � ��� �

� � ��� � � ��� � � ��� �

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

� � ��� � � ��� � � ��� �

| {z }

p

| {z }

q

; i = 0; 0 � j � q :
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The sum over all j = 0; : : : ; q is

S

p

(x

1

+ x

2

+ x

3

)S

q

(1 + �

2

(X)) :

For example, for � = [7; 7; 4℄, the possible 
on�gurations, together with

their fa
tors, are :

� � � �

� � � � � � �

� � � � � � �

S

411

(X) S

33

(X)

+

� � � �

� � � � � � �

� � � � � � �

S

422

(X) S

33

(X)

+

� � � �

� � � � � � �

� � � � � � �

S

433

(X) S

33

(X)

+

� � � �

� � � � � � �

� � � � � � �

S

444

(X) S

33

(X)

+

� � � �

� � � � � � �

� � � � � � �

S

4

(X) S

00

(X)

+

� � � �

� � � � � � �

� � � � � � �

S

4

(X) S

11

(X)

+

� � � �

� � � � � � �

� � � � � � �

S

4

(X) S

22

(X)

+

� � � �

� � � � � � �

� � � � � � �

S

4

(X) S

33

(X)

:

In summary, the 
ontribution of the blo
k B

k

is


(B

k

) =

p

X

i=0

S

p�i

(X)S

qq

(X) + S

p

X)

�

1 + S

11

(X) + � � �+ S

nn

(X)

�

(20)

and the 
oeÆ
ient of S

�

(A ) in �

1

�

(x

1

+

x

2

+

x

3

)A +�

2

(A )

�

is the produ
t of all

the fa
tors 
(B

k

) given by the de
omposition of � into blo
ks. This expression

is equivalent to formula 8 of Jouhet and Zeng.

Littlewood's expansions were motivated by the des
ription of 
hara
ters of

orthogonal and symple
ti
 groups. In turn, these 
hara
ters allow to expand

Littlewood's formulas (13), (14).

Following [7℄, p.240, using a se
ond alphabet X, de�ne the orthogonal

S
hur fun
tion O

�

(A ) by the generating series :

Y

i�j

(1� a

i

a

j

)

Y

i

Y

j

(1� a

i

x

j

)

�1

=

X

�

O

�

(X)S

�

(A ) ; (21)

that is,

�

1

�

A X � S

2

(A )

�

=

X

�

O

�

(A )S

�

(X) : (22)

Formula (14) 
an now be rewritten :

O

�

= D

�

�

1

(�S

2

) ;S

�

�

(23)

and the inverse formula is

S

�

= subs

�

S = O; D(�

1

(S

2

) ;S

�

)

�

(24)

whi
h means that in that last 
ase, one uses the operator D

�

�

1

(S

2

) ; �

�

as a

formal operator on a ve
tor spa
e, the basis of whi
h is indexed by partitions

(and the a
tion being obtained by identifying this basis with S
hur fun
tions).
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For example, Littlewood (p. 241) gives (writing in the expansion of

�

1

(�S

2

) and �

1

(S

2

) only the terms whi
h give a non-zero 
ontribution) :

O

332

= D(S

0

�

S

2

+

S

31

�

S

33

; S

332

) = S

332

� S

332=2

+ S

332=31

� S

2

and the identity

D(S

0

+

S

2

+

S

22

+

S

222

; S

332

) = S

332

+ S

33

+ S

321

+ S

211

+ S

31

+ S

11

implies, by formal 
hange of S into O :

S

332

= O

332

+O

33

+ S

321

+O

211

+O

31

+O

11

:

Ishikawa and Wakayama [3℄ give the expansion of �

1

((x

1

+x

2

)A �S

2

(A )),

with x

1

x

2

= 1. It means 
omputing the spe
ialization of orthogonal S
hur

fun
tions for su
h X. In fa
t the 
omplete fun
tions (resp. power sums) of

X are T
heby
hef polynomials of the �rst and se
ond kind in the variable

(x

1

+ x

2

)=2. Ishikawa and Wakayama 
hara
terize those partitions for whi
h

O

�

(X) 6= 0 in terms of their Frobenius de
omposition, and obtains that in

that 
ase �O

�

(X) is equal to a T
heby
hef polynomial of the se
ond kind.

Using symmetrizing operators, one easily expands �

1

(�S

2

) as :

�

1

(�S

2

) =

X

�S

�

1

;�

2

;�

3

;:::

= S

000:::

� S

200:::

� S

040:::

+ S

240:::

+ � � � (25)

= S

0

� S

2

+ S

31

� S

33

+ � � � : (26)

In the �rst summation, S
hur fun
tions are indexed by ve
tors [�

1

; �

2

; �

3

; : : :℄

su
h that �

i

2 f0; 2ig, and not by partitions, and the sign alternates with the

parity of the number of non-zero 
omponents.

It is remarkable that the operator D

�

�

1

(�S

2

); �

�


an also be written as

an enumeration of ve
tors :

S

�

! O

�

= D

�

�

1

(�S

2

); S

�

�

=

X

�

1

;�

2

;:::

�S

�=[�

1

;�

2

;:::℄

(27)

(re
all that, for any two integral ve
tors �, �, S

�=�

stands for the determinant

�

�

S

�

i

+j�i��

j

�

�

).

Indeed, the fa
t that D(S

�

;S

�

) = S

�=�

for two partitions, extends, by

reordering the rows of the determinantal expression of S

�

and the 
olumns

of S

�=�

, to the 
ase where � is not a partition, i.e. is not de
reasing.

Thus O

332


an also be written

O

332

= S

332=000

� S

332=200

� S

332=040

+ S

332=240

=

�

�

�

S

3

S

4

S

5

S

2

S

3

S

4

S

0

S

1

S

2

�

�

�

�

�

�

�

S

1

S

4

S

5

S

0

S

3

S

4

0 S

1

S

2

�

�

�

�

�

�

�

S

3

S

0

S

5

S

2

0 S

4

S

0

0 S

2

�

�

�

+

�

�

�

S

1

S

0

S

5

S

0

0 S

4

0 0 S

2

�

�

�

:
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By mutilinearity of determinants, one 
an write the above sum as a single

determinant, due to Weyl ([11℄, th.7.9.A), that we display for the order 3 :

O

�

1

�

2

�

3

=

�

�

�

�

�

�

S

�

1

� S

�

1

�2

S

�

1

+1

� S

�

1

+1�4

S

�

1

+2

� S

�

1

+2�6

S

�

2

�1

� S

�

2

�1�2

S

�

2

� S

�

2

�4

S

�

2

+1

� S

�

2

+1�6

S

�

3

�2

� S

�

3

�2

S

�

3

�1

� S

�

3

�1�4

S

�

3

� S

�

3

�6

�

�

�

�

�

�

(28)

For example, O

332

, again, is equal to

�

�

�

�

�

�

S

3

� S

1

S

4

� S

0

S

5

� 0

S

2

� S

0

S

3

� 0 S

4

� 0

S

0

� 0 S

1

� 0 S

2

� 0

�

�

�

�

�

�

We shall refer to [5℄ for determinantal expressions of orthogonal or sym-

ple
ti
 
hara
ters. The 
ase of \nearly re
tangular shape" leads to an inter-

esting 
ombinatori
s obtained by Krattenthaler [6℄.

Similarly, de�ne the symple
ti
 S
hur fun
tion Sp

�

by

Sp

�

= D(�

1

(��

2

) ;S

�

) ; (29)

but this time, it will be evaluated into the alphabet

Y := fx

1

; 1=x

1

; x

2

; 1=x

2

; : : : ; x

n

; 1=x

n

g instead of X.

The identity

�

1

(��

2

) =

X

S

�

0

;�

1

;�

2

;�

3

;:::

; (30)

sum over all �

i

2 f0; 2ig, with �

0

= 0, extends, as before, to

Sp

�

= D(�

1

(��

2

) ;S

�

) =

X

�

1

;�

2

;:::

S

�=[0;�

1

;�

2

;:::℄

; (31)

and this sum 
an be written as a single determinant due to Weyl ([11℄,

th.7.8.E) :

�

�

�

�

�

�

S

�

1

S

�

1

+1

� S

�

1

+1�2

S

�

1

+2

� S

�

1

+2�4

S

�

2

�1

S

�

2

� S

�

2

�2

S

�

2

+1

� S

�

2

+1�4

S

�

3

�2

S

�

3

�1

� S

�

3

�1�2

S

�

3

� S

�

3

�4

�

�

�

�

�

�

(32)

Lovers of �-rings will prefer the expression

Sp

�

= S

�

(Y � 0;Y � 2;Y � 4; : : :) :=

�

�

�

S

�

i

+j�i

(Y � 2j + 2)

�

�

�

; (33)

with, for any alphabet Y, any number k,

�

z

(Y � k) := �

z

(Y � 1� � � � � 1) = (1� z)

k

�

z

(Y) :

8



Indeed, be
ause

S

i

(Y � k) = S

i

(Y) �

�

k

1

�

S

i�1

(Y) +

�

k

2

�

S

i�2

(Y) � � � � � S

i�k

(Y) ;

expanding ea
h term of the determinant

�

�

�

S

�

i

+j�i

(Y � 2j + 2)

�

�

�

, one obtains

Weyl's determinant by eliminating in ea
h 
olumn multiples of the 
olumns

on its left.

In parti
ular, when x

1

; : : : ; x

n

are spe
ialized to 1, the determinant spe-


ializes to a determinant of binomial 
oeÆ
ients

�

�

�

�

�

2n+ �

i

� i� j + 1

�

i

+ j � i

�

�

�

�

�

1�i;j�n

(34)

whi
h is one of the many expressions of the dimension of a representation of

Sp

2n

.

Let us mention that the interpretation of the orthogonal and symple
-

ti
 S
hur fun
tions as 
hara
ters depends on the parity of the number of

variables. See Pro
tor [9℄ for the \`odd symple
ti
 groups".
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