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We shall handle functions on different sets of indeterminates (called al-
phabets, though we shall mostly use commutative indeterminates).

A symmetric function of an alphabet A is a function of the letters which
is invariant under permutation of the letters of A.

The simpler symmetric functions are best defined through generating
functions. We shall not use the classical notations for symmetric functions
(as they can be found in Macdonald’s book), except in the programs (para-
graphs beginning with ACE > and using typewriter characters) because it
will become clear in the course of these lectures that we need to consider
symmetric functions as functors, and connect them with operations on vec-
tor spaces and representations. It is a small burden imposed on the reader,
but the compact notations that we propose greatly simplifies manipulations
of symmetric functions. Notice that exponents are used for products, and
that S7 is different from S, except if J is of length one (i.e. is an integer).

J =1 jar.. ] = A =AA2 . & ST =805k & O =P

are different from S, s etc.
Of course, when indices are of length 1, one has

Sj:Sj, Aj:Aj, \IJj:\IJj.

We need operations on alphabets, the first one being the addition, that
is the disjoint union that we shall denote by a ‘+’-sign :

(A:{a}, ]Bz{b}) s A+B:={a}U{b

More operations will be introduced in the second section.

e Partitions

A weakly increasing sequence of strictly positive numbers I = [iy, ia, ..., if]
is called a partition of the number n of length ¢(I) = ¢, where n = |I| :=
11+ -+ -+ 1. One also uses weakly decreasing sequences instead of increasing
ones, but to handle minors of matrices, it is preferable to use our convention.



A partition I has a graphical representation due to Ferrers, which is called
its diagram: it is a diagram of square boxes left packed, 71, 7s,..., 7y being
the number of boxes in the successive rows. Reading the number of boxes in
the successive columns, one obtains another partition I~ which is called the
conjugate partition. Conjugating partitions is an involutive operation which
can be interpreted as symmetry along the main diagonal, for what concerns
diagrams.

For example, when I = [2,3,5], then I~ =[1,1,2, 3, 3] and their diagrams
are

| | &

A partition I will be identified with any vector obtained by concatenating
initial zeroes. This is coherent with identifying partitions and their diagrams,
because one can start by reading empty rows!

Let Part(n) be the set of partitions of n.

It is obtained by
ACE > ListPart(4);

(r41, €3, 11, [2, 21, [2, 1, 11, [1, 1, 1, 11]
The diagrams are given by the following function, where one can choose
two symbols, one to represent the boxes the boxes of the diagram,
another for the outside :
ACE > [Part2Mat([5,3,2]), Part2Mat([5,3,2],’alphabet’=[‘#‘,.“1)];

1100 0 ST
1110 0| , |# # # . .
11111 H# H OH# H #H
There are two operations on partitions, ‘+’ and ‘U’ :
Bart(m) x Part(n) — Part(m+n)

which are exchanged under conjugation: (I,J) — I + J is the addition of
partitions, normalizing them to belong to the same space N', and I U J is
the partition obtained by reordering the concatenation of I and J into a



partition. With I = [1,3,3,3], J = [2,4], one has :
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To order Part(n), one uses, instead of partitions, their cumulative sums
and one puts the componentwise order on these new vectors.

Definition 1 Given a vector in v € N™, its cumulative sum v is the vector
T = [Ul, V1+vU9, ..., UV1+Ug+ - +Un] )

The n-th cumulative sum (resp. cumulative sum) of a partition I of length
(1) < n is the cumulative sum of the vector obtained by concatenating n —
0(1) initial zeroes to I (resp. n being the weight of I).

Given two partitions I,J of the same integer n, I is smaller than J for
the dominance order iff I is smaller than J componentwise, i.e.
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Cumulative sums of partitions satisfy convexity inequalities that charac-
terize them. It is immediate to check :

Lemma 2 An element u € N is the cumulative sum of a partition iff
2; <uj g+ ur , 1 << n. (1)

But now the supremum (componentwise) of two vectors satisfying in-
equalities (1) also satisfies the same inequalities, and this allows to define
the supremum of two partitions :

Definition 3 The supremum IV J of two partitions I,J of n is the only
partition K such that sup(I, J) is the n-th cumulative sum of K.

One could have taken the r-th cumulative sum of I, J, for any r > ¢(I), ¢(J).
One defines the infimum I A J of two partitions of the same weight by

using conjugation :
INT:= (I~\/J~)~ (2)

Beware that the minimum componentwise of two cumulative sums is not,
necessarily the cumulative sum of a partition.



1,1,5, J = [0,2,2,4]. Then I = [1,2,3,8],
[2 8]:KTWM1K [1,1,2,4] = T v J.
0,2, 3, 8] is the cumulative sum of [0, 2, 1, 5],

For example, take I = [1,
J =10,2,4,8], sup(I,J) =
On the other hand, inf(I,J) =
which is not a partition.

Conjugating, one has I~ = [1,1,1,1,4], J~ = [0,1,1, 3, 3], with cumu-
lative sums [1,2,3,4,8],[0,1,2,5,8] and supremum [1,2,3,5,8]. Therefore
I"vJ =[1,1,1,2,3] and

INT=(I"VvJ )" =[1,1,1,2,3]" =[1,2,5] .

One could have use the cumulative sums starting from the right, or equiv-
alently, the cumulative sums on descending partitions.

The two operations V, A, define a structure of lattice on Part(n) (with
minimum element [n] and maximal element [17]).

The poset of partitions (partially ordered set — bad terminology, because
every order is partial, unless otherwise specified !) is not a rank poset, i.e.
maximal chains between two comparable elements do not have the same
length.

For example, Part(8) contains the following piece, which contains the
four partitions that we have just considered, writing their cumulative sums
on the right :

1124 1248
N N N N
224 0248
1115 I o 1238 .
134 0148
N Ve N Ve
125 0138

However, it is easy to characterize consecutive elements :
Lemma 4 Let I, J be two partitions of the same number. If
I <.J & thereisno K suchthat I < K <.J
then either

IAp, ke N: J=Jp"*2J" & I=.T, p-1,p" p+l, J" or
Ap,geN: J=JpqgJ" & I=J,p-1,q+1, J".



Notice that the two cases are exchanged by conjugation of partition, so
that the dominance order is reversed under conjugation. The possible pairs
in Lemma 4 look like what follows :

0 0 0 0

Om 0 0 0

_ oo _ oo _ 0 _ 0

J=ngng =1=gqg S =0m =1 =g
0o 0w 000 Oo0om
000000 000000 OO0ooo 000000

Pushing a box down gives a smaller partition, but it is not true that it
Om 0

ives a pair of consecutive partitions: EEE and EEH  are not consecutive
000 000 5

000 000 .
because the move of the black box can be performed in two steps:
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Let J, I be a pair of partitions such that the diagram of .J contains the
diagram of I. Then the set difference of the two diagrams is called a skew
diagram and denoted J/I ( adding common boxes to I and J does not change
J/I. In some problems, one has to consider pairs (.J, I) rather than .J/I).

If J/I contains no 2 x 2 sub-diagram and is connected (resp. .J/I contains
no two boxes in the same column, res. no two boxes in the same row), then
J/I is called a ribbon (resp. horizontal strip, resp. vertical strip). There are

strips which are both vertical and horizontal, for example a single box.

] EE om
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ribbon horizontal strip vertical strip

A partition of the type [1°, a+1] is called a hook and is denoted (a&p).
The decomposition of the diagram of a partition I into its diagonal hooks (i.e.
hooks having their head on the diagonal) is called the Frobenius code of T
and denoted Frob(I) = (o, s, ..., & 1, Ba,...,b.) (where r, the number
of boxes in the main diagonal, is called the rank of the partition).

I=12,4,56] = gives Frob([2,4,5,6]) = (531 & 320) .
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Given a box in a diagram, its content is its distance to the main diagonal.
The multiset of contents allows to recover the diagram, hence the partition.

Replacing each box by its content, one has, for example, that I = [2,4,5, 6]
—3 —2

has contents ~2 ' 01,
0 1 2345

and multiset {(-3)!, (-2)%, (-1)?, 0%, 13, 22, 32, 41, 5'}.



Finally (for the moment!), one can code a partition by the word obtained
by reading the border of its diagram : 0 for an horizontal step, 1 for a vertical
step.

I =1[2,4,5,6] = border = =1[0,0,1,0,0,1,0,1,0,1]

OOdde
OOdde
O0do=
O00e
O0o~
Odo~

—

Taking reverse words and exchanging 0 and 1 corresponds to taking con-
jugate partitions. In fact, all operations on words on two letters induce
operations on partitions that we leave to the reader the pleasure to discover.

It is appropriate concatenate left 1’s and right 0’s to a border word. This
amounts to consider that the partition is contained in a rectangular partition
m™ (where m is the total number of 0’s and n the total number of 1’s). Since
a 0, -1 sequence is specified by its length and the position of the 0’s, one has
the following lemma that one shall need in determinantal identities.

Lemma 5 Let I = [iy,...,i,] € N* be a partition contained in m™, and
J=1j1,---,Jm] be its conjugate. Then

{i1+1, ia+2, ... ip+tn} and {m+n+1—ji-1, m+n+1—755-2, ... m+n+l—j,-m}

are complementary sets in {1, ..., m+n}.

For example, take m = 5, n = 4. Adding [1,2,3,4] to I = [0,0,2,4], one
gets [1,2, 5, 8]; the partition I~ = [0, 1, 1, 2, 2] gives under the same operation
1,3,4,6,7], and [10 — 1,10 — 3,10 — 4,10 — 6,10 — 7] = [9,7,6,4, 3] is the
complementary set of 1,2, 5, 8].

ACE > Part2Frob([6,5,4,2]);

(s, 3, 11, [3, 2, 0]]

ACE > Frob2Part(");

[6, 5, 4, 2]

ACEFE > [Part2Border([6,5,4,2]), Part2Border (Part2Conjugate([6,5,4,2]1))];
tco, o, ¢, 0, 0, t, o, 1, o, 11, [0, 1, O, 1, O, 1, 1, O, 1, 1]1]

Given a box [J in the diagram of a partition .J, let its leg be the set of
boxes in the same column above it, its arm be the set of boxes in the same
row, on its right. The hook relative to [ is the union of the leg, the arm and
the box itself, the total number of boxes being the hook length of [ in the
diagram. It is usual to directly write the hook length of a box in the box
itself.



The content of a box in a diagram is its distance to the main diagonal,
counted negative in the North-West sector.

For example, for J = [2, 3, 3, 6, 6], one has the following hook lengths and
contents :

2|1 -41-3

4131 -3|-2[-1
5142 -2|-1{0
918]6(3[2]1 -110[1[2[3]4
101974132 0]11({2]3[4]5
Hook lengths Contents

These informations about a partition can also been read on the other codings
of the partition, like its border, or its Frobenius decomposition in diagonal
hooks.

One can relate the contents and hook lengths as follows. Let J be a
partition in N” (it can have initial zeros). Let v := [j1+0, ji1+1, ..., ju+n-1].
Taking row r of the diagram of .J, one sees that the set of hook lengths in
this row is such that

{ha}={1,2, ..., 0.} \{(v, — ) : i <7},
and therefore, in total, one has the following equality between multisets :

{ho : O € Diagr(J)} = Ui<r<n{l, ..., v} \U{(v,—v;) : 1 <i<r <n}.

(3)

e Generating Functions of symmetric functions
Taking an extra indeterminate z, one has three fundamental series

1 - C
A(A) = +2a), o.(A) =[] — U.(A) = SN Adi/i (4)
acA a€A i=1 a€A
the expansion of which gives the elementary symmetric functions A*(A) the

complete functions S*(A), and the power sums ¥;(A) :

A(A) =D FN(A), 0.(A) =) 2 SHA), TL(A) = Zzillfi(A)/z’ . (5)
Since log(1/(1 —a) = Y_,.,a'/%, one has
o:(A) = exp (¥.(A) , P.(A) =log(0.(A)) (6)

8



Addition of alphabets implies product of generating series
LA+B) =XA)NMB) , o0,(A+B)=0,(4)0,(B). (7)

However, since one can invert formal series beginning by 1, or take any
power of them, one can extend (4) by setting :

o (A-B) = oerL=2D) A eceC. ()

HaeA(l - Z(L)

When B = 0, or A = 0, one recovers the two series 0,(A) and o,(—B) =
A_.(B).

Notice that the addition of alphabets satisfy the usual properties of ad-
dition : 0,(—A) is the inverse of 0,(A) because A — A = 0 and 0,(0) = 1.
Similarly, the identity (A + C) — (B + C) = A — B translates, at the level of
generating series, the fact that

Hb(1 — 2b) Hc(]‘ — z2¢) _ Hb(1 — 2b)
[[.A—2a)[[.(1 —2¢) I, (1—za)"

and nobody will deny that one can simplify a factor common to the numerator
and denominator of a rational function !

Formal series in z beginning by 2° should be treated as generating series
of complete or elementary symmetric functions of some formal alphabet,
or of a difference of two alphabets (one alphabet is sufficient, but one has
more flexibility with two alphabets), that one can manipulate without having
access to the letters which compose them. This is indeed what one does with
a polynomial, even when one is not able to factorize it. One writes a monic
polynomial P(z) as P(x) = [[,.,(® — a), A being the alphabet of zeros
of P(z). Now, [[,ca(z — a)?, Tl ca(® — a?), to show a few examples, are
perfectly defined polynomials whose coefficients can be written in terms of
the coefficients of P, though they have been defined in terms of the roots of
P (but we respected the symmetry between the roots of P!).

Having written A 4+ B for the disjoint union of alphabets forces us to
consider a finite alphabet as the sum of its sub-alphabets of cardinality 1, i.e
to identify A and ) ., a, and write

Sk(a1+a2+---+an—b1—---—bm)

instead of S*(A — B) when we shall need the letters composing the finite
alphabets A and B.



Given a finite alphabet A, let Gym(A) be the ring of symmetric polynomi-
als in A over the rational numbers. As a vector space, it has (multiplicative)
bases

AI(A) — Ail(A)Alé(A)...
S'(A) = SU(A)S=(A)--- (9)
\III(A) — \Ijil(A)\Iji2(A)...

sum over all k, all partitions I = [iy, ..., 0], i < card(A).

The fact that A is a linear basis is called “Newton fundamental theorem?”.
It is usually formulated as follows :

Theorem 6 (Newton). Let A be an alphabet of cardinality n. Then Sym(A)
is a polynomial ring with generators A'(A), ..., A"(A).

Because of relations (4), it is easy to deduce from Newton’s theorem
the two other statements in (9), in other words, that S'(A),..., S"(A) and
U(A),..., U"(A) are also algebraic bases of Gym(A). In other words, the
ring Sym(A), with coefficients in Q, is isomorphic to each of the three poly-
nomial rings

QA'(A),..., AMA)], QIS'(A),..., S™A)], QU'(A),..., U"(A)] .

In the case of the elementary or symmetric functions, one does not need
the condition that Sym(A) contains the rationals. Newton’s theorem is also
valid for symmetric polynomials with coefficients in Z, and consequently, for
any ring of coefficients.

When working with rational symmetric functions, one can use other gen-
erators. For example, Cauchy shown that any symmetric polynomial is a
rational function in the odd power sums ¥'(A), ¥3(A), ..., U?»~1(A). This
property has been rediscovered and extended many times, and we shall com-
ment it in the exercises.

Many problems with symmetric functions involve changes of bases. We
shall detail matrices of change of bases in another section, using different
combinatorial objects such as Young tableaux, matrices with fixed row and
column sums, etc.

The sum of all elements in the orbits of a monomial a” under the action of
the symmetric group G(A) is of course a symmetric function, called monomial
function' and we shall denote it ¥ ;(A), (.J partition), rather than m; (except

!For the classics, monomial functions were the symmetric functions. Alphabets being
defined as sets of roots of polynomials, the problem was to express the symmetric functions
in terms of the A7(A), which were the data. Vandermonde solved this problem, without
explaining his method, and published tables in the Mémoires de I’Académie for degree up
to 10 — with no mistake, as controlled by D.Knuth.

10



in the programs, where we use the same conventions as Macdonald). They
must not be mistaken with the product of power sums ¥U”/(A).

It has been since long realized that one should use alphabets of infinite
cardinality, and thus consider a universal ring Gym from which one gets by
specialization the rings Gym(A), for specific alphabets A of finite cardinality
(more generally, we shall use specializations such that letters are no more
algebraically independent).

e Matrix generating functions

Let z stands now for the infinite matrix with diagonal j —¢ = 1 filled
with 1’s, all other entries being 0’s.

Since 2*, k € N, is the matrix with 1’s in the k-th diagonal above the
main diagonal, and 0 outside of it, we see that now o, (A) is a Toeplitz matrix
(i.e. a matrix with constant values in each diagonal) that we shall denote by
S(A); similarly A,(A) is a matrix denoted L(A) :

S(A) = <5j_i(A))i,jzo & L(A) = (Aj‘i(A))i’jZO . (10)
SOA)  SU(A) S2A) SP(A)
SIA) S°(A) SUA) S*A)
S(A) = |s-2a) S'(A) S°A) S'(A
A%(A)  AT(A) A%(A) A%(A)
ATH(A) A°(A) AN(A) A%(A)
LA) = |A—2(A) A1(A) A°(A) Al(A)

These matrices are upper triangular, but it is wiser to write entries S~* rather
than their value 0.

Addition or subtraction of alphabets still correspond to product of ma-
trices, that z be an indeterminate or a matrix makes no difference :

S(A+B) =S(A)SB)* & L(A+B) =L(A)LMB)* . (11)

The advantage of matrices, compared to formal series, is that they offer us
their minors, that we shall index by (increasing) partitions, or more generally,
by vectors with components in Z. More precisely, given I = (iy,...,i,) €
7", J = (ji,-..,jn) € Z" one defines the skew Schur function S;;(A) to

11



be the minor of S(A) taken on rows i; + 1,iy + 2,...,4, + n and columns
J1+1,...,dn+n (we define the minor to be 0 if one of these numbers is < 0).
When I = 0" , the minor is called a Schur function and one writes S;(A)
instead of Sj/on (A).

In other words,

Syi(A) = ‘S’jk*’ih#»k*h(A) ‘1§h,k§n _ (12)

The expression of a Schur function as a determinant of complete functions
is called the Jacobi- Trudi determinant (we shall see that there is also another
expression in terms of elementary symmetric functions).

One can enter a (decreasing) partition or a skew partition :
ACE > sfJtMat([5,4,11), SfJtMat([ [5,4,11,[2,1]1 1);

hb5 h6 hT7 h3 hbd A7
h3 ha h5| , |n1 B3R5
0 1 hl 0 0 hl
One can visualize the Schur function Sj/; as being obtained from the

initial minor of the same order, by shifting the columns by .J, and the rows
by I :

0 1 2|—4 O+pn—u 14— 247j3—1n
-1 0 1| —19 —14+51—10 0+7js—19 147J3—19
—2 -1 0 ) -3 2451 —i3 —1+j2—13 0+J3—13
i J2 Js |

It is convenient to also use determinants in elementary symmetric func-
tions :

Ayyr(A) = ‘Ajk*ih‘Fk*h(A) ‘1§h,k§n _ (13)

Of course, one must not forget that A(A) = (—1)!S*(—A), i € Z, and
thus the Aj/;(A) are also skew Schur functions in ~A (we shall see that they
also are Schur functions in A, but indexed by “column lengths”).

To write easily a Schur function S;(A), one first fill the diagonal, then
complete the columns, increasing or decreasing indices by 1 when moving up
or down :

S1(4) Si(A)  S3(A) Se(A)
J = [1, 2, 4] = SQ(A) = SO(A) SQ(A) 55(A) = 5124(A)
Sy(A) S1(A) Si(A) Si(A)

12



We shall also need rectangular sub-matrices of S(A) that we shall continue
to index the same way: S;/;(A) is the sub-matrix of S(A) taken on rows
11+ 1,45+ 2,..., and columns j; + 1,5, + 2,.. ..

Binet-Cauchy theorem for minors of the product of two matrices implies,
in the case of S(A + B), the following expansion of skew-Schur functions :

Sy1(A+B) = ZK Sy/i(A) Sk/r(B) (14)

sum over all partitions ( only those K : I C K C J give a non-zero contri-
bution).

Jacobi’s theorem on minors of the inverse of a matrix gives, thanks to
lemma 5

Ayi(A) = Sy~ (A) = (=1)7718,,,(—A) (15)

One needs to enlarge the definition of a Schur function, to be able to play
with different alphabets at the same time.

Given n, given two sets of alphabets {A;, Ay,... A}, {By,By,...,B,},
and I,.J € N*, we define the multi-Schur function

SJ/I(AI —B,..., A, - ]Bn) = ‘ Sjwthrk*h(Ak - Bk) ‘lgh,kgn : (16)

In the case where the alphabets are repeated, we indicate by a semicolon
the corresponding block separation : given H € ZP, K € 79, then Sy, (A —
B; C — D) stands for the multi-Schur function with index the concatenation
of H and K, and alphabets A, = --- = A, = A B, =--- =B, =B,
App1 = =8y =C By = =By =D

To write a multi-Schur function easily, one first fill the diagonal, then
complete columns by keeping the same alphabet in each column :

S1(A) Si(A)  S3(A) Se(B)
Sioa(A; B) = Sy(A) — | So(A)  S»(A) Ss(B)
S4(B) S_1(A) Si(A) Sy(B)

These functions are now sufficiently general to allow easy inductions,
thanks to the following transformation lemma.

Lemma 7 Let S;(A; — By,..., A, — B,) be a multi-Schur function, and
Do, Dy, ...,D, 1 be a family of finite alphabets such that card(D;) < i, 0 <
i<n-—1. Then S;(A; —By,..., A, —B,) is equal to the determinant

13



In other words, one does not change the value of a multi-Schur function S;
by replacing in row h the difference A —B by A — B — D,_;. Indeed, thanks
to the expansion (14) :

S;(A—B—D},) = S;(A—B)+S; (—=Dy) S;_1 (A—B)+- - -+S,(~Dy) S;_n(A—B) ,

the sum terminating because the Si(—Dj,) are null for £ > h, we see that the

determinant has been transformed by multiplication by a triangular matrix

with 1’s in the diagonal, and therefore has kept its value. QED
For example, taking Dy = 0, D; = {z}, Dy = {y, 2}, one has

Si(Ay —y—2) Sjpi(Ay —y—2) She(As —y—2)
Sifl(Al — 117) Sj(AQ — 117) Sh+1(A3 — 117) =
Si—2(A1) Sj-1(A2) Sn(As)

1 —y—z yz Si(A1)  Sjs1(A2)  Shiz(As)
= |0 1 —T| - Si—l(Al) Sj (AQ) Sh+1 (Ag)
0 0 1 Si—a(A1) Sj_1(Ag)  Sh(Ag)
and the determinant of the left matrix is equal to S;;n (A, Ay, As).

To understand better the structure of such determinants, it is appropriate
to use “umbral” notations and write alphabets on the border of the deter-
minant: an entry k in position (i, 7) will be interpreted as Si(A + B) if A is
written at the bottom of column j and B on the right of row .

koo | 4B o SpA£B)

For example, during a computation, one would rather write the preceding
determinant :

it J+1 h+2|—-y—=z
i—1 5  h+1 —x
i—2 j7—1 h 0
A, A, Ay |

Taking —A;, —A,, —A; instead of A, Ay, A3, and getting rid of signs be-
cause of “isobarity”, one gets by the same token

Ni(Ar +y+2) Ajpi(Ae +y+2) Appa(As +y+2)
Nisgin(Ars Aos Ag) = | Aii(Ar + ) Aj(As + ) Apy1(As + )
Ai,Q(AI) Aj,I(AQ) Ah (A?))

14



In the preceding lemma, we needed only consecutive elements of a column
to be complete functions of the same difference of alphabets, of consecutive
degrees. A similar transformation can be performed in rows, when alphabets
are repeated in some consecutive columns, for partitions having repeated
parts.

Lemma 8 Let j,n be two integers, Dy, ...,D,_1 be a family of alphabets such
that card(D;) < i, 0 < i <n-—1, and let A, B be two arbitrary alphabets.
Let S, jn.o(de; A-B; &) be a multi-Schur function of which we have specified
only n columns.

Then it is equal to the multi-Schur function

Sojigio (B A=B-Dy, A-B-Dy,..., A-B-D, ; &) .
For example,
So;a1a(A; B) = S,4,4,4(A; B; B-Dy; B-Dy).
The above lemma implies many factorization properties, e.g. for r > 0,
S;(A-B-z)z" = S;,(A-B,z) , (17)

since taking D = Dy = --- = {z} factorizes the determinant S, (A-B, x).
More generally, for an alphabet D of cardinal < r and J € N, one has

S;(A-B-D) S; (D) = S;.;(A-B, D) . (18)

Monomial themselves can be written as multi-Schur functions. Given
a totally ordered alphabet A = {aj,as,...}, denote, for any n, A, :=
{ai,...,a,}. Then, for any J = [ji,...,jn], denoting J¥ := [j,,...,j1],
one has

a’ =al' - ain = Syu(An, ..., Ao, A)

Indeed, subtract the flag 0, A;, A, ... in the successive rows, starting from
the bottom one. One sees the monomial appearing in the diagonal, the upper
part of the matrix vanishing because it is constituted of Sy (—(A; — A;)) for
k> (j—1i), 7>

532 5.3 2 ) ) _
a’>* = ajaya; = Soz.5(a1+agtas; ajtag; ar) =

2 4 T |—A,
_ Sa(as3) S4(0)  Si(-an)
S Si(ag+az) Sz(az)  Ss(0)

0O 2 5 0
A; Ay A1‘ So(ait+aztaz) Sp(ait+az) Ss(ar)
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One could have put any order on the letters in A, and in general, a monomial
on an alphabet of n letters can be written in n! different manners as a multi-
Schur functions. However, because it is appropriate to restrict to the flag
of alphabets A; C Ay C A3 C ---, we have preferred the convention which
gives as the index of the multi-Schur function the reverse of the exponent of
the monomial.

Given two finite alphabets, the following factorization and vanishing prop-
erties implicitly appear in many classical 19-th century texts about elimina-
tion theory (modern reference is Berele-Regev, [4]).

Proposition 9 Let A, B, be of cardinalities o, 3, p € N, I € NP, J € N,
Then

Sitvesipftitsesbrin (A — B) = S1(—=B) S; () [ (a—1b).

acMbeEB

Let J be a partition, J 2 (8 + 1)*T'. Then S;(A — B) = 0.

Proof. Subtract A in the first p rows. One gets the factorization

Now, using the partition K conjugate to [3 + ji,...,[ + ja], one gets the
factorization of Sk (B — A) into a Schur function of A and S,s(B — A). This
last function can be seen equal to the resultant [ ¢, yep (b—a) by subtracting
the flag 0,B;, By, .. ..

The case J too big can be treated by adding the same letters to A and
B, so that one is reduced to the preceding case. But now the factor [[(a — b)
vanishes because A and B have a letter in common.

Pictorially, the relation is

gl =
I

| _

o} - A-B

| el e

<—B—>

Given a finite alphabet A (that one will totally order: A = {a,,...,a,}),
Cauchy and Jacobi separately defined the Schur function S;(A) using the

16



(infinite) Vandermonde matriz

a® al a? .-

and the Vandermonde (determinant)

o af - 0}~
A(B) = [](a; — a;) =
1>7 ad al - an !

Proposition 10 Let J € N'. Then S;(A) A(A) is equal to the minor of
index (0", .J) of the Vandermonde matriz V (A).

Proof. Let S ;(A) denotes the sub-matrix of S(A) taken on columns j;+1,
Jo+2, ..., jntn. Consider the product V(A)S(—A)S;(A). It can be factorized
in two manners, using (11):

V(A)S(=A)S,(A) = [Sj(a; — A)] S.(A) =V(A)S,(0) .

1<i<n;j>0

However, the S;(a; — A) are null for j > n, because they are the elementary
functions (up to sign) of alphabets of cardinality n — 1. On the other hand,
S;(0) =0, if j # 0. In both cases, we have obtained matrices such that only
one minor of order n is different from 0. QED
For example, for n = 3, J = [1, 3, 4], truncating the matrices, one has

So(—A) Si(—A) Sa(—A) S3(—A) S4(—A) S5(—A) Se(—4A) S1(A) S4(A) Se(4)
0 So(—A) S1(—4) Sa(—A) Ss(—A) Sa(—A) S5(—4) | | So(A) Sa(a) S5(4)
Lay af - af 0 0 So(—A) Si(—A) Sa(—A) S3(—4) Sa(—A) 0 S2(A) Sa(A)
|:1 az a2 - ag:| 0 0 0 So(—A) Si(—A) Sa(—A) S3(—A) 0 Si(A) S3(A)
1as a2 - af 0 0 0 0 So(—A) Si(—A) So(—A) 0 So(A) Sa(A)
0 0 0 0 0 So(—A) 51(—A) 0 0 Sl(A)
0 0 0 0 0 0 So(—A) 0 0 So(A)
S1(A) S4(A) Se(A)
So(A) S3(A) S5(A)
So(a1—A) Si(a1—A) S2(a1—A) 0000 0 S2(A) S4(A)
= |:So(a2A) S1(az—A) Sa(az—A) 000 0:| 0  Si(A) S3(A)
So(az—A) Si(a1—A) S2(ai—A) 0000 0 So(A) Sa2(A)
0 0  Si(d)
0 0 So(A)
51(0) S4(0) Se(0)
S0(0) S3(0) S5(0)
1 a1 a? a3 af af af 0 S2(0) S4(0)
= |:1 a» a2 a3 a} a3 ag:| 0 S1(0) S3(0)
1 a3 a2 af a3 a3 af 0 Sp(0) S2(0)
0 0 S(0)
0 0 So(0)

Still writing A; = aq + - - - 4+ a;, one has an expression for Schur functions
which “interpolates” between Jacobi-Trudi determinant and a minor of the
Vandermonde matrix.

17



Lemma 11 Let A be of cardinality n, and K = [ky, ..., k,] € N*. Then

Sk (A) = det|Sk;4j—i(A) ‘1§z’,j§n : (19)
Proof. Subtract 0, a,, ap+a,_1, ..., a,+---+az in the successive rows of
Sk (A). QED

We shall later interpret such a determinant as a discrete Wronskian. No-
tice that the top row is made of powers of a;, and the bottom row is the
same as in Jacobi-Trudi determinant.

Given an alphabet A of finite cardinality n, one will need the alphabet of
inverses AV = {a™'}. Noticing that

AI(AY) = A" (A /A"(A) , 1<i<n,

and using the expression of a Schur function as a determinant of A?, one has,
for any r and any partition I C [ =r":

S1(AY) = Soyr(A)/So(A) - (20)

e Cauchy formula

The most important formula in the theory of symmetric functions is the
following expansion, due to Cauchy.
Let A,B be two alphabets. Then :

K(AB) =0 (AB) = [[[J1 —ab) ' = ZJ S;(A)S;(B) , (21)

acA beB

sum over all partitions .J (the terms for which ¢(J) > min(card(A), card(B))
vanish).

One will find later a proof of Cauchy formula, using symmetrizing oper-
ators, starting from the straightforward identity

1 1 1
- Z a b |
1-— a1b1 1-— a1a2b1b2 1-— a1a2a3b1b2b3 A

sum over all weakly decreasing exponents .

For the moment, let us sketch a proof that one can find in the literature,
supposing that the two alphabets have cardinality n.

Consider the Cauchy matrix [1/(1—ab)] wenpen Lach entry 1/(1—ab) can

be considered as the scalar product of the two infinite vectors [1,a,a?,...]
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and [1,b,0?,...], and therefore the Cauchy matrix is equal to the product
V(A) V (B)" of two Vandermonde matrices.

Since minors of each matrix are Schur functions multiplied by a Vander-
monde, Binet-Cauchy expansion gives :

[1/(1 = ab)] e ppes = AA)A(B) ZJ S;(A)S;(B) .

Now, the determinant itself is equal to the sum (¢(o) denoting the length
of a permutation o)

> (-1 :

sEG(A) ((1 —aby) - (1 - anbn))g |

Extracting the full denominator [],., yep 1/(1 — ab), one has to compute
the sum

3 (-1 (s“*1(1 4 byay — biA) - - §" (1 + boay — b,A)) Y
oES(A)

This sum is divisible by A(A) A(B), because it vanishes when two of the
a’s, or two of the b’s coincide. The degree in each a or b is at most n— 1, and
therefore the quotient is of degree zero in each variable. One has to check
that it is equal to 1. QED

The last step in the above sketch of a demonstration misses the crucial
fact that what is really involved is Jacobi symmetrizer

1
Clay,...,an] > fr> | Y (=1)f7 AG)
c€S(A)

sum over all permutations o of the letters of A. Jacobi’s symmetrizer provides
a connection with the theory of characters (and extends to Weyl’s character
formula for the classical groups). We postpone this point of view to another
section, where we shall express Jacobi’s symmetrizer as a product of divided
differences.

There are other forms of Cauchy’s formula, for two alphabets of finite
cardinalities :

[T @-ab)=ci(-aB) = > (-1)"'S;(4)S;-(B) (22)

a€h, beEB

RAB) = ] (a=b) = D> Si(4)So(-B) (23)

a€h, beB

= > (-1)7S;(A)Sn- - (B) |

1
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where O = 8%, o = card(A), 8 = card(B).

Formula (22) is equivalent to (21), changing B into -B, and using (15).
Changing A into AY = {a"'}, one gets (23), thanks to the relations (20)
between the Schur functions of A and those of AY.

Thus, the equivalence of the three forms of Cauchy formulas is purely
formal, once one proves them for any cardinality. However, we already have
stated a property implying (23) in theorem 9 and using only the transforma-
tion lemma 7. Let us repeat the proof in detail.

The right hand side of (23) is the expansion of Sg(A — B), according to
(12). One subtracts the alphabet A-a; in the first row of Sg(A — B), and a4
in all the columns, except the first one. Now, the first row of the determinant
has become

Sg(al - B), Sﬁ_H(—B), ey Sﬁ+a—1(_B) .

Since Sgi1(—B),... are null, the new determinant factorizes into
S/g((ll — IB) Sﬁa—l ((A—al) — IB) 5

and this gives (23) by induction on a.

e Scalar Product

There are other decompositions of K (A, B) as a sum of products of sym-
metric functions in A and in B. However, there is only one of the type
> P(A)P(B) over Z: up to signs, the P’s are all the Schur functions indexed
by partitions in N. Thus K (A, B), that we shall call Cauchy kernel, deter-
mines the Schur functions, because this is the only Z-basis in which K (A, B)
is diagonal.

One can interpret differently the kernel, as defining a scalar product on
the space of symmetric functions, the Schur functions constituting the only
orthogonal basis. Now, any expansion of the type

K(AB) =) Ps(A)Q,(B) (24)

define a pair of adjoint bases {P;}, {Q,}, with respect to the canonical
scalar product (, ) induced by K(A,B), i.e. the scalar product such that
(Ss,Sy) =1, for all partition J. In other words (24) is equivalent to

(Pr(A), QA) =1 &  (Pi(A), Q;(A) =0for I#J. (25)

There are some difficulties for what concerns scalar products when taking
finite alphabets, and in the rest of the section, we shall take only infinite
alphabets.
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The expansion

K(A,B):H(Hl_ab> H(ZHS’ ) S0, (B)ST(A) (26)

shows that the basis adjoint to ST, I partition, is the monomial basis V7.
From the identity (5), one gets

n(8) = exp(Y_W(A)/i) = [Jexp(v'(4)/)
= > V(A)/a, (27)

sum over all partitions I = [1™1,2™2 3™ ] defining
zr = my!1™ my!2™2 myl3™s ... (28)
Since U/(AB) = ¥*(A) ¥'(B), it implies the expansion

K(A,B) = o, (AB Z\Iff B)/zr , (29)

which shows that the basis of products of power sums is orthogonal, with
scalar product (U, Ur) = z;.

The name kernel is justified by the following property, which is just an-
other way of stating that K(A, B) defines a scalar product:

Lemma 12 Let f be a symmetric function and (, ) be the canonical scalar
product on symmetric functions in A. Then

(K(A,B), f(A) = f(B)

Proof. The identity is linear in f € Sym(A). We check it on the basis of
Schur functions :

(Z Si(A SJ(A)) — S,(B) .

QED

One can use simultaneoulsy several alphabets A, B, C, ..., as well as the
scalar products corresponding to them. We shall specify in which symmetric
ring we are evaluating the scalar product by indexing it by the alphabet :

(a )A'
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Let us give a first example. Let f, g, h € Gym. Then one has

(o1 (A+B)C) . 7(4) 9(B) (C)) = 0,(BC) F(C)g(B)R(C) . (30)

A

Proof. One factors out oy (BC) and g(B)h(C), which are scalars in Sym(A).
One is left with (o7 (AC), f(A))x = f(C). QED

e Differential calculus
Having a scalar product, one can now obtain operators adjoint to some
simple ones. We did not use the multiplicative structure of Gym up to now,
but only the vector space structure of Gym. Now we shall use that any
symmetric function f can be thought of as the operator
“multiplication by f”

Definition 13 For f € Gym, Dy is the operator adjoint to the multiplica-
tion by f, i.e. for every S, S" € Gym one has

(D(S"), §") = (5", f57) .

The following lemma shows that Schur functions play a special role (cf.
several exercises; the best proof of the following lemma is interpreting Sym
as a ring of shifting operators on isobaric determinants, as explained in the
appendix).

Lemma 14 For every I,.J € N*, one has

Ds,(S5) = Syr, (31)
Uk ifJ=KUT
Dgr(¥y) = { 0 otherwise (32)

Proof. Instead of a single Sz, let us introduce two other alphabets B, C and
take the generating function

o1 ((A+B) C) = ZJ’H Sy (A) Sy (B) S;(C)

The scalar product (in Gym(B)) of this function with S;(B) is equal to

Y7 Ss1(A) S;(C), which is, according to (30), equal to o1 (AC) S;(C). There-
fore

SJ/[(A) = (O’l(AC)S[(C), SJ(C))

= (O'I(A(C), DSISJ(C))

C

C
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and, because o1 (AC) is a reproducing kernel, one gets the wanted identity
S11(A) = Dg,S;(A).

As for the second identity, it is just another way of stating that monomial
functions ¥; and product of complete functions S’ constitute two adjoint

bases. Indeed,
(Dsr (W), S%) = (¥, SF)

allows to conclude. QED

ACE > SfDiff(s[2,1], s[5,4,2]);
s[5,3] +s[4,4] +s[5,2,1] +2 s[4,3,1] +s[4,2,2] +s[3,3,2]
ACE > Tos(det( SfJtMat([ [5,4,21,[2,111)));
s[5,3] +s[4,4] +s[5,2,1] +2 s[4,3,1] +s[4,2,2] +s[3,3,2]
ACE > Tom(SfDiff( h2xh4, a*m[4,3,2,2] +b*m[3,3,2,2] ), collect);
a m[3, 2]

The operators Dy, are differential operators. Indeed, for every integer
1 > 0, one has

as can be checked by operating on the basis ¥”/: the scalar product is com-
patible with the tensor decomposition

Sym ~ C[¥, ]| @ C[Vy] @ C[U3] ® - - -,
and the equality
(T ()", (U)™) = Gpym1 8™ Ml = Op 1 2im
proves the assertion.

ACE > SfDiff( p1A2x(p3/3)A2, s[4,4,3,11);

1/9 s[2, 21 + 1/9 s[4] + 2/9 s[3, 1]
ACE > Tos(diff(Top(s[4,4,3,1]1), pl,pl,p3,p3));

1/9 s[2,2] + 1/9 s[4] + 2/9 s[3, 1]

In the usual differential calculus on polynomials, one can define deriva-
tives without having recourse to vanishing €’s, but just as the successive
coefficients in Taylors’s formula, in other words, just using f(y) — f(y + z).

The same property is true in the ring Gym.
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Proposition 15 For any pair of adjoint bases {Pr}, {Q:}, and any element
f € Gym, one has the decomposition

(A +B) Z Dp, (f(A)) Q1 (B) . (34)

Proof. This is a linear statement that it is sufficient to prove for one pair of
adjoint bases, for example for the Schur basis, and for a f a generic Schur
function.
But in that case, the identity to be proven is the expansion of S;(A + B)
given in (14). QED
We shall use very often the identity

Vfe&ym, f(B+A) = Z Ds, (f(B)) Si(A) (35)
when A is a single letter a or when it is —a. In that case it becomes

fB+a) = > Dg(f(B))d (36)

2

fB—a) = Y Du(f(B)) (—a) . (37)

7

Another corollary of (34) is

VfeGym, f(A+B) = > U(A) D (f(B)), (38)

I

- Z (07 1 \Ijz)qjl(A) Dy (f(B)) . (39)

The operators Dg, are usually called Hammond operators. They satisfy
a kind of Leibnitz? formula :

Lemma 16 For every f,g € Sym, and every partition J, one has

Ds,(fg) = Z Ds,,,(f) Ds,(9) - (40)

Proof. Ds,(fg)(A) is the coefficient of S;(B) in

F(A+B) g(A+B) =) (Su(B)Sk(B), Ss(B))z Dy s f(A) Dsyc (9)(4) -

)

The lemma follows from the fact that >, (Sy Sk, Sy) Sy = Syyxk.  QED

2Leibnitz was spelling his name with a ‘t’ which is ignored by most anglo-saxons au-
thors.
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Operators on isobaric determinants

We have not yet used an evident property of the different determinants
that we have written up to now, that all terms in their expansion have the
same total degree. We shall say that such a determinant is isobaric (in fact,
more generally, we are only dealing with homogeneous polynomials).

But now, given an isobaric determinant, how to operate on it obtaining
only isobaric determinants ? A simpler question even :

how to increase degrees by 1 7
It is appropriate to consider more general “weights” than degree, and we
shall begin by vectors before considering determinants.

Let V be a vector space of functions of a variable x € C, with values in
a commutative ring. Given two integers 1 < k < n, define T} (resp. T} ) to
be the operator on V®" sending fi(z1) ® -+ - ® fn(x,) onto

Z filz1 €)@ - @ fulz, £ €) .

ee{0,1}7, e1+-+en=k

For example,

T2+(f1($1) ® fa(ws) ® f3($3)) = fi(z1 +1)® fo(za+ 1) @ f3(x3)
+ filr1 +1) ® folz2) ® fa(zs + 1) + fi(z1) ® folza +1) ® fa(w3 +1) .

The following theorem is not difficult to check. It amounts to the fact
that the T;’s, 7 = 1,..., n commute between themselves, and are algebraically
independent (they have been my first encounter with the theory of symmetric
functions, through manipulations of isobaric determinants ([27]).

Theorem 17 Let n be a positive integer. Then Ty = 1,1, ..., T.f (resp.
Ty =117, ..., T{) generate a commutative algebra isomorphic to Sym(n),
the algebra of symmetric polynomials in n variables, the image of Tki being
Ak.

Any symmetric polynomial S gives rise to two operators Tg and Tg .
Decomposing S into the basis A7: S = Y senm CF A, one has

TE=D el T & To=) ol T, (41

The operators T,, T, can be made to act on Ve considered as a space
of matrices [fij (xij)]1<ij<n’ but now there are two natural ways to define
their action, either by columns :

TE(fi)) = >, [fulwg£e)] .

ec{0,1}7, le|=k
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or by rows:
+
T ([fij(wi)]) = Z [fij(xij £ €)]
e€{0,1}™, le|=k
Symmetry between rows and columns of a matrix entails the following
lemma, when evaluating the determinants appearing in 7" or "1 :

Lemma 18 Given any matriz [ f;;(:;)] , firing a sign +, then one has

1<4,5<n

Yoo fmite) = D |filw e, (42)

ec{0,1}", e|=k ec{0,1}", [e|=k

Indeed, any term in the expansion of the determinant of the original ma-
trix will be transformed according to Tki and will be found in the expansion
of one of the determinants of each side of equation (42).

By abuse of language, we shall write T (| f;;(zi;)|) and "I (| fi;(zij)|)
for the above two sums of determinants.

For example, writing only the shifts in the z;;’s, the equality “T;" = "T}"
reads, for a determinant of order 3 :

+1 .. . +1. ! +1 +1 +1 R :
e T I e I A B e e B e I I T T S o
+1 .. .41 L.+l e +1 41 41

Notice that the determinants appearing on the right and on the left are
different, though their sums are equal.
We could have written the sum of all T}, £ =0, ..., n, in one stroke :

):

and this renders symmetry between rows and columns even more evident.

(T0+zT1+---+z”Tn)(

fij(45) fij(@ij) + 2 fij(wi+1) |, (43)

Let A be of cardinality n. Then the two algebras generated by the T,;t can
be made act on Sym(A), by making them operate on the Jacobi-Trudi de-
terminants of complete functions expressing Schur functions, and extending
the action by linearity.

Theorem 19 Let A be of cardinality n and S belong to Sym(n). Then Tq
is the operator “multiplication by S(A)” and Tq acts by f(A) — Ds(f)(A).

Proof. We have to test the action of the Tki = T/ﬁ on the linear basis of
Schur functions S;(A), but we shall rather take the Vandermonde matrices
V. Shifting the exponents uniformly by r in row i of V; has the effect
of multiplying its determinant by a], and more generally, multiplying V;,
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by a monomial a can be realized by increasing exponents by k,..., k, in
successive rows. Therefore

A AV (A) =TT, (Vi(A) (44)
Notice that
TVHA) = > Vieed) = AA) D Ssie(d) = AA) T (S, (4))
e€{0,1}™, le|=k €
(45)

gives a description of the product of a Schur function by an elementary
symmetric function that is called Pieri formula, and that we shall comment
with more details in the next section.

Some care is needed to identify 7, by using its action on V;(A) rather
than S;(A). The operator is not “multiplication by A¥(AY)”, because the
operation of decreasing degrees by 1 sends a? onto 0, and not onto 1/a;, if we
want this action to be coherent with S; = 0 for j < 0. However, if J D 17,
then

AF(AY) S;(A) = A"7F(A) Syn (A) = T (S4(A)) -

To identify T, , we use "T, operating on Schur functions. The image of
S;(A) is a sum of (}) determinants, each of which is null except for the last
one

SJ/On—klk (A) - DAkSJ(A) .
The operator “T} allows us to recover the dual Pieri formula :
Syym-i1e(A) = Ty (S,(A)) ="T;7 (S;(A) = Y Ss-A),
ee{0,1}", |e|=k

because one can restrict the preceding sum to terms such that J — € is a
partition, the other terms are 0 (having two identical columns). QED

For example, the action of T, on Schur functions of order 3 reads :

S -1 -1 . -1 .-1 =1 -1
-1-1-1|=|-1-1.]|4+|-1.-1|4+].-1-1
-1-1-1 -1 -1 . -1 . -1 R |

The operators TJK have been in particular considered by Muir, who ob-
tained the following corollary, that one can check directly on minors of the
Vandermonde matrix (and that we also give for T at the same time) :
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Corollary 20 Let K, J be two partitions in N* and A be of cardinality n.

Then
Ui(A)S;(A) = > Siu(A), (46)
H=perm(K)
Dy, (S;(8)) = Z Si-n(A), (47)
H=perm(K)

sum over all different permutations H of K.

For example, for A = {a, b, ¢}, the product of A(A)S)25(A) by Uy (A) is:

alal a® d” alal @ d” al a® a’
B2 pt b b |+ btob® b7 |+ b2 b B b
¢t A Ale A& Al A

JRRE R S A2 g3 g2 Al g3t T2

— bl+2 b3+2 b? + b1+2 b3 b7+2 + bl b3+2 b7+2

o2 B2 T JREE TS N &8 RIS TR T &8

As in the case of elementary functions seen above, if there exists ¢ such
that K C [ := /" C J, then

U k(A)

Ty, (Vs(A) =Ty (V;o0(A) = Uo(A)

x Vo Vi(A) = Uk (AY) Vi(A) ,
and in that case Ty is also realized by a multiplication.

The special case of Muir’s rule for K = [k,0"'] is called Murnaghan-
Nakayama rule. The action of Dy, on a Schur function S; consists in sub-
tracting in all possible manners £ to a part of J. To get Schur functions
indexed by partitions, one must reorder the columns of the determinant
Syt[0--0ko--0]- This correspond to subtracting in all possible manners a con-
nected ribbon of length & to the diagram of .J, taking as a sign (—1)"~!, h
being the height of the ribbon (counting 1 for an horizontal ribbon). This rule
is iterated to compute values of irreducible characters of symmetric groups.

Conversely, multiplication by W, (A) is realized by adding connected rib-
bons of length k£ to the diagram of .J.

Corollary 21 (Murnaghan-Nakayama). Let k be an integer, J be a parti-
tion. Then

UEA)S5(A) = Y (=)' Su(A) (48)
Dyr(Ss(4)) = > (=1)""'Su(A) (49)



sum over all partitions H such that H/J (resp. J/H) is a connected ribbon
of length k, h being its height.

For example,

]
] n

3

U S9p = m L EE—onom + oo
95 §0f OOEm O0OEEm
== _ar BB

DW?(SQQ%) = 0ono —o0oono +ooo

O0O0O0O0 00000 O0O0OEW.

ACE > Tos(p3*s[2,2]);

s[2,2,1,1,1] - s[2,2,2,1] - s[4,3] + s[5,2]
ACE > sfDiff(p2, s[5,3,2,2]);

s[5,3,2] - s[5,3,1,1] + s[3,3,2,2]

Formula (46) can be used to express a monomial function into the basis
of Schur functions :

\I]K:\I]KS[]IK\ = SH . (50)

H=perm(K)
For example, writing only the non-zero terms,
Wao = Soo0022 + Sooo202 + Soo2020 = S22 — S112 + S1111 -

We have seen that "T;(S;(A)) is restricted to a single non-zero determi-
nant. This property is in fact true for any Schur function :

Lemma 22 Let A be arbitrary, and K, L be two partitions in N*. Then

T (SK(A)> - det(s,cﬁj,iﬁw,i(A)), (51)
Ty, (SK(A)> - det(Skj+j_i_gi(A)> = Sk/n(A) . (52)

Proof. The terms in the action of ’"T;L on Sk are in bijection with the terms
in the action of “T¢ on the Vandermonde matrix Vo (B), where B is of
cardinality n. Two terms equal, up to a sign, in the second sum, are also
equal, up to a sign, in the first sum. Since the second sum reduces to a single
term, the first one also does. One can pass from the first statement to the
second one, by taking complementary partitions. QED
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For example, because Sij» = ¥y + 2Wyq, the action of ’"T;m on a deter-
minant of order 4 will be, writing the shifts in successive rows as a vector,
and eliminating the null determinants :

[2100] + [1020] + [0210] + 2[1110] .

The terms [1020] and [0210] are each obtained from [1110] by a transposition
of rows, and therefore the sum reduces to the single term [2100].

Notice that if A is of cardinality equal to n, then the action of TSJFL is
“multiplication by Sp(A)”. If, on the contrary, A is of cardinality bigger
than n, one still has, for K, L € N

T3, (S(A)) =T, (Sk(®)) = Y (SxSe, Si) Su(4) .

HeNn

but T¢ (Sk(A)) is not equal to Sp,(A) Sk (A).
For example,

T (Sas(A)) = [ 22 27 ] = Sse/01(A) = S35(A)+Sa6(A) = S1(A)Sas5 (A)—Sia5(A) .

The T}, operators can be applied to other determinants than Jacobi-Trudi
determinants, or Vandermondes. For example, let f(z) be the function

f(x) =1/z! if x € N* and 0 otherwise

To a vector x = [z1,..., T,], associate the matrix

D(x) := [f(z;+j =) -

Then
1011 1
T
T (D(2,4,4.6) =3 § § §|="T"(D(12,44,6) =
G T
0 5 5 =

— D([3,4,5,6]) + D([3,4,4,7]) + D(12,5,5,6]) + D([2,4,5,7]) ,

the zero determinants like D([3, 5,4, 6]) not having been written.

In that case, the operator T, does not correspond to a multiplication.
In fact D(x) is the dimension of the irreducible representation of index x
of the symmetric group, and the equality of dimension can be obtained by
specialization of the Schur functions

S3557/0011 = Szas6 + Szaar + Sasse + sy
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We leave it to the reader to use the T operators to show that, for A of
cardinality n, and two partitions K = [k, ..., k,], L = [(1, ..., {,], one has

det(@kiHjHH_Q(A)) — Skc(A) Sp(A) det(ﬂliﬂ-(A)) . (53)

1<i,5<n

For example, for n = 3, one has

\Ifl \IIQ \115 \IIO \Ill \112
Wy U5 g | = Spa(A)Susz(A) (¥ Uy U3
\Ij7 \Ijg ‘1’11 \Ij2 ‘Il?) ‘Il4

e Pieri formulas

We are mostly using the linear basis of Schur functions. Still, Sym is
a ring, and to recover its multiplicative structure, one needs to describe the
product of two Schur functions. This is given by the so-called Littlewood-
Richardson Rule, which is better stated, and proved, in terms of non-commutative
symmetric functions (cf. the relevant section). Since products A’ or S’ also
constitute linear bases, we shall content ourselves, for the moment, to de-
scribe the product of general Schur functions by a complete or elementary
symmetric function to determine the multiplicative structure. The products
S"S; and A"Sy, r € N, J partition, were in fact determined by the Ital-
ian geometer Pieri in 1873. They have the remarkable property of being
multiplicity free.

In fact, since an elementary symmetric function is a monomial function,
we already know, from (45) how it acts by multiplication on Schur functions.
We shall however reinterpret, this multiplication.

First, let us introduce two notations for family of partitions deduced from
a given one I = [iy,...,i,]. The symbols {I ® k} and {I ® 1¥} respectively
denote all the partitions .J of weight |J| = |I| + k such that

{Iok} = {J="[jo,- »Jn,0<jo <in <ji <+ <y < i}, (54)
{Io1"y = {J:Jc{I"®k}}, (55)

that is, the families of partitions obtained from I by adding horizontal (resp.
vertical) strips of k boxes.

The two above sets of partitions satisfy the property of being distributive
sublattices of the lattice of partitions of a given weight. To show it, we first
must code differently the partitions J € {I ® k}. Let us write J® :=J — 1T

(as vectors). Instead of .J, we use the cumulative sum .J°.
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For example, for I = (0,1, 3,4], k = 2, we shall have the following lattice
(with three labellings) :

1234 1100 1222
1144 0334 1010 0200 1122 0222
1135 0244 1001 0110 1112 0122
p ' pN v p
025,5 01¢01 01¢12 _
> &
0145 J 0011 J 0012 J
4 1 1
0136 0002 0002

Lemma 23 Given a partition I and k € N, then {I ® k} is a distributive
sublattice of the lattice of partitions, with minimal element I 4+ [0---0k] and
mazimal element I U k.

Proof. The lattice structure is seen on the vectors .J° (notice that J° = J—T).
The condition that J belongs to {/ ® k} is equivalent to the fact that J° is
integral vector, with |J°| = k, componentwise majorized by [i; — 0, iy —
il, ig—ig, ey ig—ig_l, OO] QED

Lemma 24 Let k be a positive integer, I be a partition. Then one has the
following decompositions :

k _

SkS, = ZJE{I®k}SJ, (56)
k _

AR S, = ZJE{I®1k}SJ. (57)

Replacing I by [0%,I], the last sum can be written Y, Sy, sum over
all H € N**% such that hy — 4y,...,hpyk — ingk are 0 or 1, and |H| =
|I| + k, because the extra terms such that H is not a partition index null
determinants. Now (45) states that this last sum is equal to the product
AF Sy

The involution A — —A exchanges the two Pieri formulas (and graphi-
cally, conjugation exchanges horizontal strips with vertical ones). QED

Pieri rules also occur in the non commutative world, as shows the follow-
ing proposition.

Proposition 25 Let R be a ring containing a family of elements sy, J =
all partitions, satisfying (56) for all r,J. Then the Z-module generated by
the sy is a subring, which is a quotient of the ring of symmetric polynomials
with coefficient in Z.

The proof follows from the fact that the leading term (for the dominance
order) in a product S,S; is S(. j, with (r,.J) := increasing reordering of
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[, j1, Ja, - -.]. By recursion, it allows to obtain all Schur functions, starting
from the S,’s, it proves that they commute and can be expressed as deter-
minants in the S,’s .

In the commutative case, the proposition is due to Giambelli, who used it
to characterize the cohomology ring of a Grassmann manifold as a quotient
of Gym3. Schensted algorithm satisfy the non commutative product identity
S5S; = Y Sk, and this imply the non commutative Pieri rules. Starting
from the geometrical problem of intersecting Schubert cycles, one is led to
the non commutative world as the simplest way to describe these intersection
in a cohomology ring.

Exercises

Ex. 1 Let A be arbitrary, £ be a positive integer. Expand the product
Sk¥(1 — zA) o, (A) in the basis of Schur functions.

Corr.Ex.1. Take B of cardinality k. Then

SE(1 - 2B) o, (A) = 0. (A-B) = (—1)F Zzﬂ'slk;j_k(ma; A) .

J

The specialization S*(—B) = S*(—A), i = 0,...,k consists in replacing B by A in
the determinants Syx.;_;(B; A), because B occurs in degree k at most in them. In
summary,

SP(1 = 2B) o (A) = (=)%Y 2781k ; 4(A) .
J

Ex1:=proc(k,n) local i,pol;

pol:=1+convert([seq((—z)"*e.i,i=1..k)],‘+);

map (Tos,taylor( pol*(1+convert([seq(f*h.i,i=1..n)],‘+‘)),z, n+1), collect);
end:

ACE > Ex1(3,6);

s1 -sl1,1,1,112* -s[2,1,1,112° -s[3,1,1,112% +s[J0(1)2"7

3Tn the non commutative case, because multiplication is an associative operation, one
needs only to describe products zy ¢, x,y letters, ¢ tableau, to get all products of tableaux
by increasing or decreasing words.
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Ex. 2 Let I e N*, J € N*. Given H € N*, denote
H“ +J:= (ji + hn,- .., jn+ h1). Check that

St (A B) = S (= 1)1y - (A) S+ (B) |
H
sum over all partitions H € N*, H C m™.
In particular, for n = 1, one has

Sri(AB) = Y (=1)"Sin(A) Sjsn(B) -

0<h<m
Ex. 3 Let I = [iy,...,i,] be a partition, n an integer : n > i,. Check that
S];On (A, B) = S[(A - B) .

Corr.Ex.3. Since B is arbitrary, one cannot directly apply the transformation
lemma (7) which requires cardinality conditions on alphabets to be subtracted .
However, the Laplace expansion along the last n columns imply the result, because
the list of partitions contained in I is a subset of the list of partitions obtained by
taking minors in the last n columns.

# incr=increasing partition, 1lA=list of alphabets
MultiSchur:=proc(incr,1A) local n,i,j,ma;

n:=nops(incr);

transpose (array([seq(

map (proc(x,i,11) if (x>0) then s[x](op(i,11)) elif (x=0)
then 1 else O fi end, [seq(incr[il-j+i,j=1..n)]1,1i,1A),i=1..n)] ));
end;

ExSchur2:=proc(pa,n) local i,v; # pa=decreasing partition
v:=[seq(palnops(pa)-i],i=0. .nops(pa)-1) ,0%n];
MultiSchur(v, [Al$nops(pa), A2%n])

end:

ACE > aa:=ExSchur2([2,1], 3);

S[1(AL) s[3)(A1) s[2)(A2) s[3](A2) s[4)(A42)
1 s[2)(Al) s[1)(42) s[2](42) s[3](A2)

aa:=| 0  s[1(A1) 1 s[1](42) s[2](42)
0 | 0 1 s[1](A2)
0 0 0 0 1

ACE > SfAExpand(det(aa));

s[2,11(A1)-s[1]1(A2) s[1,1]1 (A1) -s[1]1(A2) s[2] (A1) +s[1]1(A1) s[1,1]1(A2)
+ s[1]1(A1) s[2](A2) - s[2,1]1(A2)

ACE > SfAExpand(s[2,1]1(A1-A2));

s[2,1]1(A1)-s[1]1(A2) s[1,1] (A1) -s[1]1(A2) s[2] (A1) +s[1] (A1) s[1,1]1(A2)
+ s[1]1 (A1) s[2](A2) - s[2,1](A2)
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There is, however, a better reasoning. Because i, < n, the Laplace expansion
will involve only Schur functions S;(B) with £(.J) < n. Therefore, one can suppose
that B be of cardinality n, in which case subtracting B in the first r rows produces
the block S;(A-B).

Ex. 4 Let n be an integer. Build a n x n matrix with a first column of

indeterminates y;, and entries [i,i| = x, entries [i—1,i| = —1, fori = 2,...,n,
all other entries being 0, and compute its determinant without expanding it.
yp —1 0 O
For example, for n = 4, the matrix is | > § 21O
ya 0 0 =z
Corr.Ex.4. Permuting rows and columns, putting signs, one recognizes in

the determinant A,.n(A;b), with b = —z, a rank 1 element, and A'(A) = y;.
Therefore it is equal to the polynomial A, (A — b). One could as well have seen
that the determinant is the resultant of A, (A — z) and z — z.

Ex. 5 Let m,n be two integers. Compute, after Composto (1916; MuirV,

p.349), the value of
L9
(),
J 1<i,j<n

Corr.Ex.5. To see that one can apply the transformation lemma (7), let A be
of cardinality m, and let X;, Y;, 1 < ¢ < n be of cardinality i—1.
Consider the determinant

M(A,X,Y) = det (A (A + X5 +Y0)) ;o -

From (7) one can replace the X; by 0. Expanding by linearity in Y;, we similarly get
A%(Yq) 0 0

_ AO(Yo) AL(Yy) 0
that the resulting matrix is the product of [A7(A)] by AO(Y3) A'(Ys) A%(Y3)

Therefore, M (A, X,Y) = An(A) A (Ys)--- A" 1(Y,), and one gets the value
of the original determinant by specializing all the letters in the different alphabets
to 1, that is one gets

Auntin) = o) = ("1

n

writing m for the specialization of A. Notice that the essential fact which allowed
us to simplify the determinant was that it had regularly increasing alphabets in
rows and columns. The same computation would have led to the evaluation, given
k € N, of det (Aj+k(A+ X; + Yl))
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Ex. 6 Express Sy, (A; r) as a determinant of smaller order when r < 0 (when
r =0, we have expressed it as S;(A-x) in(17)).

Ex. 7 Let A, B be arbitrary, and let k£ be a positive integer. Show that
(—1)k+251k;2(A; A*B) = Sl;]H_l(B*A; —A) + Sk+2(—IB) .

Corr.Ex.T7. The involution A — —A in the argument of a Schur function
corresponds to conjugation of partitions. It is more complex to follow it in a
multi-Schur function. The above identity is a case where there is only an extra
term apart from the one indexed by (1¥,2)~ = (1,k + 1).

Expanding both sides of the required identity with respect to B, we transform
them into

(—1)F+2 (S1k2(A) + S1x1(A)S1 (-B) + -+ + Sii 5 (4)Sk12(-B)) =
S1k+1(=A) + Sk+1(=A)S1 (—B) + Sk42(—B) ,

the terms not written being null (=Schur functions with two identical columns).
QED

Ex. 8 Using the factorization property (9), compute the Schur functions
S;(A — B) when A and B are of cardinality 1 or 2.

Corr.Ex.8. Let us take four letters, and A = 21 4+ z2, B = y1 + y2. Specializing
some of them allow to recover the smaller cardinalities.

We have nullities S7(A — B) = 0 when I D [3,3,3]. In the case where I D
[2,2], I 2 [3,3,3], on has a factorization of S;(A—B) in three factors given by (9).
There remains to explicit the case where I is a hook.

ACE > factor(SfEval(s[4,2,1], x1+x2-y1-y2));
=(~x2+y2) (-x2+yl) (yil+y2) (x1x1+x1x2+x2x2) (-y2+x1) (x1-y1)
ACE > factor(SfEval(s[6,1$3],x1-y1));
- z1% y1? (x1 - y1)

Ex. 9 Let I, J be partitions such that the diagram of J/I decomposes into
disjoint blocks Ky/Hy, Ko/Hs, ..., K¢/H,. Show that, for any A, S;/;(A)
factorizes into

SJ/I(A) = SKI/HI (A) - SKz/Hz (A) .
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Ex. 10 Let A be of cardinality n, and I, .J € N*. Show that the determinant

‘Sjk+k_h+in—h+1 (A) ‘

factorizes into S;(A) Sr(A). What can be said if n is not the cardinality of
A7
For example, for n =3, [ =[1,3,3], J = [2,4,6], one has

0 1 213

-1 0 113 55 Sg Sll

o 1 0|1 =[5t St S| = Sus(A)Saus(A) -
S Sy Sy

2 4 6] 1

hint: Use the expression in terms of A’

Corr.Ex.10.

ACE > aa:= ProdSchur([2,6], [0,2]);
__|h4 h9
" |hl A6

ACE > factor(Toe,(det(aa));

€22 (- e2 + el? ) (el* - 3 e2 el? + €22 )

# Preceding determinant is s[ 84/20 ]. Take conjugate partitions
ACE > map(Toe,, SfJtMat([[2$4,1$4],[1,111, ’e’));

fel e2 0 0 0 0 0 07
1 e2 0 0 0 0 0 O
0 1 e€2 0 0 0 0 0
0 0 el e2 0 0 0 O
0 0 0 1 el e2 0 0
0O 0 0 O 1 el e2 0
0O 0 0 0 0 1 el e2

L0 0 0 0 0 0 1 elj

Ex. 11 Compute the adjoint matrix of a Jacobi-Trudi matrix. For example

ACE > SfJtMat([5,4,1]1), map(Tos, adj(SfJtMat([5,4,11)));

h5 h6 h7 s[4,1] —5[6,1] s[6, 5]
|:h3 h4 h5] , |:s[3, 1] — s[4] s[b,1] + s[6] —s[5,5] — s[6,4]
0 1 &l s[3] —s[5] s[5, 4]
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Ex. 12 Let A be an alphabet of cardinality n. Describe an algorithm to ex-
press the S¥(A) and ¥, (A), k > n, in terms of respectively S*(A), ..., S"(A),
Uy (A),..., T, (A).

Ex. 13 Ribbon functions.

Check that the Jacobi-Trudi matrix of a ribbon of height r is built from
its diagonal S,,,..., S., as follows: the diagonal below the main diagonal is
filled with Sp’s. The entries below are 0. Each entry [7, j], j > 1, is equal to
Seitetej1-

Show that the product of two ribbon Schur functions is equal to the sum
of two ribbon Schur functions.

Writing Ry, for the ribbon Sio. /12, k—2, show that

Ro Rs Ry
Sioz156 = |Rs Ra Rs|
Rs Rs Rse

using the preceding property (Ro = Sp, R1 = Si, Ra = Si2, R3 = Si23/1,- - -)-

When A = {ay,..., a,} is finite, show that if a ribbon R has a column of
height > n, then Sk (A) vanishes; if it has a column of height n, then Sz (A)
factorizes into the product of two ribbons multiplied by a; - - - a,.

Ex. 14 Tet Z = 20" — 2303 + 2505 — ... Show that

2NN
1 — 22A% 4+ 24N + - -

tan(Z) = = 251+23512+Z55123/1+' : '+Z2n7151...n/1...n72+' -

Deduce from the above, after Cauchy [5], Laguerre [26] and many other
mathematicians, that the elements of Gym(A), when A is of cardinality n,
are rational functions of

TL(A), U3 (A),..., T L(A) |

Beware that it is not true that elements of Gym(A) can be expressed as
rational functions of S'(A), S?(A),...,S?""'(A), for n > 3. The rationality
property is specific to the basis of power sums.

Corr.Ex.14. From the definition of tan(), and from exp (Zpl(—z)l\lﬂ/z) =

S 2'A’, one gets the first equality. Using the determinantal expression of the
coefficients of the quotient A_,(B)/A_, (A) of two series, for y = 22, and replacing
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A(A) by A% A*(B) by A%*1/A! | one recognizes in them the specified Schur
functions. For example,

Al A3 AB AT AO(B) AI(B) AQ(B) As(B)

S —A — [ A AZ AT AB| AL [ AY(A) AT(A) A%(A) AP(A)
1234/12 1234/12 0 AO AZ A4 0 AO(A) AI(A) AZ(A)
0 0 A9 A2 0 0 AO(A) A(A)

Given a formal series f and two other series g,h such that f = g/h, then g,h
are of course not uniquely determined by f. However, one has here the constraint
that the identity is valid for A of any cardinality. In other words, each truncation
(ZAI . -:|:Z2n+1A2n+1)/(1 . izZnAZn) or (ZAI 4. -:|:Z2n+1A2n+1)/(1 e
22MH27A2n+2) g a rational approximation of tan(Z), and now the coefficients are
uniquely determined if the approximation exists ( normalizing the approximation
a5 (2 o) (L4+0)).

Since Z involves only the odd power sums, the elementary symmetric functions
are rational functions of the odd power sums. If A is of finite cardinality n, then the
right member is a rational function, which is determined by the Taylor expansion

of tan(Z) to the order involving the same number of parameters. Thus A!,... A"
are rational functions of W' 3 ... U?"t! and so is any symmetric function of
A

Ex. 15 Let A be of cardinality n. Show, after Foulkes [11], that the explicit
expression of A" ¥(A), 0 < k < n as a rational function in the odd power
sums is

AYE(A) = Sy 1k (B)/S1na(A)

the two Schur functions being expressed in terms of power sums.

Corr.Ex.15. Take the determinantal expression of S ,/;x = Ay _p/x in terms

of the A’. Tt factorizes, a factor being equal to A”7¥. One moreover knows that
S1..n depends only on the odd power sums ¥, U3, ... U271 hecause one cannot
remove of ribbon of even length from the diagram of [1,...,n] (cf. (49)). On can
obtain the skew functions Sy, /7, any I, by derivation with respect to power sums,
and therefore they also involve only odd power sums.

Foulkes:=proc(card) local i,k;

option remember;

[pl,seq(Top(SfDiff (cat (e, (card-k)), s[seq(card-i,i=0..card-1)]1))/

Top(s[seq(card-i,i=1..card-1)]1),k=2..card)]

end:
SfBy0ddPsi:=proc(sf0,card) 1local v,i,sf;

CLG_n(card); sf:=Toe_n(sf0); v:=Foulkes(card);

subs(seq(cat(e,i)=v[i],i=Sf2TableVar(sf,’e’)), sf)
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end:
ACE> factor (SfBy0ddPsi(p2,3));

2 5
5p3pl +pl -6 pb
1/5 —=——m—mmmmmmmmmm—mm—o
3
pl - p3
ACE> simplify(SfEval (numer (%) ,a+b+c)/SfEval(denom(%) ,a+b+c)) ;
2 2 2

b +a + ¢

Ex. 16 Let A be any alphabet, m, n be two integers. Check that the adjoint
matrix of §,,,»(A) is the matrix of the quadratic form Q(z,y) := Sppp1)n—1 (A—

T —y).

Corr.Ex.16.  Minors of S,,»(A) are skew Schur functions. The expansion of
Q(z,y) also produces skew Schur functions that one has to check to be the same.
For example, the adjoint to Sgees(A) is

Ses6  —Sesr  Serr  —Strr S666 —Se67 Ser7 —Srr7
Se66/001 —5667/001 S677/001 —S777/001 | _ |~ 5566 S567 + Se66 —Se67 — Ss77 Ser7
Se66/011 —S667/011 S677/011 — 777011 Ss56 —S566 — 557 Sse7 + See6  —S667
See6/111 —S667/111 Se77/111 —S777/111 —Ss55 Ss56 —S566 Se66

Ex. 17 Define a vertex operator on Gym as a formal series in z by

V :=exp (Z 2" W, /n) exp (Z z " Dy, /n)

n>1 n>1

and expand it according to powers of z:

For any ¢ € N, any v = [vy,...,v] € Z¢, show that V,, ---V,, (1) is equal to
the Schur function of index v.

See 7?7 for more general operators, due to Jing, “creating” Hall-Littlewood
polynomials.
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Corr.Ex.17. Identify Gym with Gym(A). The right factor of V is the operator
f = f(A —1/z2), as is checked on the basis U* (A). The second factor is “Multi-
plication by o,(A)”. Assuming the property to be true for length < ¢, we have,
for any I € Z¢ ! any k € Z

Vi (Sr(A)) = Si(A = 1/2)0.(A) N 2F = " (=2) 77815 (A) 2 S7(A) N 2F
i,

and this is the expansion of the determinant S;;(A) along its last column. QED

Ex. 18 Let A B, C be three alphabets, k£ a positive integer. Express the

following determinant of order 10 : ]\F{ g as a Schur fonction, where
Q@ =0,
M = : : , NV = : o, P=|Su(B) .- Se(B)
Sp—6(C) -+ Spa(C) S_1(A)  So(A) S_2(B) --- Ss5(B)

Generalize to any order.

Corr.Ex.18. Expanding the determinant along the last two rows, one would
get Schur functions of A indexed by partitions of length < 2. One thus loses no
information by supposing that A is of cardinality 2, and similarly, that B is of
cardinality 3.

Subtract now A in rows 1,...,5 and B in columns 4,...,8. The new determi-
nant factorizes into

503 (IB) S(k+3)5 (C - A - IB) So2 (A) .

Ex. 19 Let A be finite and B arbitrary. Following Mattia (MuirV, p.204),
show that one can replace, in the Vandermonde A(A) of A, each entry a’ by
S7(A + B) without changing the value of A(A). Show that it implies that
one can replace each a’ by the complete function AJ(A — a).

Corr.Ex.19. The Vandermonde A(A) is a Schur function S,,—1 2. o(a1,..., ap),
but the transformation is not given by lemma (7) because one modifies each row.
However, it also is given by multiplication by a triangular matrix with unit diag-
onal. One could have even added or subtracted different alphabets, A;, As,... in
successive columns.
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ACE > sfAVars({{a}});
{{a}}

ACE > ma:=matrix([seq( [1,seq(s[j-1](a.i-A.j), j=2..3)1,i=1..3)1);

1 s[1](al — A2) s[2](al — A3)
ma = |1 s[1](a2 — A2) s[2](a2 — A3)
1 s[1](a3 — A2) s[2](a3 — A3)
ACE > factor(SfAExpand(det(ma)));
- (- a3 + a2) (- a3 + al) (al - a2)

In the special case where B = —A, getting rid of signs which are uniform,
one obtains a determinant of elementary symmetric functions in the subalphabets
A — a;.

Ex. 20 Let A be of cardinality n, and let x,...,x, be n indeterminates.
Compute the determinant

det (D AMHTIR(A)2 7

t )1§i,j§n '
k

Corr.Ex.20. The matrix is the product of the Vandermonde matrix in the x%,
and of the matrix [A"""7/1(A)])1<; j<n. Therefore, its determinant is equal to

+ 7 — 2 Mom1(A) = = (@i — ) AMan 1 (1 + -+ + 20) Ao 1 (A)

Ex. 21 Let n be a positive integer and A = {1,..., n}. Show, after The-
isinger (1915; MuirV p. 205) that

1 1 1
1+§+..-+ﬁ:mdet(a0,a2,,a/n)aEA

Corr.Ex.21. The determinant is equal to A" '(A) A(A), and thus proportional
to the first elementary symmetric function of the alphabet {1/1,..., 1/n}.

Ex. 22 Let n be an integer. Evaluate

1. 52 + 522 + +7SQ"
Sl 5’15’11 Sllslll Slnsln+1 .
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Corr.Ex.22. Better use A’. By induction on n, with Pieri formula, one checks
that the sum is equal to A" /A"~ L.
Whittaker:=proc(n) local ij;
1/el + convert([seq( s[2$il/e.i/e.(i+1),i=1..n)],‘+“)
end:
ACE > aa:= Whittaker(4);

1 s[2] s[2,2] s2,2,2] 0 s[2,2,2,2]

= el + ele2 e2el eded edeb
ACE > simplify(Toe(numer(aa))/denom(aa));
e4/ eb

This expression is used by Whittaker (MuirV, p.272) as an approximation of
the smallest root of o, (A) = 0.

Ex. 23 Use Muir’s formula to expand the monomial functions Wa s,
a, € N, in the basis of Schur functions.
For example,

Wi999 = Stoao — 2511120 + 35150 — 457 .

Ex. 24 Given two positive integers k, n, show that ¥;» expands as a sum of
Schur functions with coefficients +1.

Ex. 25 Using shift operators on Jacobi-Trudi determinants, reprove Pieri
formulas for multiplication by A*, by S? and by S3.

Corr.Ex.25. For the mutiplication of S; by A¥, one first concat 0% to I. Now
’"T,j' (Spr 1) reduces to a single non-zero determinant, the one where indices have
been increased in the first & rows. This determinant factorizes into A* Sy, and
therefore ch+ gives the multiplication by A¥.

For the multiplication by S? or S, one writes So = Uy + Uy, S5 = U3+ Uiy +
U111. One has to check that the terms S;ip , with H a permutation of [0---02],
[0---011]; [0---03], [0---012], [0---0111] are zero functions, or cancel two by two,
and that the terms which survive are exactly those such that J/I is an horizontal
strip.
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Ex. 26 Show that the set of partitions {[0038] ® 5} is equal to the disjoint
union
{]0035] ® 8} U {[0068] ® 2} .
Sz Se S9
Relate this property to the vanishing of the determinant | Sy S5 Sg|.
Sy S5 Ss
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Recurrent Sequences

AR R R R R R R R R R R RN

Given a positive integer k, a sequence Sy, 81, Sa, ... is recurrent of order
k if there exists constants cq, ..., ¢; such that, for n > k,
Sn+618n_1+"'+6k8n_k:0. (58)

The polynomial
" e F et 4

is called the characteristic polynomial of the recurrence. Writing it R(x, A),
with A the alphabet of zeroes of the characteristic polynomial, one has that

ci = S'(—A) = (—1)'AY(A) . (59)
Expanding S™(A — A) =0, n > 0, one sees that for any r > -k+1,
(S’"(A), STHA), S"T2(A), S”?’(A),...)

is a recurrent sequence with characteristic polynomial R(xz,A). A linear
combination of such sequences is still a recurrent sequence with same char-
acteristic polynomial.

Let us normalize the sequence by imposing &g = 1. One has k-1 free
parameters Sy, ..., Sp_1 to determine the sequence, and this is best realized
by introducing an alphabet B of cardinality < k-1 such that

S =SHA-B),..., S =S HA-B) . (60)
Indeed, the equations
k
> S"HA-B)S'(-A) = S"((A-B) — A) = S"(-B) =0forn>k  (61)
i=0
are just a rewriting of (58). The alphabet B is determined by the equations
SI(-B) =S ((A-B) —A) , 1<j<k-1. (62)

Therefore, any recurrent sequence with characteristic polynomial R(z, A)
(such that Sy = 1) is of the type S, = S"(A-B), and the space of sequences
of characteristic polynomial R(x, A), with arbitrary Sy, is of dimension k.
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Because S"(A-B) = S"(A) +S'(-B)S" 1 (A) +-- - + SF(-B) S (A),
our writing of the general solution of equations (58) with S = 1, as S, =
S™(A-B), is equivalent to saying that we have taken as fundamental solutions

S, =S"(A),..., S, =S"F(A) .

Let us indeed check that every solution is a linear combination of them.
Consider the determinant of order k& + 1 :

Sn Sn_k+1(A) . qn (A)
Snfk Sn—?k—i—l (A) . Sn_k(A)
Subtracting A in the first row factorizes the determinant, S,, being replaced

by S, + SY(-A)S,_1 + -+ + S*(-A)S,_; which is null. Therefore the deter-
minant is null, and its columns are linearly dependent. QED

Suppose that all elements of A are distinct. In that case, the sequences
(1, a, a?, a*, ...), a € A, are k linearly independent solutions of (58). This
implies that for any B of cardinality k-1 (smaller cardinalities are obtained
by specializing some letters to 0), there exists constants m,, for a € A such
that

S™(A-B) = Z oy M a", n>0. (63)

The explicit relations between these two parametrizations of the general
solution of (58) satisfying Sy = 1 is given by Lagrange interpolation. Indeed,
the S™(A-B) are the successive coefficients in the Taylor expansion of the
rational function [[,(1—2b)/[],(1—=za), that one can decompose into rational
functions having a simple pole (defining z = 1/z) :

nqQn _ HbeBl —2b _ ZIZR([L’,IB) — R(G’B)
Zn 2"S5"(A-B) = [Ten1—2a  R(z,A) Z (1 - za) R(a A—a) (64)
ach 6

Therefore, the coefficient m, is a residue in z = a :

R(a,B)  S*¥'(a—B)
R(a, A~a)  S¥F1(2a — A)

mg, =

Once more, one can control the fact that all solutions are a linear com-

bination of § = (1, a, a?, a®,...), a € A, by checking the vanishing of the
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following determinant of order k (we have numbered the elements of A to
write the determinant) :

n n
Sn al - ay

Sn—k: a/ql"‘ik N a/qk‘"ik
Indeed, its Laplace expansion along the first column gives

k
D Snsi (—1)°AY(A)
0

multiplied by the cofactor of S,, (which is equal to det |a?’i|1§i,j§k), and thus
is just a multiple of the defining equation of the recurrence. QED

Notice that writing S, = S™(A-B) is also valid when several elements of
A coincide, contrary to the present situation where the expression must be
transformed in that case.

The case S, = U,,/k is specially interesting. We know that we can write
it S, = S™(A-B) for some B. In fact, this alphabet B is found by taking the
logarithmic derivative of S¥(x — A), which is

Sk gtz — A 1 e
Sk((x—A) ) :Zx—azzx_ Un(4) -

a n

Therefore the numerator of the above rational function gives
SF Ytz — A) =k S* (2 — B)

and, more explicitely,

NB) = E Ny =0,k (66)

Given the Taylor expansion of a rational function R(x,B)/R(z,A), we
know from proposition 9 how to recover symmetric functions of A, or sym-
metric functions of B. Taking partitions I = n*, one thus get the following
property which was already known to Euler in the case k¥ = 2, and in general,
to Brioschi (1854) and Sylvester (1862; MuirlIl p.316).

Lemma 26 Given a recurrent sequence of order k, writing it S, = S™(A-B),
one has

det (Snj-i)1<; jep = Snk (A-B) = Sp_yye (A-B) (A" (AN" forn > k-1,
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In other words, (Snk (A-B), n > kfl) is a recurrent sequence of order 1
and Syx(A-B)/S;,_1) (A-B) is an invariant of the sequence.
Once can easily generalize the preceding property.

Proposition 27 Let (S"(A—B))n>0 be a recurrent sequence of order k. Let
J, I € N¥. Then, for n big enough, one has that

Sertmtyy 1 (A=-B)/S 1 ipky 1 (A-B)

is an invariant of the sequence (which is equal to A*(A)).

Proof. We have given a factorization property (9) for diagrams of partitions
containing (k-1)¥. The reasoning must be adapted to skew diagrams. Instead
of trying to transform the determinant expressing S(;i,x),(A-B), to see
that one can extract A¥(A), it is easier to introduce a third alphabet C, of
cardinality r such that I C r*. Then

SJ+(n+1)k (A-B-C) = Ak(A) Syint (A-B - C)

as soon as n. > card(B + C) — one has even that Sy, +(A-B — C) =
Stk—14rk (A=B — C) Sy4 (1, (A). Taking the coefficient of S;(C), one
gets the required property. QED

Recurrent sequences are sensitive to the initial conditions, but also to the
choice of the “origin”; shifting indices by 1, i.e. putting

SMA-B) =S, = Spy1 /S = ST (A-B)/S' (A-B)

amounts to a transformation B — B’ which is not straightforward to explicit.
It is easier to do it at the level of the generating function \,(B-A), be-
cause, by definition :

A(B ) = m ((B-A) 1) .

This resolves into
N@B)=(NTA-AN'B) /(N'A—=A'B) , j=0,..., k-1.

The transformation S, = S,11/S1 can also be seen when writing S, =
Y acn Ma a”; indeed

STIZ = STL+1/SI = ZQGA (maa,/Sl) a” .

Wronski had been the first to notice that the initial conditions for the
sequence of complete functions (that he called aleph functions Y) could be
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simplified, and that the sequence S, with characteristic polynomial S*(z-A)
and initial conditions S =0 ="--- = S;_1, S = 1, had solution

S, = S"FTLA) .
Wronski further noticed that equation (58) could be used to extend the se-

quence of aleph functions to alln € Z :

Lemma 28 (Wronski). Let A be of cardinality k, AY = {1/a : a € A}.
Then the sequence

S, = ()P 1STRAYAPAY) , n<0 & S,=S"(A),n>0 (67)
satisfies

Sy —A(A) S, + A2 (A)Spg — -+ (-1)"A*(A)S, 1, =0, neZ.
In particular, S_y =0 =+ = S__y, S_, = (—1)F1(AF(A)) -
Proof. The equations

0=S"(A—A) = isn—i(m Si(CA), n>1

show that (Sn =Sn(A), n> —k+1) is the sequence with characteristic poly-
nomial S¥(z-A) and initial conditions S 41 =0=---=8 |, Sy = 1. The
sequence (S™ **L(AY), n > 0) has characteristic polynomial S*(z — AV) =
ok SF(—AY) S*(1/x—A), and initial conditions 0, . ..,0, 1. But if we reverse it,
by indexing it with negative indices, the new sequence has also characteristic
polynomial S*(z-A).

S2(AY) S'(AY) S°(AY) 0 --- 0
0 -0 S°A) S'(A) S%(A)---

position  —k—2 —k—1 —k —k+1 -1 0 1 2

To glue the two sequences into a single one, we have just to take into account
the overlapping of initial conditions in positions —k and 0. We have to
multiply the sequence S7(AY) by the factor (—1)*"'A*¥(AY) | to get a bi-
infinite sequence

o (SD)FTTAR(AVYST(AY), (—1)FTAR(AY),0,...,0, S°(A), S(A),...

having characteristic polynomial S*(z-A). This proves Wronski’s statement.
QED
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More generally, recurrent sequences with characteristic polynomial S*(x—A)
are sequences (S, : n € Z) satisfying

S+ S -A)Sy -+ SH(AS, k=0 VneZ, (68)

with “initial” conditions any set of k consecutive elements.

We have already met the identity, for any j > 0,

o0

S(1—z8)0.(A) =14 (-2)) Y 2'Su,(A) . (69)

=1

It can be used to get a recurrent sequence with characteristic polynomial
Sk(z—A) and initial conditions : Sy arbitrary, $; =0="---=38;, Sj41,..., Sk1
arbitrary. Indeed :

Lemma 29 Let k,j be integers: k > 7 > 0, and A be of cardinality k. Let
Cj,..., Ck—1 be constants. Then

Sn = ¢ S1i nj(A) + 4 oy Spi-1_p_p11(A)

is a recurrent sequence with characteristic polynomial S*(x — A), satisfying
the conditions

81:0,...,Sj:0.

Proof. Equation (69) can be interpreted as the fact that (—1)7Sy; ,_;(A) is a

recurrent sequence with characteristic polynomial S*¥(x — A), satisfying the

conditions § = 1, §; = 0 = --- = §;. Taking a linear combination of such

sequences gives the lemma. QED
The recurrence (68) can be put into matrix form:

[ S, ] AL A2 A3 oo FARE £AR] TS,
S, 1 0 0o --- 0 0 S,_o
- : : (70)
_Snkarl_ L 0 0 1 0 _ _Snfk:_

One has just added the relations S,,_; = S,_;, ¢ = 1,..., k to the original
one!
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The above matrix is called the companion matriz of the polynomial
Sk(z — A). Tt is convenient to write it like

S1 52,0 53,0,0 T Sk,ok—l
C o 5?0 ST,U 52:0,0 e Skf{,ok—l (71)
ka+2 ka+3,0 S—k+4,0,0 Sl,okfl

The matrix C is the matrix expressing the morphism “multiplication by z”
in the space of polynomials in z modulo S*(x~A) (in the basis of powers of
x). Its powers are easy to compute :

Sn Sn+1,0 te Sn«Hcfl,Ok—1
Sut Suo e Soipoeis
- , +h—2,0
C:= ) . (72)
Sn—k:—l—l 5’n—k-i-Q,O 5’n,Ok*1

For example, for k = 4, the first powers are (not writing C° = 1) :

S1 S20 S300 S4000 S2 S30 Sa00 Ss000 S3 S40 S500 S6000 S4 S50 Seoo S7000

1. . . S1 S20 S300 S4000 S2 S30 S100 S5000 S3 S40 S500 S6000
1 L I . . > | S1 S20 Ss00 S4000 | 7 | S2 S30 Sa00 Ss000
. 1 . . .

1 1 S1 S20 S300 S4000

Each entry in position [4, j] of the successive powers C" is by construction a
recurrent, sequence with characteristic polynomial S*(z-A). The successive
entries [4, 1] for example, are

0,0,0,1,5,...
The entries [4,2] are
07 07 17 07 S2,0 - _Slla 53,0 = _5127 ce

The entries belonging to the same column correspond to the same sequence,
but with a shift of indices.

In other words, the companion matrix allows to recover the fact that the
hook Schur functions (—1)7Sy,,, (for j fix), are a recursive sequence with all
initial elements equal to 0, except one which is equal to 1. Explicitely,

S k144,00 =0=---=51 0, 1 = Sp0i, S1,0i =0="--=5j0i .

Conversely, from relations (69) (completed towards negative indices) one re-
covers the powers of the companion matrix, negative powers included.
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We have still to identify the entries of the negative powers of C. We
already know that going towards —oo corresponds to taking the characteristic
polynomial S*(z-A"). However, because for each column of the powers of C,
we have initial conditions consisting of k-1 zeros and a 1, then then we know
that we shall find the hook Schur functions of AV, up to sign and powers of
A¥(A). Putting all this together, one gets :

Lemma 30 The inverse of the companion matriz of S*(z-A) is the com-
panion matriz of S¥(x-AV), up to symmetry with respect to the center of the
matriz. The entries of the negative powers of C are the hook Schur functions

of AV.

Still continuing to illustrate the case n = 4, one has the following infi-
nite matrix, such that the powers of C are the submatrices on consecutive
rows. To stress regularity, it is appropriate to use the indexing of repre-
sentations of the linear group: given any v = [vy,vs,v3,v4] € Z%, let N
be any positive integer such all X + v;—i+1 are positive. Then v codes for
SRtv1, Repvs, Ntvs, s (A) (A4(A))_N. For example, the last written line, taking
N =5, codes the Schur functions

Sss5,—3 = —So4aa, Ss5,-25 = Soads, O5,—1,55 = —S0455, 90555 »

and this agrees with the experiment below.

[00:04] [00:50} [06:00} [70:00
[0003] [0040] [0500] [6000
[0002] [0030] [0400] [5000
[0001] [0020] [0300] [

0001] [0020] [0300] [4000
1 .

.=

S

(=]

(=]
0| N & Y A
oSO O O O
oSO O O O
J 3 A BB
o002 e
o O O O O
S S &l G| D2
oSO O O O
NSNS
ol el ol ol =

. (=]

S
22029

CompanionMat :=proc(k) local i;

matrix([ [seq((-1)"(i-1)*e.i,i=1..k)], seq([0$(i-1),1,0$(k-1)],i=1..k-1)])
end:

ACE > CLG,(4): aa:=CompanionMat(4):

ACE > map(Tosy,linalg[multiply] (aa$5));
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s[5] —s[5,1] s[5,1,1] —s[5,1,1,1]
s[4] —s[4,1] s[4,1,1] —s[4,1,1,1]
s[3] —s[3,1] s[3,1,1] —s[3,1,1,1]
s[2] —s[2,1] s[2,1,1] —s[2,1,1,1]

ACE > bb:=linalg[adj] (aa) : [map(Tos,,eval(bb)) ,det (bb)];

0 s[1,1,1,1] 0 0

0 0 s[1,1,1,1] 0 A
[ o 0 0 s,1,1,1]] 0 3]

-1 s[1] —s[1,1] s[1,1,1]

ACE > map(Tosy,linalg[multiply] (bb$5));

s[4,4,4,3] s[5,4,4,3] —s[5,5,4,3] s[5,5,5,3]]
s[4,4,4,2] s[5,4,4,2] —s[5,5,4,2] s[5,5,5,2]
_s4,4,4,1) s[5,4,4,1] —s[5,5,4,1] s[5,5,5, 1]
—s[4,4,4] s[5,4,4] —s[5,5,4] s[5, 5, 5]

Following Chen and Louck [7], one can use the automaton associated to C
to describe the entries of the powers of C, in particular, the first entry (which
is Sy).

Proposition 31 (Chen-Louck). The complete function S, (A) is the sum of
all paths of length n, from the origin to the origin, in the following automa-
ton :

(_1)k—1Ak

A3

For example, there are 4 paths of length 3,
AATAY, AN (A% L, (FAP) AL AP,

and this gives S5 = A — 2A12 4 A3,
Summing on all paths differing by a permutation, one gets the expression
of a complete function in the basis of elementary symmetric ones :
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Corollary 32 Let n be a positive integer. Then

(1)
n _ -1 ma+mg+
S Z( ) <m17 mo, M3, .. ) SI

I

sum over all partitions T = [1™,2™m2 33 ], |I| = n.

The most famous recurrent sequence is the Fibonacci sequence:
Fn+2)=F(n+1)+F(n) & F0)=0,F(1)=1. (73)

In our conventions, it is the sequence F(n + 1) = S™(A-B), with B =0,
A such that A'(A) =1, A%2(A) = —1. Explicitely,

A:{1+2‘/5, 1—\/5} |

2

is the alphabet composed of the golden number and its conjugate. The
general term of the Fibonacci sequence is therefore

1+\/5>"+1_ (1—¢5>"“ /(1+¢5_1—¢5>

F(n+1) = S"(A) = ( 5 5 5 5

Exercises

Ex. 27 (Fibonacci numbers of order k).
Let 2 < k € N. Define numbers F'(n, k) by the recurrence of order k

Fn,k)=F(n—-1,k)+---+ F(n—k+1,k)
together with the initial conditions
Fn,k)=0,-k+2<n<0 & F(lL,k)=1.

Write F'(n, k) as a sum of multinomial coefficients.
Show that

F(n,k) = (F(n+1,k)+ F(n—k,k))/2.
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Corr.Ex.27. Initial conditions, as for usual Fibonacci numbers, imply that
B = 0, and that the alphabet A, such that S,(A;) = F(n+1,k) is such that
A (Ay) = (=1)71, 5 =1,..., k. Therefore, formula (32) translates into

F(n+l,k) =" (ml, mi(,lr)ng’ ) Sr

I

sum over all partitions I = [1™1,2™2 3™3 . ] |I| = n, formula given by A. Philip-
pou, Fibo. Quat. 21(1983) 82-86.

Ex. 28 (Fibonacci numbers of infinite order).
They are defined by the recurrence

F(n,00)=F(n—1,00)+ -+ F(l,00), n>1,

with initial condition F'(1,00) = 1.
Compute the generating function Y>> 2" F(n+1,00). Deduce from it
that, with A, defined by S, (A;) = F(n, k) one has

U, (Ay) =2"—1=T,(A), Vn<Fk.

Prove the identity

ST

sum over all partitions J = 1™ 22 3™ ... of n,.

Corr.Ex.28.  One sees that, with A = limit(A;), i.e. A such that AJ(A) =
(=1)7=1,Vj > 0, then F(n,c0) = S,(A) and

0:(A) =Y 2"F(n,00) = z(1—2)/(1 - 22) .

n=0

This implies that F(n,oc0) = 2"~!, fact that we could expect from the recurrence!
At the level of power sums, it is more interesting. From o,(A;) = (1 — 2)/(1 —
2z + 2¥*1), one finds that ¥,,(Ay,) and ¥, (A) agree up to degree n, and are equal,
witha=2,b=1,t0a” =" =2"—-1,n=1,..., k. The expression of a complete
function in terms of elementary ones gives the last required identity.

As a matter of fact, keeping general a and b instead of 2 and 1, one has the
more general identity

S(a—b) = (a— b)a" ZH(“_”Z> Wfl.
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Ex. 29 Define Fibonacci polynomials F,(z) by
Fo(z) —xF,_1(z) — Fh—a(z) =0 , Fy(z) =1, Fi(z) =z .

Show that

n+1 n+1
T+ Va2 +4 r—Va?+4 1

2 2447

Fue) =3 <2jj_ n) g

0

Corr.Ex.29. One finds F,(z) = S"(A), with A}(A) = z, A%(-A) = —1.
Therefore, the two roots of S%2(z-A) are (z + vz2+4)/2 and (z — V2 +4)/2,
which gives the first expression of F, (). The second one comes from the expression

of S™ in the basis Al. These expressions have been obtained by Scott ((1878),
MuirlII, p. 420).

Ex. 30 (Lucas sequence).
The Lucas sequence satisfy the same recursion as Fibonacci sequence

Ln = Lnfl + Ln72 )

but the initial conditions are Ly = 2, L1 = 1. Express the Lucas sequence in
terms of the alphabet A = {1+T‘/5, 1_7‘/5}

Corr.Ex.30. Lucas sequence corresponds to the same alphabet A as Fibonacci.
The initial conditions are such that Ly = ¥y(A), L1 = U1(A). Therefore
L, = ¥,(4).

One could also write L,, = 25" (A-B), with B of cardinality 1 such that A'(B) =
1/2.

Ex. 31 Let £k € N. Take a recurrence of order &

Sn:Snfl—i_"'—i_Snfka

with arbitrary initial conditions Sy, ..., Sg_1. Show that the limit of S,,, for
n = oo, exists and is equal to
2
_c 92 e kS, 1)
Y (So+2S51 +3Ss+ -+ kSk_1)
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Corr.Ex.31. (Gelfond, Différences finies, Dunod, Paris (1963)). As usual, S, =
S™(A-B). The characteristic polynomial (in z = 1/z) is

AL(A) =1— (" 4+ 25k
Since z =1 is a root, let us define C := A — 1. Therefore,
AYC) = —(k—1)/k, A*(C) = (k—2)/k, A*(C) = —(k=3)/k, ..., A*"}(C) = (-1)" /K.
One recognizes that
(So+281 +3Sy 4+ kS;_1)/k =S L(A-B-C) =8 1(1-B) .

But S"(A-B) = S™(1 + (C-B)) tends towards > o S7(C-B) and the conclusion
follows, once checked that

1 k k-1 1,-1
o1(C) = (A1(C)) "~ = (E T E) =
Ex. 32 Define the Tchebychef polynomials of the first kind T, by
T.(z) = 22T, 1(z)+ T, 2o(x) =0 , To(x)=1,Ti(x) =z .
and the Tchebychef polynomials of the second kind U, by
Un(z) = 22U,y () + Upa(x) =0 , Up(x) =1, Uy(z) =2z .

Given a parameter 3, define the 3-Tchebychef polynomial P? by the same
recursion, with Pf =1, Pf =2x — f3.

Write 2 = cos(#) and express T,,, Uy, P? as trigonometric functions of 6.
Express also T, U, P? as symmetric functions of the alphabet A of cardi-
nality 2 such that A'(A) = 2z, A%(A) = 1.

Prove that

nUp(2)/2 = U, 1(2)T1(2) + Uy 2(2)To(x) + -+ Tp(x) , n>0.
Ex. 33 Define Legendre polynomials P,(z) by the generating function

1/y/(1 = 2z2 + 22) = ZPnz" .
Show that they can be written
P,(z)=S,((n+ 1)z —nA)/2" & P,(z)=A"(n—(n+1)u),

u, x being rank 1 element, A being of cardinality 2, u being specialized to
(1 —2)/2 and A to {1,-1}.
Deduce the expansion

n

Pn(x)zz(n—i+1)---(n+i—1) (x—l)i |

!l 2
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Corr.Ex.33.

ACE > with(orthopoly):

ACFE > LEGENDRE:= proc(n) SfAVars(x,z);

simplify(subs(z=-1,S5fAExpand( s[n] ((n+1)*x-n-n*z)))/2An)

end:

ACFE > LEGENDRE2:= proc(n) SfAVars(u);
simplify(subs(u=(1-x)/2,5fAExpand( e[n] (n-(n+1)*u))))

end:

ACE > [P(4,x),LEGENDRE(4), LEGENDRE2(4)];

[35/8 xA4-15/4 xN\2+3/8,35/8 xA\4-15/4 xA2+3/8,35/8 xA4-15/4 x\2+ 3/8]

Ex. 34 Let f be a function of one variable of exponential type, i.e. such
that there exists an integer k and constants ¢y, ..., ¢; aq,..., a5 in C (all
different) :

f(x) =crai + -+ cpay .

Express the parameters ¢;, a; in terms of the values f(0), f(1), ..., f(2k—1).

Corr.Ex.34. (Levy & Lessman, Finite Difference Equations, Pitman (1959)).
The expression of f(z) shows that f(0), f(1) f(2), ... is a recurrent sequence of
order n. We have just changed notations! Therefore aq,..., a, are solutions of
the equation (in z) :

1 z "
F0) (1) fm |
fln=1) f(n) --- f(2n—-1)
and ci,..., ¢y, 1 are the multiplicators of the columns which give a null combi-
f0) - f(n-1)

nation. Note that we have to suppose that [ ] be different from

f(n=1) - f(2n—2)
0.
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Change of Basis
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Many problems involving symmetric functions involve change of bases,
the most fundamental basis being the basis of Schur functions. Of course,
since we already know the adjoint basis of S;, ST, ¥, ¥/ we can express
any symmetric function in one of these bases by computing scalar products.
However, we shall see that the mutual change of bases between these bases
can be described combinatorially.

Complete to Schur : (S”, S;) .

Pieri formula describes the product of a Schur function by a complete
function as an addition of an horizontal strip to a diagram. Iterating, one
has thus a description of the product by ST as chains (sequence of diagrams
cotained into each other) of diagrams differing by an horizontal strip.

For example, the product of Sy; by S*36° = 5,555455 can be represented
by :

¢

O &

MOROO

OO0 &S
OO00DMMO SO

Of course, for a longer chain of multiplication, it would be inconvenient
to use graphical symbols, and one rather takes 1,2,3,....

Definition 33 A skew Young tableau is a chain of partitions differing by
horizontal strips. Equivalently, it is the filling of the bozes of a skew diagram
by positive integers (considered as letters) in such a way that rows are weakly
increasing, and columns strictly decreasing (from top to bottom). The weight
of a tableau filled with iy times 1, iy times 2, €c. is [iy, ia, ...] and its
evaluation is the monomial 1122 ... A Young tableau or, simply, tableau
s a skew Young tableau with void inner partition.

We shall later consider tableaux as words in non commutative letters, the
evaluation being the monomial obtained by allowing variables to commute,
the weight being the exponent of the monomial.

The preceding example reads :

6
é%ggg , weight = [0,0,4,3,7,5], evaluation = 1°2°3*43576° .
Ooomod3s3
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In this language, one has the following description of the scalar product
(S1Sy, Sy).

Proposition 34 Given partitions J, H, and an integral vector I, then the
scalar product (STSy , Sy) is equal to the number of skew Young tableauz of
shape J/H and weight I.

The numbers (S’ S;) are called Kostka numbers. They can be interpreted
in two ways, either giving the expansion of a product of complete functions
in the basis of Schur functions, or as giving the expansion of a Schur function
in the basis of monomial functions :

ST = ZJ(SI, S)S; & S;= ZI(SI, Sy ;. (74)

Kostka numbers for functions of degree n can be put into a triangular
matrix which is called the Kostka matriz.

ACFE > SfMat(4,’h’,’s’) , SfMat(4,’s’,’m’);

The partitions indexing rows and columns are given by ListPart(4);
expansions of complete functions (in terms of Schur) are obtained

by reading rows; expansions of Schur functions (in terms of monomial)

are obtained by reading columns of the left matrix, or rows of the right one.

The scalar products (S'+!, S;) have an interpretation as dimensions of
irreducible representations of the symmetric group and can be computed di-
rectly from the diagram of J.

Monomial to Schur : (¥, S;) .
The coefficients of the inverse of the Kostka matrix are the scalar products
(U7, Sy) which appear in the two expansions :

U, = Zj(qx[, S)S; & S;= ZI(\L, Sy ST (75)

From Muir’s formula for the multiplication of the Schur function Syog by ¥y,
we know that we can write

U= Y Su, (76)



sum over all different permutations H of I.

Each element of the sum is equal to + a Schur function, or to 0. One has
to collect all H € N, which give the same Schur function S;, J partition
in N*. They are such that, writing p := [0,1,2,..., n—-1], there exists a
permutation o such that H + p = (J + p)”.

(Ur, )= > (Su,,S)) = > (=0 (17

H=perm(I) o: H=(J+p)e ,H=perm(I)

Instead of adding p (which is just a way to get the indices on the top row of
the determinant expressing Sy from H), one can order the development of
the determinant S :

S; = Z (—=1)4@) gT+e=p" (78)
ceG,
For example, for n = 3, J = [a, b, ¢], writing only exponents, together with
the sign of the permutation, one has the following expansion of the Schur
function S, (writing on the right the case J = [000], that is the vectors
p—p7):

la,b, |
v N\
~la-1,b+1, c] —[a,b-1, c+1]

a-1,b-1,c+ a-2,b+1, c+ [012]
[a-1,b-1, c+2] N y [a-2,b 1,_ 1] v N ]
“[a-2,b, c+2] - [UT —[0T1]
[112] [211]

N
—[202]

The left hexagon corresponds to expanding the Jacobi-Trudi determinant
from left to right. Expanding it from top to bottom instead, amounts using
the action of the symmetric group on vectors such that the transposition s;
acts on the components v;, v;; of a vector v as follows :

v=_[..,a, b, ..] =057 :=[.. btl,a1,..].
~—
iy il
The expansion of the determinant now becomes

Sy= Y (-1 ST = N (1)) g (79)

eSS, €6,
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The preceding hexagon is replaced by

[a, b, c]

v pY
~[b+1,a-1, c] —[a, c+1, b-1]

[b+1, c+1, a-2] [c+2,a-1, c-1]

pY v
—[e+2, b, a-2]

Note that there is no multiplicity if a # c.

Double Kostka matrices.
Since the Kostka matrix and its inverse are unitriangular, one can glue
them into a single matrix that we shall call double Kostka matriz. This was
done by Kostka, who commented in many articles, from 1875 to 1918, the
beauties of it.
ACE > mm:=SfMat(5,’h’,’s’) :add(add (mm,SfMat (5, ’m’,’s’)) ,diag((-1)$7));

\If[ to SJ

g ~10 1 0 —1 1 g
—1-11 1 -2

7 1 —-1-12 =2 7

to

U

1 —1-1 3 to
1 1 -2 3

3 2 1 -4 ST
6 5 4 1

e e e
O NN = =

1
2
3
5
SI to SJ

The involution A — - A preserves the scalar product. Therefore, (A”, S;) =
(ST, S;~), and the bottom rows of Kostka double matrix give the expansion
of the products of elementary symmetric functions in the basis of Schur func-
tions. However, we have not yet met the adjoint basis of {A’}, which is the
image of the monomial basis under the involution which exchanges the el-
ementary and complete functions. It is called the forgotten basis, the best
reason for it being that people forgot that Kostka had defined it.

Forgotten:=proc(pa) SfOmega(m[op(pa)]l) end:
ACE > Forgotten([5$4]); ## rectangular partitions are the only
simple case (see exercise).
m[20] + m[15, 5] + m[5, 5, 5, 5] + m[10, 10] + m[10, 5, 5]
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Complete to Monomials: (S7, S7)

Pieri’s formula has allowed us to compute the scalar products (S'Sy , Sk) =
(ST, Sk/m), as the number of skew tableaux of shape K/H, of weight I. Let
us apply it to the case where K/H is a product of independent rows of
lengths ji, ja,.... It gives that (S7, S7) is equal to the number of tableaux
with weight I and shape {j; ® jo ® - - - }.

However, one can interpret these tableaux in a different manner which
takes into account the symmetry between I and J. Let us call matriz with
row sums J € NP and columns sums I € N7 a p X ¢ matrix of non negative
integers such that j; is the sum of the entries in the first row, j, in the second
row, &c. , and similarly for columns (the term matrix is inappropriate,
because multiplication of such objects has no properties; we shall put them
into a box).

Interpreting now the entry M][r, ] of a matrix M as giving the number
of occurrences of the letter ¢ in row r, one sees that row sums give the shape
{j1 ® jo ®---} and column sums give the number of occurrences of 1,2, .. ..

Instead of a matrix, one can equivalently write the sequence of increasing
words 1™t 2mm2l. . But this is exactly the sequence of a skew tableau
with independent rows, and we are back to our starting point.

For example, the two following objects are equivalent (I = [3,2,2,2,1],
J=12,1,4,3]) :

values 1 2 3 4 5
W row1001102
5 20 00 0 0|1
1[2]2[4 < 501 201 04
1{1]3 412 01 0013
3 2 2 2 1| sums

There is still another interpretation, as double coset representatives of
the symmetric group.

Indeed, given a positive integer, and J such that |J| = n, let &,,/&; be
the quotient of the symmetric group &,, by the direct product of symmetric
groups 6, ® G, ®---. It means that two permutations of &,, are equivalent
if, cutting them into blocks of successive lengths iy, 7o, ..., one obtains one
from the other by permuting letters inside blocks only. Thus one can decide
that the canonical representatives of classes of &,,/&; are the permutations
which are increasing in each block (they are the elements of minimum length
in each coset). Similarly, two permutations have the same image in 6;\&,,
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if, when one replaces 1,..., i; by xy, i1+1, ..., i;+iy by x9, &c., one gets the
same word. Here again, a canonical representative will be a permutation
which is a shuffle of [1,..., 1], [i1+1, ..., d1+is], [i1+ia+1, ..., i1+ig+is], .. ..

Combining the two descriptions, one has that double cosets &;\G&,, /S
are in bijection with Young tableaux of shape j; ® jo®- - -, and weight I, and
that given such a tableau, one gets the canonical representative of the asso-
ciated double coset by replacing successive occurrences of 1 by 1,2,..., iy,
occurrences of 2 by i1+1, ..., i;+iy, &.c , (this operation on skew tableaux,
or on words, is called standardization) and reading the new skew tableau as
a word.

For example, the above skew tableau gives the following canonical per-
mutation :

[6]8]

10

—[6,8,10,1,4,5,9,2,3,7] ,
2[3]7]

114]5]9

which is a double coset representative of a class in 6[3,2,2,2,1}\610/6[2,1,4,3],
the starting tableau being obtained by replacing the values 1,2,3 by 1,1, 1,

the values 4,5 by 2,2, ..., the value 10 by 5.
To summarize, one has the following proposition ;

Proposition 35 Given two compositions I,.J of the same number n, then
the scalar product (ST, , S7) is equal to the number of skew tableauzr with
weight 1, shape j1 ® jo ® ---. It is also equal to the number of matrices
with row sums J and column sums I, and to the number of double cosets of

6/\6,/6,.

For example, one has (5922, S'3) = 4, because there are four matrices :
010 010 0 01 0 01
010/, |oo1|, lo1o0|, |oo1
0 0 3 01 2 01 2 0 21

corresponding to the four skew tableaux
[2] [2] [3] [3]
2 3 2 3 :
3313 2[3[3] 2[3[3] 2[2[3]

The list of matrices with given row and column sums, as well as their

number without enumerating them, can be accessed by a function (to be
added to ACE) :
ACFE > GenMat([1,3,2]1, [4,2]);
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10 10 10 01 01

3 0 21 1 2 3 0 21

0 2 11 20 11 20
1

ACE > GenMat([1$9], [3,1,3,2],nb);

5040

Power sums to Schur: (U7, S))

The scalar products (¥, S;) have a fundamental importance in the the-
ory of representation of the symmetric group : (!, S;) is the value, denoted
xJ(I), of the irreducible character of the representation of index J at a per-
mutation whose cycles are of successive lengths iy, 7o, . . ..

We know how to compute such scalar products by using the operators
adjoint to multiplication by W*:

(U0, S;) = (U7, Dyi(Sy)) = (\Iff, > SH() (80)

sum over all vectors K which are permutations of [0°/)=1 k]. Equivalently,
the sum can be written as ) . £S5y, summation over all partitions such that
J/H is a connected ribbon of length k, the sign being the height of the ribbon
minus 1.

[terating, one gets decompositions of the diagram of J into ribbons of
successive lengths iy,45,.... Let us call such a decomposition an even de-
composition into ribbons of lengths I if the product of signs is 1, and odd
decomposition otherwise.

Decompositions into ribbons thus give a way to evaluate characters, and
we state again the Murnaghan-Nakayama rule seen in Corollary 77 :

Proposition 36 (Murnaghan-Nakayama rule). Given two partitions I,.J of
the same integer, the character x;(I) = (U1, S;) is equal to the number of
even decompositions of J into ribbons of lengths I, minus the number of odd
decompositions.

There are several ways to compute the table of characters of &,,, which,
in ACE, can be accessed by two commands (giving transposed matrices)
ACFE > SfMat(5,p,s), SgCharTable(5);
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1 -1 0 1 0 -1 177t 1 1 1 1 1 1
1 0 -1 0 1 0 —-1||]-1 0 -1 1 0 2 4
1 -1 1 0 -1 1 —1/]0o -1 1 -1 1 1 5
1 1 -1 0 -1 1 1|]1 0 0 0 -2 0 6
1 o 1 -2 1 0 1|]o 1 -1 -1 1 -1635
1 2 1 0 -1 -2 -1|]-1 0 1 1 0 -2 4

1 4 5 6 5 4 1][1 -1 -1 1 1 -1 1]

Because the basis U is orthogonal, the table of characters is equal to the
transpose of its inverse, multiplied by the diagonal matrix of scalar products
(Ul o),

ACFE > aa:=diag(seq(SfZee(pa),pa=ListPart(4))):
ACFE > transpose(SfMat(4,p,s)),multiply(SfMat(4,s,p),aa);

1 1 1 1 1 1 1 1 1 1
-1 0 -1 1 3 -1 0 -1 1 3
o -1 2 0 2 0o -1 2 0 2
1 0 -1 -1 3 1 0 -1 -1 3
-1 1 1 =11 -1 1 1 =11

Moreover, the product of the Kostka matrix by the table of characters is

triangular (expressing the characters of some “Yang elements” in the group
algebra of G,,).
ACE > multiply(SfMat(7,h,s),SgCharTable(7));

OO0 OOOOOOOOOO—
[=lelelelelelelelelelelelelg ol
[lelelelelelelelelelelel el ol
COO0OOOOOOOONHNF

OO0 OOR—O—
cocoocooonW—DWwWH
cocoocooNOONOO——
coocoocoNnocoo—oNO~
coocolRLonRo ook

5 coocoooooowwowr—

1 1
0 2
0 2
0 2
1 3
0 2
0 0
0 4
0 2
0 2
0 0
0 0
0 0
0 0
0 0

y (

ACFE >SfMat (4,p,m) ,multiply(SfMat(4,h,p),diag(seq(SfZee(pa),pa=ListPart(4))));

oo o
oo oo
= QTN

el N
=N O = O
p—
[\

0
0
2
2
6

S OO O
SO O = =
S O N O =
O NN -

12 24
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Newton relations and Waring formula

Recall that -
log (0,(4) = Y 2 wi(a)/i .

Derivating with respect to z, one gets
Zizl iZ' S (-A) = A_,(A) Zizl ZTA) (81)

which is equivalent to the following system of equations due to Newton (but
see also Girard, “Invention Nouvelle en Algebre”, Amsterdam 1629).

Al — \Ijl
2A2 - Al\Ill - \IJQ
303 = A0, — AT, + 0y

nA" = AN, — A" 20, 44 (_1)71*1\1,”
- e (82)

The image of Newton’s relations under the involution A — -A is due to
Brioschi :

Sl = \Ijl
252 - SI\I]1+\I]2

nS" == Sn—lq]1+sn—2\112+___+an‘ (83)

We could have reasoned differently, using the fact that (¥°, U w2 .. )
is a recursive sequence of characteristic polynomial S™(z-A) when A is of
cardinality n. This gives in particular

U(A) — AYA) T A) + - £ AHA) T (A) FA"(A)n =0,  (84)

but this relation is valid for any A because its degree is not higher than the

cardinality of the alphabet (there are no relations for W'(A),..., ¥"~1(A),

these power sums are initial conditions). Therefore one recovers Newton’s

relations from the fact that (¥?, i =0, 1, 2...) is a recursive sequence.
From Newton’s and Brioschi’s relations, one gets

n A" AV .. AT nS" st ... gn
. (n—l)/\"_1 A .. AP (n—l)S"_1 S0 ... gn-l
0A° ... A 0S5y .. 80
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Conversely,

S 1 0 ... 0 U, -1 0 ... 0

2 Uy 2 0 Wy U, —2 0

ntA" =1 : : oo, nlSt = : : o
v, 1 ¥, o ¥, 3 ... n-1 v, ¥, o ¥, s ... 1-n
v, v,, ¥,, ... U v, v,, ¥,, ... U,

Taking the Laplace expansion along the first column of the preceding deter-
minants, one gets

\I]n = Sn_l Al — 25n—2 A2 44 (_l)n—1n50 AP : (85)
which, using Pieri’s formula (56), gives

U, =S5,=Sin1+S11m2—S111n3+" . (86)

syt

Because S"(A — A) = 0, n > 0, one can shift by any integer k € Z relation
(87) :

U, = (n+k) 8" — (n+k-1)S" "' A" + (n+k-2)S" 2 A% + - 4+ (=1)"kS° A™ .

(87)
Expanding the determinant expressing W;/i in terms of the complete func-
tions, one gets

U,/2 = S?—(11/2h) s,
U3/3 = 53— 85" 4 (2!/3)sM,
U, /4 = ST— 8" —(1/20)5%% 4+ (2!/21)SM? — (31/41)SHT,

and, in general, for |I| = n, writing partitions exponentially, the coefficients
are : (1) - 1)
Uy, U, /n) = (—1)D- 122220 88
(1, W) = (- LD (58)
These scalar products can in fact be obtained, through the involution
A — —A, from the celebrated Waring formula [52]

Up/k= ) (—1)1(”““M AT (89)

my!lmg! - -
I: 1=k 1= 72

Monomial to Power sums : (¢, ¥')
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To determine the expansion of monomial functions in the basis of power
sums, it is simpler to normalize them differently. Let n € N,
J=0mo1m™2m2 e N", Then

<I>J::m0!m1!---\IJJ (90)

is the augmented monomaial function of index J.

When A is of cardinality n, then ®;(A) = > _o u’, where u is any
monomial in the expansion of ¥ ;(A).

Let us identify ®; and ®; if I is a permutation of J. Then, for any k£ > 1,
any A : card(A) = n, one has

Uy(A) s (A) = Z Dy p0i-1kon-i)(A) (91)

These equations can be inverted and give the expansion of ®; in the basis
UL, One first need to introduce the lattice of set-partitions Part(n) of the
set {1,...,n} We shall avoid using the word “partition” and say that v =
{v1,...,v,} isa decomposition of {1,...,n} iff y;U...Ur, is a decomposition
into disjoints subsets. Remember that we used the notation Part(n) for the
set of partitions of the integer n.

The Mobius function of Part(n) has been computed by many authors:
Faa de Bruno* [9], p.9, M.P. Schiitzenberger [48], G.C. Rota [45]; it can also
be extracted from E. West [53].

r

p(v) = 1_[(—1)0‘”‘“’”)*1 (card(v;)-1)! (92)

i=1
To any decomposition v, any J € N*| let us associate the vector
v(J) = [Zji, Z]]
1€V 1€V,
Equations (91) imply :

o= Y p) v (93)

vEPart(n)

“only mathematician which was made “beatus” by the Pope. Elimination theory can
lead to Paradise.
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{13{2}{3}{4}

{1 2}{3}{4} {13{2}{3 4} {1 3H{2}{4} {13{3}{2 4} {1 43{2}{3} {13{4}{2 3}

P
P e

{1}{24} {1235 4} {2}{134} (1832 4} {3}{124} 14z {13}{4}

N

{1234}

For example, for n = 4, writing 1,2, 3,4 instead of ji, jo, J3, j4, One reads
from the preceding figure the expansion

Doy = U V2TV — UGG — R0t — 2O — g Bt gt
gL tAgs gl g2yttt gt | pledgp2d | gl
Loyt | o2ty | ot tAg2 | ol g2t3e _ glt2tatd

(vertices where M&bius function takes value 2 use a bigger font).

One can in fact recover the value of the Mobius function by evaluating

the number (that we shall note ®;(N)) of monomials in ®;(A), with N =
card(A). Indeed, (93) becomes

Oy (N)=N(N—=1)---(N=n+1)=Y_ pu(r) N .

It proves that
p({L,.on}) = (=1)---(=n+1),

from which one deduces all values of the M&bius function, because the interval
between v and {1,...,n} is a direct product of intervals for smaller n if
(v) > 1.

The summands in (93) for a given .J are not necessarily distinct, and the
final expression of the coefficients (¥, U') is given by the following lemma.

Lemma 37 Let J =1 -.-p"™ ((J)=n, and I be a partition. Then
AN (\Ijla \III)
(g, ¥') = m;/l(”) ; (94)

sum over all v € Part(n) such that v(J) is a permutation of I.
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For example, (19903, U**) = %Qtimeﬁ = 192, because J = 13233
n = 7, (UM, U4) = 4331 and there are 9 decompositions of the type
(1+1+2, 2+2, 1+3), the Mdbius function taking value 2 in each of these de-

compositions.

Exercises

Ex. 35 Given n, compute the determinant of the matrix ma such that
mali,jl = Viq—j, 1 < j < i < n—1, mali,i +1] =i, 1 < i < n,
maln,j] = 2" 7,1 < j < n, the other entries being zero.

Corr.Ex.35. This is the determinant expressing n! A", except for the last
row. Expanding along this last row, putting an alphabet A for clarity (that is,
U = U(A), for all 4, one finds (n — 1)IA" 1 (A — z).

ModifMat_e2p:=proc(n) local i,j;

matrix([ seq([ seq(p.(i+1-j),j=1..1), i, 0$(n-i-1)]1,i=1..n-1),
[seq(xA(n-j),j=1..n)]1 1)

end:

ACE > ma:= ModifMat_e2p(4);

pl 1 0 0
p2 pl 2 0
p3 p2 pl 3
2 2 o 1

ACE > Toe(det(ma), collect);
6 e3 -6xe2+6x>el -6 x°

Ex. 36 Compute the following determinant of inverse of factorials, with ex-
tra parameters in the first column:

zg/4 1/30 1720 1/11
z3/3! 1/20 1/11 1/0!
z/2! 1/11 1/01 0
z /10 100 0 0

Generalize it to any order.
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Corr.Ex.36. The determinant can be interpreted as
A3.000(4; B) = A3(A — B),

with A*(A) = =z;/i!, A'(B) = 1/4! ( forcing us to take z; = 1, but it is easy to
reintroduce a general 21 by homogeneity). Its generalization to any order is now
evident.

In the expansion of A,(A — B), the coefficients of the A¥(A) are, up to signs,
the S7(B) = 1/4!

Ex. 37 Given two positive integers n, k£ and two partitions I, .J € N*, with
|J| = |I|+k, show that the coefficient ¢/ ; in the product S* W, =3~ ¢/ S,
is equal to the number of permutations H of I which are (componentwise)
majorized by J.

Use this property to express monomial functions in the basis of products
of complete functions.

Corr.Ex.37. (A. Kohnert).
IsMajorized:=proc(small,big) local i;
for i from 1 to nops(small) do if small[i]l>big[i] then RETURN(false)
fi; od; RETURN(true)
end:
CoeffProdCompleteMonomial :=proc (input,output) local lp:
if nops(input)>nops(output) then RETURN(0) fi;
lp:=ListPerm([op(input) ,0$ (nops (output)-nops(input))]);
select(IsMajorized, lp,output)
end:
ACE > aa:= CoeffProdCompleteMonomial([4,2],[4,4,2,11);

aa :=[[4, 2, 0, O], [4, 0, 2, 0], [2, 4, 0, O], [0, 4, 2, 0]]
ACE > coeff(Tom( h5*m[4,2]), m[4,4,2,1]);

4

0f course, an efficient program will not enumerate all permutations!

Ex. 38 Let A be of cardinality n. Compute the symmetric function
n
H,_l(a1+...+ai,1 —ai—l—ai+1+...+an)

in your favourite basis.
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Corr.Ex.38. The product is [],(A! — 2a), and therefore, expands in the AZ(A)
basis as
(Al)n _ 2A1 (Al)n—l + 4A2 (Al)n—l . 9nAn (AI)O

(only hook partitions appear, with coefficients + a power of 2).

Ex. 39 Let A ={ay,..., a,}, and let f € Sym(A) be of degree < n. Show
that the determinant

d
1,a;,...a"2

)
! da; 1<i<n

is equal to (f, ™) A(A).

Corr.Ex.39. The formula being linear in f, it is sufficient to test it on the basis
U!(A), |I| < n. The determinant is clearly null, except when I = [n], and so does
the scalar product.

Ex. 40 Let A = {a,b,c,d}. Show the equality

1oSUA) SAA) SA) SYA) g, L
0 S°(a) SY(A) SA(a) S(A)| | 00
S0 Sa) S'(a) S| =" Y
2 0 0 Sa) syl |0y ]
3 0 0 0 S°%A)

Corr.Ex.40. Let us evaluate separately both determinants. Replacing the first
column of the left one by z',2°,...,272, and taling its derivative in z = 1, one
gets

1 — A2(A) +2A%(A) — 3A3(A) .

On the other hand, dividing the successive columns of the other determinant by
a, b, ¢, d successively, one gets a determinant filled with 1’s, except for the diagonal
equal to [1/a, 1/b, 1/¢, 1/d]. Therefore, it is equal to

1 1 1 1

abcd(ail—1)(b71—1)(071—1)(d71—1) <1 + + . +

a*1—1+b*1—1 c”
= (1= AT(A) + A%(8) — A% (8) + A%(a)) (140 wia))

i>1
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and one can conclude using Newton’s formula.
Of course, a similar result is true for any cardinality.

Ex. 41 Let f € Gym(n) be homogenous of degree p < n. Let A be the set
of roots of the polynomial 2" — 2" ' 4+ 2" 2 — ... 4+ (=1)". Show that the
scalar product (f,A?) is equal to f(A).

Corr.Ex.41. (Muir (1899), MuirlV, p.198). Since f = > (f, Ar)As, one has to
show that
VI:|I|=p, Ar(A) =0, except Ap(A) =1.

Indeed, if ¢(I) > 1 and |I| < n, then the determinant A7(A) has its last two
columns identical and vanishes. Moreover, all A,(A), 0 < p < n are equal to 1.

Ex. 42 Show that

2A" A° 0 S 0
4A? 3AT 2A° = 0
nlS* = : : : :
(2n —2)A"™! (2n —3)A"2 (2n —4)A"3 .. (n—1)A°
nA™ (2n —2)A™ 1t (n—2)A"2% ... Al

(only the last row is irregular).

Corr.Ex.42. (Mangeot (1897), MuirlV, p.239). Thanks to Newton’s relations,
ul 1 0 0
2 gl 2. 0 ...

the above determinant is the product of | ¢3 _g2 ! 3 ... by the matrix

AV~ of determinant equal to 1.

Ex. 43 Express the term of degree n in the series f := (1 —A2 —2A% —3A* —
-+)~! as a determinant in the elementary symmetric functions, then as a
determinant in the power sums.

74



Corr.Ex.43. The first development is obtained, from the determinantal expres-
sion of S,, in terms of the A?, through the transformation A' — 0, A2 — —1A2,
A? — —2A3, &ec. It is therefore equal to

0 —AZ 2A3% —3A%
1 0 —=AZ 2A3
0 1 0 —A2

Since the denominator of f is the difference (1+A! + A%+ A3 4.+ ) — (AL +2A%2 +
3A% +--.), one can transform it using Newton’s relations, and write it as

I+A + A2+ A3+ ) =-T 02— 03 )
Therefore
f=(1-8"4+8-83+.. )1 -0+ 02 -3 ...)7"

and the term of degree n of f is equal to

vlow? ... gn Sm
1 \Ifl . \I,n—l Sn—l
0 1 S0

One transforms the last column with the help of Brioschi relations (83). Defining
D=0, Do=0'U' . ;=0T WG P
on can finally write n! times the determinant as follows :

(n-D)T' (n-1)V2 -0y (n-1)T3 - d3 --- (n-1)¥" — @,
(n-1) (n-2)T! (n-2)¥2 —®y --- (n-2)¥" ! - P,

and this gives the expression of the term of degree n of f in the basis of power
sums.
For example, for n = 4, one has

0 —-A? 2A% -3A? 30U 30%2-0y, 3U3-B; 3Ti-O,

1 0 —-A% 2A° 13 22Ul 202-9, 2U3-O

22 4 _ _ 2 3

ATHSA =000 0 a2 T3 o 2 Tl 02,
0 0 1 0 0 0 1 0
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Symmetric Functions as Operators and A-Rings

BEEPEP BB TP EP P

We have used algebraic operations on alphabets, like addition, subtrac-
tion and multiplication of two alphabets, without expliciting the underlying
algebraic structure. We shall show in this section that we have in fact used
A-rings, a structure due to Alexandre Grothendieck, without knowing it!

Already we met an intepretation of symmetric functions, as operators on
isobaric determinants, but A-rings are a more powerful way of considering
symmetric functions as “functors”.

Let us first consider the product of an alphabet by a positive integer.
This, we defined by taking powers of generating functions :

o.(kA) = (0,(A)" .

However, it can be given a more concrete interpretation. In the simplest case,
passing from o, (A) to 0,(2A) := (0,(A))* can be interpreted as doubling the
alphabet A = {a} — 2A := {d'} U {da"}, computing the symmetric functions
in 2A, and eventually erasing the diacritics on the letters a’s. Similarly, one
introduces, for each letter a € A other letters o', a” ", ..., a®, compute the
symmetric functions in this new alphabet, and erase the diacritics, obtaining
functions of A again.

However, the inverse operations, say A = {a} — %A, cannot be described
in the same way, which means that one must not stick to considering alpha-
bets as composed of letters.

More explicitely, at the level of power sums, multiplication by 2 is just

Ti(24) = () + > (") =2T;(A) .
Therefore the “alphabet” B = k£ A, £ € C will be defined by

and now, k needs no more be an integer, we can take k = 1/2 as we desired.

Instead of only multiplying alphabets by constants, one can go one step
further and realize that every polynomial can play the role of an alphabet,
i.e. that the ¥; are operators on polynomials ( a € C, u monom):

P=>au=W(P)=) au . (96)

,u

76



The ring Sym, being generated by the ¥;, i = 1,2,..., formulas (96)
extend to an action of Gym on the ring of polynomials.

Thus, the generating functions of elementary and symmetric functions
become operators, their explicit action (determined by o, = 1/A_,

= exp () ;5 2'07/i)) being

P=> aurs A(P) =[]0 +zu), (97)

,u

P=> au—o.(P)=][(1—2u)". (98)

o,

Each of formulas (96), (97) or (98) can be chosen at will to define the ac-
tion of symmetric polynomials and implies the two others, and the ring of
polynomials, with Gym operating on it, is called a A-ring.

Grothendieck choosed lambda operations, that is, the exterior powers of
vector spaces, or more generally, fiber bundles, to introduce A-rings. In the
same interpretation, the S* are the symmetric powers. Algebraic topologists
prefers the Adams operations ;.

Having taken polynomials as our building blocks, rather than more so-
phisticated mathematical entities, we needed only the single axiom (96). The
general theory of A-rings require three axioms: the compatibility of the A-
operations with addition, product and composition.

Let us remark the different role played by constants o and monomials  :

Ui(a) =a, S'a)=("7"),  A(a)=())
{%w):u% Sw=u, Nw=0i>1 Aw=u @

When implementing A-rings, one must distinguish between indeterminate
coefficients o and variables u. The preceding terminology is not satisfactory;
it is preferable, instead of using the term “monomial” to say element of rank
1 (i.e. non zero element z such that A*(z) = 0 Vi > 1), and avoid the term
“constant” for the elements invariant under the ¥;, but rather say binomial
element as a tribute to Rota, because these elements are such that their
images A'(«) = (9) are binomial coefficients.

Because ¥;(1) = 1 = S%(1), one can specialize rank 1-elements to 1 (the
only other specialization compatible with A-rings is specialization to 0). It
has the consequence that, for a positive integer n, ¥r(n), S*(n), A’(n) are the
number of terms in the expansion, in terms of monomials, of U7 (A), S?(A), A*(A)
when card(A) = n. The identity

n(n—1)---(n—0(1I)+1)

with [ = 1m2m2gms . ..
ml! mQ! m3! cee

Ur(n) = , (100)
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being true for any positive integer n, is true for any complex number n € C.

Polynomials in one indeterminate are conveniently coded in a A-ring. Let
A be an alphabet of cardinality n. Then

H(x —a)=S"(x—A) = an_iSi(—A)

Now, expanding S"**(z — A), k € N, one sees that
S"HR(z — A) = 2" S"(z — A) . (101)

On the other hand, S"~*(z — A) is the component of positive degree of the
Laurent polynomial

w7 S (2-A) = xRS (A 4 4T SR (CA)F a0 STTR(CA) 2" RSO(CA) |

Derivating with respect to x the generating function o, (zA) of the S*(z-A),
one sees that for any k € N, the successive derivatives of S¥(z-A) are

SFL(22-A), 21 S¥2(3x-A), 31 SF P (da-A) ..., j1 SFI((5 + Da-4A), . ..

There are other codings. For example, given any A, any n € N, and an
element x of rank 1,

Az +A) =) <n> 2" A(A) (102)

7

is a polynomial of degree n.
Derivating with respect to z the generating function \,(nz + A)
= (14 zx)™A,(A), one sees that the successive derivatives are now

n A" ((n-1)z+A), n(n — 1) A" ?((n-2)z + A), ...
Therefore, the integral of A"(nz + A) is =5 A" ((n+1)z 4+ A), up to the
addition of a constant, and more generally, the k-th integral will be

1

(n+1)---(n+ k)An+k((n+k)$ +A) .

We shall see in another section that orthogonal polynomials are also con-
veniently expressed in A-rings.

One can extends the action of symmetric polynomials to rational functions

or formal power series :
p, (Zon) - o (103)
Y Bv) Y pv
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If ¢ is of rank l,thenonehasnovvl%qzl+q+q2+---,i.e. —L_is the

1—q
infinite alphabet {1,q,q? ...} and \I!Z(l%q) = qui, i > 1. From

%G%>:m«§ﬁé;0’

Cauchy obtained that :

1 1
() - s o

(we shall more generally determine in equation (126) the values of all Schur
functions on 1/(1 — q)).
Therefore

1 !
o, | —— ) = . 105
(1—q> Z(1—q)---(1—qz) (105)
is the g-exponential, equality l%q = 14q+¢*+--- implying the factorization

o <1i—Q> B ﬁ 1 —1xqi (106)

=1

Such a factorization renders the ¢-exponential sometimes easier to use
than the classical exponential.

Some classical identities on ¢-series come from addition in A-rings. For
example, take the ¢-binomial identity

Zzi(l—a)(l—aq)---(l—aqiI)ZHI—ZCLQ . (107)

— —02)..-(1 —qg° — zqgt
= (-9 —=¢)--(-¢) 51—z

Considering z,a,q to be of rank 1, one recognizes the left hand side to be
al(z}%‘;) (we shall in (127) determine more generally all Schur functions of
(1-a)/(1-q)), and the right one to be o (1%,) 01($27)- Therefore, the identity

does not need a proof, because it is just
1—a z —za

= ) 108
Zl—q 1—q+1—q (108)

Lagrange inversion
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Let us illustrate the advantages of A-rings on another very classical ex-
emple, the Lagrange inversion of formal series in one variable. Given f(z) =
2+ fi22 + foz® + -+, one has to find g(z) = 2z + g12%2 + g22> + - - - such that

fla(z) =2 & g(f(2) =2,

Lagrange inversion has many applications in classical analysis and com-
binatorics. Many extensions (g-generalizations, or multivariate extensions,
&c.) have been proposed. We shall refer in particular to Gessel [13].

Lagrange and Biirman solved the original problem by expressing the co-
efficients of ¢ in terms of coefficients of derivatives of powers of f.

Another powerful approach is due to Jabotinsky [18] who associates to
f a matrix Jab(f), whose entries are all the coefficients of all the integral
powers of f. Now, composition or inversion of series becomes multiplication
or inversion of the associated Jabotinsky’s matrices.

Lagrange’s solution uses only the fact that the logarithmic derivative of
a series has no residue. More generally, one has the following lemma :

Lemma 38 Given an alphabet A, let f(z) := zo_,(A). Then for any m,n €
Z, the residue of f’”d% (f™) is null if m # n, and equal to n if m = n.
Equivalently, one has the relations

n—k k—m o
ZkEZ kSR (—n A) SET (mA) = nbpp (109)

Proof. Because f™ = z"o_,(mA) and f~" = z7"0_,(-nh), the two state-
ments are equivalent.

The residue to determine is equal to the coefficient of z in
o_.(-nA) L (zmo_,(mA)). If m # n, it is the coefficient of 2"~" in

n—1

I (o)) + (= 2 ) e (nea)
which is
(~1)" " S (mm) A) + <m - 7;”2”> (=1)"~™ 8" (men) A)

It is indeed null; the case m = n comes from a similar computation. QED
Equations (109) determine the coefficients of the powers of the series
inverse to f :
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Theorem 39 (Lagrange-Biirman) Let f(z) = z0_,(A), and g(z) its in-
verse series. Then for any k # 0, one has

JF(z) = ’“Z AN ((i+ k)A) (110)
log(g(z)) = Z7AZ(2A) (111)

Proof. Writing (g(f(z))]c = z*, one sees that the expressions given by the
theorem satisfy the right recursions thanks to relations (109). One gets the
logarithm as the limit & — 0 of ¢*/k. QED

Since Lagrange’s expression involves taking elementary symmetric func-
tions in the product of two alphabets ( (i+k) and A), then the Cauchy formula
gives an expansion of it in any pair of adjoint bases of symmetric functions,
without further computations. In particular, one has

A((i+k)A) = (=1)" 22 1=s W (= (i + £))S7(A) ()
21— Wali+ k)AT(A) (b)
2= S (i + k) Sy~ (A) ()
()

(e)

)

SH

Zm: (i + k)W, (A)
= D= ST+ k) Fr(A)

l J
L S e (e
(112)
using forgotten symmetric functions F; in equation (e) and using exponential
notations for partitions in the last one. It is interesting to note that all these
equations (except the one involving forgotten functions) can be found in the
mathematical litterature, each time obtained from a new computation.

For example, for ¢+ = 3, the different expressions of Lagrange coefficient
A3((3+k)A) are :

(&

ACE> sfa:=SfAExpand(e[3] ((3+k)*A1)):
ACE> sf:=SfA2Sf(sfa); # to get rid of the name Al
3
1/6 (k+3) (k+2) (k+1) el +(k+3) e3 +(k+3) (k+2) e2 el

ACE> map(factor,Toh(sf,collect));
3
(k+3) h3 -(4+k) (k+3) hl h2 +1/6 (k+5) (4+k) (k+3) hil

ACE> map(factor,Tos(sf,collect));
(k+3) (k+2) (k+1) /6s[3]1+(4+k) (k+3) (k+2)/3s[2,1]+(k+5) (4+k) (k+3)/6s[1,1,1]
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ACE> map(factor,Tom(sf,collect));
2 3
1/6 (k+3) (k+2) (k+1) m[3] +1/2(k+2) (k+3) m[2,1] +(k+3) m[1,1,1]

ACE> map(factor, subs(m=F, Tom(SfOmega(sf),collect)));
2 3
1/6 (k+5) (4+k) (k+3) F[3] +1/2 (4+k) (k+3) F[2,1] +(k+3) F[1,1,1]

ACE> map(factor, Top(sf,collect));
2 3 3
- 1/2 (k+3) pl p2 + 1/3 (k+3) p3 + 1/6 (k+3) pil

One can also write Lagrange coefficients as determinants, as shows the
next lemma.

Lemma 40 Let A be an alphabet, k € C, k #0, n € N. Then

nl S, (k A) = det‘ ((G-i+1)k + 1 — i) i1 (A)

1<i,j<n

_ det‘ ((G=i+1)k — j +16j0) Sy_i41(A)

(113)

1<i,j<n
Proof. Each of the two matrices is the product, on the right or on the left
respectively, of the matrix [Sj_i(A)] (of determinant 1) by the Newton ma-

trix® [\I!j_i“(kA)] , which is of determinant n!S,(kA). We already
1<i,j<n
used this factorization in Ex. 42. QED
For example, 4! S4(kA) is equal to each of the following determinants :
kS, 2kS, 355k 4k S, (k-1)S7 (2k-2)Sy (3k-3)S; 4kSy
-1 (k-1)S; (2k-1)S; (3k-1)Ss| | -1 (k-2)S1  (2k-3)Sy 3S3k
0 -2 (k-2)S; (2k-2)S,| | 0 —2  (k-3)S, 2kS,
0 0 -3 (k-3)S, 0 0 -3 kS

Replacing k£ by —2— £k, and n by 7, one gets two determinantal expressions
of Lagrange coefficient A*((: + k)A).

Exercises

Ex. 44 Let zy,..., z,, y be rank 1-elements. Compute >, 1/(y — z;).

Swith subdiagonal -1,-2,...,-n+1, and not ¥°. Recall also that ¥/ (kA) = k¥ (A).
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Corr.Ex.44. The sum is the logarithmic derivative of S™(y — X) with respect to
y (with X =z, 4+ -+ +m,). Therefore >, 1/(y — z;) = S"'(2y — X)/S"(y — X).

Ex. 45 Let A be arbitrary, = of rank 1, n,p € N. Show that

Sn(A)— G) §"(Amz)+ (';) S™(A=22) 4 -+ (—1)* <:) §"(A—kx) = 2FS"F(A) |

Corr.Ex.45. Both sides are linear in S7(A); one can take A = a of rank
1, in which case the identity is a™ — ('f)a”fl(a —)+ (g)a”ﬂ(a —z)? 4+ =
a" *(a—(a—z))

Ex. 46 Let ¢ be rank-1 elements, and A be such that S,(A) = (1 —ag") !,
n > 1. Let I be a partition in N” such that I D n". Evaluate S7(A).

Corr.Ex.46. We do not need a,q to be rank-1 elements, but just formal pa-
rameters. We recognize that the Jacobi-Trudi determinant expressing Sy is a
specialization of Cauchy determinant ‘(1 — xy)_l‘, for X = {a,aq,...,aq" '},
Y = {g"7"*! ... ¢}, and therefore S;(A) is equal to the product of all the
entries of the determinant times A(X) A(Y).

When « = 1, one has the limit case S,(A) = 1/n for ¢ — 1.

Ex. 47 Let a, 3 be elements of binomial type. Define A by
Sn(A) = a(a+nB)~' S*(a +npB), n > 0. Compute A"(A) and ¥"(A).

Corr.Ex.47. cf. Riordan, [42], p.169. By recursion, one shows that
A"(A) = a(a—nB) S (a—nB) , V"(A) =a(@mB—1)---(nf—n+1)/(n—1)!.

Ex. 48 Given two positive integers m,n, border the matrix S,,»(A) by a
first column [z",...,2° 0] and a bottom row [0,%°,...,%"]. Show that the
determinant of this new matrix is equal to S(n41yn-1 (A-2z-y), taking z,y to
be rank 1-elements.

Corr.Ex.48. Subtract = in all the rows, except the last one, and subtract y in

all columns, but the first one. Then the determinant factorizes, one block being a
0

Schur function of A-z—-y, the other being ‘ S 0(0) 50*(0) ‘ =1.
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Ex. 49 Let A be an alphabet of cardinality n, {m, € N},cs be a family of
“multiplicities”. Define X = )" _m, a, the letters a being rank-1 elements.
Show that minors of order > n of the matrix [\If”j (X)] are null, and
4,520
compute the minors of order n.

Corr.Ex.49.  Decomposing each column as a sum of columns involving only
one letter, acccording to U¥ = 3" m,a¥, one gets a sum of determinants, but the
only ones which are non zero are those for which no two columns contain the same
letter. This proves nullity for order > n. For order n, the remaining determinants
are in bijection with permutations of the letters, and their sum is just [ [, m, times
the sum obtained when all m, are equal to 1. Therefore, a minor of index I, .J,
1,J € N" is equal to

[T ma Si(A) Sy (A) A(A) .

Bellavitis (1857), MuirIl, p.353, gives the case I = 0", J = k".

Ex. 50 To each sequence of alphabets A = (Ay, A3, As5,... A, ...), all
primes p, associate a Moébius function on the positive integers :

pra(n) = H(Sk(Ap) :

p

where k is the order of p in n ( p* is the greatest power dividing n).
Given two sequences A, B, show that p4, 5 is the Dirichlet convolution
product of 4 and pug, i.e.

pars(n) = pa(d)ps(n/d)
din

summation over all divisors of n, where the sum A + B is componentwise.
Show that the Moebius function yu, and the Euler functions ¢, 7, o (Recall

that u(n) is 0 if n is not square-free, and +1 otherwise, the totient function
©(n) is the number of positive integers less than n and prime to n, 7(n) is

the number of divisors of n and o(n) is their sum) correspond respectively
to

(=1, =1 ), (Ao—1yee Ay—1,0), (2,000,2,0), (Aetl, .o AyHL, L),

where A, is such that Sy(4,) = p".
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Corr.Ex.50.

First notice that, for the properties that we examine, the set of integers de-
composes according to each prime.

The statement involving convolution comes from the identity

SE(Ap +B,) = S'(Ay) SFTI(B,) .

Products of Si(—1) are 0 if one of the k is bigger than 1, and the sign is the
parity of the number of prime divisors.

For all n, p1,..1,...(n) =1, and the convolution square of this function is 7.

The sequence A = (Ag, ..., A,,...) gives the function p 4 such that p4(n) = n,
i.e. gives the identity function.

One checks that ¢ is the convolution of i and u 4, and that o is the convolution
of pa and pq (with pi(n) =1 for all n).

For more properties of the Moebius function on the integers, and of multiplica-
tive functions, we refer to Dixon [8] and Apostol [2].

Ex. 51 Let A be an alphabet. Grothendieck defined functions v*(A) by the
generating function

() =27 (A) == Aoyan(A)

Define accordingly the alphabet A° by A'(A°) = ~%(A), i > 0.
Show that

AN(A%) = Ni(A+i—1)

Show that the transformation A — A® satisfies (—A)° = —A°, (A + B)® =
A® + B°, but that in general, (AB)® # A°B°.

Ex. 52 Let the Gauss polynomial [?] be S*((1—¢" **')/(1 —q)), with g of

rank 1. Show that
m+n+1 " [m+j
— J
e

]z
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1— m+1
1q—q )7

the second one, from the expansion of ¢ ¥(k—1)/2 Ak ((1+ co g ) (g - +q”+m*1)) .

Corr.Ex.52. The first equation results from the expansion of S™(1 + ¢

Ex. 53 Let A be arbitrary, p binomial, n € N. Show that

nS™(pA) — (p+n—-1)S" 1 (pA) A (A) + (2p+n-2)S™ 2(pA) A*(A) — - --
sk ((n-D)p+1)S°(pA) A" (A) =0 .

Corr.Ex.53. Introduce two elements z,y of rank 1. Recognize that the above

expression is the coefficient of 2™ in d%f(:z:, y)‘ X where

- . Y=
f(z,y) == 32 (zy)'S"(pA) 32 ;(—zyP)A/(A).  Moreover, one can take A to be a
sum ) a of rank 1 elements; in that case f(z,y) = [[,(1 — azy?)/(1 — azy)P.

—p(=az) | p(=azy?”")
1—azy 1—azyP

The logarithmic derivative % log f(z,y) is equal to >, , from

which one sees the required nullity in y = 1.

Ex. 54 Let A be arbitrary. Show that the product of |(—1)"7AJ(s)
0<i,j<n

by [Sj(zA)] is a triangular matrix. Express its entries in the S7(A)
0<i,j<n
basis.

Ex. 55 Let A be of cardinality n, and A%" be the alphabet of roots of
S"~1(2x — A) (we shall call it the derived alphabet). Show that

SFA — A"y =W (A)/n , k=1,2,... .
Show that, for any a € A,
Spn1 (A — A% —2a) = (=1)"TA(A)?
i.e. is equal to the discriminant [[,_;(a; —a;)?, up to a sign.
Corr.Ex.55. S" 1(22—A)/S™(z— A) is the logarithmic derivative of S™(z — A),
and this settles the first point.
One recognizes in S,n-1(A-a — (A% +a)) a resultant R(A — a, A%" +a). How-
ever, for any a’ € A, one has R(A%" a') = R(A-d/,a'), and therefore
R(A-a, A% +a) = £R(A-a,a) [[ R(A-d’,a) = +A(4)* .

a'eA\a
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Ex. 56 Let A be an alphabet, A% the alphabet of roots of the derivative of
R(z,A). For any integer k, express S*(x — A%") in the basis {S*(z — A), i >

0}.

Corr.Ex.56. Write —A%T = (A — A%") — A, Therefore S¥(z — Ader) =
> SF i — A)ST (A — AdeT) = 30 5K (m — A) T (A) /T (A)

Ex. 57 (Sylvester, [50] 1, p.502). Let A be of cardinality n, and let A%" its
derived alphabet. For any positive integer k, and x of rank 1, let Py(x) :=
Spre (A — A% — ). Show that for any k > 0, any 0 < j < k, one has

J —
ZaeAa Py(a) =0,

and that
‘Po(a)2’P1(a)27 "'Jf)nfl(a/)2 =0.

a€A

Corr.Ex.57. Since Py(7) := Spk o(A — A x), using the preceding exercise, it
can be written as

LUL(A) -+ LWy 4 (A) 2FHI
o L P
2 Wo(A) --- 2U g (A) 2/
Summation on z = a € A transforms the last column into a multiple of a previous

one, hence the sum vanishes.
Using the quadratic relations (7), one can write

P(z)? = Spr—1(B — 22)Sprr1 (B) + Sppre-1(B—22)S,_ k41 (B) ,

with B = A — Ader,
Take now n = 4, to simplify indices. The candidate to nullity is
1, Sll(B) + S5 (B, 2a), So (B*QG)SQQQ (B) + 833(3*20)511(18),

S33 (Bf 2a)53333 (B) + S444(B*2a)5222 (B) ‘aeA
By successive subtractions, it simplifies into

1, S5(B-2a), S33(B-2a)S11(B), Siss(B-2a)S222(B) ‘ .

However, the last exercise shows that the elements Sy44(B-2a) are constant, and
thus the last column is a multiple of the first one and the determinant vanishes.
QED
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Ex. 58 Let x be such that Vn € N, S"(1+x) = 1+ nz. Compute the Schur
function S;(1 + x), J partition, without expansion of determinants.

Corr.Ex.58. Put z:= 1-z. Then z is a rank 1 element, and thus S;(1 + z) =
S;(2—-2) = Z(_z)iSJ/li(2). Apart from one part-partitions, the only J for
which S;(1 + z) can be non zero are of the type J = [1"™ hk], h > 1, m >
0. The corresponding summation reduces to ((—z)mAQ(Q) + (=2)™HAL(2) +

(—z)m+2) Sh-1,—1(2). Finally, for such J, one has
Simpp(l+2) = (k—h+1)(z - 1)"z* .

Ex. 59 Let A be arbitrary, § be of binomial type. Show, after Han Guo Niu
that

B+ ((B+1)A Z]s )S,; (BA) .

Corr.Ex.59. Taking generating series, one has to show that

B_l_lZnu" LS, ((B+1)A) = ddz( S, ((B+2)A))

but both sides are equal to [[,-,(1 — ua) ™", ua (1 — ua)~".

z=1

Ex. 60 Show that, for any r € N,

rlx+1)---(x+r—1)= J; z* \I!J \IIJ)'

What becomes the left hand side when the summation is restricted to par-
titions with all parts odd 7 For example, one gets, for n = 2,...,6 the
following values 22, 2% + 2z, 2* + 822, 2° + 202% + 24z, 2° + 402* + 184422

Corr.Ex.60. The left hand side is r! S, (z), with z of binomial type, the right
side being its expansion in the basis U”/. This gives the first equality. To take into
account the restriction on parity, one introduces a rank 1 element ¢ which will be
specialized to —1. Then ¥;((1 — &) z/2) = z if i is odd, and = 0 otherwise. The
left hand side becomes r!S,((1 — £) z/2), and one finds its values by taking the

generating series
z€ 142\
o-omm (=) - (122)”
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ACE> simplify(6!*coeff (taylor(((1+z)/(1-2))"(x/2),z,7),2,6));
2 4 6
184 x + 40 x + x

The same method would allow to explicit the summation 3 ; 2/ 1/(T7, ¥7) re-
stricted to partitions with all parts multiple of a fixed integer p. One has to take
¢ to be a primitive p-th root of unity instead of being —1.

Ex. 61 Let x be of binomial type, and sf be a symmetric function. Express
sf(x) in the basis of Newton’s polynomials N; := z(z — 1) --- (x — i + 1).

Corr.Ex.61.  Since a monomial function ¥;(z) is proportional to Ny, ac-
cording to Formula (100), one has just to expand sf in the basis of monomial

functions. ( SJ)
S )
sf(z)=> s, 57) Ny

| l...
mi:-mo.

7 1 2
sum over all partitions J =1mma...

Sf2NewtonBym:=proc(sf) local tt,pa;
tt:=Sf2Table(Tom(sf),’m’);
convert ([seq(tt[pal/convert (map(i->i!,Part2Exp(pa)), ‘*¢)* cat(N,nops(pa)),
pa=map (op, [indices(tt)]) )1, +°)
end:

Ex. 62 Let x be of binomial type, z be a rank-1 element. Compute the

specializations z = —1 of the monomial functions and Schur functions in
A=z(1+2).
Give as a corollary Gillis’s formula :
S (x(1 + 2)) = S"(z) .
z=—1

Corr.Ex.62. The power sums ¥/ (A) = Ui (z)Ui(1 + 2) = z(1 + 2') specialize
into 2z if 4 is even, 0 if ¢ is odd. The expression of monomial functions in terms
of power sums is compatible with doubling the parts of a partition I. Denote this
operation by I — 2x I. Then

U (A) =U;(2z) if J=2%1 or0 ifJ texthasanoddpart .

z=—1

The determination of Schur functions is a little more subtle. One needs to use
the factorization, due to Littlewood [35], of S7(Q2B), for © is the “alphabet of
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p-th roots of unity” (here p=2), and B is arbitrary. The outcome in our case is
that the specialization of a Schur function Sy is equal to £Sp(x) Sy (x) if I is a
partition without 2-core, and with 2-quotient [I’, I"], and is null if I has a core.
In particular, if I = [2n], then I' = [n], I" = 0, and this gives Gillis’identity

30(5) ()= ()

Ex. 63 Séries de Facultés (Nordlund, Lecons sur les séries d’interpolation, Gauthiers-
Villars, Paris(1926)). A “série de facultés” is a series of the type

O SYA) S2(A) 21 53(A) - Sn(A)
f@h) ===+ z(z+1)(z+2)+”'_Z+(n+1)5n+1(z)’

where 2z is of binomial type and A arbitrary.
Show that for every binomial element y, one has f(z,A) = f(z+y, A+y).
Deduce that

% Pz A) = = 32 (S" (A1 4+ S"(A) /) [+ 1)S™ ()

Express the product f(z,A) f(z,B) as a série de facultés.

Corr.Ex.63. Because f(z,A) is linear in the S™(A), one can restrict to A = «,
with « binomial. In that case

1 1 « ala+1) ala+1)(a+2)

[ = = I e D e 0+ D) D D

identity that is a special case of Newton’s interpolation formula. Now everybody
agrees that z — @ = (2 + y) — (o + y) and this settles the first point.
As for the product (Zia , ﬁ) > m = (ﬁ —ﬁ) ﬁ, one is reduced

to evaluate all the (S™(a)—S"(8))/(a—B), n € N. The expansion of S"(«) involves
Stirling numbers of the first kind, that is, the elementary symmetric functions of an

alphabet specialized in {0,1,..., n—1}. Tt remains to express the (o* — %) /(a— )
in terms of products of S*(a), S7(B)

Ex. 64 Let x be of binomial type, r be an integer, J € N' be a partition.
Compute the generating series » 2"Sy,(x), where Jn means the concate-
nation of J and n.
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Corr.Ex.64. Taking advantage that the interval of summation has not been
specified, one takes —r < n < oco. Taking the Laplace expansion of the determi-
nantal expression of Sy, (z) along its last column, one finds

Y Sm(z) = ZZ 2" S 111 () S ()

n n =0

= Z( SJ/lz Z Zn—HSn_H

i

= Y (=2 Sypile) (1-2)".

i

Notice that the summation in ¢ is restricted to 0 < < ¢(J). For example,

(1 —2)" Z 2"Sin(x) = S1(z) — 27151/1(1‘) =z—z1,

n>—1

(1—2)" Z 2" Soan () = Saz(w) — 27" Say/1(w) + 22 Sy 11 (w)

n>—2

22 (241) (242) (3-1) — —(2-1)(52-+6) (z+1)2~" + %x(xﬂ)(x—nz*?

" 24

Ex. 65 Let £ € N. Writing partitions exponentially, J = 1™2™2 ... show

that
‘I"]
Z Mk (07, )
J

is a sum of Schur functions with coefficients +1.

Corr.Ex.65. For all positive integers n, k, one has Dy, S,41 = S,. On another
hand, expressing S, 44 in the basis U/, one gets

Du. S _kiz v kz \117]
Veontk =y 2L (W ) TR T g T)gk

The unknown sum is therefore equal to 3 U*S,, /k. Using multiplication of Schur
function by monomial functions, one gets a sum on Schur functions indexed by
vectors of the type [k, 0!] +[0%, n], i =0,..., k-1, which by reordering give finally

Sn-i—k + Sk:,n - Sl,k—l,n + Sl,l,k—Q,n -
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Ex. 66 Let f(z) be a formal series f(x) = fo +afi +2%fy +-+-. Let y be
another indeterminate. For any positive integer m, define, after Catalan,

Q= (fotrafi+2°fo+ )+ (m;rl>y(xf1+x2f2+---)
+ (m;2>y(x2f2+x3f3+---)—l—---

Let 6(z,y) =™ (f(z) = 9/ (2)) /(1  y). Show that

1 d
0= (z,y) .

m! dy™

Corr.Ex.66. Derivations of polynomials S"(z—A) rather than of series o, (A)
are easier to write. Truncating the series to an arbitrary big order, one can write
it f(z) = S"(z-A). Now, Q becomes

1 2
Q = S"(z-A)+ (m;_ )y:z:S”l(xA) + <m;— >y2x25"2(xA) +--

= S"(z— A+ (m+l)zy) .

On the other hand, a direct computation shows that

zf(z) — zyf(zy) = §™(z + zy — A) and iizmsn(zﬂﬂ%) = S"((m+1)z + B) ,

T —xy m! dz™

for all B and all rank 1 element z. One concludes by putting z = zy, B =2 — A.

Ex. 67 Define the Hermite polynomials H,(x) and the alphabet A by

n

Su(A) = H,/nl == (=1)"(2x)" "> /rl(n — 2r)! .

r=0

Compute the forgotten symmetric functions in A.

Corr.Ex.67. First, the explicit expression of Hermite polynomials is equivalent
to the generating function Y 2™ H,, /n! = exp(—2zz—2?). Therefore, A is such that
UL(A) = =2z, U?(A) = —2, U'(A) = 0 for i > 2. The forgotten functions for A are
equal, by definition, to the monomial functions for A’, such that U!'(A') = —2z,
U2(A') =2, UY(A’) = 0 for i > 2. In particular, the only surviving functions are
those indexed by partitions of the type 172*. Because

2\:[’1712]9 (Al) — \IIQ(A,)\I’ank (A,) — \Ifln2k+1 (A,) 5

one can ignore the parts equal to 2, and therefore, one has only to compute for
the indices 1™, in which case one obtains Hy/n!.
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SpecHermite:=proc(sf0) 1local i,sf;
sf :=Top(sf0);
subs(seq(cat(p,i)=0, i=Sf2TableVar(sf,p)minus {1,2}), pl=2#*x,p2=-2, sf)
end:
ACE> simplify(orthopoly[H] (4,x)/ SpecHermite(SfOmega(m[2,2,1,1,1,1]1)));
12

Ex. 68 Define the Gegenbauer polynomials G(n, «, z) by the generating func-
tion

Zz”G(n, a,r) = (1 —2xz+2%) .

n>0
Let k € C. Evaluate the determinant of order n with first row [ jkG(j, a, x), j =
1...n],entries [i,j]=(j—i+Dk+i—1)G({—i+1,0,2),2<i<j<n,
subdiagonal equal to [1,2,...,n-1] , and other entries 0.

For example, for n = 4, evaluate the determinant

kG(1,a,z)  2EG(2,a, ) 3kG(3,a, ) 4kG(4, o, )
1 (k+1)G(l,a,z) 2k+1)G(2,a,7) Bk+1)G(3,,)
0 2 (k+2)G(l,a,z) (2+2k)G(2,,x)
0 0 3 (k+3)G(1,a,x)

Corr.Ex.68. This determinant is a special case of the first determinant in Eq.
113. Therefore, the determinant is to (—1)"n! times a Gegenbauer of order n, but
for the parameter —ka.

with(orthopoly) :
MatGegenBauer:=proc(n,k,a) local i,j;

matrix([ [seq(j*k*G(j,a,x),j=1..n)], seq([0$(i-2),i-1,

seq( ((j-i+1)*k+i-1)*G(j-i+1,a,x), j=i..n)],i=2..n)1)
end:
ACE> aa:= det(MatGegenBauer(4,k,a)):
ACE> simplify(aa/ G(4,-k*a,x);
24

In particular, Gegenbauer polynomials can be expressed as determinants in the
Tchebychef polynomials G(n, 1, ), but more simply, one can choose to express it
in terms of the coefficients of (1 — 2zz + 2?) (taking o = —1).

In that case, the determinant is tridiagonal, with main diagonal
2az, 2(a+l)z,...,2(a+n-1)z], above diagonal [2a,2a+1,...,2a+n-2], subdiag-
onal [1,2,...,n-1].
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GegenTridiag:=proc(n,a,x) local i,ma;
ma:=diag(seq( 2*(a+i)*x,i=0..n-1));
for i from 1 to n-1 do mal[i,i+1]:= 2*a+i-1; ma[i+1,i]:=1i; od;
eval (ma)
end:
ACE> simplify( det(GegenTridiag(4,a,x))/G(4,a,x));
24

Ex. 69 Let A be an alphabet, and n a positive integer. Show that there
exists a unique polynomial F'(x) of degree n such that

F(z"A\(A) =2+ 2(--)
i.e. such that its evaluation in x = 27"\, (A) has no term of degree -n+1, ..., 0.

Corr.Ex.69. cf. Schur [47] III, p.361, Prosper [41]. The equations defining F'(z)
are

(=2)" " (A) + 3" TAH(—izA)N (iA) 0 {z,...,2"} = {0,...,0}
1
writing f N z* for the coefficient of 2* in f.

These equations are very similar to those involved in Lagrange inversion, and
admits the solution

F(z) = (~1)"T"(A) + %z A"Ti(—iA) .
i=1
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Transformation of alphabets

WEEPEP BB EPEP Y

Having, with Cauchy formula, a scalar product together with pairs of
adjoint bases on the space of symmetric functions, having, with lemma (7)
a tool to transform determinants and, with Pieri formula, a rule for multi-
plication, we needed only to formalize in a structure of A-ring the algebraic
operations on alphabets : “4, —, -7 and the multiplication of alphabets by
constants, to be able to handle efficiently symmetric functions.

All our definitions involved generic alphabets composed of algebraically
independent letters, but of course, as in the case of the alphabet of roots of a
polynomial, we shall be interested in specialized alphabets. We shall use the
operations on generic series 0,(A) that we defined in the preceding sections
to get informations on every formal series 1 + z¢; + 2%cy + - --. By abuse of
language, we shall still call a set like

A ={0, (1/2), (v=1), (-v-1)}

as an “alphabet” of cardinality 4, meaning that we we specialize, in an iden-
tity like U2(A) = Sy(A) — S11(A), the symmetric functions of {ay, as, a3, as}
ina; =0,a, =1/2, a3 = V/—1,as = —\/—1. Thus we must be careful in dis-
tinguishing the element of binomial type 1/2 and the specialization z = (1/2)
of a rank 1 element.

Beware that specialization forces us to leave A-rings, remember that, in-
side a A-ring, an element of rank 1 can only be specialized to 1 or 0! In other
words, we use A-rings to get algebraic identities, and then freely specialize
in these identities rank 1-elements and elements of binomial type, forgetting
about their original status.

Bernoulli numbers

Let us illustrate on the example of Bernoulli numbers why it is interesting
to use A-rings to treat some topics of classical combinatorics (but we do not
give, for the moment, any new property of Bernoulli numbers!).

Define an alphabet B* by the equations :

Sp((n+)BY)=1,n=1,2,... (114)
Thus 1 = S;(2B") implies S;1(B") = 1/2,
1= S5(3B"T) = Uy(3)S*(B') + Uy, (3)S™(BY) = 35%(B") + 3(1/2)%,
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gives S?(B) = 1/12. More generally, the equation for order n has leading
term ¥, (3)S™(B") and allows to determine S™(B"), knowing the complete
functions of smaller degree.

Then, from the formula giving the Lagrange inverse of a series (see exer-
cises for more details), we get that

o.(BY) = 2/(1 —exp(—2)) = 1+z/2+2z”Bn/n! : (115)

where B, is the n-th Bernoulli number (B is equal to —1/2, but we prefered
here taking 1/2).

It is remarkable that the simple Equations (114) define so fundamental
numbers as Bernoulli numbers®.

To recover the classical case, let us define the Bernoulli alphabet B by

o0

0.(B) = z/(exp(z) — 1) = Zz"Bn/n! : (116)

n=0

What benefice to draw from identifying the Bernoulli number B, to
n! S™(B)? Well, we can now specialize any symmetric function S to S(B),
and therefore get from the expression of this function in terms of complete
functions identities involving Bernoulli numbers.

For example, the inverse series o,(-B) = (exp(z) — 1)/z is simpler, and
gives

A(B) = (—1)"/(i+1)!, i =1,2,... (117)

Now, any skew Schur function S;/;(B) will be a determinant of Bernoulli
numbers, as well as a determinant of inverses of factorial, by taking conjugate
partitions. Because Bernoulli numbers of odd index are 0 (except Bj), one
can find a skew partition such that the Jacobi-Trudi determinant factorizes
into £S5y, (B) times a determinant equal to 1, the determinant in A’(B) having
at first glance no special property. Here such an example, for n = 5. We first
write a function which evaluates any symmetric function on the alphabet B,
passing through its expansion in the bases ST, AT or U! according to the
choice of the user.

ACE > [bernoulli(1l), seq(bernoulli(2#i),i=1..10)];

5 —691 7 —3617 43867 —174611

[_1/271/67_]—/3071/427_1/307%7 2730767 510 ) 798 ) 330 ]

6These equations say that the cohomology of the projectif space P(C**!) is of dimen-
sion 1 in degree n, and play a fundamental role in Hirzebruch’s version of Riemann-Roch
theorem [17].

96



ACFE > SfSpecialBernoulli:=proc(sf,b) local sf2,i;

if ’b’=’e’ then sf2:=Toe(sf);

subs(seq(cat(e,i)= (-1)Ai/(i+1)!, i=Sf2TableVar(sf2,’e’)), sf2);

elif ’b’=’h’ then sf2:=Toh(sf);

subs(seq(cat(h,i)= bernoulli(i)/i!, i=Sf2TableVar(sf2,’h’)), sf2)

elif ’b’=’p’ then sf2:=subs(pl=-1/2,Top(sf));

subs (seq(cat(p,i)= -bernoulli(i)/i!, i=Sf2TableVar(sf2,’p’)), sf2)

fi;

end:

ACE > pa:=[[6,6,5,4,3], [5,4,3,2]1]:

ACE > pa2:=map(Part2Conjugate, pa);
pa2:=[[5,5,5,4,3,21,[4,4,3,2,111;

ACE > deuxMat:=[ SfJtMat(pa), SfJtMat(pa2,’e’)];

[el €2 ed e6 e8 el0]
el e3 eb e7 €9
1 €2 e4d eb6 e8

hl h3 hd h7 h10 |
0
0 0 1 e2 e4d €6
0

1 h2 h4 h6 A9

0O 1 h2 h4 AT ,
0O 0 1 h2 hbd
0 0 0 1 &3 0 0 1 e2 e4

0 0 0 0 1 €2

ACFE > map(SfSpecialBernoulli,op(1,deuxMat), h),
map (SfSpecialBernoulli,op(2,deuxMat), e);

-1 1 1 1 1
— S S 2 6 120 35040 362830 39916800
/2.0 0 0 47900160 1 =L L L _-1 —1
1 Lo=L _1_ 0 2 24 20 40320 3628800
12 720 30240 0 1 r 1 1
0 1 1 =1 0 — 6 120 5040 362880
12 720 0 0 1 1 1 1
0 0 1 L 0 6 120 5040
12 0 0 0 1 1 L
0 0 O 1 0 6 120
0o 0 O 0 1 3

ACFE > map(det, %), bernoulli(10)/10!;;
[1/47900160, 1/47900160] 1/47900160

The general rule to obtain a skew partition such that S;/;(B) reduces to
a single entry is given by the following lemma.

Lemma 41 For any positive integer n, the Bernoulli number Bs, is given
by the following determinant of inverses of factorials :

(_l)nilBQn/(2n)' - A[2,3,...,n—l,n,n,n]/[l,...,n—l,n—l] (B) .
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Proof. The pair of conjugate partitions is
3,4, ..., n+l, n+1]/[2, 3, ..., n]

and the associated determinant in the S;B is such that indices in its top row
are all odd integers > 3, except the last one equal to 2n (beware that ACFE
uses decreasing partitions). QED

Our defining relations for the Bernoulli alphabet can be expanded using
the Cauchy formula (with B; =1/2) :

Sul(n+1)BY) = > W (1) [[Bifit =1. (118)

J:|J|=n 1€J

# for functions of even degree, no difference between B™ and B
ACE >aa:=[seq(SfEval(m[op(pa)],7)*convert (map(i->bernoulli(i)/i!,pa), ‘*‘),
pa=ListPart(6))];

[ 1 -7 7 0 35 35 35 l]
43207 77 14407 1927 77 77 77 17287 96”7 647 64
ACE > convert(aa, ‘+¢);
1
The identity - exp(z) = exp(z) implies ¢;(A) = —S(A) Vi > 1, and

therefore the Newton relations between complete functions S* and power

sums VU,
nS" =0, 8"t U5 2 ..., SO

give the following recursion between Bernoulli numbers :

—(n+1)S™(B) = B, = S2(B)S,, 2 (B)+S4(B)S,, 4 (B)+---+S, 2(B)S>(B) .

(119)
None of the above identities for Bernoulli numbers is difficult to prove di-
rectly, but,in fact, they require no proof, since they are a consequence of
identities on symmetric functions.

Uniform shift on alphabets, and binomial determinants

Before plunging into specializations, let us look at transformations A —
B, where B is an alphabet obtained from B such that symmetric functions of
B are also symmetric functions of A.

For example, one can take a function of one variable ¢(x) and define A¥
to be the alphabet {¢(a) : a € A}.
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The simplest of these functions x — x + 1 already gives an interesting
operation on Sym(n). Let us denote A" the shifted alphabet At := {(a+1) :
a € A}

Schur functions of AT are easy to evaluate, taking their expression in
terms of a minor of the Vandermonde matrix. Indeed, let n = card(A).
Then the Vandermonde matrix V(A™) factorizes into the product of the
Vandermonde matrix V(A) by the infinite matrix of binomial coefficients

Binom = [(Z)] .
1,520
Therefore, for any partition .J € N*, one has a factorization of the matrix
Vs (A"), and, remarking that Vo (AT) = V4(A), one obtains from Binet-
Cauchy formula the following expression of S;(A™) :

Sy(AT) =" Si(A) Binom(I, J) , (120)
cJ
denoting by Binom(I,J) the submatrix taken on rows iy, is+1, ..., ip+n-1,
columns ji, jo + 1, ..., jp+n—1 (numbering start from 0!).

ACE > ShiftSchur:=proc(pa,card) CLG n(card);

Tos_n(x2m n( expand(subs(seq(cat(x,i)=cat(x,i)+1,i=1..card),

Tox_n(s[op(pa)])))))

end:

# input two decreasing partitions, and cardinal

# one can truncate the matrix to the length of the bigger partition

ACEFE > DetBinom:=proc(out,inside,card) local i,j,k,big,small;

k:=nops(out); big:=[seq(out[i]+card-i,i=1..k)];

small:=[seq(inside[i]l+card-i,i=1..nops(inside)),
seq(card-nops(inside)-i,i=1..k-nops(inside))];

matrix([seq([seq(binomial(bigl[i],small[j]),j=1..k)],i=1..k)]1)

end:

ACE > aa:=DetBinom([4,3,1],[2,1],4);

21 35 7
aa:= |1 10 5
0O 0 2
ACE > det(aa),coeff(ShiftSchur([4,3,1]1,4), s[2,1]);
350 , 350

It is specially appropriate, in Tianjin, to give properties of the alphabet
AT, because AT is needed in the expansion of the Chern classes of a tensor
product of two vector bundles. In non geometrical words, given two finite
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alphabets A, B, one wants to expand the product

I (14+a+0).
ach, beB

Writing it [],c, beB((l +a) + b), and introducing by commodity a rank 1
element z, one has solved the problem, because

HaEA, beB<(1 +a) - Zb) = So(AT - 2B) = ZI(_Z)‘D/I‘SI(AJF) So~/1~(B) ,

(121)
where 00 = (card(B)) ™). Now, one can, leaving A-rings, put z = -1 in
the preceding identity which becomes

— + ~ e
HGGA’ (I +a+b) = ZI S1(A™) Sg~/r~(B) . (122)

Geometry also requires the expansion of

HaEA, beB(l —(a+ b))_l )

The same reasoning as in the preceding case gives the coefficients of the
expansion in the Schur basis, as minors of a matrix of binomial coefficients.

Geometry, still, needs the alphabet. A® := {(Tla) : a € A}. The Van-
dermonde matrix V(A®) is the product of V(A) by a matrix of binomial co-
efficients. However, one has an extra factor coming from the Vandermonde :

A(A?) = Vo (&%) = A(A) [T - a)"

because 1/(1 —a) —1/(1 —=d') = (a—d')/(1 — a)(1 — d'), with n = card(A).
It implies that, for any J € N*, A(A)S;(A°) is equal to the minor of
index .J of the matrix

[(1 A, (1—a)" L (1 a)—OO]aeA .

This last matrix factorizes into the product of V(A) by the matrix of binomial
coefficients

Binom®" := [Sr(c —n+ 1)] = {(C e n)} :
r,c>0 r >0

and finally, with once more the help of Binet & Cauchy, one gets :

Sy(A°) =" Si(A) Binom®™(I,7) . (123)

IcJ
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Notice that, at the level of power sums,

Tp(A%) =) (1 —a) =" Si(k) Ty (A) .

a 1>0

e {(i) o)

but this requires only a minor adpatation of the preceding case, and the
coefficients are minors of the matrix of binomial coefficients

One also needs

r,c>0 r

Binom™" := (—1)’”’“57,,0(0—71—1—1)] - {(_1)1"0(7"_”)]@0 .

Alphabet of successive powers of q

In this section, we want to explicit the symmetric functions of the alpha-
bet % =1+q+---+¢"', n being any positive integer, and ¢ being a
rank-1 element, and of the alphabet 1%‘] =1+q+¢*+---. Littlewood [34]
has consacred a chapter of his book to this subject.

Let us start with the most important functions, the Schur functions.
Let J be a partition in N*, and v := [j;+0, j1+1, ..., j,+n—1]. Using the
Vandermonde matrix V := V((1 — ¢")/(1 — ¢)), one has that

s, <1 - q”) =V Vi = det ((4)") Ve .

1—gq 0<i<n,1<j<n

Interchanging the powers, one sees that V; = det((q”ﬂ')i), that is, is equal to

A(g*, ..., ¢"™).
Therefore, up to a power of ¢, one has that

S, (1 E q”) = q*H1§i<j3n -

I—gq H1§i<j§n 1—qgi™

However, there can be many factors in common in the numerator and de-
nominator.
Equation (3) allows to get rid of the factors (1 — ¢% ") and gives

sy (120 - g 1L 121

1—g¢q oo (n=1),

101



writing k!, for the g-factorial (1-¢q)---(1-¢*). Simplifying now the factori-
als, and computing the value of %, one finally gets a formula, published by
Robinson[43], but that he attributes to Hall :

1 0Ty oy 1 — g"tao

S ) = im0 | | e 125
O Diagr(J)

Passing to the limit on n, one gets

1—qg" e 1
5J< q > S L | (—— (126)

— _ qh
1—q O€ Diagr(J) L=q"™

Realizing that, with a a rank-element, S;((1 — a)/(1 — ¢)) is a rational
function in a, with a appearing only in numerator’, one also gets

1—a N 1 —aqg®
S — o2 (n—i)ji | | 127
J (1 — q> q 1 — th ) ( )

OeDiagr(J)

because this formula is valid for the infinity of values a = ¢".

g-specialization of monomial functions

Given a,b,q of rank 1, and a vector v € N"| Lassalle [33] defines two
weights o1 (v) and ¢y(v) as follows :

N' S0 =[v1,...,0,] = w:=[0, v, v1+Vy, V1 +V2+Vs, ..., V1 +- - +v,] € NVTL
avl q’wl _ b’Ul aUQ q’LU2 _ b’UQ avn qwn _ b'Un
o1(v) = ‘ - (128)
1 —qv2 1 —qvs 1 — g¥ntt
avlq(n—l)vl — pn avzq(n—Q)vg — pr2 avanUn — pvn
0o (V) = . (129)
1 — q'w2 1 — qw3 1 — qwn+1

(the only difference is in the powers of ¢ in numerator).
Then Lassalle’s theorem is

Theorem 42 Let .J be a partition, a,b,q be of rank 1. Then

wj(“‘b)z S oam= Y e, (130)

1= q H=Perm(J) H=Perm(J)

sum over all different permutations of J.

"Wr((1-a)/(1—q)) = [1;e;(1—a’)/(1—¢*) has such property, and so has any symmetric
polynomial, by linearity.
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In fact, taking the components of the partition as indeterminates, i.e. writ-
ing J = [x1,...,2,], one sees that the preceding identities can be directly
interpreted at the level of the symmetric group, and we defer their proofs to
a subsequent chapter describing different statistics on the symmetric group.

Statl:=proc(v) local i,jl,j2,pol; pol:=1;j1:=0;

for i from 1 to nops(v) do

j2:=j1+v[i]l; # cumulated sums

pol:= polx(aAv[il*qAjl -bAv[i])/(1-qAj2);

jl:=j2;

od;

pol
end:

Stat2:=proc(v) local n,i,j,pol; pol:=1;j:=0; n:=nops(v);
for i from 1 to n do

j:=j+v[il; # cumulated sums

pol:= polx*(aAv[i]l*gA((n-i)*v[i]) -bAv[i]l)/(1-qAj);
od;

pol

end:
ACE> aa:=convert(map(Statl,ListPerm([6,4,11)), ‘+9);

(@ =) a4 =) (a0 —8) | (@ =1) o =) (a'" )
Hl—g0(1-gh)

(1-gq —¢%)(1—¢") (1 —¢)
L (@ =0 (@ — ) (ag® —b) (o’ —bY) (ag” — ) (a°” — °)
(1—q4)(1—q1°)(1—q 1) (1—¢*)(1—-¢°)(1—-q'")
(a —b) (aSq — 1) (a'q” — b4)+(a b) (a*q — b*) (aSq> — b°)
(I-q¢)(1—q")(1—¢'") (I-¢)(1—-¢°) (1—¢'")

ACE> bb:=convert (map(Stat2,ListPerm([6,4,1]1)), ‘+9);

(a%q'2 — 1%) (a%q* — b*) (a — b) . (aSq'2 — 1) (aq — b) (a* — bY)
(1-¢%(1—¢"0)(1—¢") (1-¢%(1—g")(1—4q")

( 4q8 — b4) (a6q6 — b6) (a —b) N (a4q8 — b4) (aq — b) (a6 — b6)
(1—¢*) (1—¢")(1—-q') (1—¢*)(1—¢°)(1L—q')
Lo =) (@) @) (o =) (o'~ ) (o)

(1-9)(1-4¢")(1—4q") (1-9q)(1-¢°)(1—-q")
ACE> simplify(aa-bb), simplify(aa-SfEval(m[6,4,1]1,(a-b)/(1-q)));
0, 0

—+
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Using the decomposition of monomial functions into the basis of power
sums, one would get another expression of W;((a — b)/(1 — q)) (recall that
Uk ((a—b)/(1 —q)) = (a* — b*)/(1 — ¢¥)). For example, J = [6, 4, 2] gives
ACE> map(SfEval, Top(m[6,4,1]1), (a-b)/(1-9));

(a8 = b%) (a' =) (a—b)  (a® =) (a®=1%)  (a'®—b!0) (a—b)
(1-¢®)(1-q¢")(1—-q) (1-¢%(1-¢q°) (1-¢"%(1-gq)
(a'? _ b?) (a4 _ b4) 2a11 _ 2b11

A—a)(i—q) = 1-gq

Alphabet of square roots

We have mentionned the plethysm with a power sum ¥* k € N. It can
be seen as a transformation on alphabets

A={a} - T*"A) ={d* :a€cA}.

What about an inverse operation ?
Let us start with & = 2. There is no reason to distinguish between /a
and —y/a, and therefore, the most natural candidate to be the square root

of an alphabet is )
AY :={Va, \/a :acA} .
At the level of power sums, it translates into
TFAY) =28A) & UHFTHAY)=0,VkeN. (131)

To determine the Schur functions SJ(A‘/), we shall, for a change, take
their expression in terms of a determinant of powers sums, supposing A to
be of cardinality n :

Sy(AY) = My /My , with M = [U((AY)] JeN" (132)

1,j>0"
The exponents in the first row of M;
K=1[j, j2+1, ..., jon +2n— 1]

determine the full determinant. Permuting columns in such a way as to get all
even exponents first, and taking the rows in the order 1, 3,..., 2n-1; 2,4,..., 2n,
one transforms M into a matrix with two blocks of zeros: M; — [§°]. If the
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blocks are not of size n, then it shows that det(M;) = 0. If, on the contrary,
there exists J', J"” € N" such that

{kiy oo ko y = {251,25542, ..., 250 +2n-2} U {257+1, 25543, ..., 25" +2n-1},
(133)

then
det(My) = £2°" det(Ny) det(Nyn), N := [T ((A)]

4,520

and finally, ]
Sy(AY) = £5,(A) Sy (A) . (134)

For example, for n = 3, J =[0,0,3,3,5,5], then K =10, 1, 5, 6, 9, 10], and
M, once reordered, becomes

TOAY) WHAY) WO(AY) 0 0 0
TZ(AY) TH(AY) W2(AY) 0 0 0
THAY) TOAY) THAY) 0 0 0
0 0 0 T2(AY) WH(AY) WO(AY)
0 0 0 THAY) THAY) T(AY)
0 0 0 TO(AY) WIOAY) TH(AY)
UO(A) WI(A) WO(A)| |TI(A) TP(A) UO(A)
= |UI(A) THA) TO(A)| |T2(A) THA) TO(A)
U2(A) UO(A) UI(A)] |TP(A) TO(A) TT(A)

Taking into account signs and the value of the initial minor Spn(AY), it
proves that )
Saass(A”) = Soza(A) Souz (A) -

The alphabet AY could have been defined by the equations
v? (W(gAW)) = Uk(A) , UFH(IAY) =0, VEeN.  (135)

Thus U2(AY) # A and the transformation A — A is not the inverse of
A — U?(A). However, the following lemma shows the link between the two.
We now take an infinite alphabet, to be able to use without restrictions the
scalar product (, )4.

Lemma 43 Let ®, be the adjoint operation to 2. Then ® is a ring endo-
morphism of Gym, and

Dy (UH) = 20% & Dy(TF ) =0, VE>1. (136)
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Proof. ®, is defined by the property
Vf,g € Gym, (22(f), g) = (f, ¥*(9)) -

Because the scalar product is induced from the scalar product of each com-
ponent of the tensor product

Sym ~ C[¥' @ C¥?| @ C¥] @ - -,

it is sufficient to test the lemma on each space C[¥*]. The only non-zero
scalar products are

(U2(TF"), ™) = (26)"m!, m € N,
but they are equal to
(TF", 2m ") = 2™ ™)

and this proves all the assertions of the lemma. QED
One could have used the generating function of complete function, instead
of determinants in power sums. Indeed

- 1 1 1
LAY = =I]— 137
o=(A7) Hl—z\/ﬁl—i-z\/a gl—z% (137)

aEA

and therefore the alphabet A" is characterized by the equations
S*AY) = S*A) & S*THAY)=0,VkeN, (138)

or

AZF(A) = (=1)FARA) & A**(AY)=0,VkeN. (139)

# enter a symmetric function, and the basis chosen for specialization
SquareRootAlphabet:=proc(sf0,b) local sf,i,Ind,Ind0,cof,cof2;
if b=’e’ then sf:=Toe(sf0); cof:=1;cof2:=-1;
elif b=’h’ then sf:=Toh(sf0); cof:=1; cof2:=1;
elif b=’p’ then sf:=Top(sf0); cof:=2;cof2:=1;
fi;
Ind:=‘SYMF/Sf2TableVar‘ (sf,b);
IndO:=select( proc(i) evalb( type(i,even)) end, Ind);
Ind:=Ind minus IndO;
subs (seq(cat(b,i)=0,i=Ind),seq(cat(b,i)=cof2A(i/2) *cof*cat(b,i/2),i=Ind0),sf)
end:
ACFE > aa:=map(factor, [SquareRootAlphabet(s[5,5,3,3],e),
SquareRootAlphabet (s[5,5,3,3],h),SquareRootAlphabet (s[5,5,3,3]1,p)]:
ACEFE > map(z->map(Tos,z) ,aa);
[s[2, 1] s[3, 2], s[2, 1] s[3, 2], s[] s[2, 1] s[3, 2]1]
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The factorization of a Schur function S;(AY), when it is different from
zero, into a product of Schur functions, is also straightforward to obtain by
reordering the Jacobi-Trudi determinant expressing S;.

The preceding computations can be visualized on the diagram of .J. In-
deed, equation (133) can be rewritten as

Jo € &y, such that J + p— p” is a vector in 2N*" |
(i.e. J+ p— p7 is a vector with even components).

Therefore, one can obtain the function £S5, from S; by iterating the

operation

“substract 2 to a component of the index of a non-zero Schur function”
and this amounts to build a sequence of partitions, from J to the empty
partition, differing each time by a vertical or horizontal domino.

For example,

S3355 Si355 Siiss S1,-1,55 = —S0055
Omn O ]
ooo ~ Omm ~ m -
ooooog ooooQ ooooog ooCOEnm
ooooo ooooo ooooo ooooo
—S13 —S0011
— 7O — - — _W90£J171:: So000
Omm n

It is easy to see that the non-empty partitions from which one cannot
obtain another partition by subtracting a domino, are exactly the staircases
[123...k], k > 1 (they are called 2-cores, and one could check that S;(AY) =
0 iff one can obtain a 2-core from J by erasing dominos from the diagram of
J.

To understand why obtaining a 2-core from a partition is independent
of the order in which one erases dominos, it is better to consider the more
general case of a p-core, p € N, p > 2. This is what we shall do in the next
section.

p-cores and p-quotients

To describe conveniently the transformation that we have effected on
S;(AY), and to generalize it to roots of any order, it is convenient to in-
troduce another combinatorial object used in modular representations of the
symmetric group [35], [22].

Let p be an integer, p > 2. One numbers consecutively the integral points
of the plane, of z-coordinates 0, -1,..., 1-p, as follows (the y-axis is pointing
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downwards, to stick to the most frequent conventions) :

level

1-2p -+ —p-1 -p| -1

l-p -+ -1 0| o
1 ) p_l p 1

1+p --- 2p-1 2p 2

Let u be a partition, considered as an infinite decreasing vector, with only
a finite number of non-zero components. Thus, we reorder usual partitions
and concatanate an infinite string of 0’s. Using the conventions of physicists,
(for whom these vectors are bases of Fock spaces), let |#) be the vacuum
vector |0) := [0, -1, -2, -3,...], and let

|/JJ> = [:U’IJ //’2_17 :U’3_27 e ] :

To |p), associate the p-abacus of beads placed at the points i1, pa—1, puz—2,. . ..
Each column contains the components of |u) having same residue modulo p.

Consider now each column of the p-abacus separately. Some beads have
been pushed down, and their displacement is recorded by a partition (as we
did for minors of a matrix) : given any bead, count how many empty spaces
lie above it. For example

) gives the partition [3,1,0,0,.. ]

« 000

° -
O 3
The p-uple of such partitions read from the p-abacus of p is called the
p-quotient of p. Packing the beads upwards, one gets the p-abacus of another
partition, which is called the p-core of p.

Of course, from the p-core and the p-quotient, one reconstructs the p-
abacus of a partition, and thus, for any integer p > 2, there exists a bijection
(p-core, p-quotient) <> partition .

Moving one bead upwards by one step (when it is possible) corresponds
to subtracting p to one of the component of |u), and to erasing a ribbon of
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length p from the edge of the diagram of p. It implies, in particular, that
p-cores are those partitions from which one cannot peel off a p-ribbon.

One can code p-cores differently, by listing the levels of the bottom beads
in each column. Because the number of beads in the lower plane is equal to
the number of holes in the upper plane, p-cores are in bijection with vectors
v € ZP, of null sum |v| := vy + -+ + v, = 0 (called 0-weights).

Let v be the p-core of pu. Evaluate |v) and |p) modulo p (i.e. replace
each component by their residue modulo p). Then these two new vectors
differ by a (minimal) permutation, the sign of which is called the p-sign of
the partition pu.

When the p-core is null, the p-sign of p counts the minimal number of
transpositions to reorder the residue of |u) into the vector
0,p-1,...,1,0,p-1,...,1,0,...]

Part2Abacus:=proc(pa,p) local n,i,j,v,part,ma,x;

part := [op(pa),0$(p-irem(nops(pa),p) )1;
# length must be a multiple of p
n := nops(part);
v := [seq(part[i]-i+1, i=1..n)]; lprint([seq(modp(v[i]l,p),i=1..n)]1);

ma:=matrix(n/p+ ceil(pali1l/p),p);

for i from 1 to rowdim(ma) do

for j from 1 to p do x:=-n+l+p*(i-1)+j-1;

if member(x,v) then mali,j]:=x

else ma[i,jl:=°.¢;

fi;

od;

od;

eval (ma)

end:

ACE> Part2PCore([8,8,5,4,4,4,4,2,1,1,11,3); # p-core= first component
[C4, 21, [11, [4, 2, 11, [2, 2]1]

ACE> Part2Abacus([8,8,5,4,4,4,4,2,1,1,1]1,3), Part2Abacus([4,2,0$8], 3);

2,1,0,1,0,2,1,1,2,1,0,11 , [1,1,1,0,2,1,0,2,1,0,2,1,0,2,1]
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The 3-core of [8,8,5,4,4,4,4,21,1,1] is [4,2], which corresponds to the
vector [2, ~1, ~1]. Its 3-quotient is [[1], [4, 2, 1], [2,2]], and its 3-sign is +1.

Alphabet of p-th roots

It is now easy to adapt our analysis of square roots to p-th roots, p > 2.
Let ¢ be a primitive root of unity, and Q := {¢° (,..., ("'} be the alphabet
of p-th roots of unity. Define

P

AY = QA =Ugenfa'?, Ca'?,. .., P a ) . (140)

Then

o(8) = 0.(08) =[] 7= = e (Z zfppv(wp) (4

and therefore

SPEA™ ) =SFA) & SFAY)=0ifk#£0 modp,  (142)
UPRA™Y ) = pUt(A) & UFA™Y)=0ifk#0 modp.  (143)

Given n and J € N”  then by reordering the rows and columns of the
Jacobi-Trudi matrix expressing Sy, one obtains a determinant which is non
zero iff J has no p-core, the diagonal blocks being the Jacobi-Trudi deter-
minants of Sjo(A),..., Sj-1(A), [J° ..., JP7!] being the p-quotient of .J.
Indeed, the reordering of columns exactly corresponds to grouping the num-
bers ji, jo+1, ..., jpn+pn—1, according to their residues modulo p.

Let ®, be the transformation A — A (defined as a endomorphism of
Sym by equations (142) or (143)). Then the same proof as for the case p = 2
gives the following characterization of ®,.

Lemma 44 The adjoint of WP with respect to the canonical scalar product
on Gym is P,,.

We can now state the following proposition, due to Littlewood [35].
Theorem 45 Let p,n be two positive integers, A be an alphabet, .J a parti-
tion in NP, _

If J has a non-empty p-core, then SJ(AP‘/) = 0. Else, let [J°,..., JP7!]
be the p-quotient of J, €,(.J) be its p-sign. Then

®,(S7)(A) = S;(A™) = €,(J) Syo(A) -+ Sy (A) . (144)
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# choose the basis b=’p’ or ’h’ in which to expand sf0
PHI:=proc(sfO,n,b) local sf,i,lp,lpn,val;
if b="p’ then sf:=Top(sf0); val:=n
elif b=’h’ then sf:=Toh(sf0); val:=1
fi;
1lp:=‘SYMF/Sf2TableVar‘ (sf,b);
lpn:=select(proc(i,n) evalb(modp(i,n)=0) end, 1lp,n);
subs(seq(cat(b,i)=val*cat(b,i/n),i=1lpn),
subs(seq(cat(b,i)=0,i=1p minus lpn),sf))
end:
ACE> map(Tos,factor(PHI(s[9, 5, 4, 3, 2, 2, 2]1,3,h)));
- s[] s[1] s[2, 1] s[3, 1, 1]
ACE> Part2PCore([9, 5, 4, 3, 2, 2, 2], 3);
i, rz2, 11, 11, 3, 1, 111

Alphabet of p-th roots of 1

Given a positive integer p, we have met the alphabet Q = Q® of p-th
roots of 1. Let us complete the description of the specialization of symmetric
functions in €2.

From the preceding section, putting A = {1}, one already knows :

Lemma 46 The only non-zero specializations in the alphabet 2 of complete,
elementary functions and power sums are

AP(Q) = (=17, SPV(Q) =1, ¥P(Q) =p. (145)
If J is a partition in NP with empty p-core, then S;(2) = €,(J). Otherwise
S7(Q) = 0.

There essentially remains to determine the values of monomial functions
in Q. We shall follow A. Forsyth [10] and Thrall [51].

Let us take another alphabet A, and let { be a primitive p-th root of
unity. Then, according to Cauchy’s formula

[10 - () = [ = x©a) = S @ @) . (o

a€A
Decomposing

Ac(A) = (1+AP(A) + AP(A) + ) + C (APTHA) + APFHA) +--- )+
s PN (APTHA) +ATTHA) 4 )
=0 +CO+---+C" 0, 1, (147)
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i.e. collecting the A¥(A) according to the residue of £ modulo p, one also has

p—1
A (QA) =00 + 01 + -+ ¢P76,_1) . (148)

=0

However, this last product, putting 0;1, = 6;, is equal to the determinant (cf.
ex 7)

by Opy -+ O

01 Bo 0y

: : ST ‘ei_j‘lgi,jgp (149)
0,1 6,5 --- 6

The expansion of such determinant is determined by the case where A is of
cardinality p—1, but implies the expansion of A;(24A) for any A. For example,
for p =3, card(A) = 2, one has

A(QA) = A™(A) + AMH(A) + AP2(A) — 3A"%(A)
and this implies, for a general A,

14+A3 4 A2Z4AS . ALFAYL..
A (QA) = Z\III(Q)AI(A) = O 4+-03 4053000105 = | Al +A o 1HARf A24AT4on
AZ4 A4 AT AL fr THA3 .

Instead of taking A (Q2A) as generating function of the coefficients A\; (QA) =
U (), one can use :

o1(QA) =[] - )™ = ¥P(01(4)) . (150)
It implies, for any k£ € N,
SPIQA) = P (SHA) = D T (Q)S(A) , (151)

I:|I|=pk

Ti(Q) = (S™(QA), Ur(4)), = (P(S"(A), T1(4)),

= (S"(A), ®,(V(4))), (152)

In other words, because the scalar products (S*,¥7), |J| = k, are all
equal to 1, one can obtain U;(€2) from the expansion of W;(A) in the basis
of power sums, as follows. Let h(.J) = pf(J) if all parts of J are divisible by
p, and h(J) = 0 otherwise. Then

Ur=> c;07 implies W (Q)=> h(J)cs. (153)
J J
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For example, for p = 4,
\11246 — \116\112\114 - (\116)2 - \IJIO\IIQ - \118\114 + 2\:[]12

giVQS \11246(9) :0+0+0—42+2 X 4 = —8.

Before closing the subject, let us remark that in the case where [ is
such that |I| = p, then equation (152) shows that the value of ¥;(2), I =
1™2m2 ... is given by Waring’s formula :

¥, (Q) = p(-1y - AD= D (154)

mylmy! -
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Ex. 70 Let k be a positive integer, J be a partition J € N¥ : J D [2F=1 3], | ]|
odd. Show that the the forgotten symmetric function of index .J vanishes on
the Bernoulli alphabet B. For example, in weight 7, one has vanishing for

T e {[7, 12,5, [3.4], [2,2,3]}.

Corr.Ex.70. The expansion of the forgotten function involves product of power
sums of degrees sums of parts of J. For the choosen partitions, there is no occurence
of ¥y and always a W11 in each product. For the same reason, the monomial
functions ¥ ;(B) also vanish.

Ex. 71 To the n x (n-1) matrix with entries [i,j] equal to 2077 /(i — j +
1)!, i < j, entries [i,7] equal to 1, the others being 0, add a first column
[1/11,1/2!,...,1/n!] and show, after Hernandez (MuirV, p.260), that the
determinant is 0 for n odd.

Corr.Ex.71. Once more, one has to recognize the Bernoulli alphabet, the
determinant being proportional to the Bernoulli number of order n.

Ex. 72 Let n,m be two postive integers. Write
I+ 2" o™ =™ on™ 4 pn
and show, after Ferrari (Muir V, P.262) that
(m4+1)m---(m —k+2) ¢

is equal to the determinant of order k& — 1 with entries [i, j] = (TIQQ:]?), for
Jj < i+ 1, other entries being (.
For example, for k£ = 5,

om0
R
(") () () (%)

Corr.Ex.72. Write each binomial (}) as n!/k!(n—k)!. Factorizing out the
common factorials in rows and columns, one is left with A;x—1(A), with A the
Bernoulli alphabet : A*(A) = 1/(i+1)!. Therefore, Ferrari’s result is another way
of writing that power sums of 1,..., n are given by Bernoulli polynomials.
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Ex. 73 Let n be an integer. Take the lower triangular matrix of order n
with entries [7,j] = 1/(2i — 25 + 2)!, i < j. Border it with a first column
1/11,1/3!,...,1/(2n — 1)!] , and with a bottom row [1/(2n — 2)!,1/(2n —
)Y...,1/3,1/11]. Show that the determinant of such matrix is null. For
example, for n = 4,

1 1/2 0 0 0
/6 1/24  1/2 0 0
1120 1/720 1/24 1/2 0
1/5040 1/40320 1/720 1/24 1/2
1/720  1/5040 1/120 1/6 1

Corr.Ex.73. We have to permute the first and second column, as well as row n
and row n + 1 to get monotonous sequences. Now, we recognize

A[l,...,n72, n—1,n—1,n—1]/[0001...n—2] (A)

with A such that A’(A) = 1/(i + 1)!, that is A is the Bernoulli alphabet. In terms
of the S;(A), the Schur function is Si34. nt11/[01..n—2)(A), which is null, because its
first row is composed of multiples of Bernoulli numbers of odd index.

Ex. 74 Let n be an integer. Show that the skew multi-Schur function

S[Q;...;n-l—Q;n]/[O,O,l,...,n}(2n+3; 2n+17 R 3) 2)

is null.

Corr.Ex.74. (MuirV, p. 268: Williams Am.Math. Monthly 23 (1916) 263-264).
Extracting common factorials in rows and columns, one gets, apart from the first
column, a determinant of inverses of factorials, which shows a connection with the
Bernoulli alphabet and the nullity is a consequence of the vanishing of Bernoulli
numbers of odd index.

Ex. 75 Following Pascal (MuirV, p.254) show that the following determi-
nant of order n+1 vanishes :

1/1! 2 0 0

1/3! 1/2! 2 0

1/5! 1/4! 1/2! 0
1/(27;—1)! 1/(27{—2)! 1/(27;—4)! B
1/(2n)! 1/@2n—1)! 1/@2n—3)! - 1/1!
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Corr.Ex.75. Transposing the determinant, and multiplying the n—1 first
columns by 1/2, one can recognize Sis. nn/0012..n—1(A), for A such that S;(A) =
1/24!, i =1,2,.... Now, this alphabet is the “Genocchi alphabet”, defined by

—z-l-z 2 (—1)"Glan/(2n)!

n>1

Az (A —_—
() = 1-I-exp

where G, = 2(1 — 22") Bernoulli(2n) is a Genocchi number. This alphabet is
such that A%(A) = 0, 4 = 1,2,.... Since the current Schur function is equal to
A23.. n+1/01..n—1(A), which has a first row composed of even elementary symmetric
functions, it vanishes.

Ex. 76 Compute the following determinant of binomial coefficients, and gen-
eralize it to any order :

o

e

NN TN TN
O Ul U Ut Ot
— N S
AN TN AN
N Otlo Ot OtOt Ot

NI 2N
)

Corr.Ex.76. This is S1234(5), and therefore, it is equal to 2!°. The general case

is S12..n(n + 1), which is equal to on(n—1)/2

Ex. 77 Let A be defined by A*(A) = 1/k!, k > 1. Compute all the monomial
functions U, (A).

Corr.Ex.77. Use a second alphabet B. Then, according to Cauchy :

HaeA,be]B +ab) =Y AR(AB) = T, (A)A (B)

But [],(1 + ab) specializes into exp(b), and therefore [, ,(1 + ab) specializes into

ST(A'(B))* /k!. All monomial functions of A are null, except for J = 1%, k > 0.
Cayley (Am.J.M. 7 (1885)47-56) uses this property to control his tables of ex-

pansion of the monomial functions in the basis of elementary symmetric functions.

Ex. 78 Generalize the preceding exercise. Take a rank-1 element z, define A
by S¥(A) = 2*/k!. Given any homogeneous symmetric function of degree n,
show that the scalar product (f, (S1)™) (which is the dimension of the virtual
representation of &,, associated to f) is equal to n! f(A) z~".
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Corr.Ex.78. Since 0,(A) = exp(zx), then ¥;(A) =z, ¥;(A) =0,7 > 1. One
concludes, using

FA) =Y (£, 07) U (4)/ (¥, ¥7) = (f, (L)) 2" /n! .

Ex. 79 Given two integers n,m, take the two matrices M®* with entries
M*[i, j] = (Qﬁ;?ﬂ), 1 <j <, M*[i,ivl] = 4+2i, 1 < i < n, M*[n,j] =
(2rm=2-2) 1 < j<n

n—j ) —J ="

Compute their determinant, after Muir (1918) (MuirV, p.273).

Corr.Ex.79. One recognizes the determinantal expression of n! A™ or n! S™ in
terms of power sums, after dividing rows by 2, apart from the last row. Having an
arbitrary last row is treated in Ex.(35).

Thus, we are essentially asked to compute the complete and elementary sym-
metric functions of the alphabet A such that

Ti(A) = %(2;_—11> 7

which is equal to half of the Catalan alphabet B: U*(B) = (22‘:11)
Using the generating function of Catalan numbers

0,(B) = (1 -Vv1-42)/2,

we find that
0. (A) = 1-vi-dz *’22_42 :
Sn(A) = (2n+1)(2n7;|!-2373..-(4n—1) & AP (A) = (_1)n1(2n—1)(2n7;|;212...(4n—3)
and
det(M™) = (=1)""Y2n42m —5)(2n +2m — 3)--- (4n + 2m — 9)
det(M™) = (2n+2m-3)2n+2m—1)---(dn+2m —7) .

SpecDemiCatalan:=proc(sf0) local i,sf; sf:=Top(sf0);

subs (seq(cat(p,i)=binomial (2*i-1,i-1)/2, i=Sf2TableVar(sf,p)), sf)
end:

MatrixMuir:=proc(n,m,sgn) local i,j;
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matrix ([
seq([seq(binomial (2*#i+1-2%j,i-j),j=1..1),2*i*sgn,0$(n-i-1)],i=1..n-1),
[seq(binomial (2*n-2-2*j+m,n-j),j=1..n)] 1)
end:
ACE > seq(ifactor(2A(2xi-1)*SpecDemiCatalan(cat(h,i))),i=1..6);

1, (M, )11, (B)(L1)(13), (U3 U7 (19), (2)(7)(17)(19)(23)
ACE > seq(ifactor(2A(2xi-1)*SpecDemiCatalan(cat(e,i))),i=1..6);

1,-(8), (2)(3)(7),-(3)(11)(13), (2)(11)(13)(17), -(2)(7) (13)(17)(19)
ACE > factor(expand(det( MatrixMuir(5,m,-1) )));

(2m+13) 2m+11) 2m+9) (2m+ 7)

Ex. 80 Let k be a positive integer. Define an alphabet A by the equations
SHA) = STHEA) , i> 1.

Compute the complete, elementary functions and power sums of A.

Corr.Ex.80. The functional equation for o,(A) is

0.(A) = 1+ 20, (kh) == 1+ 2 (0.(4)) ",

from which one deduces functional equations for X,(A) and for log(o,(A)).
One solves them by induction, or with the help of ACE, obtaining

i1 (ki+l RN WL i ki—i+l (kitl
S(A)_km( i )’A(A)_( 2 kil(il)’qj(m_k(kiﬂ)( i >

In the case k = 2, the S*(A) are the Catalan numbers. U. Tamm (Some aspects
of Hankel matrices in Coding Theory and Combinatorics, Electronic J. 8 (2001) #
A1) gives the continued fraction expansion of o,(A) in the case k = 3.

Ex. 81 Let ® be the adjoint of the algebra automorphism of Gym induced
by ¥; — ¥; + ¥;,4, ¢ > 1. Show that & is an algebra morphism and
determines it.

Gives the image of o, = Y 2'S® under ®.
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Corr.Ex.81. It is easy to see that the equations
(\I/l,q)(\I/])) = (\Ilz + U1, \I/]) =jifi € {j,j—l} or (0 otherwise,
have the solution

i .
(I)(\Ifl) =", @(‘Ifz) =V, + m‘l’i,12 >1.

With these explicit values, one checks that ® is compatible with product. The

image of o, = exp(};.0 2" ¥;/i) is

exp(> 2 Wi/i) exp(D_ 2T 1/(i = 1)) .

1>0 >1

Ex. 82 Let m,n be two positive integers. Compute after Mignosi (1907),
MuirV p.257, the determinant of order n, with entries [i,j] = m, i < j,
[i,i+1] = —i, and 0 elsewhere.

Corr.Ex.82. This is the expression of n! S, (A) as a determinant of power sums,
with W*(A) = m, i.e. with A = m (which could be a complex number). Therefore
the determinant is equal to

mm+1)---(m+n-1).

Ex. 83 Let i, j, k,n be non negative integers (j > 0). Show that

(n+d)!  (n+i+7)! . (n+i+25)! _ (n+i+kj)! .

nl il (D) (i+g) ) e2)l(@+2)) 7 (nek)! (ivkyg)

is an integer. Find the g-analogue of this property.

Corr.Ex.83. The above expression is equal to S7(n), with
I =i, i+j-1,i+2j-2,..., i+kj—k] .

Of course, its g-analogue is S7((1-¢")/(1-q)).
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Ex. 84 Let p,r be positive integers. Show that

k(p+r) (1 — q_p) - (1 - qk_l_p)
;q (1 —q1+r)...(1—qk+r)(1_q,1).“(1 _qik)
1
(1 — q1+r) . (1 _ qp+,n)

Corr.Ex.84. Up to a power of ¢, this is the expansion

L (1-1/a 1 w1
o (1—1/q+a—a/q>_s(1—1/q)

Ex. 85 Let m,n be two integers. Write G(m;n) for the Gauss polynomial
(1—q) (1 —g™ ™" /(1 —q)--- (1 —¢"). Compute the value of

det (1/G(m+i+j—25 7)) jcn -

Composto (1916; MuirV, p.349) gave a similar determinant, replacing
Gauss polynomials by binomial coefficients ( which corresponds to taking
the limit, for ¢ — 1, of a multiple by an appropriate power of (1 — q))

Corr.Ex.85. Getting rid of numerators by factoring them out, and completing
denominators in g-factorials, one tranforms the determinant into

det (1/(1 —¢q)--- (1 — g™ H7%)

that is, in S(pyp—1)n (1/(1 — ¢) (whose value is given in (eq:Hook3)). In summary,
one finds, up to sign and a power of ¢, a product of ¢g-integers and inverses of
g-integers.

For example, for m = 5, n = 3, one finds

G(%,l) G(fii,Q) G(%,3)
GGn GE G| T —¢ 2P [3][5) " [6) 2[7] P (8] (9] .
G(7,1)  G(82) G(9,3)

Ex. 86 Show that

I-a1-¢")(1-¢g™") = %(—l)i [2?”]

7
0

(sum of Gauss polynomials).
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Corr.Ex.86. Dividing by (1 — ¢)(1 — ¢?)---(1 — ¢*™), one transforms the
identity into Sy, (1/(1 — ¢?)) = S2(~=1)18;(1/(1-q)) Som—i(1/(1-q)). However, the
right member is equal to

- 1 1
Z Siom—i | —— ) =Sm [ ¥ (+—) ) -
; 1—¢q l—q
1=0

This identity is due to Gauss.

Ex. 87 Let p € N, and let ( be a p-primitive root of unity. Define (")C by

(0,07 (7 G

Show that, for m,n,j,k e NN n=mp+r, k=jp+h, 0 <r h <p-1, one

has
().~ ()0)
k). AN
Corr.Ex.86. (Kalyuzhnyj, Vest. Kharkov Un. 230(1982) 73-82). The binomial

type coefficient (Z) ¢ is the specialization ¢ = ¢ of the Gauss polynomial [Z], the
recursion being identified with

qk5k<1 - qn_k> _ Sk<1 — gtk _1> _ Sk(l — qn+1_k) _Sk—1(1 — qn+1_k> .
l—gq l—gq l—gq l—gq
Suppressing equal factors and using that (1 — ¢/P)/(1 — ¢P) specializes into 7, one

gets the required formula.
For example, for p=3,n =8, k =4,

(1= -1 =)(1-¢)  (1-¢F)(1=C) _,1-¢ (2) <2>
1-00-¢)A-¢3)1-¢YH)  (1-001-¢) 1-¢ VANV

the recursion

Ex. 88 Let k be a positive integer. Show that

aFgFk=1) B 1

(o) (agt 1) ~ (Ta) - (Tag" 1)

1)ig(3) (1—¢")---(1 ¢
> (1) (1-q) - -- (1-¢")(1-a) - - - (1-ag" 1)

i>1
For example, for £ = 2, one has

a’q? 1 1+g¢

I-a)l-¢) (1-a)l-¢) 1-a

+4q
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Corr.Ex.88. First, it suffices to show the identity for a = ¢?*', p € N. In that
case, dividing both members by (1-¢q) - -- (1—-¢P), one recognizes

(i) pone ()= (1)

Ex. 89 Show that

T (1) (1+¢”) - (14¢” 1) _ pp 142"
(1-¢*)(1-¢*)--- (1-¢¥) 1o 1—2¢*

i>0

Corr.Ex.89. Change ¢ into ¢2, @ in aq in the ¢g-binomial identity. Specialize
now a into —1.

Ex. 90 Prove the identity in the preceding exercise by identifying the right
hand side with \,(¢/(1 — ¢?)) 0.(1/(1 — ¢?)), with ¢ of rank 1.

Corr.Ex.90. One has

(1 [ q w1 NOEY cak
i AJ — A = S
5 (1—612) (1—612) 5 <1—q2> < 1—¢> )7

with k& =i + 4, and therefore the coefficient of z* in \,(q/(1 — ¢?)) o.(1/(1 — ¢?))
is

S’“(—) Af(i =gk L+q)(1+¢%) - (14+¢* 1.
=) LY (=7 =) M a+d) (g

Ex. 91 Show, after Vilenkin, that, for n, k,r positive integers, the binomial
coefficient (”Tk) is equal to

@) "2 @ml @mm’;' =

sum over all partitions I = 112" ... of weight r.

Corr.Ex.91. (Vilenkin, Math Notes 24(1978)658-660). This is a specialization
of the Cauchy identity :

AT(nk) = Y A(n)Ty(k) .

I:|I|=r
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Ex. 92 Let a,b be two elements of binomial type. Let A, A’, B be the al-
phabets such that

Si(A) = (i1Si(a)) ™", Sy(A') = 1/Si(a) , Si(B) = S;(b)/Si(a), i=1,2,...

Show that for any positive integer n, any partition J € N* : J D (n-1)", the
Schur functions S;(A), S;(A’) and S;(B) factorize into simple factors.

Corr.Ex.92. Some help can be obtained from ACE.

ACE Det_ab:= proc(pa) local i,j,n; n:=nops(pa);
factor(det( array([seq(map(proc(k) if (k>0) then
SfAExpand (h[k] (b)) /SfAExpand (h[k] (a))
elif (k=0)then 1 else 0 fi end, [seq(palil-i+j,j=1..n)1),i=1..n)1)));
end:
ACE Det_ab([3,2,2]);
2 2
b (b+1) (b+2) (b-2a (b-a-1)

a (a+1) (a+2) (a+3) (a+ 4)

Ex. 93 Let B,C be variables, o, 8 be integers. Show that for any positive
integer n, any partition J € N* : J D (n-1)", the Schur function S;(A)
specializes into simple factors when A is such that, forz=1,2,...,

Si(A) = (B—q®)(B—q**") -+ - (B—g®* 1) /(C—¢*)(C—¢**") - - - (C—gPT71).

Corr.Ex.93.
One can use another manner than in the preceding exercise to specialize Schur
functions.
ACFE > SpecialSf BC:= proc(sf,a,b) local i,j,sf2;
sf2:=Toh(sf);
factor( subs(seq(cat(h,i)= convert([seq((B-qA(a+j))/(C-qA(b+])),
j=0..i-1)]1,*¢), i=Sf2TableVar(sf2,’h’)), sf2));
end:
ACE > SpecialSf_BC(s[3,2,2], 5,4);

(B—a")’(B—¢®)(B —q")q" (¢ + 1)(¢* + ¢ + 1)(q — 1)*(C — B)(4C — B)?
(C = ¢")*(C = ¢7)*(C = ¢)*(C — ¢")(C - ¢¥)
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Ex. 94 Let n € N, g € R, A of cardinality < n-1, B the set of n-th roots of

B.
Show that [],c, [1,ex(1 + ab) is equal to the determinant of order n
A°(A) AYA) - A"2(A) AMTH(A)
BATTI(A) AO(A) e APH(A)  AT2(A)
SAYA)  BAYA) o BATI(A) A(A)

Corr.Ex.94. (Kapteyn(1881); MuirlV, p.315). Let BV := {1/b}pep. Since
BAF(A +BY) = BAF(A) 4 (—1)""1AF~"(A), the determinant is equal to

B Apn (A +BY), up to the exchange of 8 and (—1)" '8 = A"(B). Developping
A + B, one gets that

BN Ar(A)Apn r(BY) =Y Ar(A)As(B) .
I

On the other hand, according to Cauchy,

[T +ab) =" Ar(a)A-(B)

but one also has that A;~(B) = £A;(B), when I C n™, the n-sign of [ and I~ being
not necessarily the same. However, we had changed 3 into (—1)""', and there
remains to control signs, to be able to conclude. One could also have factorized
Kapteyn’s matrix into the product

AO(4) - A2TL(A)
ATPHL(A) o AR(A) Brxn
but this amounts factorizing
B Ay (A +BY)

into a matrix with entries A¥(A) and another, with entries A¥(B).

Ex. 95 Let p be a positive integer, A a finite alphabet. Find the minimal
polynomial, with coefficients in Gym(A), having the root Y, a'/?.

124



Corr.Ex.95. Let ¢ be a p-primitive root of unity, B = {b} be any alphabet such
that UP(B) = A. Taking into account the arbitrariness in the choice of B, one sees
that the required polynomial has roots
> o
0<ip<p—1,beB

Let D be the alphabet of such roots (it is of cardinality p”, with n = card(A)).
Then ¥*(D) = 0 if £ #= 0 mod p. Expanding each (3 ¢%b)*P, and keeping teh
terms independent of (, one sees that

kp)!

TkP) (D) = pn ( .
e zz;zk (pm1)!(pma)! - - - 1(A)

writing [ = 171272 ... One finishes the computation by using the expression of

the elementary symmetric functions in terms of power sums.
MacMahon (Collected Papers I, p.58-60) essentially considers the case of the
product of all elements of D.

Ex. 96 Let ¢ be a (2m+1)-primitive root of unity, and A = {1,¢,...,¢*™ '}
Show that . .

AA)=(=¢) ", i=0,....,2m.
Use exercice 86 to prove the following identity due to Gauss :

2m

ST = (-G =

Jj=0

Corr.Ex.96. Let z = (™. Then A + z is the alphabet Q of 2m+1)-roots of
unity, and . . . .
AV(A) = N(9) — oA~ (@) 4 -+ + (~a)
is equal to (—z)" = (=¢)~".
To deduce Gauss formula, one has to notice that the sets of numbers {0%,12, ... (2m)?}

and {m? — (g) -0,..., m?>— (;) —4,...,m%— (2;71) —2m} coincide modulo 2m+1.

Ex. 97 Let n € N, A be the set of n-roots of —~1. Show that

A-a)=n/2,) (1-a)=n(2n)/4.

aEA a€A

Corr.Ex.97.  (D. Svrtan, Proof of Scott’s conjecture, Proc. AMS 87 (1983)
203-207). Take a new alphabet B := {b := (1-a) '}4ca. Then B is the set of roots
of the polynomial (z-1)" 4+ 2. Waring’s formula gives

Y (1—a) ' =Ty(B) =n/2, Uy(B) =n(2-n)/4,...
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Ex. 98 (Graeffe Method for localizing roots). Let A be a finite alphabet,
P(z) = P°(x) := [],ca(x — a). For any positive integer k, define P*(z) =
P*1(/z)P*1(—\/x). Compute the coefficients of P¥(z) in terms of those
of P%(z).

Corr.Ex.98.
P'(z) = [[(Vz — a)(—vz - a) =[] (a® - 2)

and therefore

Ph@) = () [J(= - a®) .

The coefficients are, up to sign, the monomial functions ¥,;(A), » = 2%, 0 < j <
card(A).

We have seen that the expansion of ¥,; is the sum (with signs) of all Schur
functions without r-core, such that their r-quotient is of the type [1%,...,1%],
i1 + -+ + 4, = j. Therefore, it is the sum +Ajy, J partition without r-core, wtih
r-quotient of the type [ir,...,71]. One has to expand these Schur functions in
terms of the A‘(A).

For example, for K = 2 = j, one obtains 10 partitions: 6 such that their 4-
quotient is a permutation of [1,1,0, 0], 4 such that it is a permutation of [2,0, 0, 0].

ACE> sf:=SfOmega(Tos(m[4,4])); # Schur functions indexed by conjugate

partitions

sf:=-s[7,1] +s[4,4] +s[8] -s[5,1,1,1] +s[2,2,2,2] -s[4,3,1] +s[4,2,1,1]
+s[6,1,1] +s[3,3,2] -s[3,2,2,1]

ACE> tt:=Sf2Table(sf,’s’): map(Part2PCore,map(op,[indices(tt)]),4);

(e, 01, 01, 043, 0411, o1, 43,0, 0, 0111, 0o, 01, 041, 041, 011,

c1,r21,0,0,01, o, n,r1,10, 0,1, tia, 0,0, 21,01,

(,0,01,0,011, 001, 01, 01, 03, 0213, €01, 041, 043, 03, 033, €03, 041, 00, (41, 1111

Ex. 99 Let m € N, # an irational number. For every k£ > 0, define

m) _ sinmf sin(m-1)6--- (m-k+1)0
k| sin @ sin 20 - - - sin kO '

Let ¢ := exp(#v/-1), and

A — {C—m—l—l, C—m+3, el Cm—?), Cm—l} ]

126



Show that, for all £ > 0, p > 1, one has

- f3)
v = (1))

Corr.Ex.99. (S. Karlin, Total Positivity, Stanford Un. Press (1968) 396-399).

[T+ az¢m™ ") = (1= 21— 2¢%) - (1= 2¢?)

aEA

and therefore, up to powers of ¢, any Schur function S7(A) is equal to Sy ((1fqm)/(1fq)),
with ¢ = ¢%.
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