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Symmetri
 fun
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We shall handle fun
tions on di�erent sets of indeterminates (
alled al-

phabets, though we shall mostly use 
ommutative indeterminates).

A symmetri
 fun
tion of an alphabet A is a fun
tion of the letters whi
h

is invariant under permutation of the letters of A .

The simpler symmetri
 fun
tions are best de�ned through generating

fun
tions. We shall not use the 
lassi
al notations for symmetri
 fun
tions

(as they 
an be found in Ma
donald's book), ex
ept in the programs (para-

graphs beginning with ACE > and using typewriter 
hara
ters) be
ause it

will be
ome 
lear in the 
ourse of these le
tures that we need to 
onsider

symmetri
 fun
tions as fun
tors, and 
onne
t them with operations on ve
-

tor spa
es and representations. It is a small burden imposed on the reader,

but the 
ompa
t notations that we propose greatly simpli�es manipulations

of symmetri
 fun
tions. Noti
e that exponents are used for produ
ts, and

that S

J

is di�erent from S

J

, ex
ept if J is of length one (i.e. is an integer).

J = [j

1

; j

2

; : : :℄) �

J

= �

j

1

�

j

2

� � � & S

J

= S

j

1

S

j

2

� � � & 	

J

= 	

j

1

	

j

2

� � �

are di�erent from S

J

,  

J

et
.

Of 
ourse, when indi
es are of length 1, one has

S

j

= S

j

; �

j

= �

j

; 	

j

= 	

j

:

We need operations on alphabets, the �rst one being the addition, that

is the disjoint union that we shall denote by a `+'-sign :

�

A = fag ; B = fbg

�

7! A + B := fag [ fbg

More operations will be introdu
ed in the se
ond se
tion.

� Partitions

Aweakly in
reasing sequen
e of stri
tly positive numbers I = [i

1

; i

2

; : : : ; i

`

℄

is 
alled a partition of the number n of length `(I) = `, where n = jIj :=

i

1

+ � � �+ i

`

. One also uses weakly de
reasing sequen
es instead of in
reasing

ones, but to handle minors of matri
es, it is preferable to use our 
onvention.
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A partition I has a graphi
al representation due to Ferrers, whi
h is 
alled

its diagram: it is a diagram of square boxes left pa
ked, i

1

; i

2

; : : : ; i

`

being

the number of boxes in the su

essive rows. Reading the number of boxes in

the su

essive 
olumns, one obtains another partition Ie whi
h is 
alled the


onjugate partition. Conjugating partitions is an involutive operation whi
h


an be interpreted as symmetry along the main diagonal, for what 
on
erns

diagrams.

For example, when I = [2; 3; 5℄, then Ie = [1; 1; 2; 3; 3℄ and their diagrams

are

& :

A partition I will be identi�ed with any ve
tor obtained by 
on
atenating

initial zeroes. This is 
oherent with identifying partitions and their diagrams,

be
ause one 
an start by reading empty rows!

Let Part(n) be the set of partitions of n.

It is obtained by

ACE > ListPart(4);

[[4℄, [3, 1℄, [2, 2℄, [2, 1, 1℄, [1, 1, 1, 1℄℄

The diagrams are given by the following fun
tion, where one 
an 
hoose

two symbols, one to represent the boxes the boxes of the diagram,

another for the outside :

ACE > [Part2Mat([5,3,2℄), Part2Mat([5,3,2℄,'alphabet'=[`#`,`.`℄)℄;

2

4

1 1 0 0 0

1 1 1 0 0

1 1 1 1 1

3

5

;

2

4

# # : : :

# # # : :

# # # # #

3

5

There are two operations on partitions, `+' and `[' :

Part(m)�Part(n)! Part(m

+

n)

whi
h are ex
hanged under 
onjugation: (I; J) ! I + J is the addition of

partitions, normalizing them to belong to the same spa
e N

r

, and I [ J is

the partition obtained by reordering the 
on
atenation of I and J into a
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partition. With I = [1; 3; 3; 3℄, J = [2; 4℄, one has :

�

� �

� � �

� � �

� � �

� � � �

;

�

� � � �

� � � � �

� � � � � �

I [ J ; Ie + Je

To order Part(n), one uses, instead of partitions, their 
umulative sums

and one puts the 
omponentwise order on these new ve
tors.

De�nition 1 Given a ve
tor in v 2 N

n

, its 
umulative sum v is the ve
tor

v = [v

1

; v

1

+

v

2

; : : : ; v

1

+

v

2

+

� � �

+

v

n

℄ :

The n-th 
umulative sum (resp. 
umulative sum) of a partition I of length

`(I) � n is the 
umulative sum of the ve
tor obtained by 
on
atenating n �

`(I) initial zeroes to I (resp. n being the weight of I).

Given two partitions I; J of the same integer n, I is smaller than J for

the dominan
e order i� I is smaller than J 
omponentwise, i.e.

I

1

� J

1

; I

2

� J

2

; : : : ; I

n

� J

n

:

Cumulative sums of partitions satisfy 
onvexity inequalities that 
hara
-

terize them. It is immediate to 
he
k :

Lemma 2 An element u 2 N

n

is the 
umulative sum of a partition i�

2u

i

� u

i�1

+ u

i+1

; 1 < i < n : (1)

But now the supremum (
omponentwise) of two ve
tors satisfying in-

equalities (1) also satis�es the same inequalities, and this allows to de�ne

the supremum of two partitions :

De�nition 3 The supremum I _ J of two partitions I; J of n is the only

partition K su
h that sup(I ; J) is the n-th 
umulative sum of K.

One 
ould have taken the r-th 
umulative sum of I, J , for any r � `(I); `(J).

One de�nes the in�mum I ^ J of two partitions of the same weight by

using 
onjugation :

I ^ J :=

�

Ie _ Je

�

e (2)

Beware that the minimum 
omponentwise of two 
umulative sums is not

ne
essarily the 
umulative sum of a partition.
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For example, take I = [1; 1; 1; 5℄, J = [0; 2; 2; 4℄. Then I = [1; 2; 3; 8℄,

J = [0; 2; 4; 8℄, sup(I; J) = [1; 2; 4; 8℄ = K, with K = [1; 1; 2; 4℄ = I _ J .

On the other hand, inf(I; J) = [0; 2; 3; 8℄ is the 
umulative sum of [0; 2; 1; 5℄,

whi
h is not a partition.

Conjugating, one has Ie = [1; 1; 1; 1; 4℄, Je = [0; 1; 1; 3; 3℄, with 
umu-

lative sums [1; 2; 3; 4; 8℄,[0; 1; 2; 5; 8℄ and supremum [1; 2; 3; 5; 8℄. Therefore

Ie _ Je = [1; 1; 1; 2; 3℄ and

I ^ J =

�

Ie _ Je

�

e = [1; 1; 1; 2; 3℄e = [1; 2; 5℄ :

One 
ould have use the 
umulative sums starting from the right, or equiv-

alently, the 
umulative sums on des
ending partitions.

The two operations _ ; ^, de�ne a stru
ture of latti
e on Part(n) (with

minimum element [n℄ and maximal element [1

n

℄).

The poset of partitions (partially ordered set { bad terminology, be
ause

every order is partial, unless otherwise spe
i�ed !) is not a rank poset, i.e.

maximal 
hains between two 
omparable elements do not have the same

length.

For example, Part(8) 
ontains the following pie
e, whi
h 
ontains the

four partitions that we have just 
onsidered, writing their 
umulative sums

on the right :

1124

. &

224

1115 #

134

& .

125

$

1248

. &

0248

1238 #

0148

& .

0138

:

However, it is easy to 
hara
terize 
onse
utive elements :

Lemma 4 Let I; J be two partitions of the same number. If

I < J & there is no K su
h that I < K < J ;

then either

9 p; k 2 N : J = J

0

p

k+2

J

00

& I = J

0

; p

�

1; p

k

; p

+

1; J

00

or

9 p; q 2 N : J = J

0

p q J

00

& I = J

0

; p

�

1; q

+

1; J

00

:
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Noti
e that the two 
ases are ex
hanged by 
onjugation of partition, so

that the dominan
e order is reversed under 
onjugation. The possible pairs

in Lemma 4 look like what follows :

J =

�

� �

� �

� �

� �

� � � � � �

) I =

�

�

� �

� �

� � �

� � � � � �

; J =

�

�

�

� �

� � � �

� � � � � �

) I =

�

�

�

�

� � � � �

� � � � � �

Pushing a box down gives a smaller partition, but it is not true that it

gives a pair of 
onse
utive partitions :

� �

� � �

� � �

� � �

and

�

� � �

� � �

� � � �

are not 
onse
utive,

be
ause the move of the bla
k box 
an be performed in two steps:

� �

� � |

� � �

� � �

)

� �

� �

� � �

� � � |

)

�

� � �

� � �

� � � |

Let J; I be a pair of partitions su
h that the diagram of J 
ontains the

diagram of I. Then the set di�eren
e of the two diagrams is 
alled a skew

diagram and denoted J=I ( adding 
ommon boxes to I and J does not 
hange

J=I. In some problems, one has to 
onsider pairs (J; I) rather than J=I).

If J=I 
ontains no 2�2 sub-diagram and is 
onne
ted (resp. J=I 
ontains

no two boxes in the same 
olumn, res. no two boxes in the same row), then

J=I is 
alled a ribbon (resp. horizontal strip, resp. verti
al strip). There are

strips whi
h are both verti
al and horizontal, for example a single box.

� �

� � � �

� � � � �

� � � � �

� �

� � � �

� � � � �

� � � � �

� �

� � � �

� � � � �

� � � � �

ribbon horizontal strip verti
al strip

A partition of the type [1

�

; �

+

1℄ is 
alled a hook and is denoted (�&�).

The de
omposition of the diagram of a partition I into its diagonal hooks (i.e.

hooks having their head on the diagonal) is 
alled the Frobenius 
ode of I

and denoted Frob(I) = (�

1

; �

2

; : : : ; �

r

& �

1

; �

2

; : : : ; b

r

) (where r, the number

of boxes in the main diagonal, is 
alled the rank of the partition).

I = [2; 4; 5; 6℄ =

� �

� � ~ ~

� � � � �

� � � � � �

gives Frob([2; 4; 5; 6℄) = (531& 320) :

Given a box in a diagram, its 
ontent is its distan
e to the main diagonal.

The multiset of 
ontents allows to re
over the diagram, hen
e the partition.

Repla
ing ea
h box by its 
ontent, one has, for example, that I = [2; 4; 5; 6℄

has 
ontents

�

3

�

2

�

2

�

1 0 1

�

1 0 1 2 3

0 1 2 3 4 5

and multiset f(

�

3)

1

; (

�

2)

2

; (

�

1)

2

; 0

3

; 1

3

; 2

2

; 3

2

; 4

1

; 5

1

g.
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Finally (for the moment!), one 
an 
ode a partition by the word obtained

by reading the border of its diagram : 0 for an horizontal step, 1 for a verti
al

step.

I = [2; 4; 5; 6℄) border =

0 0 1

� � 0 0 1

� � � � 0 1

� � � � � 0 1

� � � � � �

= [0; 0; 1; 0; 0; 1; 0; 1; 0; 1℄

Taking reverse words and ex
hanging 0 and 1 
orresponds to taking 
on-

jugate partitions. In fa
t, all operations on words on two letters indu
e

operations on partitions that we leave to the reader the pleasure to dis
over.

It is appropriate 
on
atenate left 1's and right 0's to a border word. This

amounts to 
onsider that the partition is 
ontained in a re
tangular partition

m

n

(where m is the total number of 0's and n the total number of 1's). Sin
e

a 0,

�

1 sequen
e is spe
i�ed by its length and the position of the 0's, one has

the following lemma that one shall need in determinantal identities.

Lemma 5 Let I = [i

1

; : : : ; i

n

℄ 2 N

n

be a partition 
ontained in m

n

, and

J = [j

1

; : : : ; j

m

℄ be its 
onjugate. Then

fi

1

+

1; i

2

+

2; : : : ; i

n

+

ng and fm

+

n

+

1�j

1

�

1; m

+

n

+

1�j

2

�

2; : : : ; m

+

n

+

1�j

m

�

mg

are 
omplementary sets in f1; : : : ; m

+

ng.

For example, take m = 5; n = 4. Adding [1; 2; 3; 4℄ to I = [0; 0; 2; 4℄, one

gets [1; 2; 5; 8℄; the partition Ie = [0; 1; 1; 2; 2℄ gives under the same operation

[1; 3; 4; 6; 7℄, and [10 � 1; 10 � 3; 10 � 4; 10 � 6; 10 � 7℄ = [9; 7; 6; 4; 3℄ is the


omplementary set of 1; 2; 5; 8℄.

ACE > Part2Frob([6,5,4,2℄);

[[5, 3, 1℄, [3, 2, 0℄℄

ACE > Frob2Part(");

[6, 5, 4, 2℄

ACE > [Part2Border([6,5,4,2℄), Part2Border(Part2Conjugate([6,5,4,2℄))℄;

[[0, 0, 1, 0, 0, 1, 0, 1, 0, 1℄, [0, 1, 0, 1, 0, 1, 1, 0, 1, 1℄℄

Given a box � in the diagram of a partition J , let its leg be the set of

boxes in the same 
olumn above it, its arm be the set of boxes in the same

row, on its right. The hook relative to � is the union of the leg, the arm and

the box itself, the total number of boxes being the hook length of � in the

diagram. It is usual to dire
tly write the hook length of a box in the box

itself.
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The 
ontent of a box in a diagram is its distan
e to the main diagonal,


ounted negative in the North-West se
tor.

For example, for J = [2; 3; 3; 6; 6℄, one has the following hook lengths and


ontents :

2 1

4 3 1

5 4 2

9 8 6 3 2 1

10 9 7 4 3 2

�

4

�

3

�

3

�

2

�

1

�

2

�

1 0

�

1 0 1 2 3 4

0 1 2 3 4 5

Hook lengths Contents

These informations about a partition 
an also been read on the other 
odings

of the partition, like its border, or its Frobenius de
omposition in diagonal

hooks.

One 
an relate the 
ontents and hook lengths as follows. Let J be a

partition in N

n

(it 
an have initial zeros). Let v := [j

1

+

0; j

1

+

1; : : : ; j

n

+

n

�

1℄.

Taking row r of the diagram of J , one sees that the set of hook lengths in

this row is su
h that

fh

�

g = f1; 2; : : : ; v

r

g n f(v

r

� v

i

) : i < rg ;

and therefore, in total, one has the following equality between multisets :

fh

�

: � 2 Diagr(J)g = [

1�r�n

f1; : : : ; v

r

g n [f(v

r

�

v

i

) : 1 � i < r � ng :

(3)

� Generating Fun
tions of symmetri
 fun
tions

Taking an extra indeterminate z, one has three fundamental series

�

z

(A ) :=

Y

a2A

(1 + za) ; �

z

(A ) :=

Y

a2A

1

1� za

; 	

z

(A ) :=

1

X

i=1

X

a2A

z

i

a

i

=i (4)

the expansion of whi
h gives the elementary symmetri
 fun
tions �

i

(A ) the


omplete fun
tions S

i

(A ), and the power sums 	

i

(A ) :

�

z

(A ) =

X

z

i

�

i

(A ) ; �

z

(A ) =

X

z

i

S

i

(A ) ; 	

z

(A ) =

1

X

i=1

z

i

	

i

(A )=i : (5)

Sin
e log(1=(1� a) =

P

i>0

a

i

=i, one has

�

z

(A ) = exp (	

z

(A )) ; 	

z

(A ) = log (�

z

(A )) (6)
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Addition of alphabets implies produ
t of generating series

�

z

(A + B ) = �

z

(A )�

z

(B ) ; �

z

(A + B ) = �

z

(A ) �

z

(B ) : (7)

However, sin
e one 
an invert formal series beginning by 1, or take any

power of them, one 
an extend (4) by setting :

�

z

(A � B ) :=

Q

b2B

(1� zb)

Q

a2A

(1� za)

; �

z

(
 A ) = (�

z

(A ))




; 
 2 C : (8)

When B = 0, or A = 0, one re
overs the two series �

z

(A ) and �

z

(�B ) =

�

�z

(B ).

Noti
e that the addition of alphabets satisfy the usual properties of ad-

dition : �

z

(�A ) is the inverse of �

z

(A ) be
ause A � A = 0 and �

z

(0) = 1.

Similarly, the identity (A + C ) � (B + C ) = A � B translates, at the level of

generating series, the fa
t that

Q

b

(1� zb)

Q




(1� z
)

Q

a

(1� za)

Q




(1� z
)

=

Q

b

(1� zb)

Q

a

(1� za)

;

and nobody will deny that one 
an simplify a fa
tor 
ommon to the numerator

and denominator of a rational fun
tion !

Formal series in z beginning by z

0

should be treated as generating series

of 
omplete or elementary symmetri
 fun
tions of some formal alphabet,

or of a di�eren
e of two alphabets (one alphabet is suÆ
ient, but one has

more 
exibility with two alphabets), that one 
an manipulate without having

a

ess to the letters whi
h 
ompose them. This is indeed what one does with

a polynomial, even when one is not able to fa
torize it. One writes a moni


polynomial P (x) as P (x) =

Q

a2A

(x � a), A being the alphabet of zeros

of P (x). Now,

Q

a2A

(x � a)

2

,

Q

a2A

(x � a

2

), to show a few examples, are

perfe
tly de�ned polynomials whose 
oeÆ
ients 
an be written in terms of

the 
oeÆ
ients of P , though they have been de�ned in terms of the roots of

P (but we respe
ted the symmetry between the roots of P !).

Having written A + B for the disjoint union of alphabets for
es us to


onsider a �nite alphabet as the sum of its sub-alphabets of 
ardinality 1, i.e

to identify A and

P

a2A

a, and write

S

k

(a

1

+ a

2

+ � � �+ a

n

� b

1

� � � � � b

m

)

instead of S

k

(A � B ) when we shall need the letters 
omposing the �nite

alphabets A and B .
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Given a �nite alphabet A , letSym(A ) be the ring of symmetri
 polynomi-

als in A over the rational numbers. As a ve
tor spa
e, it has (multipli
ative)

bases

8

<

:

�

I

(A ) := �

i

1

(A )�

i

2

(A ) � � �

S

I

(A ) := S

i

1

(A )S

i

2

(A ) � � �

	

I

(A ) := 	

i

1

(A )	

i

2

(A ) � � �

; (9)

sum over all k, all partitions I = [i

1

; : : : ; i

k

℄, i

k

� 
ard(A ).

The fa
t that �

I

is a linear basis is 
alled \Newton fundamental theorem".

It is usually formulated as follows :

Theorem 6 (Newton). Let A be an alphabet of 
ardinality n. Then Sym(A )

is a polynomial ring with generators �

1

(A ); : : : ; �

n

(A ).

Be
ause of relations (4), it is easy to dedu
e from Newton's theorem

the two other statements in (9), in other words, that S

1

(A ); : : : ; S

n

(A ) and

	

1

(A ); : : : ; 	

n

(A ) are also algebrai
 bases of Sym(A ). In other words, the

ring Sym(A ), with 
oeÆ
ients in Q , is isomorphi
 to ea
h of the three poly-

nomial rings

Q [�

1

(A ); : : : ; �

n

(A )℄ ; Q [S

1

(A ); : : : ; S

n

(A )℄ ; Q [	

1

(A ); : : : ; 	

n

(A )℄ :

In the 
ase of the elementary or symmetri
 fun
tions, one does not need

the 
ondition that Sym(A ) 
ontains the rationals. Newton's theorem is also

valid for symmetri
 polynomials with 
oeÆ
ients in Z, and 
onsequently, for

any ring of 
oeÆ
ients.

When working with rational symmetri
 fun
tions, one 
an use other gen-

erators. For example, Cau
hy shown that any symmetri
 polynomial is a

rational fun
tion in the odd power sums 	

1

(A ); 	

3

(A ); : : : ; 	

2n�1

(A ). This

property has been redis
overed and extended many times, and we shall 
om-

ment it in the exer
ises.

Many problems with symmetri
 fun
tions involve 
hanges of bases. We

shall detail matri
es of 
hange of bases in another se
tion, using di�erent


ombinatorial obje
ts su
h as Young tableaux, matri
es with �xed row and


olumn sums, et
.

The sum of all elements in the orbits of a monomial a

J

under the a
tion of

the symmetri
 groupS(A ) is of 
ourse a symmetri
 fun
tion, 
alledmonomial

fun
tion

1

and we shall denote it 	

J

(A ), (J partition), rather thanm

J

(ex
ept

1

For the 
lassi
s, monomial fun
tions were the symmetri
 fun
tions. Alphabets being

de�ned as sets of roots of polynomials, the problem was to express the symmetri
 fun
tions

in terms of the �

I

(A ), whi
h were the data. Vandermonde solved this problem, without

explaining his method, and published tables in the M�emoires de l'A
ad�emie for degree up

to 10 { with no mistake, as 
ontrolled by D.Knuth.

10



in the programs, where we use the same 
onventions as Ma
donald). They

must not be mistaken with the produ
t of power sums 	

J

(A ).

It has been sin
e long realized that one should use alphabets of in�nite


ardinality, and thus 
onsider a universal ring Sym from whi
h one gets by

spe
ialization the rings Sym(A ), for spe
i�
 alphabets A of �nite 
ardinality

(more generally, we shall use spe
ializations su
h that letters are no more

algebrai
ally independent).

� Matrix generating fun
tions

Let z stands now for the in�nite matrix with diagonal j � i = 1 �lled

with 1's, all other entries being 0's.

Sin
e z

k

, k 2 N , is the matrix with 1's in the k-th diagonal above the

main diagonal, and 0 outside of it, we see that now �

z

(A ) is a Toeplitz matrix

(i.e. a matrix with 
onstant values in ea
h diagonal) that we shall denote by

S(A ); similarly �

z

(A ) is a matrix denoted L(A ) :

S(A ) =

�

S

j�i

(A )

�

i;j�0

& L(A ) =

�

�

j�i

(A )

�

i;j�0

: (10)

S(A ) =

2

6

6

6

4

S

0

(A ) S

1

(A ) S

2

(A ) S

3

(A ) � � �

S

�1

(A ) S

0

(A ) S

1

(A ) S

2

(A ) � � �

S

�2

(A ) S

�1

(A ) S

0

(A ) S

1

(A ) � � �

.

.

.

.

.

.

.

.

.

3

7

7

7

5

L(A ) =

2

6

6

6

4

�

0

(A ) �

1

(A ) �

2

(A ) �

3

(A ) � � �

�

�1

(A ) �

0

(A ) �

1

(A ) �

2

(A ) � � �

�

�2

(A ) �

�1

(A ) �

0

(A ) �

1

(A ) � � �

.

.

.

.

.

.

.

.

.

3

7

7

7

5

:

These matri
es are upper triangular, but it is wiser to write entries S

�k

rather

than their value 0.

Addition or subtra
tion of alphabets still 
orrespond to produ
t of ma-

tri
es, that z be an indeterminate or a matrix makes no di�eren
e :

S(A � B ) = S(A )S(B )

�1

& L(A � B ) = L(A ) L(B )

�1

: (11)

The advantage of matri
es, 
ompared to formal series, is that they o�er us

their minors, that we shall index by (in
reasing) partitions, or more generally,

by ve
tors with 
omponents in Z. More pre
isely, given I = (i

1

; : : : ; i

n

) 2

Z

n

, J = (j

1

; : : : ; j

n

) 2 Z

n

one de�nes the skew S
hur fun
tion S

J=I

(A ) to

11



be the minor of S(A ) taken on rows i

1

+ 1; i

2

+ 2; : : : ; i

n

+ n and 
olumns

j

1

+1; : : : ; j

n

+n (we de�ne the minor to be 0 if one of these numbers is < 0).

When I = 0

n

, the minor is 
alled a S
hur fun
tion and one writes S

J

(A )

instead of S

J=0

n

(A ).

In other words,

S

J=I

(A ) =

�

�

S

j

k

�i

h

+k�h

(A )

�

�

1�h;k�n

: (12)

The expression of a S
hur fun
tion as a determinant of 
omplete fun
tions

is 
alled the Ja
obi-Trudi determinant (we shall see that there is also another

expression in terms of elementary symmetri
 fun
tions).

One 
an enter a (de
reasing) partition or a skew partition :

ACE > SfJtMat([5,4,1℄), SfJtMat([ [5,4,1℄,[2,1℄ ℄);

2

4

h5 h6 h7

h3 h4 h5

0 1 h1

3

5

;

2

4

h3 h5 h7

h1 h3 h5

0 0 h1

3

5

One 
an visualize the S
hur fun
tion S

J=I

as being obtained from the

initial minor of the same order, by shifting the 
olumns by J , and the rows

by I :

0 1 2 �i

1

�1 0 1 �i

2

�2 �1 0 �i

3

j

1

j

2

j

3

)

0 + j

1

� i

1

1 + j

2

� i

1

2 + j

3

� i

1

�1 + j

1

� i

2

0 + j

2

� i

2

1 + j

3

� i

2

�2 + j

1

� i

3

�1 + j

2

� i

3

0 + j

3

� i

3

:

It is 
onvenient to also use determinants in elementary symmetri
 fun
-

tions :

�

J=I

(A ) =

�

�

�

j

k

�i

h

+k�h

(A )

�

�

1�h;k�n

: (13)

Of 
ourse, one must not forget that �

i

(A ) = (�1)

i

S

i

(�A ), i 2 Z, and

thus the �

J=I

(A ) are also skew S
hur fun
tions in

�

A (we shall see that they

also are S
hur fun
tions in A , but indexed by \
olumn lengths").

To write easily a S
hur fun
tion S

J

(A ), one �rst �ll the diagonal, then


omplete the 
olumns, in
reasing or de
reasing indi
es by 1 when moving up

or down :

J = [1; 2; 4℄)

�

�

�

�

�

�

S

1

(A )

S

2

(A )

S

4

(A )

�

�

�

�

�

�

)

�

�

�

�

�

�

S

1

(A ) S

3

(A ) S

6

(A )

S

0

(A ) S

2

(A ) S

5

(A )

S

�1

(A ) S

1

(A ) S

4

(A )

�

�

�

�

�

�

= S

124

(A )

12



We shall also need re
tangular sub-matri
es of S(A ) that we shall 
ontinue

to index the same way: S

J=I

(A ) is the sub-matrix of S(A ) taken on rows

i

1

+ 1; i

2

+ 2; : : :, and 
olumns j

1

+ 1; j

2

+ 2; : : :.

Binet-Cau
hy theorem for minors of the produ
t of two matri
es implies,

in the 
ase of S(A + B ), the following expansion of skew-S
hur fun
tions :

S

J=I

(A + B ) =

X

K

S

J=K

(A )S

K=I

(B ) ; (14)

sum over all partitions ( only those K : I � K � J give a non-zero 
ontri-

bution).

Ja
obi's theorem on minors of the inverse of a matrix gives, thanks to

lemma 5

�

J=I

(A ) = S

J e=I e

(A ) = (�1)

jJ=Ij

S

J=I

(�A ) (15)

One needs to enlarge the de�nition of a S
hur fun
tion, to be able to play

with di�erent alphabets at the same time.

Given n, given two sets of alphabets fA

1

; A

2

; : : : ; A

n

g, fB

1

; B

2

; : : : ; B

n

g,

and I; J 2 N

n

, we de�ne the multi-S
hur fun
tion

S

J=I

(A

1

� B

1

; : : : ; A

n

� B

n

) :=

�

�

S

j

k

�i

h

+k�h

(A

k

� B

k

)

�

�

1�h;k�n

: (16)

In the 
ase where the alphabets are repeated, we indi
ate by a semi
olon

the 
orresponding blo
k separation : given H 2 Z

p

, K 2 Z

q

, then S

H;K

(A �

B ; C � D ) stands for the multi-S
hur fun
tion with index the 
on
atenation

of H and K, and alphabets A

1

= � � � = A

p

= A , B

1

= � � � = B

p

= B ,

A

p+1

= � � � = A

p+q

= C , B

p+1

= � � � = B

p+q

= D .

To write a multi-S
hur fun
tion easily, one �rst �ll the diagonal, then


omplete 
olumns by keeping the same alphabet in ea
h 
olumn :

S

12; 4

(A ; B ) )

�

�

�

�

�

�

S

1

(A )

S

2

(A )

S

4

(B )

�

�

�

�

�

�

)

�

�

�

�

�

�

S

1

(A ) S

3

(A ) S

6

(B )

S

0

(A ) S

2

(A ) S

5

(B )

S

�1

(A ) S

1

(A ) S

4

(B )

�

�

�

�

�

�

These fun
tions are now suÆ
iently general to allow easy indu
tions,

thanks to the following transformation lemma.

Lemma 7 Let S

J

(A

1

� B

1

; : : : ; A

n

� B

n

) be a multi-S
hur fun
tion, and

D

0

; D

1

; : : : ; D

n�1

be a family of �nite alphabets su
h that 
ard(D

i

) � i, 0 �

i � n� 1. Then S

J

(A

1

� B

1

; : : : ; A

n

� B

n

) is equal to the determinant

�

�

S

j

k

�i

h

+k�h

(A

k

� B

k

� D

n�h

)

�

�

1�h;k�n

13



In other words, one does not 
hange the value of a multi-S
hur fun
tion S

J

by repla
ing in row h the di�eren
e A � B by A � B � D

n�h

. Indeed, thanks

to the expansion (14) :

S

j

(A�B�D

h

) = S

j

(A�B )+S

1

(�D

h

)S

j�1

(A�B )+� � �+S

h

(�D

h

)S

j�h

(A�B ) ;

the sum terminating be
ause the S

k

(�D

h

) are null for k > h, we see that the

determinant has been transformed by multipli
ation by a triangular matrix

with 1's in the diagonal, and therefore has kept its value. QED

For example, taking D

0

= ;, D

1

= fxg, D

2

= fy; zg, one has

2

4

S

i

(A

1

� y � z) S

j+1

(A

2

� y � z) S

h+2

(A

3

� y � z)

S

i�1

(A

1

� x) S

j

(A

2

� x) S

h+1

(A

3

� x)

S

i�2

(A

1

) S

j�1

(A

2

) S

h

(A

3

)

3

5

=

=

2

4

1 �y � z yz

0 1 �x

0 0 1

3

5

�

2

4

S

i

(A

1

) S

j+1

(A

2

) S

h+2

(A

3

)

S

i�1

(A

1

) S

j

(A

2

) S

h+1

(A

3

)

S

i�2

(A

1

) S

j�1

(A

2

) S

h

(A

3

)

3

5

and the determinant of the left matrix is equal to S

ijh

(A

1

; A

2

; A

3

).

To understand better the stru
ture of su
h determinants, it is appropriate

to use \umbral" notations and write alphabets on the border of the deter-

minant: an entry k in position (i; j) will be interpreted as S

k

(A � B ) if A is

written at the bottom of 
olumn j and �B on the right of row i.

.

.

.

� � � k � � � �B

.

.

.

A

)

.

.

.

� � � S

k

(A � B ) � � �

.

.

.

:

For example, during a 
omputation, one would rather write the pre
eding

determinant :

i j + 1 h + 2 �y � z

i� 1 j h + 1 �x

i� 2 j � 1 h 0

A

1

A

2

A

3

Taking �A

1

;�A

2

;�A

3

instead of A

1

; A

2

; A

3

, and getting rid of signs be-


ause of \isobarity", one gets by the same token

�

i;j;h

(A

1

; A

2

; A

3

) =

2

4

�

i

(A

1

+ y + z) �

j+1

(A

2

+ y + z) �

h+2

(A

3

+ y + z)

�

i�1

(A

1

+ x) �

j

(A

2

+ x) �

h+1

(A

3

+ x)

�

i�2

(A

1

) �

j�1

(A

2

) �

h

(A

3

)

3

5

14



In the pre
eding lemma, we needed only 
onse
utive elements of a 
olumn

to be 
omplete fun
tions of the same di�eren
e of alphabets, of 
onse
utive

degrees. A similar transformation 
an be performed in rows, when alphabets

are repeated in some 
onse
utive 
olumns, for partitions having repeated

parts.

Lemma 8 Let j; n be two integers, D

0

; : : : ; D

n�1

be a family of alphabets su
h

that 
ard(D

i

) � i, 0 � i � n � 1, and let A , B be two arbitrary alphabets.

Let S

�; j

n

; Æ

(|; A

�

B ; �) be a multi-S
hur fun
tion of whi
h we have spe
i�ed

only n 
olumns.

Then it is equal to the multi-S
hur fun
tion

S

�; j;:::;j;Æ

(|; A

�

B

�

D

0

; A

�

B

�

D

1

; : : : ; A

�

B

�

D

n�1

; �) :

For example,

S

2; 444

(A ; B ) = S

2; 4; 4; 4

(A ; B ; B

�

D

1

; B

�

D

2

):

The above lemma implies many fa
torization properties, e.g. for r � 0,

S

J

(A

�

B

�

x) x

r

= S

J;r

(A

�

B ; x) ; (17)

sin
e taking D

1

= D

2

= � � � = fxg fa
torizes the determinant S

J;r

(A

�

B ; x).

More generally, for an alphabet D of 
ardinal � r and J 2 N

r

, one has

S

I

(A

�

B

�

D )S

J

(D ) = S

I;J

(A

�

B ; D ) : (18)

Monomial themselves 
an be written as multi-S
hur fun
tions. Given

a totally ordered alphabet A = fa

1

; a

2

; : : :g, denote, for any n, A

n

:=

fa

1

; : : : ; a

n

g. Then, for any J = [j

1

; : : : ; j

n

℄, denoting J

!

:= [j

n

; : : : ; j

1

℄,

one has

a

J

:= a

j

1

1

� � �a

j

n

n

= S

J

!

(A

n

; : : : ; A

2

; A

1

)

Indeed, subtra
t the 
ag 0; A

1

; A

2

; : : : in the su

essive rows, starting from

the bottom one. One sees the monomial appearing in the diagonal, the upper

part of the matrix vanishing be
ause it is 
onstituted of S

k

�

�(A

j

� A

i

)

�

for

k > (j � i), j � i.

a

532

= a

5

1

a

3

2

a

2

3

= S

2;3;5

(a

1

+

a

2

+

a

3

; a

1

+

a

2

; a

1

) =

=

2 4 7 �A

2

1 3 6 �A

1

0 2 5 0

A

3

A

2

A

1

=

�

�

�

�

�

�

S

2

(a

3

) S

4

(0) S

7

(

�

a

2

)

S

1

(a

2

+

a

3

) S

3

(a

2

) S

6

(0)

S

0

(a

1

+

a

2

+

a

3

) S

2

(a

1

+

a

2

) S

5

(a

1

)

�

�

�

�

�

�

:
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One 
ould have put any order on the letters in A , and in general, a monomial

on an alphabet of n letters 
an be written in n! di�erent manners as a multi-

S
hur fun
tions. However, be
ause it is appropriate to restri
t to the 
ag

of alphabets A

1

� A

2

� A

3

� � � � , we have preferred the 
onvention whi
h

gives as the index of the multi-S
hur fun
tion the reverse of the exponent of

the monomial.

Given two �nite alphabets, the following fa
torization and vanishing prop-

erties impli
itly appear in many 
lassi
al 19-th 
entury texts about elimina-

tion theory (modern referen
e is Berele-Regev, [4℄).

Proposition 9 Let A , B , be of 
ardinalities �; �, p 2 N, I 2 N

p

, J 2 N

�

.

Then

S

i

1

;:::;i

p

;�+j

1

;:::;�+j

�

(A � B ) = S

I

(�B )S

J

(A )

Y

a2A ;b2B

(a� b) :

Let J be a partition, J � (� + 1)

�+1

. Then S

J

(A � B ) = 0.

Proof. Subtra
t A in the �rst p rows. One gets the fa
torization

S

I

(�B )S

�+j

1

;:::;�+j

�

(A � B ) :

Now, using the partition K 
onjugate to [� + j

1

; : : : ; � + j

�

℄, one gets the

fa
torization of S

K

(B � A ) into a S
hur fun
tion of A and S

�

�
(B � A ). This

last fun
tion 
an be seen equal to the resultant

Q

a2A ;b2B

(b�a) by subtra
ting

the 
ag 0; B

1

; B

2

; : : :.

The 
ase J too big 
an be treated by adding the same letters to A and

B , so that one is redu
ed to the pre
eding 
ase. But now the fa
tor

Q

(a� b)

vanishes be
ause A and B have a letter in 
ommon.

Pi
torially, the relation is

J

I

� -

�

?

6

�

A � B

�B

=

A

Given a �nite alphabet A (that one will totally order: A = fa

1

; : : : ; a

n

g),

Cau
hy and Ja
obi separately de�ned the S
hur fun
tion S

J

(A ) using the
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(in�nite) Vandermonde matrix

V (A ) =

�

a

j

i

�

1�i�n ; j�0

=

"

a

0

1

a

1

1

a

2

1

���

.

.

.

.

.

.

.

.

.

a

0

n

a

1

n

a

2

n

���

#

and the Vandermonde (determinant)

�(A ) :=

Y

i>j

(a

i

� a

j

) =

�

�

�

�

�

a

0

1

a

1

1

��� a

n�1

1

.

.

.

.

.

.

.

.

.

a

0

n

a

1

n

��� a

n�1

n

�

�

�

�

�

:

Proposition 10 Let J 2 N

n

. Then S

J

(A )�(A ) is equal to the minor of

index (0

n

; J) of the Vandermonde matrix V (A ).

Proof. Let S

J

(A ) denotes the sub-matrix of S(A) taken on 
olumns j

1

+

1;

j

2

+

2; : : : ; j

n

+

n. Consider the produ
t V (A )S(�A)S

J

(A ). It 
an be fa
torized

in two manners, using (11):

V (A )S(�A)S

J

(A ) = [S

j

(a

i

� A )℄

1�i�n;j�0

S

J

(A ) = V (A )S

J

(0) :

However, the S

j

(a

i

� A ) are null for j � n, be
ause they are the elementary

fun
tions (up to sign) of alphabets of 
ardinality n� 1. On the other hand,

S

j

(0) = 0, if j 6= 0. In both 
ases, we have obtained matri
es su
h that only

one minor of order n is di�erent from 0. QED

For example, for n = 3, J = [1; 3; 4℄, trun
ating the matri
es, one has

�

1 a

1

a

2

1

��� a

6

1

1 a

2

a

2

2

��� a

6

2

1 a

3

a

2

3

��� a

6

3

�

2

6

6

6

4

S

0

(�A ) S

1

(�A ) S

2

(�A ) S

3

(�A ) S

4

(�A ) S

5

(�A ) S

6

(�A )

0 S

0

(�A ) S

1

(�A ) S

2

(�A ) S

3

(�A ) S

4

(�A ) S

5

(�A )

0 0 S

0

(�A ) S

1

(�A ) S

2

(�A ) S

3

(�A ) S

4

(�A )

0 0 0 S

0

(�A ) S

1

(�A ) S

2

(�A ) S

3

(�A )

0 0 0 0 S

0

(�A ) S

1

(�A ) S

2

(�A )

0 0 0 0 0 S

0

(�A ) S

1

(�A )

0 0 0 0 0 0 S

0

(�A )

3

7

7

7

5

2

6

6

6

4

S

1

(A ) S

4

(A ) S

6

(A )

S

0

(A ) S

3

(A ) S

5

(A )

0 S

2

(A ) S

4

(A )

0 S

1

(A ) S

3

(A )

0 S

0

(A ) S

2

(A )

0 0 S

1

(A )

0 0 S

0

(A )

3

7

7

7

5

=

�

S

0

(a

1

�A ) S

1

(a

1

�A ) S

2

(a

1

�A ) 0 0 0 0

S

0

(a

2

�A ) S

1

(a

2

�A ) S

2

(a

2

�A ) 0 0 0 0

S

0

(a

3

�A ) S

1

(a

1

�A ) S

2

(a

1

�A ) 0 0 0 0

�

2

6

6

6

4

S

1

(A ) S

4

(A ) S

6

(A )

S

0

(A ) S

3

(A ) S

5

(A )

0 S

2

(A ) S

4

(A )

0 S

1

(A ) S

3

(A )

0 S

0

(A ) S

2

(A )

0 0 S

1

(A )

0 0 S

0

(A )

3

7

7

7

5

=

�

1 a

1

a

2

1

a

3

1

a

4

1

a

5

1

a

6

1

1 a

2

a

2

2

a

3

2

a

4

2

a

5

2

a

6

2

1 a

3

a

2

3

a

3

3

a

4

3

a

5

3

a

6

3

�

2

6

6

6

4

S

1

(0) S

4

(0) S

6

(0)

S

0

(0) S

3

(0) S

5

(0)

0 S

2

(0) S

4

(0)

0 S

1

(0) S

3

(0)

0 S

0

(0) S

2

(0)

0 0 S

1

(0)

0 0 S

0

(0)

3

7

7

7

5

:

Still writing A

i

= a

1

+ � � �+ a

i

, one has an expression for S
hur fun
tions

whi
h \interpolates" between Ja
obi-Trudi determinant and a minor of the

Vandermonde matrix.
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Lemma 11 Let A be of 
ardinality n, and K = [k

1

; : : : ; k

n

℄ 2 N

n

. Then

S

K

(A ) = det

�

�

S

k

j

+j�i

(A

i

)

�

�

1�i;j�n

: (19)

Proof. Subtra
t 0; a

n

; a

n

+

a

n�1

; : : : ; a

n

+

� � �

+

a

2

in the su

essive rows of

S

K

(A ). QED

We shall later interpret su
h a determinant as a dis
rete Wronskian. No-

ti
e that the top row is made of powers of a

1

, and the bottom row is the

same as in Ja
obi-Trudi determinant.

Given an alphabet A of �nite 
ardinality n, one will need the alphabet of

inverses A

_

= fa

�1

g. Noti
ing that

�

i

(A

_

) = �

n�i

(A )=�

n

(A ) ; 1 � i � n ;

and using the expression of a S
hur fun
tion as a determinant of �

i

, one has,

for any r and any partition I � � = r

n

:

S

I

(A

_

) = S

�=I

(A )=S

�

(A ) : (20)

� Cau
hy formula

The most important formula in the theory of symmetri
 fun
tions is the

following expansion, due to Cau
hy.

Let A ; B be two alphabets. Then :

K(A ; B ) := �

1

(A B ) =

Y

a2A

Y

b2B

(1� ab)

�1

=

X

J

S

J

(A )S

J

(B ) ; (21)

sum over all partitions J (the terms for whi
h `(J) > min

�


ard(A ) ; 
ard(B )

�

vanish).

One will �nd later a proof of Cau
hy formula, using symmetrizing oper-

ators, starting from the straightforward identity

1

1� a

1

b

1

1

1� a

1

a

2

b

1

b

2

1

1� a

1

a

2

a

3

b

1

b

2

b

3

� � � =

X

�

a

�

b

�

;

sum over all weakly de
reasing exponents �.

For the moment, let us sket
h a proof that one 
an �nd in the literature,

supposing that the two alphabets have 
ardinality n.

Consider the Cau
hy matrix

�

1=(1�ab)

�

a2A ;b2B

. Ea
h entry 1=(1�ab) 
an

be 
onsidered as the s
alar produ
t of the two in�nite ve
tors [1; a; a

2

; : : :℄

18



and [1; b; b

2

; : : :℄, and therefore the Cau
hy matrix is equal to the produ
t

V (A )V (B )

tr

of two Vandermonde matri
es.

Sin
e minors of ea
h matrix are S
hur fun
tions multiplied by a Vander-

monde, Binet-Cau
hy expansion gives :

�

�

1=(1� ab)

�

�

a2A ;b2B

= �(A )�(B )

X

J

S

J

(A )S

J

(B ) :

Now, the determinant itself is equal to the sum (`(�) denoting the length

of a permutation �)

X

�2S(A )

(�1)

`(�)

1

�

(1� a

1

b

1

) � � � (1� a

n

b

n

)

�

�

:

Extra
ting the full denominator

Q

a2A ; b2B

1=(1� ab), one has to 
ompute

the sum

X

�2S(A )

(�1)

`(�)

�

S

n�1

(1 + b

1

a

1

� b

1

A ) � � � S

n�1

(1 + b

n

a

n

� b

n

A )

�

�

This sum is divisible by �(A )�(B ), be
ause it vanishes when two of the

a's, or two of the b's 
oin
ide. The degree in ea
h a or b is at most n�1, and

therefore the quotient is of degree zero in ea
h variable. One has to 
he
k

that it is equal to 1. QED

The last step in the above sket
h of a demonstration misses the 
ru
ial

fa
t that what is really involved is Ja
obi symmetrizer

C [a

1

; : : : ; a

n

℄ 3 f 7!

0

�

X

�2S(A )

(�1)

`(�)

f

�

1

A

1

�(A )

;

sum over all permutations � of the letters of A . Ja
obi's symmetrizer provides

a 
onne
tion with the theory of 
hara
ters (and extends to Weyl's 
hara
ter

formula for the 
lassi
al groups). We postpone this point of view to another

se
tion, where we shall express Ja
obi's symmetrizer as a produ
t of divided

di�eren
es.

There are other forms of Cau
hy's formula, for two alphabets of �nite


ardinalities :

Y

a2A ; b2B

(1� ab) = �

1

(�A B ) =

X

I

(�1)

jIj

S

I

(A )S

I e

(B ) (22)

R(A ; B ) :=

Y

a2A ; b2B

(a� b) =

X

I

S

I

(A )S

�=I

(�B ) (23)

=

X

I

(�1)

j�=Ij

S

I

(A )S

�e =I e

(B ) ;
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where � = �

�

, � = 
ard(A ), � = 
ard(B ).

Formula (22) is equivalent to (21), 
hanging B into

�

B , and using (15).

Changing A into A

_

= fa

�1

g, one gets (23), thanks to the relations (20)

between the S
hur fun
tions of A and those of A

_

.

Thus, the equivalen
e of the three forms of Cau
hy formulas is purely

formal, on
e one proves them for any 
ardinality. However, we already have

stated a property implying (23) in theorem 9 and using only the transforma-

tion lemma 7. Let us repeat the proof in detail.

The right hand side of (23) is the expansion of S

�

(A � B ), a

ording to

(12). One subtra
ts the alphabet A

�

a

1

in the �rst row of S

�

(A � B ), and a

1

in all the 
olumns, ex
ept the �rst one. Now, the �rst row of the determinant

has be
ome

S

�

(a

1

� B ); S

�+1

(�B ); : : : ; S

�+��1

(�B ) :

Sin
e S

�+1

(�B ); : : : are null, the new determinant fa
torizes into

S

�

(a

1

� B )S

�

��1

((A

�

a

1

)� B ) ;

and this gives (23) by indu
tion on �.

� S
alar Produ
t

There are other de
ompositions of K(A ; B ) as a sum of produ
ts of sym-

metri
 fun
tions in A and in B . However, there is only one of the type

P

P (A )P (B ) over Z: up to signs, the P 's are all the S
hur fun
tions indexed

by partitions in N . Thus K(A ; B ), that we shall 
all Cau
hy kernel, deter-

mines the S
hur fun
tions, be
ause this is the only Z-basis in whi
h K(A ; B )

is diagonal.

One 
an interpret di�erently the kernel, as de�ning a s
alar produ
t on

the spa
e of symmetri
 fun
tions, the S
hur fun
tions 
onstituting the only

orthogonal basis. Now, any expansion of the type

K(A ; B ) =

X

P

J

(A )Q

J

(B ) (24)

de�ne a pair of adjoint bases fP

J

g, fQ

J

g, with respe
t to the 
anoni
al

s
alar produ
t ( ; ) indu
ed by K(A ; B ), i.e. the s
alar produ
t su
h that

(S

J

; S

J

) = 1, for all partition J . In other words (24) is equivalent to

(P

J

(A ) ; Q

J

(A )) = 1 & (P

I

(A ) ; Q

J

(A )) = 0 for I 6= J : (25)

There are some diÆ
ulties for what 
on
erns s
alar produ
ts when taking

�nite alphabets, and in the rest of the se
tion, we shall take only in�nite

alphabets.
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The expansion

K(A ; B ) =

Y

b

 

Y

a

1

1� ab

!

=

Y

b

�

X

b

i

S

i

(A )

�

=

X

I

	

I

(B )S

I

(A ) (26)

shows that the basis adjoint to S

I

, I partition, is the monomial basis 	

I

.

From the identity (5), one gets

�

1

(A ) = exp

�

1

X

i=1

	

i

(A )=i

�

=

1

Y

i=1

exp(	

i

(A )=i)

=

X

I

	

I

(A )=z

I

; (27)

sum over all partitions I = [1

m

1

; 2

m

2

; 3

m

3

; : : :℄, de�ning

z

I

= m

1

!1

m

1

m

2

!2

m

2

m

3

!3

m

3

� � � (28)

Sin
e 	

i

(A B ) = 	

i

(A )	

i

(B ), it implies the expansion

K(A ; B ) = �

1

(A B ) =

X

I

	

I

(A )	

I

(B )=z

I

; (29)

whi
h shows that the basis of produ
ts of power sums is orthogonal, with

s
alar produ
t (	

I

;	

I

) = z

I

.

The name kernel is justi�ed by the following property, whi
h is just an-

other way of stating that K(A ; B ) de�nes a s
alar produ
t:

Lemma 12 Let f be a symmetri
 fun
tion and ( ; ) be the 
anoni
al s
alar

produ
t on symmetri
 fun
tions in A . Then

(K(A ; B ) ; f(A )) = f(B )

Proof. The identity is linear in f 2 Sym(A ). We 
he
k it on the basis of

S
hur fun
tions :

�

X

I

S

I

(A )S

I

(B ) ; S

J

(A )

�

= S

J

(B ) :

QED

One 
an use simultaneoulsy several alphabets A ; B ; C ; : : : ; as well as the

s
alar produ
ts 
orresponding to them. We shall spe
ify in whi
h symmetri


ring we are evaluating the s
alar produ
t by indexing it by the alphabet :

( ; )

A

.
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Let us give a �rst example. Let f; g; h 2 Sym. Then one has

�

�

1

�

(A

+

B )C

�

; f(A ) g(B ) h(C )

�

A

= �

1

(B C ) f(C ) g(B ) h(C ) : (30)

Proof. One fa
tors out �

1

(B C ) and g(B )h(C ), whi
h are s
alars in Sym(A ).

One is left with (�

1

(A C ) ; f(A ))

A

= f(C ). QED

� Di�erential 
al
ulus

Having a s
alar produ
t, one 
an now obtain operators adjoint to some

simple ones. We did not use the multipli
ative stru
ture of Sym up to now,

but only the ve
tor spa
e stru
ture of Sym. Now we shall use that any

symmetri
 fun
tion f 
an be thought of as the operator

\multipli
ation by f" .

De�nition 13 For f 2 Sym, D

f

is the operator adjoint to the multipli
a-

tion by f , i.e. for every S

0

; S

00

2 Sym one has

(D

f

(S

0

) ; S

00

) = (S

0

; f S

00

) :

The following lemma shows that S
hur fun
tions play a spe
ial rôle (
f.

several exer
ises; the best proof of the following lemma is interpreting Sym

as a ring of shifting operators on isobari
 determinants, as explained in the

appendix).

Lemma 14 For every I; J 2 N

n

, one has

D

S

I

(S

J

) = S

J=I

; (31)

D

S

I
(	

J

) =

�

	

K

if J = K [ I

0 otherwise

: (32)

Proof. Instead of a single S

J=I

, let us introdu
e two other alphabets B ; C and

take the generating fun
tion

�

1

((A

+

B ) C ) =

X

J;H

S

J=H

(A )S

H

(B )S

J

(C ) :

The s
alar produ
t (in Sym(B )) of this fun
tion with S

I

(B ) is equal to

P

J

S

J=I

(A )S

J

(C ), whi
h is, a

ording to (30), equal to �

1

(A C )S

I

(C ). There-

fore

S

J=I

(A ) =

�

�

1

(A C )S

I

(C ) ; S

J

(C )

�

C

=

�

�

1

(A C ) ; D

S

I

S

J

(C )

�

C
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and, be
ause �

1

(A C ) is a reprodu
ing kernel, one gets the wanted identity

S

J=I

(A ) = D

S

I

S

J

(A ).

As for the se
ond identity, it is just another way of stating that monomial

fun
tions 	

J

and produ
t of 
omplete fun
tions S

J


onstitute two adjoint

bases. Indeed,

(D

S

I
(	

J

) ; S

K

) = (	

J

; S

I[K

)

allows to 
on
lude. QED

ACE > SfDiff(s[2,1℄, s[5,4,2℄);

s[5,3℄ +s[4,4℄ +s[5,2,1℄ +2 s[4,3,1℄ +s[4,2,2℄ +s[3,3,2℄

ACE > Tos(det( SfJtMat([ [5,4,2℄,[2,1℄℄)));

s[5,3℄ +s[4,4℄ +s[5,2,1℄ +2 s[4,3,1℄ +s[4,2,2℄ +s[3,3,2℄

ACE > Tom(SfDiff( h2*h4, a*m[4,3,2,2℄ +b*m[3,3,2,2℄ ), 
olle
t);

a m[3, 2℄

The operators D

	

i

are di�erential operators. Indeed, for every integer

i > 0, one has

D

	

i

= i�

	

i

(33)

as 
an be 
he
ked by operating on the basis 	

J

: the s
alar produ
t is 
om-

patible with the tensor de
omposition

Sym ' C [	

1

℄
 C [	

2

℄
 C [	

3

℄
 � � � ;

and the equality

�

	

i

(	

i

)

k

; (	

i

)

m

�

= Æ

k;m�1

i

m

m! = Æ

k;m�1

z

i

m

proves the assertion.

ACE > SfDiff( p1^2*(p3/3)^2, s[4,4,3,1℄);

1/9 s[2, 2℄ + 1/9 s[4℄ + 2/9 s[3, 1℄

ACE > Tos(diff(Top(s[4,4,3,1℄), p1,p1,p3,p3));

1/9 s[2,2℄ + 1/9 s[4℄ + 2/9 s[3, 1℄

In the usual di�erential 
al
ulus on polynomials, one 
an de�ne deriva-

tives without having re
ourse to vanishing �'s, but just as the su

essive


oeÆ
ients in Taylors's formula, in other words, just using f(y)! f(y + x).

The same property is true in the ring Sym.
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Proposition 15 For any pair of adjoint bases fP

I

g; fQ

I

g, and any element

f 2 Sym, one has the de
omposition

f(A + B ) =

X

I

D

P

I

�

f(A )

�

Q

I

(B ) : (34)

Proof. This is a linear statement that it is suÆ
ient to prove for one pair of

adjoint bases, for example for the S
hur basis, and for a f a generi
 S
hur

fun
tion.

But in that 
ase, the identity to be proven is the expansion of S

J

(A + B )

given in (14). QED

We shall use very often the identity

8f 2 Sym ; f(B + A ) =

X

I

D

S

I

�

f(B )

�

S

I

(A ) (35)

when A is a single letter a or when it is �a. In that 
ase it be
omes

f(B + a) =

X

i

D

S

i

�

f(B )

�

a

i

(36)

f(B � a) =

X

i

D

�

i

�

f(B )

�

(�a)

i

: (37)

Another 
orollary of (34) is :

8f 2 Sym ; f(A + B ) =

X

I

	

I

(A )D

S

I

�

f(B )

�

; (38)

=

X

J

1

(	

I

; 	

I

)

	

I

(A )D

	

I

�

f(B )

�

: (39)

The operators D

S

I

are usually 
alled Hammond operators. They satisfy

a kind of Leibnitz

2

formula :

Lemma 16 For every f; g 2 Sym, and every partition J , one has

D

S

J

(fg) =

X

I

D

S

J=I

(f)D

S

I

(g) : (40)

Proof. D

S

J

(fg)(A ) is the 
oeÆ
ient of S

J

(B ) in

f(A

+

B ) g(A

+

B ) =

X

H;K

(S

H

(B )S

K

(B ) ; S

J

(B ))

B

D

S

H

(A )

f(A )D

S

K

(g)(A ) :

The lemma follows from the fa
t that

P

H

(S

H

S

K

; S

J

)S

H

= S

J=K

. QED

2

Leibnitz was spelling his name with a `t' whi
h is ignored by most anglo-saxons au-

thors.
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Operators on isobari
 determinants

We have not yet used an evident property of the di�erent determinants

that we have written up to now, that all terms in their expansion have the

same total degree. We shall say that su
h a determinant is isobari
 (in fa
t,

more generally, we are only dealing with homogeneous polynomials).

But now, given an isobari
 determinant, how to operate on it obtaining

only isobari
 determinants ? A simpler question even :

how to in
rease degrees by 1 ?

It is appropriate to 
onsider more general \weights" than degree, and we

shall begin by ve
tors before 
onsidering determinants.

Let V be a ve
tor spa
e of fun
tions of a variable x 2 C , with values in

a 
ommutative ring. Given two integers 1 � k � n, de�ne T

+

k

(resp. T

�

k

) to

be the operator on V


n

sending f

1

(x

1

)
 � � � 
 f

n

(x

n

) onto

X

�2f0;1g

n

; �

1

+���+�

n

=k

f

1

(x

1

� �

1

)
 � � � 
 f

n

(x

n

� �

n

) :

For example,

T

+

2

�

f

1

(x

1

)
 f

2

(x

2

)
 f

3

(x

3

)

�

= f

1

(x

1

+ 1)
 f

2

(x

2

+ 1)
 f

3

(x

3

)

+ f

1

(x

1

+ 1)
 f

2

(x

2

)
 f

3

(x

3

+ 1) + f

1

(x

1

)
 f

2

(x

2

+ 1)
 f

3

(x

3

+ 1) :

The following theorem is not diÆ
ult to 
he
k. It amounts to the fa
t

that the T

i

's, i = 1; : : : ; n 
ommute between themselves, and are algebrai
ally

independent (they have been my �rst en
ounter with the theory of symmetri


fun
tions, through manipulations of isobari
 determinants ([27℄).

Theorem 17 Let n be a positive integer. Then T

+

0

= 1; T

+

1

; : : : ; T

+

n

�

resp.

T

�

0

= 1; T

�

1

; : : : ; T

�

n

�

generate a 
ommutative algebra isomorphi
 to Sym(n),

the algebra of symmetri
 polynomials in n variables, the image of T

�

k

being

�

k

.

Any symmetri
 polynomial S gives rise to two operators T

+

S

and T

�

S

.

De
omposing S into the basis �

J

: S =

P

J2N

n




J

�

J

, one has

T

+

S

=

X

J




J

T

+

j

1

� � �T

+

j

n

& T

�

S

=

X

J




J

T

�

j

1

� � �T

�

j

n

(41)

The operators T

+

k

; T

�

k


an be made to a
t on V


n

2

, 
onsidered as a spa
e

of matri
es

�

f

ij

(x

ij

)

�

1�i;j�n

, but now there are two natural ways to de�ne

their a
tion, either by 
olumns :




T

�

k

�

[f

ij

(x

ij

)℄

�

=

X

�2f0;1g

n

; j�j=k

�

f

ij

(x

ij

� �

j

)

�

;
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or by rows:

r

T

�

k

�

[f

ij

(x

ij

)℄

�

=

X

�2f0;1g

n

; j�j=k

�

f

ij

(x

ij

� �

i

)

�

:

Symmetry between rows and 
olumns of a matrix entails the following

lemma, when evaluating the determinants appearing in




T or

r

T :

Lemma 18 Given any matrix

�

f

ij

(x

ij

)

�

1�i;j�n

, �xing a sign �, then one has

X

�2f0;1g

n

; j�j=k

�

�

f

ij

(x

ij

� �

j

)

�

�

=

X

�2f0;1g

n

; j�j=k

�

�

f

ij

(x

ij

� �

i

)

�

�

: (42)

Indeed, any term in the expansion of the determinant of the original ma-

trix will be transformed a

ording to T

�

k

and will be found in the expansion

of one of the determinants of ea
h side of equation (42).

By abuse of language, we shall write




T

�

k

�

jf

ij

(x

ij

)j

�

and

r

T

�

k

�

jf

ij

(x

ij

)j

�

for the above two sums of determinants.

For example, writing only the shifts in the x

ij

's, the equality




T

+

1

=

r

T

+

1

reads, for a determinant of order 3 :

�

�

�

+1 : :

+1 : :

+1 : :

�

�

�

+

�

�

�

: +1 :

: +1 :

: +1 :

�

�

�

+

�

�

�

: : +1

: : +1

: : +1

�

�

�

=

�

�

�

+1 +1 +1

: : :

: : :

�

�

�

+

�

�

�

: : :

+1 +1 +1

: : :

�

�

�

+

�

�

�

: : :

: : :

+1 +1 +1

�

�

�

:

Noti
e that the determinants appearing on the right and on the left are

di�erent, though their sums are equal.

We 
ould have written the sum of all T

k

, k = 0; : : : ; n, in one stroke :

�

T

0

+ zT

1

+ � � �+ z

n

T

n

�

�

�

�

�

f

ij

(x

ij

)

�

�

�

�

=

�

�

�

f

ij

(x

ij

) + z f

ij

(x

ij

+

1)

�

�

�

; (43)

and this renders symmetry between rows and 
olumns even more evident.

Let A be of 
ardinality n. Then the two algebras generated by the T

�

k


an

be made a
t on Sym(A ), by making them operate on the Ja
obi-Trudi de-

terminants of 
omplete fun
tions expressing S
hur fun
tions, and extending

the a
tion by linearity.

Theorem 19 Let A be of 
ardinality n and S belong to Sym(n). Then T

+

S

is the operator \multipli
ation by S(A )" and T

�

S

a
ts by f(A ) 7! D

S

(f)(A ).

Proof. We have to test the a
tion of the T

�

k

= T

�

�

k

on the linear basis of

S
hur fun
tions S

J

(A ), but we shall rather take the Vandermonde matri
es

V

J

. Shifting the exponents uniformly by r in row i of V

J

has the e�e
t

of multiplying its determinant by a

r

i

, and more generally, multiplying V

J
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by a monomial a

K


an be realized by in
reasing exponents by k

1

; : : : ; k

n

in

su

essive rows. Therefore

�

k

(A )V

J

(A ) =

r

T

+

k

(V

J

(A )) : (44)

Noti
e that




T

+

k

(V

J

(A )) =

X

�2f0;1g

n

; j�j=k

V

J+�

(A ) = �(A )

X

�

S

J+�

(A ) = �(A )




T

+

k

(S

J

(A ))

(45)

gives a des
ription of the produ
t of a S
hur fun
tion by an elementary

symmetri
 fun
tion that is 
alled Pieri formula, and that we shall 
omment

with more details in the next se
tion.

Some 
are is needed to identify T

�

k

by using its a
tion on V

J

(A ) rather

than S

J

(A ). The operator is not \multipli
ation by �

k

(A

_

)", be
ause the

operation of de
reasing degrees by 1 sends a

0

i

onto 0, and not onto 1=a

i

, if we

want this a
tion to be 
oherent with S

j

= 0 for j < 0. However, if J � 1

n

,

then

�

k

(A

_

)S

J

(A ) = �

n�k

(A )S

J=1

n

(A ) = T

�

k

(S

J

(A )) :

To identify T

�

k

, we use

r

T

�

k

operating on S
hur fun
tions. The image of

S

j

(A ) is a sum of

�

n

k

�

determinants, ea
h of whi
h is null ex
ept for the last

one

S

J=0

n�k

1

k(A ) = D

�

kS

J

(A ) :

The operator




T

�

k

allows us to re
over the dual Pieri formula :

S

J=0

n�k

1

k
(A ) =




T

�

k

(S

J

(A )) =

r

T

�

k

(S

J

(A )) =

X

�2f0;1g

n

; j�j=k

S

J��

(A) ;

be
ause one 
an restri
t the pre
eding sum to terms su
h that J � � is a

partition, the other terms are 0 (having two identi
al 
olumns). QED

For example, the a
tion of T

�

2

on S
hur fun
tions of order 3 reads :

�

�

�

: : :

�1 �1 �1

�1 �1 �1

�

�

�

=

�

�

�

�1 �1 :

�1 �1 :

�1 �1 :

�

�

�

+

�

�

�

�1 : �1

�1 : �1

�1 : �1

�

�

�

+

�

�

�

: �1 �1

: �1 �1

: �1 �1

�

�

�

:

The operators T

+

	

K

have been in parti
ular 
onsidered by Muir, who ob-

tained the following 
orollary, that one 
an 
he
k dire
tly on minors of the

Vandermonde matrix (and that we also give for T

�

	

K

at the same time) :
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Corollary 20 Let K; J be two partitions in N

n

and A be of 
ardinality n.

Then

	

K

(A )S

J

(A ) =

X

H=perm(K)

S

J+H

(A ) ; (46)

D

	

K

�

S

J

(A )

�

=

X

H=perm(K)

S

J�H

(A ) ; (47)

sum over all di�erent permutations H of K.

For example, for A = fa; b; 
g, the produ
t of �(A )S

125

(A ) by 	

22

(A ) is :

a

2

a

1

a

3

a

7

b

2

b

1

b

3

b

7




1




3




7

+

a

2

a

1

a

3

a

7

b

1

b

3

b

7




2




1




3




7

+

a

1

a

3

a

7

b

2

b

1

b

3

b

7




2




1




3




7

=

a

1+2

a

3+2

a

7

b

1+2

b

3+2

b

7




1+2




3+2




7

+

a

1+2

a

3

a

7+2

b

1+2

b

3

b

7+2




1+2




3




7+2

+

a

1

a

3+2

a

7+2

b

1

b

3+2

b

7+2




1




3+2




7+2

:

As in the 
ase of elementary fun
tions seen above, if there exists ` su
h

that K � � := `

n

� J , then

T

�

	

K

(V

J

(A )) = T

�

	

��K

(V

J��

(A )) =

	

��K

(A )

	

�

(A )

V

J

(A ) = 	

K

(A

_

)V

J

(A ) ;

and in that 
ase T

�

	

K

is also realized by a multipli
ation.

The spe
ial 
ase of Muir's rule for K = [k; 0

n�1

℄ is 
alled Murnaghan-

Nakayama rule. The a
tion of D

	

k

on a S
hur fun
tion S

J


onsists in sub-

tra
ting in all possible manners k to a part of J . To get S
hur fun
tions

indexed by partitions, one must reorder the 
olumns of the determinant

S

J+[0���0 k 0���0℄

. This 
orrespond to subtra
ting in all possible manners a 
on-

ne
ted ribbon of length k to the diagram of J , taking as a sign (�1)

h�1

, h

being the height of the ribbon (
ounting 1 for an horizontal ribbon). This rule

is iterated to 
ompute values of irredu
ible 
hara
ters of symmetri
 groups.

Conversely, multipli
ation by 	

k

(A ) is realized by adding 
onne
ted rib-

bons of length k to the diagram of J .

Corollary 21 (Murnaghan-Nakayama). Let k be an integer, J be a parti-

tion. Then

	

k

(A )S

J

(A ) =

X

H

(�1)

h�1

S

H

(A ) (48)

D

	

k

�

S

J

(A )

�

=

X

H

(�1)

h�1

S

H

(A ) (49)
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sum over all partitions H su
h that H=J (resp. J=H) is a 
onne
ted ribbon

of length k, h being its height.

For example,

	

3

S

22

=

�

�

�

� �

� �

�

�

� �

� �

� �

�

� � �

� � � �

+

� �

� � � � �

D

	

2

�

S

2235

�

=

� �

� �

� � �

� � � � �

�

� �

� �

� � �

� � � � �

+

� �

� �

� � �

� � � � �

ACE > Tos(p3*s[2,2℄);

s[2,2,1,1,1℄ - s[2,2,2,1℄ - s[4,3℄ + s[5,2℄

ACE > SfDiff(p2, s[5,3,2,2℄);

s[5,3,2℄ - s[5,3,1,1℄ + s[3,3,2,2℄

Formula (46) 
an be used to express a monomial fun
tion into the basis

of S
hur fun
tions :

	

K

= 	

K

S

0

jKj

=

X

H=perm(K)

S

H

: (50)

For example, writing only the non-zero terms,

	

22

= S

000022

+ S

000202

+ S

002020

= S

22

� S

112

+ S

1111

:

We have seen that

r

T

�

k

(S

J

(A )) is restri
ted to a single non-zero determi-

nant. This property is in fa
t true for any S
hur fun
tion :

Lemma 22 Let A be arbitrary, and K;L be two partitions in N

n

. Then

r

T

+

S

L

�

S

K

(A )

�

= det

�

S

k

j

+j�i+`

n+1�i

(A )

�

; (51)

r

T

�

S

L

�

S

K

(A )

�

= det

�

S

k

j

+j�i�`

i

(A )

�

= S

K=L

(A ) : (52)

Proof. The terms in the a
tion of

r

T

+

S

L

on S

K

are in bije
tion with the terms

in the a
tion of




T

+

S

L

on the Vandermonde matrix V

0

n

(B ), where B is of


ardinality n. Two terms equal, up to a sign, in the se
ond sum, are also

equal, up to a sign, in the �rst sum. Sin
e the se
ond sum redu
es to a single

term, the �rst one also does. One 
an pass from the �rst statement to the

se
ond one, by taking 
omplementary partitions. QED
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For example, be
ause S

12

= 	

12

+ 2	

111

, the a
tion of

r

T

+

S

12

on a deter-

minant of order 4 will be, writing the shifts in su

essive rows as a ve
tor,

and eliminating the null determinants :

[2100℄ + [1020℄ + [0210℄ + 2[1110℄ :

The terms [1020℄ and [0210℄ are ea
h obtained from [1110℄ by a transposition

of rows, and therefore the sum redu
es to the single term [2100℄.

Noti
e that if A is of 
ardinality equal to n, then the a
tion of T

+

S

L

is

\multipli
ation by S

L

(A )". If, on the 
ontrary, A is of 
ardinality bigger

than n, one still has, for K;L 2 N

n

r

T

+

S

L

�

S

K

(A )

�

=




T

+

S

L

�

S

K

(A )

�

=

X

H2N

n

(S

K

S

L

; S

H

)S

H

(A ) ;

but T

+

S

L

(S

K

(A )) is not equal to S

L

(A )S

K

(A ).

For example,

r

T

+

1

(S

25

(A )) =

�

S

3

S

7

S

1

S

5

�

= S

36=01

(A ) = S

35

(A )+S

26

(A ) = S

1

(A )S

25

(A )�S

125

(A ) :

The T

k

operators 
an be applied to other determinants than Ja
obi-Trudi

determinants, or Vandermondes. For example, let f(x) be the fun
tion

f(x) = 1=x! if x 2 N

n

and 0 otherwise

To a ve
tor x = [x

1

; : : : ; x

n

℄, asso
iate the matrix

D(x) := [f(x

j

+ j � i)℄ :

Then

r

T

+

2

�

D([2; 4; 4; 6℄)

�

=

�

�

�

�

�

�

�

�

1

3!

1

6!

1

7!

1

10!

1

2!

1

5!

1

6!

1

9!

1

0!

1

3!

1

4!

1

8!

0

1

2!

1

3!

1

7!

�

�

�

�

�

�

�

�

=




T

+

2

�

D([2; 4; 4; 6℄)

�

=

= D([3; 4; 5; 6℄) +D([3; 4; 4; 7℄) +D([2; 5; 5; 6℄) +D([2; 4; 5; 7℄) ;

the zero determinants like D([3; 5; 4; 6℄) not having been written.

In that 
ase, the operator T

+

2

does not 
orrespond to a multipli
ation.

In fa
t D(x) is the dimension of the irredu
ible representation of index x

of the symmetri
 group, and the equality of dimension 
an be obtained by

spe
ialization of the S
hur fun
tions

S

3557=0011

= S

3456

+ S

3447

+ S

2556

+ S

2457

:
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We leave it to the reader to use the T operators to show that, for A of


ardinality n, and two partitions K = [k

1

; : : : ; k

n

℄, L = [`

1

; : : : ; `

n

℄, one has

det

�

	

k

i

+`

j

+i+j�2

(A )

�

1�i;j�n

= S

K

(A )S

L

(A ) det

�

	

i+j

(A )

�

: (53)

For example, for n = 3, one has

�

�

�

�

�

�

	

1

	

2

	

5

	

4

	

5

	

8

	

7

	

8

	

11

�

�

�

�

�

�

= S

023

(A )S

113

(A )

�

�

�

�

�

�

	

0

	

1

	

2

	

1

	

2

	

3

	

2

	

3

	

4

�

�

�

�

�

�

:

� Pieri formulas

We are mostly using the linear basis of S
hur fun
tions. Still, Sym is

a ring, and to re
over its multipli
ative stru
ture, one needs to des
ribe the

produ
t of two S
hur fun
tions. This is given by the so-
alled Littlewood-

Ri
hardson Rule, whi
h is better stated, and proved, in terms of non-
ommutative

symmetri
 fun
tions (
f. the relevant se
tion). Sin
e produ
ts �

I

or S

I

also


onstitute linear bases, we shall 
ontent ourselves, for the moment, to de-

s
ribe the produ
t of general S
hur fun
tions by a 
omplete or elementary

symmetri
 fun
tion to determine the multipli
ative stru
ture. The produ
ts

S

r

S

J

and �

r

S

J

, r 2 N , J partition, were in fa
t determined by the Ital-

ian geometer Pieri in 1873. They have the remarkable property of being

multipli
ity free.

In fa
t, sin
e an elementary symmetri
 fun
tion is a monomial fun
tion,

we already know, from (45) how it a
ts by multipli
ation on S
hur fun
tions.

We shall however reinterpret this multipli
ation.

First, let us introdu
e two notations for family of partitions dedu
ed from

a given one I = [i

1

; : : : ; i

n

℄. The symbols fI 
 kg and fI 
 1

k

g respe
tively

denote all the partitions J of weight jJ j = jIj+ k su
h that

fI 
 kg := fJ = [j

0

; : : : ; j

n

℄; 0 � j

0

� i

1

� j

1

� � � � � i

n

� j

n

g; (54)

fI 
 1

k

g := fJ : J

�

2 fI

�


 kgg ; (55)

that is, the families of partitions obtained from I by adding horizontal (resp.

verti
al) strips of k boxes.

The two above sets of partitions satisfy the property of being distributive

sublatti
es of the latti
e of partitions of a given weight. To show it, we �rst

must 
ode di�erently the partitions J 2 fI 
 kg. Let us write J

�

:= J � I

(as ve
tors). Instead of J , we use the 
umulative sum J

�

.
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For example, for I = [0; 1; 3; 4℄, k = 2, we shall have the following latti
e

(with three labellings) :

1234

. &

1144 0334

. & .

1135 0244

& .

0235

#

0145

#

0136

J

1100

. &

1010 0200

. & .

1001 0110

& .

0101

#

0011

#

0002

J

�

1222

. &

1122 0222

. & .

1112 0122

& .

0112

#

0012

#

0002

J

�

Lemma 23 Given a partition I and k 2 N, then fI 
 kg is a distributive

sublatti
e of the latti
e of partitions, with minimal element I + [0 � � � 0k℄ and

maximal element I [ k.

Proof. The latti
e stru
ture is seen on the ve
tors J

�

(noti
e that J

�

= J�I).

The 
ondition that J belongs to fI 
 kg is equivalent to the fa
t that J

�

is

integral ve
tor, with jJ

�

j = k, 
omponentwise majorized by [i

1

� 0; i

2

�

i

1

; i

3

� i

2

; : : : ; i

`

� i

`�1

; 1℄. QED

Lemma 24 Let k be a positive integer, I be a partition. Then one has the

following de
ompositions :

S

k

S

I

=

X

J2fI
kg

S

J

; (56)

�

k

S

I

=

X

J2fI
1

k

g

S

J

: (57)

Repla
ing I by [0

k

; I℄, the last sum 
an be written

P

H

S

H

, sum over

all H 2 N

n+k

su
h that h

1

� i

1

; : : : ; h

n+k

� i

n+k

are 0 or 1, and jHj =

jIj + k, be
ause the extra terms su
h that H is not a partition index null

determinants. Now (45) states that this last sum is equal to the produ
t

�

k

S

I

.

The involution A 7! �A ex
hanges the two Pieri formulas (and graphi-


ally, 
onjugation ex
hanges horizontal strips with verti
al ones). QED

Pieri rules also o

ur in the non 
ommutative world, as shows the follow-

ing proposition.

Proposition 25 Let R be a ring 
ontaining a family of elements s

J

, J =

all partitions, satisfying (56) for all r; J . Then the Z-module generated by

the s

J

is a subring, whi
h is a quotient of the ring of symmetri
 polynomials

with 
oeÆ
ient in Z.

The proof follows from the fa
t that the leading term (for the dominan
e

order) in a produ
t S

r

S

J

is S

(r;J)

, with (r; J) := in
reasing reordering of

32



[r; j

1

; j

2

; : : :℄. By re
ursion, it allows to obtain all S
hur fun
tions, starting

from the S

r

's, it proves that they 
ommute and 
an be expressed as deter-

minants in the S

r

's .

In the 
ommutative 
ase, the proposition is due to Giambelli, who used it

to 
hara
terize the 
ohomology ring of a Grassmann manifold as a quotient

of Sym

3

. S
hensted algorithm satisfy the non 
ommutative produ
t identity

S

2

S

J

=

P

S

K

, and this imply the non 
ommutative Pieri rules. Starting

from the geometri
al problem of interse
ting S
hubert 
y
les, one is led to

the non 
ommutative world as the simplest way to des
ribe these interse
tion

in a 
ohomology ring.

Exer
ises

Ex. 1 Let A be arbitrary, k be a positive integer. Expand the produ
t

S

k

(1� zA ) �

z

(A ) in the basis of S
hur fun
tions.

Corr.Ex.1. Take B of 
ardinality k. Then

S

k

(1� zB )�

z

(A ) = �

z

(A

�

B ) = (�1)

k

X

j

z

j

S

1

k

; j�k

(B ; A ) :

The spe
ialization S

i

(�B ) = S

i

(�A ), i = 0; : : : ; k 
onsists in repla
ing B by A in

the determinants S

1

k

;j�k

(B ; A ), be
ause B o

urs in degree k at most in them. In

summary,

S

k

(1� zB ) �

z

(A ) = (�1)

k

X

j

z

j

S

1

k

; j�k

(A ) :

Ex1:=pro
(k,n) lo
al i,pol;

pol:=1+
onvert([seq((�z)

i

*e.i,i=1..k)℄,`+`);

map(Tos,taylor( pol*(1+
onvert([seq(z

i

*h.i,i=1..n)℄,`+`)),z, n+1), 
olle
t);

end:

ACE > Ex1(3,6);

s[℄ -s[1,1,1,1℄z

4

-s[2,1,1,1℄z

5

-s[3,1,1,1℄z

6

+s[℄O(1)z

7

3

In the non 
ommutative 
ase, be
ause multipli
ation is an asso
iative operation, one

needs only to des
ribe produ
ts xy t, x; y letters, t tableau, to get all produ
ts of tableaux

by in
reasing or de
reasing words.
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Ex. 2 Let I 2 N

m

, J 2 N

n

. Given H 2 N

n

, denote

H

!

+ J := (j

1

+ h

n

; : : : ; j

n

+ h

1

). Che
k that

S

I;J

(A ; B ) =

X

H

(�1)

jHj

S

I=H e

(A )S

J+H

!

(B ) ;

sum over all partitions H 2 N

n

, H � m

n

.

In parti
ular, for n = 1, one has

S

I;j

(A ; B ) =

X

0�h�m

(�1)

h

S

I=1

h(A )S

j+h

(B ) :

Ex. 3 Let I = [i

1

; : : : ; i

r

℄ be a partition, n an integer : n � i

r

. Che
k that

S

I;0

n

(A ; B ) = S

I

(A � B ) :

Corr.Ex.3. Sin
e B is arbitrary, one 
annot dire
tly apply the transformation

lemma (7) whi
h requires 
ardinality 
onditions on alphabets to be subtra
ted .

However, the Lapla
e expansion along the last n 
olumns imply the result, be
ause

the list of partitions 
ontained in I is a subset of the list of partitions obtained by

taking minors in the last n 
olumns.

# in
r=in
reasing partition, lA=list of alphabets

MultiS
hur:=pro
(in
r,lA) lo
al n,i,j,ma;

n:=nops(in
r);

transpose(array([seq(

map(pro
(x,i,ll) if (x>0) then s[x℄(op(i,ll)) elif (x=0)

then 1 else 0 fi end,[seq(in
r[i℄-j+i,j=1..n)℄,i,lA),i=1..n)℄ ));

end;

ExS
hur2:=pro
(pa,n) lo
al i,v; # pa=de
reasing partition

v:=[seq(pa[nops(pa)-i℄,i=0..nops(pa)-1) ,0$n℄;

MultiS
hur(v, [A1$nops(pa), A2$n℄)

end:

ACE > aa:=ExS
hur2([2,1℄, 3);

aa :=

2

6

6

6

6

4

s[1℄(A1) s[3℄(A1) s[2℄(A2) s[3℄(A2) s[4℄(A2)

1 s[2℄(A1) s[1℄(A2) s[2℄(A2) s[3℄(A2)

0 s[1℄(A1) 1 s[1℄(A2) s[2℄(A2)

0 1 0 1 s[1℄(A2)

0 0 0 0 1

3

7

7

7

7

5

ACE > SfAExpand(det(aa));

s[2,1℄(A1)-s[1℄(A2) s[1,1℄(A1) -s[1℄(A2) s[2℄(A1) +s[1℄(A1) s[1,1℄(A2)

+ s[1℄(A1) s[2℄(A2) - s[2,1℄(A2)

ACE > SfAExpand(s[2,1℄(A1-A2));

s[2,1℄(A1)-s[1℄(A2) s[1,1℄(A1) -s[1℄(A2) s[2℄(A1) +s[1℄(A1) s[1,1℄(A2)

+ s[1℄(A1) s[2℄(A2) - s[2,1℄(A2)

34



There is, however, a better reasoning. Be
ause i

r

� n, the Lapla
e expansion

will involve only S
hur fun
tions S

J

(B ) with `(J) � n. Therefore, one 
an suppose

that B be of 
ardinality n, in whi
h 
ase subtra
ting B in the �rst r rows produ
es

the blo
k S

I

(A

�

B ).

Ex. 4 Let n be an integer. Build a n � n matrix with a �rst 
olumn of

indeterminates y

i

, and entries [i; i℄ = x, entries [i�1; i℄ = �1, for i = 2; : : : ; n,

all other entries being 0, and 
ompute its determinant without expanding it.

For example, for n = 4, the matrix is

�

�

�

�

y

1

�1 0 0

y

2

x �1 0

y

3

0 x �1

y

4

0 0 x

�

�

�

�

.

Corr.Ex.4. Permuting rows and 
olumns, putting signs, one re
ognizes in

the determinant �

n;0

n

(A ; b), with b = �x, a rank 1 element, and �

i

(A ) = y

i

.

Therefore it is equal to the polynomial �

n

(A � b). One 
ould as well have seen

that the determinant is the resultant of �

n

(A � z) and z � x.

Ex. 5 Let m;n be two integers. Compute, after Composto (1916; MuirV,

p.349), the value of

det

��

m+ i+ j � 2

j

��

1�i;j�n

:

Corr.Ex.5. To see that one 
an apply the transformation lemma (7), let A be

of 
ardinality m, and let X

i

; Y

i

, 1 � i � n be of 
ardinality i

�

1.

Consider the determinant

M(A ;X;Y) := det

�

�

j

(A + X

j

+ Y

i

)

�

1�i;j�n

:

From (7) one 
an repla
e the X

j

by 0. Expanding by linearity in Y

i

, we similarly get

that the resulting matrix is the produ
t of

�

�

j

(A )

�

by

2

6

6

6

4

�

0

(Y

1

) 0 0 � � �

�

0

(Y

2

) �

1

(Y

2

) 0 � � �

�

0

(Y

3

) �

1

(Y

3

) �

2

(Y

3

) � � �

.

.

.

.

.

.

.

.

.

3

7

7

7

5

.

Therefore, M(A ;X;Y) = �

1

n

(A ) �

1

(Y

2

) � � ��

n�1

(Y

n

), and one gets the value

of the original determinant by spe
ializing all the letters in the di�erent alphabets

to 1, that is one gets

�

1

n

(m) = S

n

(m) =

�

n+m� 1

n

�

;

writing m for the spe
ialization of A . Noti
e that the essential fa
t whi
h allowed

us to simplify the determinant was that it had regularly in
reasing alphabets in

rows and 
olumns. The same 
omputation would have led to the evaluation, given

k 2 N, of det

�

�

j+k

(A + X

j

+ Y

i

)

�

.
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Ex. 6 Express S

J;r

(A ; x) as a determinant of smaller order when r < 0 (when

r = 0, we have expressed it as S

J

(A

�

x) in(17)).

Ex. 7 Let A , B be arbitrary, and let k be a positive integer. Show that

(�1)

k+2

S

1

k

;2

(A ; A

�

B ) = S

1;k+1

(B

�

A ;�A ) + S

k+2

(�B ) :

Corr.Ex.7. The involution A 7!

�

A in the argument of a S
hur fun
tion


orresponds to 
onjugation of partitions. It is more 
omplex to follow it in a

multi-S
hur fun
tion. The above identity is a 
ase where there is only an extra

term apart from the one indexed by (1

k

; 2)

�

= (1; k + 1).

Expanding both sides of the required identity with respe
t to B , we transform

them into

(�1)

k+2

�

S

1

k

2

(A ) + S

1

k

1

(A )S

1

(

�

B ) + � � � + S

1

k

;�k

(A )S

k+2

(

�

B )

�

=

S

1;k+1

(

�

A ) + S

k+1

(

�

A )S

1

(�B ) + S

k+2

(�B ) ;

the terms not written being null (=S
hur fun
tions with two identi
al 
olumns).

QED

Ex. 8 Using the fa
torization property (9), 
ompute the S
hur fun
tions

S

J

(A � B ) when A and B are of 
ardinality 1 or 2.

Corr.Ex.8. Let us take four letters, and A = x

1

+ x

2

, B = y

1

+ y

2

. Spe
ializing

some of them allow to re
over the smaller 
ardinalities.

We have nullities S

I

(A � B ) = 0 when I � [3; 3; 3℄. In the 
ase where I �

[2; 2℄; I 6� [3; 3; 3℄, on has a fa
torization of S

I

(A � B ) in three fa
tors given by (9).

There remains to expli
it the 
ase where I is a hook.

ACE > fa
tor(SfEval(s[4,2,1℄, x1+x2-y1-y2));

-(-x2+y2) (-x2+y1) (y1+y2) (x1x1+x1x2+x2x2) (-y2+x1) (x1-y1)

ACE > fa
tor(SfEval(s[6,1$3℄,x1-y1));

- x1

5

y1

3

(x1 - y1)

Ex. 9 Let I; J be partitions su
h that the diagram of J=I de
omposes into

disjoint blo
ks K

1

=H

1

; K

2

=H

2

; : : : ; K

`

=H

`

. Show that, for any A , S

J=I

(A )

fa
torizes into

S

J=I

(A ) = S

K

1

=H

1

(A ) � � � S

K

`

=H

`

(A ) :
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Ex. 10 Let A be of 
ardinality n, and I; J 2 N

n

. Show that the determinant

�

�

S

j

k

+k�h+i

n�h+1

(A )

�

�

fa
torizes into S

J

(A )S

I

(A ). What 
an be said if n is not the 
ardinality of

A ?

For example, for n = 3, I = [1; 3; 3℄, J = [2; 4; 6℄, one has

0 1 2 3

�1 0 1 3

�2 �1 0 1

2 4 6

=

�

�

�

�

�

�

S

5

S

8

S

11

S

4

S

7

S

10

S

1

S

4

S

7

�

�

�

�

�

�

= S

133

(A )S

246

(A ) :

hint: Use the expression in terms of �

i

.

Corr.Ex.10.

ACE > aa:= ProdS
hur([2,6℄, [0,2℄);

aa :=

�

h4 h9

h1 h6

�

ACE > fa
tor(Toe

n

(det(aa));

e2

2

(- e2 + e1

2

) (e1

4

- 3 e2 e1

2

+ e2

2

)

# Pre
eding determinant is s[ 84/20 ℄. Take 
onjugate partitions

ACE > map(Toe

n

, SfJtMat([[2$4,1$4℄,[1,1℄℄, 'e'));

2

6

6

6

6

6

6

6

6

6

6

4

e1 e2 0 0 0 0 0 0

1 e1 0 0 0 0 0 0

0 1 e2 0 0 0 0 0

0 0 e1 e2 0 0 0 0

0 0 0 1 e1 e2 0 0

0 0 0 0 1 e1 e2 0

0 0 0 0 0 1 e1 e2

0 0 0 0 0 0 1 e1

3

7

7

7

7

7

7

7

7

7

7

5

Ex. 11 Compute the adjoint matrix of a Ja
obi-Trudi matrix. For example

ACE > SfJtMat([5,4,1℄), map(Tos, adj(SfJtMat([5,4,1℄)));

2

4

h5 h6 h7

h3 h4 h5

0 1 h1

3

5

;

2

4

s[4; 1℄ �s[6; 1℄ s[6; 5℄

�s[3; 1℄ � s[4℄ s[5; 1℄ + s[6℄ �s[5; 5℄ � s[6; 4℄

s[3℄ �s[5℄ s[5; 4℄

3

5

37



Ex. 12 Let A be an alphabet of 
ardinality n. Des
ribe an algorithm to ex-

press the S

k

(A ) and 	

k

(A ), k > n, in terms of respe
tively S

1

(A ); : : : ; S

n

(A ),

	

1

(A ); : : : ;	

n

(A ).

Ex. 13 Ribbon fun
tions.

Che
k that the Ja
obi-Trudi matrix of a ribbon of height r is built from

its diagonal S




1

; : : : ; S




r

as follows: the diagonal below the main diagonal is

�lled with S

0

's. The entries below are 0. Ea
h entry [i; j℄, j � i, is equal to

S




i

+���+


j�1

.

Show that the produ
t of two ribbon S
hur fun
tions is equal to the sum

of two ribbon S
hur fun
tions.

Writing R

k

for the ribbon S

12:::k=12:::k�2

, show that

S

123456

=

�

�

�

�

�

�

R

2

R

3

R

4

R

3

R

4

R

5

R

4

R

5

R

6

�

�

�

�

�

�

;

using the pre
eding property (R

0

= S

0

; R

1

= S

1

; R

2

= S

12

; R

3

= S

123=1

; : : :).

When A = fa

1

; : : : ; a

n

g is �nite, show that if a ribbon R has a 
olumn of

height > n, then S

R

(A ) vanishes; if it has a 
olumn of height n, then S

R

(A )

fa
torizes into the produ
t of two ribbons multiplied by a

1

� � �a

n

.

Ex. 14 Let Z = z	

1

� z

3

	

3

+ z

5

	

5

� � � � . Show that

tan(Z) =

z�

1

�

z

3

�

3

+

z

5

�

5

�

� � �

1� z

2

�

2

+ z

4

�

4

+ � � �

= zS

1

+z

3

S

12

+z

5

S

123=1

+� � �+z

2n�1

S

1:::n=1:::n�2

+� � �

Dedu
e from the above, after Cau
hy [5℄, Laguerre [26℄ and many other

mathemati
ians, that the elements of Sym(A ), when A is of 
ardinality n,

are rational fun
tions of

	

1

(A );	

3

(A ); : : : ;	

2n�1

(A ) :

Beware that it is not true that elements of Sym(A ) 
an be expressed as

rational fun
tions of S

1

(A ); S

3

(A ); : : : ; S

2n�1

(A ), for n � 3. The rationality

property is spe
i�
 to the basis of power sums.

Corr.Ex.14. From the de�nition of tan(), and from exp

�

P

i�1

(�z)

i

	

i

=i

�

=

P

z

i

�

i

, one gets the �rst equality. Using the determinantal expression of the


oeÆ
ients of the quotient �

�y

(B )=�

�y

(A ) of two series, for y = z

2

, and repla
ing
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�

i

(A ) by �

2i

, �

i

(B ) by �

2i+1

=�

1

, one re
ognizes in them the spe
i�ed S
hur

fun
tions. For example,

S

1234=12

= �

1234=12

=

�

�

�

�

�

�

1

�

3

�

5

�

7

�

0

�

2

�

4

�

6

0 �

0

�

2

�

4

0 0 �

0

�

2

�

�

�

�

�

= �

1

�

�

�

�

�

�

�

0

(B) �

1

(B) �

2

(B) �

3

(B)

�

0

(A ) �

1

(A ) �

2

(A ) �

3

(A )

0 �

0

(A ) �

1

(A ) �

2

(A )

0 0 �

0

(A ) �

1

(A )

�

�

�

�

�

�

:

Given a formal series f and two other series g; h su
h that f = g=h, then g; h

are of 
ourse not uniquely determined by f . However, one has here the 
onstraint

that the identity is valid for A of any 
ardinality. In other words, ea
h trun
ation

(z�

1

�� � �� z

2n+1

�

2n+1

)=(1�� � �� z

2n

�

2n

) or (z�

1

+ � � �� z

2n+1

�

2n+1

)=(1�� � � �

z

2n+2

�

2n+2

) is a rational approximation of tan(Z), and now the 
oeÆ
ients are

uniquely determined if the approximation exists ( normalizing the approximation

as (z + � � � )=(1 + � � � )).

Sin
e Z involves only the odd power sums, the elementary symmetri
 fun
tions

are rational fun
tions of the odd power sums. If A is of �nite 
ardinality n, then the

right member is a rational fun
tion, whi
h is determined by the Taylor expansion

of tan(Z) to the order involving the same number of parameters. Thus �

1

; : : : ;�

n

are rational fun
tions of 	

1

;	

3

; : : : ;	

2n+1

, and so is any symmetri
 fun
tion of

A .

Ex. 15 Let A be of 
ardinality n. Show, after Foulkes [11℄, that the expli
it

expression of �

n�k

(A ), 0 � k � n as a rational fun
tion in the odd power

sums is

�

n�k

(A ) = S

1:::n=1

k(A )=S

1:::n�1

(A ) ;

the two S
hur fun
tions being expressed in terms of power sums.

Corr.Ex.15. Take the determinantal expression of S

1:::n=1

k

= �

1:::n=k

in terms

of the �

i

. It fa
torizes, a fa
tor being equal to �

n�k

. One moreover knows that

S

1:::n

depends only on the odd power sums 	

1

;	

3

; : : : ;	

2;n�1

, be
ause one 
annot

remove of ribbon of even length from the diagram of [1; : : : ; n℄ (
f. (49)). On 
an

obtain the skew fun
tions S

1:::n=I

, any I, by derivation with respe
t to power sums,

and therefore they also involve only odd power sums.

Foulkes:=pro
(
ard) lo
al i,k;

option remember;

[p1,seq(Top(SfDiff(
at(e,(
ard-k)), s[seq(
ard-i,i=0..
ard-1)℄))/

Top(s[seq(
ard-i,i=1..
ard-1)℄),k=2..
ard)℄

end:

SfByOddPsi:=pro
(sf0,
ard) lo
al v,i,sf;

CLG_n(
ard); sf:=Toe_n(sf0); v:=Foulkes(
ard);

subs(seq(
at(e,i)=v[i℄,i=Sf2TableVar(sf,'e')), sf)
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end:

ACE> fa
tor(SfByOddPsi(p2,3));

2 5

5 p3 p1 + p1 - 6 p5

1/5 ---------------------

3

p1 - p3

ACE> simplify(SfEval(numer(%),a+b+
)/SfEval(denom(%),a+b+
)) ;

2 2 2

b + a + 


Ex. 16 Let A be any alphabet, m;n be two integers. Che
k that the adjoint

matrix of S

m

n

(A ) is the matrix of the quadrati
 formQ(x; y) := S

(m+1)

n�1

(A�

x� y).

Corr.Ex.16. Minors of S

m

n

(A ) are skew S
hur fun
tions. The expansion of

Q(x; y) also produ
es skew S
hur fun
tions that one has to 
he
k to be the same.

For example, the adjoint to S

6666

(A ) is

2

6

6

4

S

666

�S

667

S

677

�S

777

S

666=001

�S

667=001

S

677=001

�S

777=001

S

666=011

�S

667=011

S

677=011

�S

777=011

S

666=111

�S

667=111

S

677=111

�S

777=111

3

7

7

5

=

2

6

6

4

S

666

�S

667

S

677

�S

777

�S

566

S

567

+ S

666

�S

667

� S

577

S

677

S

556

�S

566

� S

557

S

567

+ S

666

�S

667

�S

555

S

556

�S

566

S

666

3

7

7

5

Ex. 17 De�ne a vertex operator on Sym as a formal series in z by

r := exp

�

X

n�1

z

n

	

n

=n

�

exp

�

X

n�1

z

�n

D

	

n

=n

�

and expand it a

ording to powers of z:

r =

+1

X

�1

r

n

:

For any ` 2 N , any v = [v

1

; : : : ; v

`

℄ 2 Z

`

, show that r

v

`

� � �r

v

1

(1) is equal to

the S
hur fun
tion of index v.

See ?? for more general operators, due to Jing, \
reating" Hall-Littlewood

polynomials.
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Corr.Ex.17. Identify Sym with Sym(A ). The right fa
tor of r is the operator

f 7! f(A � 1=z), as is 
he
ked on the basis 	

K

(A ). The se
ond fa
tor is \Multi-

pli
ation by �

z

(A )". Assuming the property to be true for length < `, we have,

for any I 2 Z

`�1

, any k 2 Z

r

k

�

S

I

(A )

�

= S

i

(A � 1=z)�

z

(A ) \ z

k

=

X

i;j

(�z)

�j

S

I=1

j

(A ) z

i

S

i

(A ) \ z

k

and this is the expansion of the determinant S

Ik

(A ) along its last 
olumn. QED

Ex. 18 Let A ; B ; C be three alphabets, k a positive integer. Express the

following determinant of order 10 :

M N

P Q

as a S
hur fon
tion, where

Q = 0,

M =

2

6

4

S

k

(C ) � � � S

k+7

(C )

.

.

.

.

.

.

S

k�6

(C ) � � � S

k+1

(C )

3

7

5

; N =

2

6

4

S

5

(A ) S

6

(A )

.

.

.

.

.

.

S

�1

(A ) S

0

(A )

3

7

5

; P =

2

4

S

0

(B ) � � � S

7

(B )

S

�1

(B ) � � � S

6

(B )

S

�2

(B ) � � � S

5

(B )

3

5

Generalize to any order.

Corr.Ex.18. Expanding the determinant along the last two rows, one would

get S
hur fun
tions of A indexed by partitions of length � 2. One thus loses no

information by supposing that A is of 
ardinality 2, and similarly, that B is of


ardinality 3.

Subtra
t now A in rows 1; : : : ; 5 and B in 
olumns 4; : : : ; 8. The new determi-

nant fa
torizes into

S

0

3
(B )S

(k+3)

5
(C � A � B )S

0

2
(A ) :

Ex. 19 Let A be �nite and B arbitrary. Following Mattia (MuirV, p.204),

show that one 
an repla
e, in the Vandermonde �(A ) of A , ea
h entry a

j

by

S

j

(A + B ) without 
hanging the value of �(A ). Show that it implies that

one 
an repla
e ea
h a

j

by the 
omplete fun
tion �

j

(A � a).

Corr.Ex.19. The Vandermonde �(A ) is a S
hur fun
tion S

n�1;n�2;:::;0

(a

1

; : : : ; a

n

),

but the transformation is not given by lemma (7) be
ause one modi�es ea
h row.

However, it also is given by multipli
ation by a triangular matrix with unit diag-

onal. One 
ould have even added or subtra
ted di�erent alphabets, A

1

; A

2

; : : : in

su

essive 
olumns.
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ACE > SfAVars(ffagg);

ffagg

ACE > ma:=matrix([seq( [1,seq(s[j-1℄(a.i-A.j), j=2..3)℄,i=1..3)℄);

ma :=

2

4

1 s[1℄(a1�A2) s[2℄(a1 �A3)

1 s[1℄(a2�A2) s[2℄(a2 �A3)

1 s[1℄(a3�A2) s[2℄(a3 �A3)

3

5

ACE > fa
tor(SfAExpand(det(ma)));

- (- a3 + a2) (- a3 + a1) (a1 - a2)

In the spe
ial 
ase where B = �A , getting rid of signs whi
h are uniform,

one obtains a determinant of elementary symmetri
 fun
tions in the subalphabets

A � a

i

.

Ex. 20 Let A be of 
ardinality n, and let x

1

; : : : ; x

n

be n indeterminates.

Compute the determinant

det

�

X

k

�

n+j�2�2k

(A )x

2k

i

�

1�i;j�n

:

Corr.Ex.20. The matrix is the produ
t of the Vandermonde matrix in the x

2

i

,

and of the matrix

�

�

n�i+j�1

(A )

�

)

1�i;j�n

. Therefore, its determinant is equal to

�

Y

(x

2

i

� x

2

j

)�

12:::n�1

(A ) = �

Y

(x

i

� x

j

)�

12:::n�1

(x

1

+ � � � + x

n

) �

12:::n�1

(A ) :

Ex. 21 Let n be a positive integer and A = f1; : : : ; ng. Show, after The-

isinger (1915; MuirV p. 205) that

1 +

1

2

+ � � �+

1

n

=

1

1! � � �n!

det(a

0

; a

2

; : : : ; a

n

)

a2A

:

Corr.Ex.21. The determinant is equal to �

n�1

(A )�(A ), and thus proportional

to the �rst elementary symmetri
 fun
tion of the alphabet f1=1; : : : ; 1=ng.

Ex. 22 Let n be an integer. Evaluate

1

S

1

+

S

2

S

1

S

11

+

S

22

S

11

S

111

+ � � �+

S

2

n

S

1

n

S

1

n+1

:
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Corr.Ex.22. Better use �

i

. By indu
tion on n, with Pieri formula, one 
he
ks

that the sum is equal to �

n

=�

n�1

.

Whittaker:=pro
(n) lo
al i;

1/e1 + 
onvert([seq( s[2$i℄/e.i/e.(i+1),i=1..n)℄,`+`)

end:

ACE > aa:= Whittaker(4);

aa :=

1

e1

+

s[2℄

e1 e2

+

s[2; 2℄

e2 e3

+

s[2; 2; 2℄

e3 e4

+

s[2; 2; 2; 2℄

e4 e5

ACE > simplify(Toe(numer(aa))/denom(aa));

e4/ e5

This expression is used by Whittaker (MuirV, p.272) as an approximation of

the smallest root of �

x

(A ) = 0.

Ex. 23 Use Muir's formula to expand the monomial fun
tions 	

1

�

2

�
,

�; � 2 N , in the basis of S
hur fun
tions.

For example,

	

1222

= S

1222

� 2S

11122

+ 3S

1

5

2

� 4S

1

7

:

Ex. 24 Given two positive integers k; n, show that 	

k

n

expands as a sum of

S
hur fun
tions with 
oeÆ
ients �1.

Ex. 25 Using shift operators on Ja
obi-Trudi determinants, reprove Pieri

formulas for multipli
ation by �

k

, by S

2

and by S

3

.

Corr.Ex.25. For the mutipli
ation of S

I

by �

k

, one �rst 
on
at 0

k

to I. Now

r

T

+

k

(S

0

k

I

) redu
es to a single non-zero determinant, the one where indi
es have

been in
reased in the �rst k rows. This determinant fa
torizes into �

k

S

I

, and

therefore




T

+

k

gives the multipli
ation by �

k

.

For the multipli
ation by S

2

or S

3

, one writes S

2

= 	

2

+	

11

, S

3

= 	

3

+	

12

+

	

111

. One has to 
he
k that the terms S

I+H

, with H a permutation of [0 � � � 02℄,

[0 � � � 011℄; [0 � � � 03℄, [0 � � � 012℄, [0 � � � 0111℄ are zero fun
tions, or 
an
el two by two,

and that the terms whi
h survive are exa
tly those su
h that J=I is an horizontal

strip.
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Ex. 26 Show that the set of partitions f[0038℄
 5g is equal to the disjoint

union

f[0035℄
 8g [ f[0068℄
 2g :

Relate this property to the vanishing of the determinant

�

�

�

�

�

�

S

3

S

6

S

9

S

2

S

5

S

8

S

2

S

5

S

8

�

�

�

�

�

�

.
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Re
urrent Sequen
es

'
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'
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'
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Given a positive integer k, a sequen
e S

0

; S

1

; S

2

; : : : is re
urrent of order

k if there exists 
onstants 


1

; : : : ; 


k

su
h that, for n � k,

S

n

+ 


1

S

n�1

+ � � �+ 


k

S

n�k

= 0 : (58)

The polynomial

x

k

+ 


1

x

k�1

+ 


2

x

k�2

+ � � �+ 


k

is 
alled the 
hara
teristi
 polynomial of the re
urren
e. Writing it R(x; A ),

with A the alphabet of zeroes of the 
hara
teristi
 polynomial, one has that




i

= S

i

(�A ) = (�1)

i

�

i

(A ) : (59)

Expanding S

n

(A � A ) = 0, n > 0, one sees that for any r �

�

k

+

1,

�

S

r

(A ); S

r+1

(A ); S

r+2

(A ); S

r+3

(A ); : : :

�

is a re
urrent sequen
e with 
hara
teristi
 polynomial R(x; A ). A linear


ombination of su
h sequen
es is still a re
urrent sequen
e with same 
har-

a
teristi
 polynomial.

Let us normalize the sequen
e by imposing S

0

= 1. One has k

�

1 free

parameters S

1

; : : : ; S

k�1

to determine the sequen
e, and this is best realized

by introdu
ing an alphabet B of 
ardinality � k

�

1 su
h that

S

1

= S

1

(A

�

B ); : : : ; S

k�1

= S

k�1

(A

�

B ) : (60)

Indeed, the equations

k

X

i=0

S

n�i

(A

�

B )S

i

(

�

A ) = S

n

((A

�

B ) � A ) = S

n

(�B ) = 0 for n � k (61)

are just a rewriting of (58). The alphabet B is determined by the equations

S

j

(�B ) = S

j

�

(A

�

B ) � A

�

; 1 � j � k

�

1 : (62)

Therefore, any re
urrent sequen
e with 
hara
teristi
 polynomial R(x; A )

(su
h that S

0

= 1) is of the type S

n

= S

n

(A

�

B ), and the spa
e of sequen
es

of 
hara
teristi
 polynomial R(x; A ), with arbitrary S

0

, is of dimension k.
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Be
ause S

n

(A

�

B ) = S

n

(A )+S

1

(

�

B )S

n�1

(A )+ � � �+S

k�1

(

�

B )S

n�k+1

(A ),

our writing of the general solution of equations (58) with S

0

= 1, as S

n

=

S

n

(A

�

B ), is equivalent to saying that we have taken as fundamental solutions

S

n

= S

n

(A ); : : : ; S

n

= S

n�k+1

(A ) :

Let us indeed 
he
k that every solution is a linear 
ombination of them.

Consider the determinant of order k + 1 :

�

�

�

�

�

�

�

S

n

S

n�k+1

(A ) � � � S

n

(A )

.

.

.

.

.

.

.

.

.

S

n�k

S

n�2k+1

(A ) � � � S

n�k

(A )

�

�

�

�

�

�

�

:

Subtra
ting A in the �rst row fa
torizes the determinant, S

n

being repla
ed

by S

n

+ S

1

(

�

A )S

n�1

+ � � �+ S

k

(

�

A )S

n�k

whi
h is null. Therefore the deter-

minant is null, and its 
olumns are linearly dependent. QED

Suppose that all elements of A are distin
t. In that 
ase, the sequen
es

(1; a; a

2

; a

3

; : : :), a 2 A , are k linearly independent solutions of (58). This

implies that for any B of 
ardinality k

�

1 (smaller 
ardinalities are obtained

by spe
ializing some letters to 0), there exists 
onstants m

a

, for a 2 A su
h

that

S

n

(A

�

B ) =

X

a2A

m

a

a

n

; n � 0 : (63)

The expli
it relations between these two parametrizations of the general

solution of (58) satisfying S

0

= 1 is given by Lagrange interpolation. Indeed,

the S

n

(A

�

B ) are the su

essive 
oeÆ
ients in the Taylor expansion of the

rational fun
tion

Q

b

(1�zb)=

Q

a

(1�za), that one 
an de
ompose into rational

fun
tions having a simple pole (de�ning x = 1=z) :

X

n

z

n

S

n

(A

�

B ) =

Q

b2B

1� zb

Q

a2A

1� za

=

xR(x; B )

R(x; A )

=

X

a2A

R(a; B )

(1� za)R(a; A

�

a)

=

X

n

z

n

X

a

a

n

R(a; B )

R(a; A

�

a)

(64)

Therefore, the 
oeÆ
ient m

a

is a residue in x = a :

m

a

=

R(a; B )

R(a; A

�

a)

=

S

k�1

(a� B )

S

k�1

(2a� A )

: (65)

On
e more, one 
an 
ontrol the fa
t that all solutions are a linear 
om-

bination of S = (1; a; a

2

; a

3

; : : :), a 2 A , by 
he
king the vanishing of the
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following determinant of order k (we have numbered the elements of A to

write the determinant) :

�

�

�

�

�

�

�

S

n

a

n

1

� � � a

n

k

.

.

.

.

.

.

.

.

.

S

n�k

a

n�k

1

� � � a

n�k

k

�

�

�

�

�

�

�

:

Indeed, its Lapla
e expansion along the �rst 
olumn gives

k

X

0

S

n�i

(�1)

i

�

i

(A )

multiplied by the 
ofa
tor of S

n

(whi
h is equal to det ja

n�i

j

j

1�i;j�k

), and thus

is just a multiple of the de�ning equation of the re
urren
e. QED

Noti
e that writing S

n

= S

n

(A

�

B ) is also valid when several elements of

A 
oin
ide, 
ontrary to the present situation where the expression must be

transformed in that 
ase.

The 
ase S

n

= 	

n

=k is spe
ially interesting. We know that we 
an write

it S

n

= S

n

(A

�

B ) for some B . In fa
t, this alphabet B is found by taking the

logarithmi
 derivative of S

k

(x� A ), whi
h is

S

k�1

(x

+

x� A )

S

k

(x� A )

=

X

a

1

x� a

=

X

n

x

�1�n

	

n

(A ) :

Therefore the numerator of the above rational fun
tion gives

S

k�1

(x

+

x� A ) = k S

k�1

(x� B )

and, more expli
itely,

�

i

(B ) =

k � i

k

�

i

(A ) ; i = 0; : : : ; k : (66)

Given the Taylor expansion of a rational fun
tion R(x; B )=R(x; A ), we

know from proposition 9 how to re
over symmetri
 fun
tions of A , or sym-

metri
 fun
tions of B . Taking partitions I = n

k

, one thus get the following

property whi
h was already known to Euler in the 
ase k = 2, and in general,

to Brios
hi (1854) and Sylvester (1862; MuirIII p.316).

Lemma 26 Given a re
urrent sequen
e of order k, writing it S

n

= S

n

(A

�

B ),

one has

det (S

n+j�i

)

1�i;j�k

= S

n

k(A

�

B ) = S

(k�1)

k(A

�

B )

�

�

k

(A )

�

n�k+1

; for n � k

�

1 :
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In other words,

�

S

n

k(A

�

B ); n � k

�

1

�

is a re
urrent sequen
e of order 1

and S

n

k(A

�

B )=S

(n�1)

k (A

�

B ) is an invariant of the sequen
e.

On
e 
an easily generalize the pre
eding property.

Proposition 27 Let

�

S

n

(A �B )

�

n�0

be a re
urrent sequen
e of order k. Let

J; I 2 N

k

. Then, for n big enough, one has that

S

(J+(n

+

1)

k

)=I

(A

�

B )=S

(J+n

k

)=I

(A

�

B )

is an invariant of the sequen
e (whi
h is equal to �

k

(A )).

Proof. We have given a fa
torization property (9) for diagrams of partitions


ontaining (k

�

1)

k

. The reasoning must be adapted to skew diagrams. Instead

of trying to transform the determinant expressing S

(J+n

k

)=I

(A

�

B ), to see

that one 
an extra
t �

k

(A ), it is easier to introdu
e a third alphabet C , of


ardinality r su
h that I � r

k

. Then

S

J+(n

+

1)

k
(A

�

B � C ) = �

k

(A )S

J+n

k
(A

�

B � C )

as soon as n � 
ard(B + C ) | one has even that S

J+n

k
(A

�

B � C ) =

S

(k�1+r)

k(A

�

B � C )S

J+(n

+

1

�

k

�

r)

k(A ). Taking the 
oeÆ
ient of S

I

(C ), one

gets the required property. QED

Re
urrent sequen
es are sensitive to the initial 
onditions, but also to the


hoi
e of the \origin"; shifting indi
es by 1, i.e. putting

S

n

(A

�

B

0

) = S

0

n

= S

n+1

=S

1

= S

n+1

(A

�

B )=S

1

(A

�

B )

amounts to a transformation B ! B

0

whi
h is not straightforward to expli
it.

It is easier to do it at the level of the generating fun
tion �

z

(B

�

A ), be-


ause, by de�nition :

�

z

(B

0

�

A ) =

1

z�

1

(B

�

A )

(�

z

(B

�

A ) � 1) :

This resolves into

�

j

(B

0

) =

�

�

j+1

A � �

j+

B

�

=

�

�

1

A � �

1

B

�

; j = 0; : : : ; k

�

1 :

The transformation S

0

n

= S

n+1

=S

1


an also be seen when writing S

n

=

P

a2A

m

a

a

n

; indeed

S

0

n

= S

n+1

=S

1

=

X

a2A

(m

a

a=S

1

) a

n

:

Wronski had been the �rst to noti
e that the initial 
onditions for the

sequen
e of 
omplete fun
tions (that he 
alled aleph fun
tions �) 
ould be
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simpli�ed, and that the sequen
e S

n

with 
hara
teristi
 polynomial S

k

(x

�

A )

and initial 
onditions S

0

= 0 = � � � = S

k�1

; S

k

= 1, had solution

S

n

= S

n�k+1

(A ) :

Wronski further noti
ed that equation (58) 
ould be used to extend the se-

quen
e of aleph fun
tions to all n 2 Z :

Lemma 28 (Wronski). Let A be of 
ardinality k, A

_

= f1=a : a 2 A g.

Then the sequen
e

S

n

= (�1)

k�1

S

�n�k

(A

_

) �

k

(A

_

) ; n < 0 & S

n

= S

n

(A ) ; n � 0 (67)

satis�es

S

n

� �

1

(A )S

n�1

+ �

2

(A )S

n�2

� � � �+ (�1)

k

�

k

(A )S

n�k

= 0 ; n 2 Z :

In parti
ular, S

�1

= 0 = � � � = S

�k�1

, S

�k

= (�1)

k�1

�

�

k

(A )

�

�1

.

Proof. The equations

0 = S

n

(A � A ) =

k

X

i=0

S

n�i

(A )S

i

(

�

A ) ; n � 1

show that

�

S

n

= S

n

(A ) ; n �

�

k

+

1

�

is the sequen
e with 
hara
teristi
 poly-

nomial S

k

(x

�

A ) and initial 
onditions S

�k+1

= 0 = � � � = S

�1

, S

0

= 1. The

sequen
e

�

S

n�k+1

(A

_

) ; n � 0

�

has 
hara
teristi
 polynomial S

k

(x � A

_

) =

x

k

S

k

(�A

_

)S

k

(1=x�A ), and initial 
onditions 0; : : : ; 0; 1. But if we reverse it,

by indexing it with negative indi
es, the new sequen
e has also 
hara
teristi


polynomial S

k

(x

�

A ).

� � � S

2

(A

_

) S

1

(A

_

) S

0

(A

_

) 0 � � � 0

0 � � � 0 S

0

(A ) S

1

(A ) S

2

(A ) � � �

position �k�2 �k�1 �k �k+1 �1 0 1 2

To glue the two sequen
es into a single one, we have just to take into a

ount

the overlapping of initial 
onditions in positions �k and 0. We have to

multiply the sequen
e S

j

(A

_

) by the fa
tor (�1)

k�1

�

k

(A

_

) , to get a bi-

in�nite sequen
e

: : : ; (�1)

k�1

�

k

(A

_

)S

1

(A

_

); (�1)

k�1

�

k

(A

_

); 0; : : : ; 0

| {z }

k�1

; S

0

(A ); S

1

(A ); : : :

having 
hara
teristi
 polynomial S

k

(x

�

A ). This proves Wronski's statement.

QED
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More generally, re
urrent sequen
es with 
hara
teristi
 polynomial S

k

(x

�

A )

are sequen
es (S

n

: n 2 Z) satisfying

S

n

+ S

1

(

�

A )S

n�1

+ � � �+ S

k

(

�

A )S

n�k

= 0 8n 2 Z ; (68)

with \initial" 
onditions any set of k 
onse
utive elements.

We have already met the identity, for any j � 0,

S

j

(1� zA ) �

z

(A ) = 1 + (

�

z)

j

1

X

i=1

z

i

S

1

j

i

(A ) : (69)

It 
an be used to get a re
urrent sequen
e with 
hara
teristi
 polynomial

S

k

(x�A ) and initial 
onditions : S

0

arbitrary, S

1

= 0 = � � � = S

j

, S

j+1

; : : : ; S

k�1

arbitrary. Indeed :

Lemma 29 Let k; j be integers: k > j > 0, and A be of 
ardinality k. Let




j

; : : : ; 


k�1

be 
onstants. Then

S

n

:= 


j

S

1

j

; n�j

(A ) + � � �+ 


k�1

S

1

k�1

; n�k+1

(A )

is a re
urrent sequen
e with 
hara
teristi
 polynomial S

k

(x � A ), satisfying

the 
onditions

S

1

= 0; : : : ; S

j

= 0 :

Proof. Equation (69) 
an be interpreted as the fa
t that (�1)

j

S

1

j

; n�j

(A ) is a

re
urrent sequen
e with 
hara
teristi
 polynomial S

k

(x � A ), satisfying the


onditions S

0

= 1, S

1

= 0 = � � � = S

j

. Taking a linear 
ombination of su
h

sequen
es gives the lemma. QED

The re
urren
e (68) 
an be put into matrix form:

2

6

6

6

6

6

4

S

n

S

n�1

.

.

.

.

.

.

S

n�k+1

3

7

7

7

7

7

5

=

2

6

6

6

6

6

4

�

1

�

�

2

�

3

� � � ��

k�1

��

k

1 0 0 � � � 0 0

.

.

.

.

.

.

.

.

.

.

.

.

0 0 1 0

3

7

7

7

7

7

5

2

6

6

6

6

6

4

S

n�1

S

n�2

.

.

.

.

.

.

S

n�k

3

7

7

7

7

7

5

(70)

One has just added the relations S

n�i

= S

n�i

, i = 1; : : : ; k to the original

one!
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The above matrix is 
alled the 
ompanion matrix of the polynomial

S

k

(x� A ). It is 
onvenient to write it like

C :=

2

6

6

6

4

S

1

S

2;0

S

3;0;0

� � � S

k;0

k�1

S

0

S

1;0

S

2;0;0

� � � S

k�1;0

k�1

.

.

.

.

.

.

.

.

.

.

.

.

S

�k+2

S

�k+3;0

S

�k+4;0;0

S

1;0

k�1

3

7

7

7

5

: (71)

The matrix C is the matrix expressing the morphism \multipli
ation by x"

in the spa
e of polynomials in x modulo S

k

(x

�

A ) (in the basis of powers of

x). Its powers are easy to 
ompute :

C :=

2

6

6

6

4

S

n

S

n+1;0

� � � S

n+k�1;0

k�1

S

n�1

S

n;0

� � � S

n+k�2;0

k�1

.

.

.

.

.

.

.

.

.

S

n�k+1

S

n�k+2;0

S

n;0

k�1

3

7

7

7

5

: (72)

For example, for k = 4, the �rst powers are (not writing C

0

= 1) :

�

S

1

S

20

S

300

S

4000

1 : : :

: 1 : :

: : 1 :

�

;

�

S

2

S

30

S

400

S

5000

S

1

S

20

S

300

S

4000

1 : : :

: 1 : :

�

;

�

S

3

S

40

S

500

S

6000

S

2

S

30

S

400

S

5000

S

1

S

20

S

300

S

4000

1 : : :

�

;

�

S

4

S

50

S

600

S

7000

S

3

S

40

S

500

S

6000

S

2

S

30

S

400

S

5000

S

1

S

20

S

300

S

4000

�

Ea
h entry in position [i; j℄ of the su

essive powers C

n

is by 
onstru
tion a

re
urrent sequen
e with 
hara
teristi
 polynomial S

k

(x

�

A ). The su

essive

entries [4; 1℄ for example, are

0; 0; 0; 1; S

1

; : : :

The entries [4; 2℄ are

0; 0; 1; 0; S

2;0

= �S

11

; S

3;0

= �S

12

; : : :

The entries belonging to the same 
olumn 
orrespond to the same sequen
e,

but with a shift of indi
es.

In other words, the 
ompanion matrix allows to re
over the fa
t that the

hook S
hur fun
tions (�1)

j

S

1

j

;n

(for j �x), are a re
ursive sequen
e with all

initial elements equal to 0, ex
ept one whi
h is equal to 1. Expli
itely,

S

�k+1+j;0

j
= 0 = � � � = S

�1; 0

j
; 1 = S

0; 0

j
; S

1; 0

j
= 0 = � � � = S

j; 0

j
:

Conversely, from relations (69) (
ompleted towards negative indi
es) one re-


overs the powers of the 
ompanion matrix, negative powers in
luded.
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We have still to identify the entries of the negative powers of C. We

already know that going towards

�

1 
orresponds to taking the 
hara
teristi


polynomial S

k

(x

�

A

_

). However, be
ause for ea
h 
olumn of the powers of C,

we have initial 
onditions 
onsisting of k

�

1 zeros and a 1, then then we know

that we shall �nd the hook S
hur fun
tions of A

_

, up to sign and powers of

�

k

(A ). Putting all this together, one gets :

Lemma 30 The inverse of the 
ompanion matrix of S

k

(x

�

A ) is the 
om-

panion matrix of S

k

(x

�

A

_

), up to symmetry with respe
t to the 
enter of the

matrix. The entries of the negative powers of C are the hook S
hur fun
tions

of A

_

.

Still 
ontinuing to illustrate the 
ase n = 4, one has the following in�-

nite matrix, su
h that the powers of C are the submatri
es on 
onse
utive

rows. To stress regularity, it is appropriate to use the indexing of repre-

sentations of the linear group: given any v = [v

1

; v

2

; v

3

; v

4

℄ 2 Z

4

, let �

be any positive integer su
h all � + v

i

�

i

+

1 are positive. Then v 
odes for

S

�+v

1

;�+v

2

;�+v

3

;�+v

4

(A ) (�

4

(A ))

��

. For example, the last written line, taking

� = 5, 
odes the S
hur fun
tions

S

555;�3

= �S

0444

; S

55;�2;5

= S

0445

; S

5;�1;55

= �S

0455

; S

0555

;

and this agrees with the experiment below.

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

.

.

.

.

.

.

.

.

.

.

.

.

[0004℄ [0050℄ [0600℄ [7000℄

[0003℄ [0040℄ [0500℄ [6000℄

[0002℄ [0030℄ [0400℄ [5000℄

[0001℄ [0020℄ [0300℄ [4000℄

1 � � �

� 1 � �

� � 1 �

� � � 1

[0004℄ [0030℄ [0200℄ [1000℄

[0005℄ [0040℄ [0300℄ [2000℄

[0006℄ [0050℄ [0400℄ [3000℄

[0007℄ [0060℄ [0500℄ [4000℄

[0008℄ [0070℄ [0600℄ [5000℄

.

.

.

.

.

.

.

.

.

.

.

.

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

CompanionMat:=pro
(k) lo
al i;

matrix([ [seq((-1)

^

(i-1)*e.i,i=1..k)℄, seq([0$(i-1),1,0$(k-i)℄,i=1..k-1)℄)

end:

ACE > CLG

n

(4): aa:=CompanionMat(4):

ACE > map(Tos

n

,linalg[multiply℄(aa$5));
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2

6

6

4

s[5℄ �s[5; 1℄ s[5; 1; 1℄ �s[5; 1; 1; 1℄

s[4℄ �s[4; 1℄ s[4; 1; 1℄ �s[4; 1; 1; 1℄

s[3℄ �s[3; 1℄ s[3; 1; 1℄ �s[3; 1; 1; 1℄

s[2℄ �s[2; 1℄ s[2; 1; 1℄ �s[2; 1; 1; 1℄

3

7

7

5

ACE > bb:=linalg[adj℄(aa):[map(Tos

n

,eval(bb)),det(bb)℄;

[

2

6

6

4

0 s[1; 1; 1; 1℄ 0 0

0 0 s[1; 1; 1; 1℄ 0

0 0 0 s[1; 1; 1; 1℄

�1 s[1℄ �s[1; 1℄ s[1; 1; 1℄

3

7

7

5

; e4

^

3 ℄

ACE > map(Tos

n

,linalg[multiply℄(bb$5));

2

6

6

4

�s[4; 4; 4; 3℄ s[5; 4; 4; 3℄ �s[5; 5; 4; 3℄ s[5; 5; 5; 3℄℄

�s[4; 4; 4; 2℄ s[5; 4; 4; 2℄ �s[5; 5; 4; 2℄ s[5; 5; 5; 2℄

�s[4; 4; 4; 1℄ s[5; 4; 4; 1℄ �s[5; 5; 4; 1℄ s[5; 5; 5; 1℄

�s[4; 4; 4℄ s[5; 4; 4℄ �s[5; 5; 4℄ s[5; 5; 5℄

3

7

7

5

Following Chen and Lou
k [7℄, one 
an use the automaton asso
iated to C

to des
ribe the entries of the powers of C, in parti
ular, the �rst entry (whi
h

is S

n

).

Proposition 31 (Chen-Lou
k). The 
omplete fun
tion S

n

(A ) is the sum of

all paths of length n, from the origin to the origin, in the following automa-

ton :

� � � �

1 2 3

: : :

k

?

�

1

?

��

2

?

�

3

?

(�1)

k�1

�

k

1 1 1 1

For example, there are 4 paths of length 3,

�

1

�

1

�

1

; �

1

(

�

�

2

) 1; (

�

�

2

) �

1

1; �

3

1 1 1 ;

and this gives S

3

= �

111

� 2�

12

+ �

3

.

Summing on all paths di�ering by a permutation, one gets the expression

of a 
omplete fun
tion in the basis of elementary symmetri
 ones :
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Corollary 32 Let n be a positive integer. Then

S

n

=

X

I

(�1)

m

2

+m

4

+���

�

`(I)

m

1

; m

2

; m

3

; : : :

�

S

I

sum over all partitions I = [1

m

1

; 2

m

2

; 3

m

3

; : : :℄, jIj = n.

The most famous re
urrent sequen
e is the Fibona

i sequen
e:

F (n+ 2) = F (n+ 1) + F (n) & F (0) = 0; F (1) = 1 : (73)

In our 
onventions, it is the sequen
e F (n + 1) = S

n

(A

�

B ), with B = 0,

A su
h that �

1

(A ) = 1, �

2

(A ) = �1. Expli
itely,

A =

(

1 +

p

5

2

;

1�

p

5

2

)

;

is the alphabet 
omposed of the golden number and its 
onjugate. The

general term of the Fibona

i sequen
e is therefore

F (n+1) = S

n

(A ) =

0

�

 

1 +

p

5

2

!

n+1

�

 

1�

p

5

2

!

n+1

1

A

=

 

1 +

p

5

2

�

1�

p

5

2

!

:

Exer
ises

Ex. 27 (Fibona

i numbers of order k).

Let 2 � k 2 N . De�ne numbers F (n; k) by the re
urren
e of order k

F (n; k) = F (n� 1; k) + � � �+ F (n� k + 1; k)

together with the initial 
onditions

F (n; k) = 0;�k + 2 � n < 0 & F (1; k) = 1 :

Write F (n; k) as a sum of multinomial 
oeÆ
ients.

Show that

F (n; k) =

�

F (n+ 1; k) + F (n� k; k)

�

=2 :
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Corr.Ex.27. Initial 
onditions, as for usual Fibona

i numbers, imply that

B = 0, and that the alphabet A

k

su
h that S

n

(A

k

) = F (n

+

1; k) is su
h that

�

j

(A

k

) = (�1)

j�1

, j = 1; : : : ; k. Therefore, formula (32) translates into

F (n

+

1; k) =

X

I

�

`(I)

m

1

; m

2

; m

3

; : : :

�

S

I

;

sum over all partitions I = [1

m

1

; 2

m

2

; 3

m

3

; : : :℄, jIj = n, formula given by A. Philip-

pou, Fibo. Quat. 21(1983) 82-86.

Ex. 28 (Fibona

i numbers of in�nite order).

They are de�ned by the re
urren
e

F (n;1) = F (n� 1;1) + � � �+ F (1;1); n � 1 ;

with initial 
ondition F (1;1) = 1.

Compute the generating fun
tion

P

1

n=0

z

n

F (n

+

1;1). Dedu
e from it

that, with A

k

de�ned by S

n

(A

k

) = F (n; k) one has

	

n

(A

k

) = 2

n

� 1 = 	

n

(A ) ; 8n � k :

Prove the identity

2

n�1

=

X

J

Y

i

�

2

i

� 1

i

�

m

i

1

m

i

!

;

sum over all partitions J = 1

m

1

2

m

2

3

m

3

� � � of n.

Corr.Ex.28. One sees that, with A = limit(A

k

), i.e. A su
h that �

j

(A ) =

(�1)

j�1

; 8j > 0, then F (n;1) = S

n

(A ) and

�

z

(A ) =

X

n=0

z

n

F (n;1) = z(1� z)=(1 � 2z) :

This implies that F (n;1) = 2

n�1

, fa
t that we 
ould expe
t from the re
urren
e!

At the level of power sums, it is more interesting. From �

z

(A

k

) = (1 � z)=(1 �

2z+ z

k+1

), one �nds that 	

n

(A

k

) and 	

n

(A ) agree up to degree n, and are equal,

with a = 2; b = 1, to a

n

� b

n

= 2

n

� 1, n = 1; : : : ; k. The expression of a 
omplete

fun
tion in terms of elementary ones gives the last required identity.

As a matter of fa
t, keeping general a and b instead of 2 and 1, one has the

more general identity

S

n

(a� b) = (a� b)a

n�1

=

X

J

Y

i

�

a

i

� b

i

i

�

m

i

1

m

i

!

:
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Ex. 29 De�ne Fibona

i polynomials F

n

(x) by

F

n

(x)� xF

n�1

(x)� F

n�2

(x) = 0 ; F

0

(x) = 1; F

1

(x) = x :

Show that

F

n

(x) =

0

�

 

x +

p

x

2

+ 4

2

!

n+1

�

 

x�

p

x

2

+ 4

2

!

n+1

1

A

1

p

x

2

+ 4

;

and

F

n

(x) =

1

X

0

�

j

2j � n

�

x

2j�n

:

Corr.Ex.29. One �nds F

n

(x) = S

n

(A ), with �

1

(A ) = x, �

2

(�A ) = �1.

Therefore, the two roots of S

2

(x

�

A ) are (x +

p

x

2

+ 4)=2 and (x �

p

x

2

+ 4)=2,

whi
h gives the �rst expression of F

n

(x). The se
ond one 
omes from the expression

of S

n

in the basis �

I

. These expressions have been obtained by S
ott ((1878),

MuirIII, p. 420).

Ex. 30 (Lu
as sequen
e).

The Lu
as sequen
e satisfy the same re
ursion as Fibona

i sequen
e

L

n

= L

n�1

+ L

n�2

;

but the initial 
onditions are L

0

= 2, L

1

= 1. Express the Lu
as sequen
e in

terms of the alphabet A = f

1+

p

5

2

;

1�

p

5

2

g.

Corr.Ex.30. Lu
as sequen
e 
orresponds to the same alphabet A as Fibona

i.

The initial 
onditions are su
h that L

0

= 	

0

(A ), L

1

= 	

1

(A ). Therefore

L

n

= 	

n

(A ).

One 
ould also write L

n

= 2S

n

(A

�

B ), with B of 
ardinality 1 su
h that �

1

(B ) =

1=2.

Ex. 31 Let k 2 N . Take a re
urren
e of order k

S

n

= S

n�1

+ � � �+ S

n�k

;

with arbitrary initial 
onditions S

0

; : : : ; S

k�1

. Show that the limit of S

n

, for

n =1, exists and is equal to

2

k(k + 1)

(S

0

+ 2S

1

+ 3S

2

+ � � �+ kS

k�1

) :
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Corr.Ex.31. (Gelfond, Di��eren
es �nies, Dunod, Paris (1963)). As usual, S

n

=

S

n

(A

�

B ). The 
hara
teristi
 polynomial (in z = 1=x) is

�

�z

(A ) = 1� (z

1

+ � � �+ z

k

)=k :

Sin
e z = 1 is a root, let us de�ne C := A � 1. Therefore,

�

1

(C ) = �(k�1)=k; �

2

(C ) = (k�2)=k; �

3

(C ) = �(k�3)=k; : : : ; �

k�1

(C ) = (�1)

k�1

=k :

One re
ognizes that

(S

0

+ 2S

1

+ 3S

2

+ � � � + kS

k�1

)=k = S

k�1

(A

�

B � C ) = S

k�1

(1� B ) :

But S

n

(A

�

B ) = S

n

(1 + (C

�

B )) tends towards

P

1

0

S

j

(C

�

B ) and the 
on
lusion

follows, on
e 
he
ked that

�

1

(C ) =

�

�

�1

(C )

�

�1

=

�

k

k

+

k � 1

k

+ � � �+

1

k

�

�1

=

2

k + 1

:

Ex. 32 De�ne the T
heby
hef polynomials of the �rst kind T

n

by

T

n

(x)� 2xT

n�1

(x) + T

n�2

(x) = 0 ; T

0

(x) = 1; T

1

(x) = x :

and the T
heby
hef polynomials of the se
ond kind U

n

by

U

n

(x)� 2xU

n�1

(x) + U

n�2

(x) = 0 ; U

0

(x) = 1; U

1

(x) = 2x :

Given a parameter �, de�ne the �-T
heby
hef polynomial P

�

n

by the same

re
ursion, with P

�

0

= 1; P

�

1

= 2x� �.

Write x = 
os(�) and express T

n

; U

n

; P

�

n

as trigonometri
 fun
tions of �.

Express also T

n

; U

n

P

�

n

as symmetri
 fun
tions of the alphabet A of 
ardi-

nality 2 su
h that �

1

(A ) = 2x, �

2

(A ) = 1.

Prove that

nU

n

(x)=2 = U

n�1

(x)T

1

(x) + U

n�2

(x)T

2

(x) + � � �+ T

n

(x) ; n � 0 :

Ex. 33 De�ne Legendre polynomials P

n

(x) by the generating fun
tion

1=

p

(1� 2xz + z

2

) =

X

P

n

z

n

:

Show that they 
an be written

P

n

(x) = S

n

((n+ 1)x� nA)=2

n

& P

n

(x) = �

n

(n� (n+ 1)u) ;

u; x being rank 1 element, A being of 
ardinality 2, u being spe
ialized to

(1� x)=2 and A to f1;

�

1g.

Dedu
e the expansion

P

n

(x) =

n

X

i=0

(n� i+ 1) � � � (n + i� 1)

i! i!

�

x� 1

2

�

i

:
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Corr.Ex.33.

ACE > with(orthopoly):

ACE > LEGENDRE:= pro
(n) SfAVars(x,z);

simplify(subs(z=-1,SfAExpand( s[n℄((n+1)*x-n-n*z)))/2^n)

end:

ACE > LEGENDRE2:= pro
(n) SfAVars(u);

simplify(subs(u=(1-x)/2,SfAExpand( e[n℄(n-(n+1)*u))))

end:

ACE > [P(4,x),LEGENDRE(4), LEGENDRE2(4)℄;

[35/8 x^4-15/4 x^2+3/8,35/8 x^4-15/4 x^2+3/8,35/8 x^4-15/4 x^2+ 3/8℄

Ex. 34 Let f be a fun
tion of one variable of exponential type, i.e. su
h

that there exists an integer k and 
onstants 


1

; : : : ; 


k

; a

1

; : : : ; a

k

in C (all

di�erent) :

f(x) = 


1

a

x

1

+ � � �+ 


k

a

x

k

:

Express the parameters 


i

, a

i

in terms of the values f(0); f(1); : : : ; f(2k�1).

Corr.Ex.34. (Levy & Lessman, Finite Di�eren
e Equations, Pitman (1959)).

The expression of f(x) shows that f(0); f(1) f(2); : : : is a re
urrent sequen
e of

order n. We have just 
hanged notations! Therefore a

1

; : : : ; a

n

are solutions of

the equation (in z) :

�

�

�

�

�

�

�

�

�

1 z � � � z

n

f(0) f(1) � � � f(n)

.

.

.

.

.

.

.

.

.

f(n� 1) f(n) � � � f(2n� 1)

�

�

�

�

�

�

�

�

�

= 0 ;

and 


1

; : : : ; 


n

; 1 are the multipli
ators of the 
olumns whi
h give a null 
ombi-

nation. Note that we have to suppose that

"

f(0) ��� f(n�1)

.

.

.

.

.

.

f(n�1) ��� f(2n�2)

#

be di�erent from

0.
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Many problems involving symmetri
 fun
tions involve 
hange of bases,

the most fundamental basis being the basis of S
hur fun
tions. Of 
ourse,

sin
e we already know the adjoint basis of S

J

; S

I

;	

J

;	

I

, we 
an express

any symmetri
 fun
tion in one of these bases by 
omputing s
alar produ
ts.

However, we shall see that the mutual 
hange of bases between these bases


an be des
ribed 
ombinatorially.

Complete to S
hur : (S

I

; S

J

) .

Pieri formula des
ribes the produ
t of a S
hur fun
tion by a 
omplete

fun
tion as an addition of an horizontal strip to a diagram. Iterating, one

has thus a des
ription of the produ
t by S

I

as 
hains (sequen
e of diagrams


otained into ea
h other) of diagrams di�ering by an horizontal strip.

For example, the produ
t of S

23

by S

4365

= S

4

S

3

S

6

S

5


an be represented

by :

}

~ |

� ~ | } }

� � � | |

� � � � � ~ | | | } }

Of 
ourse, for a longer 
hain of multipli
ation, it would be in
onvenient

to use graphi
al symbols, and one rather takes 1; 2; 3; : : :.

De�nition 33 A skew Young tableau is a 
hain of partitions di�ering by

horizontal strips. Equivalently, it is the �lling of the boxes of a skew diagram

by positive integers (
onsidered as letters) in su
h a way that rows are weakly

in
reasing, and 
olumns stri
tly de
reasing (from top to bottom). The weight

of a tableau �lled with i

1

times 1, i

2

times 2, &
. is [i

1

; i

2

; : : :℄ and its

evaluation is the monomial 1

i

1

2

i

2

� � � . A Young tableau or, simply, tableau

is a skew Young tableau with void inner partition.

We shall later 
onsider tableaux as words in non 
ommutative letters, the

evaluation being the monomial obtained by allowing variables to 
ommute,

the weight being the exponent of the monomial.

The pre
eding example reads :

6

4 5

3 4 5 6 6

� � 3 5 5

� � � 3 3 4 5 5 5 6 6

; weight = [0; 0; 4; 3; 7; 5℄ ; evaluation = 1

0

2

0

3

4

4

3

5

7

6

5

:
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In this language, one has the following des
ription of the s
alar produ
t

(S

I

S

H

; S

J

).

Proposition 34 Given partitions J; H, and an integral ve
tor I, then the

s
alar produ
t (S

I

S

H

; S

J

) is equal to the number of skew Young tableaux of

shape J=H and weight I.

The numbers (S

I

; S

J

) are 
alledKostka numbers. They 
an be interpreted

in two ways, either giving the expansion of a produ
t of 
omplete fun
tions

in the basis of S
hur fun
tions, or as giving the expansion of a S
hur fun
tion

in the basis of monomial fun
tions :

S

I

=

X

J

(S

I

; S

J

)S

J

& S

J

=

X

I

(S

I

; S

J

)	

I

: (74)

Kostka numbers for fun
tions of degree n 
an be put into a triangular

matrix whi
h is 
alled the Kostka matrix.

ACE > SfMat(4,'h','s') , SfMat(4,'s','m');

"

1 0 0 0 0

1 1 0 0 0

1 1 1 0 0

1 2 1 1 0

1 3 2 3 1

#

;

"

1 1 1 1 1

0 1 1 2 3

0 0 1 1 2

0 0 0 1 3

0 0 0 0 1

#

The partitions indexing rows and 
olumns are given by ListPart(4);

expansions of 
omplete fun
tions (in terms of S
hur) are obtained

by reading rows; expansions of S
hur fun
tions (in terms of monomial)

are obtained by reading 
olumns of the left matrix, or rows of the right one.

The s
alar produ
ts (S

1:::1

; S

J

) have an interpretation as dimensions of

irredu
ible representations of the symmetri
 group and 
an be 
omputed di-

re
tly from the diagram of J .

Monomial to S
hur : (	

I

; S

J

) .

The 
oeÆ
ients of the inverse of the Kostka matrix are the s
alar produ
ts

(	

I

; S

J

) whi
h appear in the two expansions :

	

I

=

X

J

(	

I

; S

J

)S

J

& S

J

=

X

I

(	

I

; S

J

)S

I

: (75)

From Muir's formula for the multipli
ation of the S
hur fun
tion S

000

by 	

I

,

we know that we 
an write

	

I

=

X

H=perm(I)

S

H

; (76)

60



sum over all di�erent permutations H of I.

Ea
h element of the sum is equal to � a S
hur fun
tion, or to 0. One has

to 
olle
t all H 2 N

n

, whi
h give the same S
hur fun
tion S

J

, J partition

in N

n

. They are su
h that, writing � := [0; 1; 2; : : : ; n

�

1℄, there exists a

permutation � su
h that H + � = (J + �)

�

.

(	

I

; S

J

) =

X

H=perm(I)

(S

H

; ; S

J

) =

X

�:H=(J+�)

�

;H=perm(I)

(�1)

`(�)

: (77)

Instead of adding � (whi
h is just a way to get the indi
es on the top row of

the determinant expressing S

H

from H), one 
an order the development of

the determinant S

J

:

S

J

=

X

�2S

n

(�1)

`(�)

S

J+���

�

: (78)

For example, for n = 3, J = [a; b; 
℄, writing only exponents, together with

the sign of the permutation, one has the following expansion of the S
hur

fun
tion S

ab


(writing on the right the 
ase J = [000℄, that is the ve
tors

�� �

�

) :

[a; b; 
℄

. &

�

[a

�

1; b

+

1; 
℄

�

[a; b

�

1; 


+

1℄

?

?

y

?

?

y

[a

�

1; b

�

1; 


+

2℄ [a

�

2; b

+

1; 


+

1℄

& .

�

[a

�

2; b; 


+

2℄

[012℄

. &

� [

�

110℄ �[0

�

11℄

?

?

y

?

?

y

[112℄ [211℄

& .

�[202℄

The left hexagon 
orresponds to expanding the Ja
obi-Trudi determinant

from left to right. Expanding it from top to bottom instead, amounts using

the a
tion of the symmetri
 group on ve
tors su
h that the transposition s

i

a
ts on the 
omponents v

i

; v

i+1

of a ve
tor v as follows :

v = [: : : ; a; b;

|{z}

i; i+1

: : :℄! v

<

i

>

:= [: : : ; b

+

1; a

�

1; : : :℄ :

The expansion of the determinant now be
omes

S

J

=

X

�2S

n

(�1)

`(�)

S

J

<�>

=

X

�2S

n

(�1)

`(�)

S

(J+�)

�

��

: (79)

61



The pre
eding hexagon is repla
ed by

[a; b; 
℄

. &

�

[b

+

1; a

�

1; 
℄

�

[a; 


+

1; b

�

1℄

?

?

y

?

?

y

[b

+

1; 


+

1; a

�

2℄ [


+

2; a

�

1; 


�

1℄

& .

�

[


+

2; b; a

�

2℄

Note that there is no multipli
ity if a 6= 
.

Double Kostka matri
es.

Sin
e the Kostka matrix and its inverse are unitriangular, one 
an glue

them into a single matrix that we shall 
all double Kostka matrix. This was

done by Kostka, who 
ommented in many arti
les, from 1875 to 1918, the

beauties of it.

ACE > mm:=SfMat(5,'h','s'):add(add(mm,SfMat(5,'m','s')),diag((-1)$7));

	

I

to S

J

S

J

to

 

I

?

?

?

?

?

?

y

2

6

4

1 �1 0 1 0 �1 1

1 1 �1 �1 1 1 �2

1 1 1 �1 �1 2 �2

1 2 1 1 �1 �1 3

1 2 2 1 1 �2 3

1 3 3 3 2 1 �4

1 4 5 6 5 4 1

3

7

5

x

?

?

?

?

?

?

S

J

to

S

I

S

I

to S

J

:

The involution A !

�

A preserves the s
alar produ
t. Therefore, (�

I

; S

J

) =

(S

I

; S

J e

), and the bottom rows of Kostka double matrix give the expansion

of the produ
ts of elementary symmetri
 fun
tions in the basis of S
hur fun
-

tions. However, we have not yet met the adjoint basis of f�

I

g, whi
h is the

image of the monomial basis under the involution whi
h ex
hanges the el-

ementary and 
omplete fun
tions. It is 
alled the forgotten basis, the best

reason for it being that people forgot that Kostka had de�ned it.

Forgotten:=pro
(pa) SfOmega(m[op(pa)℄) end:

ACE > Forgotten([5$4℄); ## re
tangular partitions are the only

simple 
ase (see exer
ise).

m[20℄ + m[15, 5℄ + m[5, 5, 5, 5℄ + m[10, 10℄ + m[10, 5, 5℄
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Complete to Monomials: (S

I

; S

J

)

Pieri's formula has allowed us to 
ompute the s
alar produ
ts (S

I

S

H

; S

K

) =

(S

I

; S

K=H

), as the number of skew tableaux of shape K=H, of weight I. Let

us apply it to the 
ase where K=H is a produ
t of independent rows of

lengths j

1

; j

2

; : : :. It gives that (S

I

; S

J

) is equal to the number of tableaux

with weight I and shape fj

1


 j

2


 � � � g.

However, one 
an interpret these tableaux in a di�erent manner whi
h

takes into a

ount the symmetry between I and J . Let us 
all matrix with

row sums J 2 N

p

and 
olumns sums I 2 N

q

a p� q matrix of non negative

integers su
h that j

1

is the sum of the entries in the �rst row, j

2

in the se
ond

row, &
. , and similarly for 
olumns (the term matrix is inappropriate,

be
ause multipli
ation of su
h obje
ts has no properties; we shall put them

into a box).

Interpreting now the entry M [r; 
℄ of a matrix M as giving the number

of o

urren
es of the letter 
 in row r, one sees that row sums give the shape

fj

1


 j

2


 � � � g and 
olumn sums give the number of o

urren
es of 1; 2; : : :.

Instead of a matrix, one 
an equivalently write the sequen
e of in
reasing

words 1

m[r;1℄

2

m[r;2℄

� � � . But this is exa
tly the sequen
e of a skew tableau

with independent rows, and we are ba
k to our starting point.

For example, the two following obje
ts are equivalent (I = [3; 2; 2; 2; 1℄,

J = [2; 1; 4; 3℄) :

3 4

5

1 2 2 4

1 1 3

$

values 1 2 3 4 5

row 1 0 0 1 1 0 2

2 0 0 0 0 0 1

3 1 2 0 1 0 4

4 2 0 1 0 0 3

3 2 2 2 1 sums

There is still another interpretation, as double 
oset representatives of

the symmetri
 group.

Indeed, given a positive integer, and J su
h that jJ j = n, let S

n

=S

J

be

the quotient of the symmetri
 group S

n

by the dire
t produ
t of symmetri


groups S

j

1


S

j

2


� � � . It means that two permutations of S

n

are equivalent

if, 
utting them into blo
ks of su

essive lengths i

1

; i

2

; : : :, one obtains one

from the other by permuting letters inside blo
ks only. Thus one 
an de
ide

that the 
anoni
al representatives of 
lasses of S

n

=S

J

are the permutations

whi
h are in
reasing in ea
h blo
k (they are the elements of minimum length

in ea
h 
oset). Similarly, two permutations have the same image in S

I

nS

n
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if, when one repla
es 1; : : : ; i

1

by x

1

, i

1

+

1; : : : ; i

1

+

i

2

by x

2

, &
., one gets the

same word. Here again, a 
anoni
al representative will be a permutation

whi
h is a shu�e of [1; : : : ; i

1

℄; [i

1

+

1; : : : ; i

1

+

i

2

℄; [i

1

+

i

2

+

1; : : : ; i

1

+

i

2

+

i

3

℄; : : :.

Combining the two des
riptions, one has that double 
osets S

I

nS

n

=S

J

are in bije
tion with Young tableaux of shape j

1


j

2


� � � , and weight I, and

that given su
h a tableau, one gets the 
anoni
al representative of the asso-


iated double 
oset by repla
ing su

essive o

urren
es of 1 by 1; 2; : : : ; i

1

,

o

urren
es of 2 by i

1

+

1; : : : ; i

1

+

i

2

, &.
 , (this operation on skew tableaux,

or on words, is 
alled standardization) and reading the new skew tableau as

a word.

For example, the above skew tableau gives the following 
anoni
al per-

mutation :

6 8

10

1 4 5 9

2 3 7

�! [6; 8; 10; 1; 4; 5; 9; 2; 3; 7℄ ;

whi
h is a double 
oset representative of a 
lass in S

[3;2;2;2;1℄

nS

10

=S

[2;1;4;3℄

,

the starting tableau being obtained by repla
ing the values 1; 2; 3 by 1; 1; 1,

the values 4; 5 by 2; 2, : : :, the value 10 by 5.

To summarize, one has the following proposition ;

Proposition 35 Given two 
ompositions I,J of the same number n, then

the s
alar produ
t (S

I

; ; S

J

) is equal to the number of skew tableaux with

weight I, shape j

1


 j

2


 � � � . It is also equal to the number of matri
es

with row sums J and 
olumn sums I, and to the number of double 
osets of

S

I

nS

n

=S

J

.

For example, one has (S

023

; S

113

) = 4, be
ause there are four matri
es :

0 1 0

0 1 0

0 0 3

;

0 1 0

0 0 1

0 1 2

;

0 0 1

0 1 0

0 1 2

;

0 0 1

0 0 1

0 2 1


orresponding to the four skew tableaux

2

2

3 3 3

2

3

2 3 3

3

2

2 3 3

3

3

2 2 3

.

The list of matri
es with given row and 
olumn sums, as well as their

number without enumerating them, 
an be a

essed by a fun
tion (to be

added to ACE) :

ACE > GenMat([1,3,2℄, [4,2℄);
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2

4

1 0

3 0

0 2

3

5

2

4

1 0

2 1

1 1

3

5

2

4

1 0

1 2

2 0

3

5

2

4

0 1

3 0

1 1

3

5

2

4

0 1

2 1

2 0

3

5

ACE > GenMat([1$9℄, [3,1,3,2℄,nb);

5040

Power sums to S
hur: (	

I

; S

J

)

The s
alar produ
ts (	

I

; S

J

) have a fundamental importan
e in the the-

ory of representation of the symmetri
 group : (	

I

; S

J

) is the value, denoted

�

J

(I), of the irredu
ible 
hara
ter of the representation of index J at a per-

mutation whose 
y
les are of su

essive lengths i

1

; i

2

; : : :.

We know how to 
ompute su
h s
alar produ
ts by using the operators

adjoint to multipli
ation by 	

k

:

(	

k

	

I

; S

J

) = (	

I

; D

	

i
(S

J

)) =

�

	

I

;

X

K

S

J�K

�

(80)

sum over all ve
tors K whi
h are permutations of [0

`(J)�1

; k℄. Equivalently,

the sum 
an be written as

P

�S

H

, summation over all partitions su
h that

J=H is a 
onne
ted ribbon of length k, the sign being the height of the ribbon

minus 1.

Iterating, one gets de
ompositions of the diagram of J into ribbons of

su

essive lengths i

1

; i

2

; : : :. Let us 
all su
h a de
omposition an even de-


omposition into ribbons of lengths I if the produ
t of signs is 1, and odd

de
omposition otherwise.

De
ompositions into ribbons thus give a way to evaluate 
hara
ters, and

we state again the Murnaghan-Nakayama rule seen in Corollary ?? :

Proposition 36 (Murnaghan-Nakayama rule). Given two partitions I; J of

the same integer, the 
hara
ter �

J

(I) = (	

I

; S

J

) is equal to the number of

even de
ompositions of J into ribbons of lengths I, minus the number of odd

de
ompositions.

There are several ways to 
ompute the table of 
hara
ters of S

n

, whi
h,

in ACE, 
an be a

essed by two 
ommands (giving transposed matri
es)

ACE > SfMat(5,p,s), SgCharTable(5);
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2

6

6

6

6

6

6

6

6

4

1 �1 0 1 0 �1 1

1 0 �1 0 1 0 �1

1 �1 1 0 �1 1 �1

1 1 �1 0 �1 1 1

1 0 1 �2 1 0 1

1 2 1 0 �1 �2 �1

1 4 5 6 5 4 1

3

7

7

7

7

7

7

7

7

5

2

6

6

6

6

6

6

6

6

4

1 1 1 1 1 1 1

�1 0 �1 1 0 2 4

0 �1 1 �1 1 1 5

1 0 0 0 �2 0 6

0 1 �1 �1 1 �1 5

�1 0 1 1 0 �2 4

1 �1 �1 1 1 �1 1

3

7

7

7

7

7

7

7

7

5

Be
ause the basis 	

i

is orthogonal, the table of 
hara
ters is equal to the

transpose of its inverse, multiplied by the diagonal matrix of s
alar produ
ts

(	

I

;	

I

).

ACE > aa:=diag(seq(SfZee(pa),pa=ListPart(4))):

ACE > transpose(SfMat(4,p,s)),multiply(SfMat(4,s,p),aa);

2

6

6

6

6

4

1 1 1 1 1

�1 0 �1 1 3

0 �1 2 0 2

1 0 �1 �1 3

�1 1 1 �1 1

3

7

7

7

7

5

2

6

6

6

6

4

1 1 1 1 1

�1 0 �1 1 3

0 �1 2 0 2

1 0 �1 �1 3

�1 1 1 �1 1

3

7

7

7

7

5

Moreover, the produ
t of the Kostka matrix by the table of 
hara
ters is

triangular (expressing the 
hara
ters of some \Yang elements" in the group

algebra of S

n

).

ACE > multiply(SfMat(7,h,s),SgCharTable(7));

2

6

6

6

6

6

6

6

6

6

4

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

0 1 0 2 0 1 3 1 0 2 4 1 3 5 7

0 0 1 1 0 1 3 0 2 2 6 3 5 11 21

0 0 0 2 0 0 6 0 0 2 12 0 6 20 42

0 0 0 0 1 1 1 2 1 3 5 3 7 15 35

0 0 0 0 0 1 3 0 0 2 12 3 9 35 105

0 0 0 0 0 0 6 0 0 0 24 0 6 60 210

0 0 0 0 0 0 0 2 0 4 8 0 12 40 140

0 0 0 0 0 0 0 0 2 2 6 6 14 50 210

0 0 0 0 0 0 0 0 0 2 12 0 12 80 420

0 0 0 0 0 0 0 0 0 0 24 0 0 120 840

0 0 0 0 0 0 0 0 0 0 0 6 18 90 630

0 0 0 0 0 0 0 0 0 0 0 0 12 120 1260

0 0 0 0 0 0 0 0 0 0 0 0 0 120 2520

0 0 0 0 0 0 0 0 0 0 0 0 0 0 5040

3

7

7

7

7

7

7

7

7

7

5

ACE >SfMat(4,p,m),multiply(SfMat(4,h,p),diag(seq(SfZee(pa),pa=ListPart(4))));

2

6

6

6

6

4

1 0 0 0 0

1 1 0 0 0

1 0 2 0 0

1 2 2 2 0

1 4 6 12 24

3

7

7

7

7

5

2

6

6

6

6

4

1 1 1 1 1

0 1 0 2 4

0 0 2 2 6

0 0 0 2 12

0 0 0 0 24

3

7

7

7

7

5

66



Newton relations and Waring formula

Re
all that

log (�

z

(A )) =

X

1

i=1

z

i

	

i

(A )=i :

Derivating with respe
t to z, one gets

X

1

i=1

iz

i

S

i

(

�

A ) = �

�z

(A )

X

1

i=1

z

i

	

i

(A ) ; (81)

whi
h is equivalent to the following system of equations due to Newton (but

see also Girard, \Invention Nouvelle en Alg�ebre", Amsterdam 1629).

�

1

= 	

1

2�

2

= �

1

	

1

� 	

2

3�

3

= �

2

	

1

� �

1

	

2

+	

3

� � � � � �

n�

n

= �

n�1

	

1

� �

n�2

	

2

+ � � �+ (�1)

n�1

	

n

� � � � � � (82)

The image of Newton's relations under the involution A !

�

A is due to

Brios
hi :

S

1

= 	

1

2S

2

= S

1

	

1

+	

2

� � � � � �

nS

n

= S

n�1

	

1

+ S

n�2

	

2

+ � � �+	

n

: (83)

We 
ould have reasoned di�erently, using the fa
t that (	

0

; 	

1

; 	

2

; : : :)

is a re
ursive sequen
e of 
hara
teristi
 polynomial S

n

(x

�

A ) when A is of


ardinality n. This gives in parti
ular

	

n

(A ) � �

1

(A )	

n�1

(A ) + � � � � �

n�1

(A )	

1

(A ) � �

n

(A )n = 0 ; (84)

but this relation is valid for any A be
ause its degree is not higher than the


ardinality of the alphabet (there are no relations for 	

1

(A ); : : : ; 	

n�1

(A ),

these power sums are initial 
onditions). Therefore one re
overs Newton's

relations from the fa
t that (	

i

; i = 0; 1; 2 : : :) is a re
ursive sequen
e.

From Newton's and Brios
hi's relations, one gets

	

n

= (�1)

n�1

�

�

�

�

�

�

�

�

�

n�

n

�

1

: : : �

n

(n

�

1)�

n�1

�

0

: : : �

n�1

.

.

.

.

.

.

.

.

.

.

.

.

0 �

0

: : : : �

0

�

�

�

�

�

�

�

�

�

=

�

�

�

�

�

�

�

�

�

nS

n

S

1

: : : S

n

(n

�

1)S

n�1

S

0

: : : S

n�1

.

.

.

.

.

.

.

.

.

.

.

.

0S

0

: : : : S

0

�

�

�

�

�

�

�

�

�

:
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Conversely,

n! �

n

=

�

�

�

�

�

�

�

�

�

�

�

	

1

1 0 : : : 0

	

2

	

1

2 : : : 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

	

n�1

	

n�2

	

n�3

: : : n

�

1

	

n

	

n�1

	

n�2

: : : 	

1

�

�

�

�

�

�

�

�

�

�

�

; n!S

n

=

�

�

�

�

�

�

�

�

�

�

�

	

1

�1 0 : : : 0

	

2

	

1

�2 : : : 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

	

n�1

	

n�2

	

n�3

: : : 1

�

n

	

n

	

n�1

	

n�2

: : : 	

1

�

�

�

�

�

�

�

�

�

�

�

:

Taking the Lapla
e expansion along the �rst 
olumn of the pre
eding deter-

minants, one gets

	

n

= S

n�1

�

1

� 2S

n�2

�

2

+ � � �+ (�1)

n�1

nS

0

�

n

; (85)

whi
h, using Pieri's formula (56), gives

	

n

= S

n

� S

1;n�1

+ S

1;1;n�2

� S

1;1;1;n�3

+ � � � : (86)

Be
ause S

n

(A � A ) = 0, n > 0, one 
an shift by any integer k 2 Z relation

(87) :

	

n

= (n

+

k)S

n

� (n

+

k

�

1)S

n�1

�

1

+ (n

+

k

�

2)S

n�2

�

2

+ � � �+ (�1)

n

kS

0

�

n

:

(87)

Expanding the determinant expressing 	

i

=i in terms of the 
omplete fun
-

tions, one gets

	

2

=2 = S

2

� (1!=2!)S

11

;

	

3

=3 = S

3

� S

12

+ (2!=3!)S

111

;

	

4

=4 = S

4

� S

13

� (1=2!)S

22

+ (2!=2!)S

112

� (3!=4!)S

1111

:

and, in general, for jIj = n, writing partitions exponentially, the 
oeÆ
ients

are :

(	

I

; 	

n

=n) = (�1)

l(I)�1

(l(I)� 1)!

m

1

!m

2

! : : :

: (88)

These s
alar produ
ts 
an in fa
t be obtained, through the involution

A !

�

A , from the 
elebrated Waring formula [52℄

	

k

=k =

X

I: jIj=k

(�1)

l(I)+k

(l(I)� 1)!

m

1

!m

2

! � � �

�

I

: (89)

Monomial to Power sums : ( 

J

; 	

I

)
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To determine the expansion of monomial fun
tions in the basis of power

sums, it is simpler to normalize them di�erently. Let n 2 N ,

J = 0

m

0

1

m

1

2

m

2

: : : 2 N

n

. Then

�

J

:= m

0

!m

1

! � � �	

J

(90)

is the augmented monomial fun
tion of index J .

When A is of 
ardinality n, then �

J

(A ) =

P

�2S

n

u

�

, where u is any

monomial in the expansion of 	

J

(A ).

Let us identify �

J

and �

I

if I is a permutation of J . Then, for any k � 1,

any A : 
ard(A ) = n, one has

	

k

(A ) �

J

(A ) =

n

X

i=1

�

J+[0

i�1

k 0

n�i

℄

(A ) : (91)

These equations 
an be inverted and give the expansion of �

J

in the basis

	

I

. One �rst need to introdu
e the latti
e of set-partitions Part(n) of the

set f1; : : : ; ng We shall avoid using the word \partition" and say that � =

f�

1

; : : : ; �

r

g is a de
omposition of f1; : : : ; ng i� �

1

[ : : :[�

r

is a de
omposition

into disjoints subsets. Remember that we used the notation Part(n) for the

set of partitions of the integer n.

The M�obius fun
tion of Part(n) has been 
omputed by many authors:

Faa de Bruno

4

[9℄, p.9, M.P. S
h�utzenberger [48℄, G.C. Rota [45℄; it 
an also

be extra
ted from E. West [53℄.

�(�) =

r

Y

i=1

(�1)


ard(�

i

)�1

�


ard(�

i

)

�

1

�

! (92)

To any de
omposition �, any J 2 N

n

, let us asso
iate the ve
tor

�(J) =

"

X

i2�

1

j

i

; : : : ;

X

i2�

r

j

i

#

:

Equations (91) imply :

�

J

=

X

�2Part(n)

�(�)	

�(J)

: (93)

4

only mathemati
ian whi
h was made \beatus" by the Pope. Elimination theory 
an

lead to Paradise.

69



f1gf2gf3gf4g

f1 2gf3gf4g f1gf2gf3 4g f1 3gf2gf4g f1gf3gf2 4g f1 4gf2gf3g f1gf4gf2 3g

f1gf234g

f1 2gf3 4g

f2gf134g

f1 3gf2 4g

f3gf124g

f1 4gf2 3g

f123gf4g

f1 2 3 4g

For example, for n = 4, writing 1; 2; 3; 4 instead of j

1

; j

2

; j

3

; j

4

, one reads

from the pre
eding �gure the expansion

�

1234

= 	

1

	

2

	

3

	

4

�	

1+2

	

3

	

4

�	

1+3

	

2

	

4

� 	

1+4

	

2

	

3

� 	

1

	

2+3

	

3

	

4

� 	

1

	

2+4

	

3

�	

1

	

2

	

3+4

+	

1+2

	

3+4

+	

1+3

	

2+4

+	

1+4

	

2+3

+ 2	

1+2+3

	

4

+ 2	

1+2+4

	

3

+ 2	

1+3+4

	

2

+ 2	

1

	

2+3+4

� 6	

1+2+3+4

(verti
es where M�obius fun
tion takes value 2 use a bigger font).

One 
an in fa
t re
over the value of the M�obius fun
tion by evaluating

the number (that we shall note �

J

(N)) of monomials in �

J

(A ), with N =


ard(A ). Indeed, (93) be
omes

�

J

(N) = N(N � 1) � � � (N � n+ 1) =

X

�

�(�)N

`(�)

:

It proves that

�(f1; : : : ; ng) = (�1) � � � (�n + 1) ;

from whi
h one dedu
es all values of the M�obius fun
tion, be
ause the interval

between � and f1; : : : ; ng is a dire
t produ
t of intervals for smaller n if

`(�) > 1.

The summands in (93) for a given J are not ne
essarily distin
t, and the

�nal expression of the 
oeÆ
ients (	

J

;	

I

) is given by the following lemma.

Lemma 37 Let J = 1

m

1

� � � p

m

p

, `(J) = n, and I be a partition. Then

(	

J

; 	

I

) =

(	

I

;	

I

)

m

1

! � � �m

p

!

X

�

�(�) ; (94)

sum over all � 2 Part(n) su
h that �(J) is a permutation of I.
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For example, (	

1112223

;	

444

) =

4

3

3!

3!3!

9times2 = 192, be
ause J = 1

3

2

3

3

1

,

n = 7, (	

444

;	

444

) = 4

3

3!, and there are 9 de
ompositions of the type

(1

+

1

+

2; 2

+

2; 1

+

3), the M�obius fun
tion taking value 2 in ea
h of these de-


ompositions.

Exer
ises

Ex. 35 Given n, 
ompute the determinant of the matrix ma su
h that

ma[i; j℄ = 	

i+1�j

; 1 � j � i � n � 1, ma[i; i + 1℄ = i; 1 � i < n,

ma[n; j℄ = x

n�j

; 1 � j � n, the other entries being zero.

Corr.Ex.35. This is the determinant expressing n! �

n

, ex
ept for the last

row. Expanding along this last row, putting an alphabet A for 
larity (that is,

	

i

= 	

i

(A ), for all i, one �nds (n� 1)!�

n�1

(A � x).

ModifMat e2p:=pro
(n) lo
al i,j;

matrix([ seq([ seq(p.(i+1-j),j=1..i), i, 0$(n-i-1)℄,i=1..n-1),

[seq(x^(n-j),j=1..n)℄ ℄)

end:

ACE > ma:= ModifMat e2p(4);

2

6

6

4

p1 1 0 0

p2 p1 2 0

p3 p2 p1 3

x

3

x

2

x 1

3

7

7

5

ACE > Toe(det(ma), 
olle
t);

6 e3 - 6 x e2 + 6 x

2

e1 - 6 x

3

Ex. 36 Compute the following determinant of inverse of fa
torials, with ex-

tra parameters in the �rst 
olumn:

�

�

�

�

�

�

�

�

x

4

=4! 1=3! 1=2! 1=1!

x

3

=3! 1=2! 1=1! 1=0!

x

2

=2! 1=1! 1=0! 0

x

1

=1! 1=0! 0 0

�

�

�

�

�

�

�

�

Generalize it to any order.
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Corr.Ex.36. The determinant 
an be interpreted as

�

3; 000

(A ; B ) = �

3

(A � B );

with �

i

(A ) = x

i

=i!, �

i

(B ) = 1=i! ( for
ing us to take x

1

= 1, but it is easy to

reintrodu
e a general x

1

by homogeneity). Its generalization to any order is now

evident.

In the expansion of �

n

(A � B ), the 
oeÆ
ients of the �

k

(A ) are, up to signs,

the S

j

(B ) = 1=j!

Ex. 37 Given two positive integers n; k and two partitions I; J 2 N

n

, with

jJ j = jIj+k, show that the 
oeÆ
ient 


J

k;I

in the produ
t S

k

	

I

=

P

J




J

k;I

S

J

is equal to the number of permutations H of I whi
h are (
omponentwise)

majorized by J .

Use this property to express monomial fun
tions in the basis of produ
ts

of 
omplete fun
tions.

Corr.Ex.37. (A. Kohnert).

IsMajorized:=pro
(small,big) lo
al i;

for i from 1 to nops(small) do if small[i℄>big[i℄ then RETURN(false)

fi; od; RETURN(true)

end:

CoeffProdCompleteMonomial:=pro
(input,output) lo
al lp:

if nops(input)>nops(output) then RETURN(0) fi;

lp:=ListPerm([op(input),0$(nops(output)-nops(input))℄);

sele
t(IsMajorized, lp,output)

end:

ACE > aa:= CoeffProdCompleteMonomial([4,2℄,[4,4,2,1℄);

aa :=[[4, 2, 0, 0℄, [4, 0, 2, 0℄, [2, 4, 0, 0℄, [0, 4, 2, 0℄℄

ACE > 
oeff(Tom( h5*m[4,2℄), m[4,4,2,1℄);

4

Of 
ourse, an effi
ient program will not enumerate all permutations!

Ex. 38 Let A be of 
ardinality n. Compute the symmetri
 fun
tion

Y

n

i=1

(a

1

+ � � �+ a

i�1

� a

i

+ a

i+1

+ � � �+ a

n

)

in your favourite basis.
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Corr.Ex.38. The produ
t is

Q

a

(�

1

� 2a), and therefore, expands in the �

I

(A )

basis as

(�

1

)

n

� 2�

1

(�

1

)

n�1

+ 4�

2

(�

1

)

n�1

� � � � � 2

n

�

n

(�

1

)

0

(only hook partitions appear, with 
oeÆ
ients � a power of 2).

Ex. 39 Let A = fa

1

; : : : ; a

n

g, and let f 2 Sym(A ) be of degree � n. Show

that the determinant

�

�

�

1 ; a

i

; : : : a

n�2

i

;

d

da

i

(f)

�

�

�

1�i�n

is equal to (f ; 	

n

)�(A ).

Corr.Ex.39. The formula being linear in f , it is suÆ
ient to test it on the basis

	

I

(A ), jIj � n. The determinant is 
learly null, ex
ept when I = [n℄, and so does

the s
alar produ
t.

Ex. 40 Let A = fa; b; 
; dg. Show the equality

�

�

�

�

�

�

�

�

�

�

1 S

1

(A ) S

2

(A ) S

3

(A ) S

4

(A )

0 S

0

(A ) S

1

(A ) S

2

(A ) S

3

(A )

�

1 0 S

0

(A ) S

1

(A ) S

2

(A )

�

2 0 0 S

0

(A ) S

1

(A )

�

3 0 0 0 S

0

(A )

�

�

�

�

�

�

�

�

�

�

=

�

�

�

�

�

�

�

�

1 b 
 d

a 1 
 d

a b 1 d

a b 
 1

�

�

�

�

�

�

�

�

Corr.Ex.40. Let us evaluate separately both determinants. Repla
ing the �rst


olumn of the left one by z

1

; z

0

; : : : ; z

�3

, and taling its derivative in z = 1, one

gets

1� �

2

(A ) + 2�

3

(A ) � 3�

3

(A ) :

On the other hand, dividing the su

essive 
olumns of the other determinant by

a; b; 
; d su

essively, one gets a determinant �lled with 1's, ex
ept for the diagonal

equal to [1=a; 1=b; 1=
; 1=d℄. Therefore, it is equal to

ab
d(a

�1

�1)(b

�1

�1)(


�1

�1)(d

�1

�1)

�

1 +

1

a

�1

� 1

+

1

b

�1

� 1

+

1




�1

� 1

+

1

d

�1

� 1

�

=

�

1� �

1

(A ) + �

2

(A ) � �

3

(A ) + �

4

(A )

� �

1 +

X

i�1

	

i

(A )

�
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and one 
an 
on
lude using Newton's formula.

Of 
ourse, a similar result is true for any 
ardinality.

Ex. 41 Let f 2 Sym(n) be homogenous of degree p � n. Let A be the set

of roots of the polynomial x

n

� x

n�1

+ x

n�2

� � � � + (�1)

n

. Show that the

s
alar produ
t (f;�

p

) is equal to f(A ).

Corr.Ex.41. (Muir (1899), MuirIV, p.198). Sin
e f =

P

(f;�

I

)�

I

, one has to

show that

8I : jIj = p; �

I

(A ) = 0 ; ex
ept �

p

(A ) = 1 :

Indeed, if `(I) > 1 and jIj � n, then the determinant �

I

(A ) has its last two


olumns identi
al and vanishes. Moreover, all �

p

(A ), 0 � p � n are equal to 1.

Ex. 42 Show that

n!S

n

=

�

�

�

�

�

�

�

�

�

�

�

2�

1

�

0

0 � � � 0

4�

2

3�

1

2�

0

� � � 0

.

.

.

.

.

.

.

.

.

.

.

.

(2n� 2)�

n�1

(2n� 3)�

n�2

(2n� 4)�

n�3

� � � (n� 1)�

0

n�

n

(2n� 2)�

n�1

(n� 2)�

n�2

� � � �

1

�

�

�

�

�

�

�

�

�

�

�

(only the last row is irregular).

Corr.Ex.42. (Mangeot (1897), MuirIV, p.239). Thanks to Newton's relations,

the above determinant is the produ
t of

�

�

�

�

�

�

�

�

�

	

1

1 0 0 � � �

�	

2

	

1

2 0 � � �

	

3

�	

2

	

1

3 � � �

.

.

.

.

.

.

.

.

.

�

�

�

�

�

�

�

�

�

by the matrix

�

j�i

of determinant equal to 1.

Ex. 43 Express the term of degree n in the series f := (1��

2

�2�

3

�3�

4

�

� � � )

�1

as a determinant in the elementary symmetri
 fun
tions, then as a

determinant in the power sums.
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Corr.Ex.43. The �rst development is obtained, from the determinantal expres-

sion of S

n

in terms of the �

i

, through the transformation �

1

! 0, �

2

! �1�

2

,

�

3

! �2�

3

, &
. It is therefore equal to

�

�

�

�

�

�

�

�

�

0 ��

2

2�

3

�3�

4

� � �

1 0 ��

2

2�

3

� � �

0 1 0 ��

2

� � �

.

.

.

.

.

.

.

.

.

�

�

�

�

�

�

�

�

�

:

Sin
e the denominator of f is the di�eren
e (1+�

1

+�

2

+�

3

+ � � � )� (�

1

+2�

2

+

3�

3

+ � � � ), one 
an transform it using Newton's relations, and write it as

(1 + �

1

+�

2

+�

3

+ � � � ) (1 �	

1

+	

2

�	

3

+ � � � ) :

Therefore

f = (1� S

1

+ S

2

� S

3

+ � � � ) (1�	

1

+	

2

�	

3

+ � � � )

�1

;

and the term of degree n of f is equal to

�

�

�

�

�

�

�

�

�

	

1

	

2

� � � 	

n

S

n

1 	

1

� � � 	

n�1

S

n�1

.

.

.

.

.

.

.

.

.

.

.

.

0 1 S

0

�

�

�

�

�

�

�

�

�

:

One transforms the last 
olumn with the help of Brios
hi relations (83). De�ning

�

1

= 0; �

2

= 	

1

	

1

; : : : ;�

j

= 	

j�1

	

1

+	

j�2

	

2

+ � � �+	

1

	

j�1

; : : :

on 
an �nally write n! times the determinant as follows :

�

�

�

�

�

�

�

(n

�

1)	

1

(n

�

1)	

2

��

2

(n

�

1)	

3

� �

3

� � � (n

�

1)	

n

� �

n

(n

�

1) (n

�

2)	

1

(n

�

2)	

2

� �

2

� � � (n

�

2)	

n�1

� �

n�1

.

.

.

.

.

.

.

.

.

.

.

.

�

�

�

�

�

�

�

;

and this gives the expression of the term of degree n of f in the basis of power

sums.

For example, for n = 4, one has

�

22

+ 3�

4

=

�

�

�

�

�

�

�

�

0

�

�

2

2�

3

�

3�

4

1 0

�

�

2

2�

3

0 1 0

�

�

2

0 0 1 0

�

�

�

�

�

�

�

�

=

1

4!

�

�

�

�

�

�

�

�

3	

1

3	

2

�

�

2

3	

3

�

�

3

3	

4

�

�

4

3 2	

1

2	

2

�

�

2

2	

3

�

�

3

0 2 	

1

	

2

�

�

2

0 0 1 0

�

�

�

�

�

�

�

�

:
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Symmetri
 Fun
tions as Operators and �-Rings
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We have used algebrai
 operations on alphabets, like addition, subtra
-

tion and multipli
ation of two alphabets, without expli
iting the underlying

algebrai
 stru
ture. We shall show in this se
tion that we have in fa
t used

�-rings, a stru
ture due to Alexandre Grothendie
k, without knowing it!

Already we met an intepretation of symmetri
 fun
tions, as operators on

isobari
 determinants, but �-rings are a more powerful way of 
onsidering

symmetri
 fun
tions as \fun
tors".

Let us �rst 
onsider the produ
t of an alphabet by a positive integer.

This, we de�ned by taking powers of generating fun
tions :

�

z

(k A ) := (�

z

(A ))

k

:

However, it 
an be given a more 
on
rete interpretation. In the simplest 
ase,

passing from �

z

(A ) to �

z

(2A ) := (�

z

(A ))

2


an be interpreted as doubling the

alphabet A = fag 7! 2A := fa

0

g [ fa

00

g, 
omputing the symmetri
 fun
tions

in 2A , and eventually erasing the dia
riti
s on the letters a's. Similarly, one

introdu
es, for ea
h letter a 2 A other letters a

0

; a

00

a

000

; : : : ; a

(k)

, 
ompute the

symmetri
 fun
tions in this new alphabet, and erase the dia
riti
s, obtaining

fun
tions of A again.

However, the inverse operations, say A = fag 7!

1

2

A , 
annot be des
ribed

in the same way, whi
h means that one must not sti
k to 
onsidering alpha-

bets as 
omposed of letters.

More expli
itely, at the level of power sums, multipli
ation by 2 is just

	

i

(2A ) =

X

(a

0

)

i

+

X

(a

00

)

i

= 2	

i

(A ) :

Therefore the \alphabet" B = k A , k 2 C will be de�ned by

	

i

(B ) := k	

i

(A ) ; i � 1 ; (95)

and now, k needs no more be an integer, we 
an take k = 1=2 as we desired.

Instead of only multiplying alphabets by 
onstants, one 
an go one step

further and realize that every polynomial 
an play the rôle of an alphabet,

i.e. that the 	

i

are operators on polynomials ( � 2 C , u monom):

P =

X

�;u

�u) 	

i

(P ) =

X

�;u

�u

i

: (96)
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The ring Sym, being generated by the 	

i

, i = 1; 2; : : :, formulas (96)

extend to an a
tion of Sym on the ring of polynomials.

Thus, the generating fun
tions of elementary and symmetri
 fun
tions

be
ome operators, their expli
it a
tion (determined by �

z

= 1=�

�z

= exp

�

P

i�1

z

i

	

i

=i

�

) being

P =

X

�;u

�u 7! �

z

(P ) =

Y

(1 + zu)

�

; (97)

P =

X

�;u

�u 7! �

z

(P ) =

Y

(1� zu)

��

: (98)

Ea
h of formulas (96), (97) or (98) 
an be 
hosen at will to de�ne the a
-

tion of symmetri
 polynomials and implies the two others, and the ring of

polynomials, with Sym operating on it, is 
alled a �-ring.

Grothendie
k 
hoosed lambda operations, that is, the exterior powers of

ve
tor spa
es, or more generally, �ber bundles, to introdu
e �-rings. In the

same interpretation, the S

i

are the symmetri
 powers. Algebrai
 topologists

prefers the Adams operations 	

i

.

Having taken polynomials as our building blo
ks, rather than more so-

phisti
ated mathemati
al entities, we needed only the single axiom (96). The

general theory of �-rings require three axioms: the 
ompatibility of the �-

operations with addition, produ
t and 
omposition.

Let us remark the di�erent rôle played by 
onstants � and monomials u :

�

	

i

(�) = � ; S

i

(�) =

�

�+i�1

i

�

; �

i

(�) =

�

�

i

�

	

i

(u) = u

i

; S

i

(u) = u

i

; �

i

(u) = 0; i > 1; �

1

(u) = u

(99)

When implementing �-rings, one must distinguish between indeterminate


oeÆ
ients � and variables u. The pre
eding terminology is not satisfa
tory;

it is preferable, instead of using the term \monomial" to say element of rank

1 (i.e. non zero element x su
h that �

i

(x) = 0 8i > 1), and avoid the term

\
onstant" for the elements invariant under the 	

i

, but rather say binomial

element as a tribute to Rota, be
ause these elements are su
h that their

images �

i

(�) =

�

�

i

�

are binomial 
oeÆ
ients.

Be
ause 	

i

(1) = 1 = S

i

(1), one 
an spe
ialize rank 1-elements to 1 (the

only other spe
ialization 
ompatible with �-rings is spe
ialization to 0). It

has the 
onsequen
e that, for a positive integer n, 	

I

(n); S

i

(n); �

i

(n) are the

number of terms in the expansion, in terms of monomials, of 	

I

(A ); S

i

(A ); �

i

(A )

when 
ard(A ) = n. The identity

	

I

(n) =

n(n� 1) � � � (n� `(I) + 1)

m

1

!m

2

!m

3

! � � �

with I = 1

m

1

2

m

2

3

m

3

� � � ; (100)
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being true for any positive integer n, is true for any 
omplex number n 2 C .

Polynomials in one indeterminate are 
onveniently 
oded in a �-ring. Let

A be an alphabet of 
ardinality n. Then

Y

a2A

(x� a) = S

n

(x� A ) =

X

x

n�i

S

i

(�A )

Now, expanding S

n+k

(x� A ), k 2 N , one sees that

S

n+k

(x� A ) = x

k

S

n

(x� A ) : (101)

On the other hand, S

n�k

(x � A ) is the 
omponent of positive degree of the

Laurent polynomial

x

�k

S

n

(x

�

A ) = x

�k

S

n

(

�

A )+� � �+x

�1

S

n�k+1

(

�

A )+x

0

S

n�k

(

�

A )+� � �+x

n�k

S

0

(

�

A ) :

Derivating with respe
t to x the generating fun
tion �

z

(xA ) of the S

k

(x

�

A ),

one sees that for any k 2 N , the su

essive derivatives of S

k

(x

�

A ) are

S

k�1

(2x

�

A ) ; 2!S

k�2

(3x

�

A ) ; 3!S

k�3

(4x

�

A ) ; : : : ; j!S

k�j

((j + 1)x

�

A ); : : :

There are other 
odings. For example, given any A , any n 2 N , and an

element x of rank 1,

�

n

(nx+ A ) =

X

�

n

i

�

x

n�i

�

i

(A ) (102)

is a polynomial of degree n.

Derivating with respe
t to x the generating fun
tion �

z

(nx + A )

= (1 + zx)

n

�

z

(A ), one sees that the su

essive derivatives are now

n�

n�1

((n

�

1)x+ A ) ; n(n� 1) �

n�2

((n

�

2)x+ A ) ; : : :

Therefore, the integral of �

n

(nx + A ) is

1

n+1

�

n+1

((n

+

1)x + A ), up to the

addition of a 
onstant, and more generally, the k-th integral will be

1

(n+ 1) � � � (n + k)

�

n+k

((n

+

k)x+ A ) :

We shall see in another se
tion that orthogonal polynomials are also 
on-

veniently expressed in �-rings.

One 
an extends the a
tion of symmetri
 polynomials to rational fun
tions

or formal power series :

	

i

�

P

�u

P

�v

�

=

P

�u

i

P

�v

i

; (103)
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If q is of rank 1, then one has now

1

1�q

= 1 + q + q

2

+ � � � , i.e.

1

1�q

is the

in�nite alphabet f1; q; q

2

; : : :g and 	

i

(

1

1�q

) =

1

1�q

i

, i � 1. From

�

x

�

1

1

�

q

�

= exp

 

1

X

i=1

x

i

i (1

�

q

i

)

!

;

Cau
hy obtained that :

S

i

�

1

1� q

�

=

1

(1� q) � � � (1� q

i

)

: (104)

(we shall more generally determine in equation (126) the values of all S
hur

fun
tions on 1=(1� q)).

Therefore

�

x

�

1

1� q

�

=

X

x

i

(1� q) � � � (1� q

i

)

(105)

is the q-exponential, equality

1

1�q

= 1+q+q

2

+ � � � implying the fa
torization

�

x

�

1

1� q

�

=

1

Y

i=1

1

1� xq

i

(106)

Su
h a fa
torization renders the q-exponential sometimes easier to use

than the 
lassi
al exponential.

Some 
lassi
al identities on q-series 
ome from addition in �-rings. For

example, take the q-binomial identity

X

i�0

z

i

(1� a)(1� aq) � � � (1� aq

i�1

)

(1� q)(1� q

2

) � � � (1� q

i

)

=

Y

i�0

1� zaq

i

1� zq

i

: (107)

Considering z; a; q to be of rank 1, one re
ognizes the left hand side to be

�

1

(z

1�a

1�q

)

�

we shall in (127) determine more generally all S
hur fun
tions of

(1

�

a)=(1

�

q)

�

, and the right one to be �

1

(

z

1�q

) �

1

(

�za

1�q

). Therefore, the identity

does not need a proof, be
ause it is just

z

1� a

1� q

=

z

1� q

+

�za

1� q

: (108)

Lagrange inversion
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Let us illustrate the advantages of �-rings on another very 
lassi
al ex-

emple, the Lagrange inversion of formal series in one variable. Given f(z) =

z + f

1

z

2

+ f

2

z

3

+ � � � , one has to �nd g(z) = z + g

1

z

2

+ g

2

z

3

+ � � � su
h that

f(g(z)) = z & g(f(z)) = z :

Lagrange inversion has many appli
ations in 
lassi
al analysis and 
om-

binatori
s. Many extensions (q-generalizations, or multivariate extensions,

&
.) have been proposed. We shall refer in parti
ular to Gessel [13℄.

Lagrange and B�urman solved the original problem by expressing the 
o-

eÆ
ients of g in terms of 
oeÆ
ients of derivatives of powers of f .

Another powerful approa
h is due to Jabotinsky [18℄ who asso
iates to

f a matrix Jab(f), whose entries are all the 
oeÆ
ients of all the integral

powers of f . Now, 
omposition or inversion of series be
omes multipli
ation

or inversion of the asso
iated Jabotinsky's matri
es.

Lagrange's solution uses only the fa
t that the logarithmi
 derivative of

a series has no residue. More generally, one has the following lemma :

Lemma 38 Given an alphabet A , let f(z) := z�

�z

(A ). Then for any m;n 2

Z, the residue of f

�n

d

dz

(f

m

) is null if m 6= n, and equal to n if m = n.

Equivalently, one has the relations

X

k2Z

k S

n�k

(

�

n A )S

k�m

(m A ) = nÆ

m;n

: (109)

Proof. Be
ause f

m

= z

m

�

�z

(mA ) and f

�n

= z

�n

�

�z

(

�

nA ), the two state-

ments are equivalent.

The residue to determine is equal to the 
oeÆ
ient of z

n�1

in

�

�z

(

�

nA )

d

dz

(z

m

�

�z

(mA )). If m 6= n, it is the 
oeÆ
ient of z

n�1

in

m

m

�

n

d

dz

(z

m

�

�z

((m

�

n)A )) +

�

m�

m

2

m

�

n

�

z

m�1

�

�z

((m

�

n)A ) ;

whi
h is

(�1)

n�m

m

m

�

n

nS

n�m

((m

�

n)A )+

�

m�

m

2

m

�

n

�

(�1)

n�m

S

n�1�m+1

((m

�

n)A ) :

It is indeed null; the 
ase m = n 
omes from a similar 
omputation. QED

Equations (109) determine the 
oeÆ
ients of the powers of the series

inverse to f :
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Theorem 39 (Lagrange-B�urman) Let f(z) = z�

�z

(A ), and g(z) its in-

verse series. Then for any k 6= 0, one has

g

k

(z) = k z

k

X

z

i

i + k

�

i

�

(i+ k)A

�

; (110)

log

�

g(z)

�

=

X

z

i

i

�

i

�

i A

�

: (111)

Proof. Writing

�

g(f(z)

�

k

= z

k

, one sees that the expressions given by the

theorem satisfy the right re
ursions thanks to relations (109). One gets the

logarithm as the limit k! 0 of g

k

=k. QED

Sin
e Lagrange's expression involves taking elementary symmetri
 fun
-

tions in the produ
t of two alphabets ( (i

+

k) and A ), then the Cau
hy formula

gives an expansion of it in any pair of adjoint bases of symmetri
 fun
tions,

without further 
omputations. In parti
ular, one has

�

i

((i+ k)A ) = (�1)

i

P

jJj=i

	

J

(�(i+ k))S

J

(A ) (a)

=

P

jJj=i

	

J

(i+ k)�

J

(A ) (b)

=

P

jJj=i

S

J

(i+ k)S

J

�

(A ) (
)

=

P

jJj=i

�

J

(i+ k)	

J

(A ) (d)

=

P

jJj=i

S

J

(i+ k)F

J

(A ) (e)

= (�1)

i

P

jJj=i

(�i�k)

`(J)

m

1

!m

2

!���

(

	

1

1

)

m

1

(

	

2

2

)

m

2

(

	

3

3

)

m

3

� � � (f)

(112)

using forgotten symmetri
 fun
tions F

J

in equation (e) and using exponential

notations for partitions in the last one. It is interesting to note that all these

equations (ex
ept the one involving forgotten fun
tions) 
an be found in the

mathemati
al litterature, ea
h time obtained from a new 
omputation.

For example, for i = 3, the di�erent expressions of Lagrange 
oeÆ
ient

�

3

((3

+

k)A ) are :

ACE> sfa:=SfAExpand(e[3℄((3+k)*A1)):

ACE> sf:=SfA2Sf(sfa); # to get rid of the name A1

3

1/6 (k+3)(k+2)(k+1) e1 +(k+3) e3 +(k+3)(k+2) e2 e1

ACE> map(fa
tor,Toh(sf,
olle
t));

3

(k+3) h3 -(4+k)(k+3) h1 h2 +1/6 (k+5)(4+k)(k+3) h1

ACE> map(fa
tor,Tos(sf,
olle
t));

(k+3)(k+2)(k+1)/6s[3℄+(4+k)(k+3)(k+2)/3s[2,1℄+(k+5)(4+k)(k+3)/6s[1,1,1℄
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ACE> map(fa
tor,Tom(sf,
olle
t));

2 3

1/6(k+3)(k+2)(k+1) m[3℄ +1/2(k+2)(k+3) m[2,1℄ +(k+3) m[1,1,1℄

ACE> map(fa
tor, subs(m=F, Tom(SfOmega(sf),
olle
t)));

2 3

1/6 (k+5)(4+k)(k+3) F[3℄ +1/2 (4+k)(k+3) F[2,1℄ +(k+3) F[1,1,1℄

ACE> map(fa
tor, Top(sf,
olle
t));

2 3 3

- 1/2 (k+3) p1 p2 + 1/3 (k+3) p3 + 1/6 (k+3) p1

One 
an also write Lagrange 
oeÆ
ients as determinants, as shows the

next lemma.

Lemma 40 Let A be an alphabet, k 2 C , k 6= 0, n 2 N. Then

n!S

n

(k A ) = det

�

�

�

�

(j

�

i

+

1)k + 1� i

�

S

j�i+1

(A )

�

�

�

1�i;j�n

= det

�

�

�

�

(j

�

i

+

1)k � j + nÆ

j;n

�

S

j�i+1

(A )

�

�

�

1�i;j�n

(113)

Proof. Ea
h of the two matri
es is the produ
t, on the right or on the left

respe
tively, of the matrix

h

S

j�i

(A )

i

(of determinant 1) by the Newton ma-

trix

5

h

	

j�i+1

(kA )

i

1�i;j�n

, whi
h is of determinant n!S

n

(kA ). We already

used this fa
torization in Ex. 42. QED

For example, 4!S

4

(kA ) is equal to ea
h of the following determinants :

�

�

�

�

�

�

�

�

kS

1

2kS

2

3S

3

k 4kS

4

�1 (k

�

1)S

1

(2k

�

1)S

2

(3k

�

1)S

3

0 �2 (k

�

2)S

1

(2k

�

2)S

2

0 0 �3 (k

�

3)S

1

�

�

�

�

�

�

�

�

=

�

�

�

�

�

�

�

�

(k

�

1)S

1

(2k

�

2)S

2

(3k

�

3)S

3

4kS

4

�1 (k

�

2)S

1

(2k

�

3)S

2

3S

3

k

0 �2 (k

�

3)S

1

2kS

2

0 0 �3 kS

1

�

�

�

�

�

�

�

�

Repla
ing k by �i�k, and n by i, one gets two determinantal expressions

of Lagrange 
oeÆ
ient �

i

((i+ k)A ).

Exer
ises

Ex. 44 Let x

1

; : : : ; x

n

; y be rank 1-elements. Compute

P

i

1=(y � x

i

).

5

with subdiagonal

�

1;

�

2; : : : ;

�

n

+

1, and not 	

0

. Re
all also that 	

j

(kA ) = k	

j

(A ).
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Corr.Ex.44. The sum is the logarithmi
 derivative of S

n

(y�X) with respe
t to

y (with X = x

1

+ � � � + x

n

). Therefore

P

i

1=(y � x

i

) = S

n�1

(2y � X)=S

n

(y � X).

Ex. 45 Let A be arbitrary, x of rank 1, n; p 2 N . Show that

S

n

(A )�

�

k

1

�

S

n

(A�x)+

�

k

2

�

S

n

(A�2x)+� � �+(�1)

k

�

k

k

�

S

n

(A�kx) = x

k

S

n�k

(A ) :

Corr.Ex.45. Both sides are linear in S

j

(A ); one 
an take A = a of rank

1, in whi
h 
ase the identity is a

n

�

�

k

1

�

a

n�1

(a � x) +

�

k

2

�

a

n�2

(a � x)

2

+ � � � =

a

n�k

(a� (a� x))

k

Ex. 46 Let q be rank-1 elements, and A be su
h that S

n

(A ) = (1��q

n

)

�1

,

n � 1. Let I be a partition in N

n

su
h that I � n

n

. Evaluate S

I

(A ).

Corr.Ex.46. We do not need �; q to be rank-1 elements, but just formal pa-

rameters. We re
ognize that the Ja
obi-Trudi determinant expressing S

I

is a

spe
ialization of Cau
hy determinant

�

�

�

(1 � xy)

�1

�

�

�

, for X = f�; �q; : : : ; �q

n�1

g,

Y = fq

i

1

�n+1

; : : : ; q

i

n

g, and therefore S

I

(A ) is equal to the produ
t of all the

entries of the determinant times �(X)�(Y).

When � = 1, one has the limit 
ase S

n

(A ) = 1=n for q ! 1.

Ex. 47 Let �; � be elements of binomial type. De�ne A by

S

n

(A ) = �(� + n�)

�1

S

n

(� + n�), n > 0. Compute �

n

(A ) and 	

n

(A ).

Corr.Ex.47. 
f. Riordan, [42℄, p.169. By re
ursion, one shows that

�

n

(A ) = �(��n�)

�1

S

n

(��n�) ; 	

n

(A ) = �(n��1) � � � (n��n+1)=(n�1)! :

Ex. 48 Given two positive integers m;n, border the matrix S

m

n

(A ) by a

�rst 
olumn [x

n

; : : : ; x

0

; 0℄ and a bottom row [0; y

0

; : : : ; y

n

℄. Show that the

determinant of this new matrix is equal to S

(m+1)

n�1

(A

�

x

�

y), taking x; y to

be rank 1-elements.

Corr.Ex.48. Subtra
t x in all the rows, ex
ept the last one, and subtra
t y in

all 
olumns, but the �rst one. Then the determinant fa
torizes, one blo
k being a

S
hur fun
tion of A

�

x

�

y, the other being

�

�

�

S

0

(0) ?

0 S

0

(0)

�

�

�

= 1.
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Ex. 49 Let A be an alphabet of 
ardinality n, fm

a

2 Ng

a2A

be a family of

\multipli
ities". De�ne X =

P

a

m

a

a, the letters a being rank-1 elements.

Show that minors of order > n of the matrix

h

	

i+j

(X)

i

i;j�0

are null, and


ompute the minors of order n.

Corr.Ex.49. De
omposing ea
h 
olumn as a sum of 
olumns involving only

one letter, a


ording to 	

k

=

P

m

a

a

k

, one gets a sum of determinants, but the

only ones whi
h are non zero are those for whi
h no two 
olumns 
ontain the same

letter. This proves nullity for order > n. For order n, the remaining determinants

are in bije
tion with permutations of the letters, and their sum is just

Q

a

m

a

times

the sum obtained when all m

a

are equal to 1. Therefore, a minor of index I; J ,

I; J 2 N

n

is equal to

Y

a

m

a

S

I

(A )S

J

(A )�(A )

2

:

Bellavitis (1857), MuirII, p.353, gives the 
ase I = 0

n

, J = k

n

.

Ex. 50 To ea
h sequen
e of alphabets A = (A

2

; A

3

; A

5

; : : : ; A

p

; : : :), all

primes p, asso
iate a Mo�ebius fun
tion on the positive integers :

�

A

(n) :=

Y

p

�

S

k

(A

p

�

;

where k is the order of p in n ( p

k

is the greatest power dividing n).

Given two sequen
es A, B, show that �

A+B

is the Diri
hlet 
onvolution

produ
t of �

A

and �

B

, i.e.

�

A+B

(n) =

X

djn

�

A

(d)�

B

(n=d) ;

summation over all divisors of n, where the sum A+ B is 
omponentwise.

Show that the Moebius fun
tion �, and the Euler fun
tions '; �; �

�

Re
all

that �(n) is 0 if n is not square-free, and �1 otherwise, the totient fun
tion

'(n) is the number of positive integers less than n and prime to n, �(n) is

the number of divisors of n and �(n) is their sum

�


orrespond respe
tively

to

(�1; : : : ;�1; : : :) ; (A

2

�1; : : : ; A

p

�1; : : :) ; (2; : : : ; 2; : : :) ; (A

2

+1; : : : ; A

p

+1; : : :) ;

where A

p

is su
h that S

k

(A

p

) = p

k

.
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Corr.Ex.50.

First noti
e that, for the properties that we examine, the set of integers de-


omposes a

ording to ea
h prime.

The statement involving 
onvolution 
omes from the identity

S

k

(A

p

+ B

p

) =

X

S

i

(A

p

)S

k�i

(B

p

) :

Produ
ts of S

k

(�1) are 0 if one of the k is bigger than 1, and the sign is the

parity of the number of prime divisors.

For all n, �

1;:::;1;:::

(n) = 1, and the 
onvolution square of this fun
tion is � .

The sequen
e A = (A

2

; : : : ; A

p

; : : :) gives the fun
tion �

A

su
h that �

A

(n) = n,

i.e. gives the identity fun
tion.

One 
he
ks that ' is the 
onvolution of � and �

A

, and that � is the 
onvolution

of �

A

and �

1

(with �

1

(n) = 1 for all n).

For more properties of the Moebius fun
tion on the integers, and of multipli
a-

tive fun
tions, we refer to Dixon [8℄ and Apostol [2℄.

Ex. 51 Let A be an alphabet. Grothendie
k de�ned fun
tions 


i

(A ) by the

generating fun
tion




z

(A ) =

X

z

i




i

(A ) := �

z=(1�z)

(A ) :

De�ne a

ordingly the alphabet A

�

by �

i

(A

�

) = 


i

(A ), i � 0.

Show that

�

i

(A

�

) = �

i

(A + i� 1)

S

i

(A

�

) = S

i

(A + i� 1)

	

i

(A

�

) =

i�1

X

j=0

(�1)

j

�

i

j

�

	

i�j

(A ) :

Show that the transformation A 7! A

�

satis�es (�A )

�

= �A

�

, (A + B )

�

=

A

�

+ B

�

, but that in general, (A B )

�

6= A

�

B

�

.

Ex. 52 Let the Gauss polynomial

�

n

i

�

be S

i

((1� q

n�i+1

)=(1� q)), with q of

rank 1. Show that

�

m+ n + 1

n

�

=

n

X

0

q

j

�

m + j

j

�

�

m + n

k

�

=

X

j

q

(n�j)(k�j)

�

n

j

� �

m

k � j

�

:
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Corr.Ex.52. The �rst equation results from the expansion of S

n

(1 + q

1�q

m+1

1�q

),

the se
ond one, from the expansion of q

�k(k�1)=2

�

k

�

(1

+

� � �

+

q

n�1

)+(q

n

+

� � �

+

q

n+m�1

)

�

.

Ex. 53 Let A be arbitrary, p binomial, n 2 N . Show that

nS

n

(pA ) � (p

+

n

�

1)S

n

�

1

(pA ) �

1

(A ) + (2p

+

n

�

2)S

n

�

2

(pA ) �

2

(A ) � � � �

� � � � ((n

�

1)p+ 1)S

0

(pA ) �

n

(A ) = 0 :

Corr.Ex.53. Introdu
e two elements x; y of rank 1. Re
ognize that the above

expression is the 
oeÆ
ient of x

n

in

d

dy

f(x; y)

�

�

�

y=1

, where

f(x; y) :=

P

i

(xy)

i

S

i

(pA )

P

j

(�xy

p

)�

j

(A ). Moreover, one 
an take A to be a

sum

P

a of rank 1 elements; in that 
ase f(x; y) =

Q

a

(1 � axy

p

)=(1 � axy)

p

.

The logarithmi
 derivative

d

dy

log f(x; y) is equal to

P

a

�p(�ax)

1�axy

+

p(�axy

p�1

)

1�axy

p

, from

whi
h one sees the required nullity in y = 1.

Ex. 54 Let A be arbitrary. Show that the produ
t of

h

(�1)

i+j

�

j

(i)

i

0�i;j�n

by

h

S

j

(iA )

i

0�i;j�n

is a triangular matrix. Express its entries in the S

I

(A )

basis.

Ex. 55 Let A be of 
ardinality n, and A

der

be the alphabet of roots of

S

n�1

(2x� A ) (we shall 
all it the derived alphabet). Show that

S

k

(A � A

der

) = 	

k

(A )=n ; k = 1; 2; : : : :

Show that, for any a 2 A ,

S

n

n�1

(A � A

der

� 2a) = (�1)

n�1

�(A )

2

;

i.e. is equal to the dis
riminant

Q

i<j

(a

i

� a

j

)

2

, up to a sign.

Corr.Ex.55. S

n�1

(2x�A )=S

n

(x�A) is the logarithmi
 derivative of S

n

(x�A),

and this settles the �rst point.

One re
ognizes in S

n

n�1
(A

�

a� (A

der

+

a)) a resultant R(A�a; A

der

+a). How-

ever, for any a

0

2 A , one has R(A

der

; a

0

) = R(A

�

a

0

; a

0

), and therefore

R(A

�

a; A

der

+

a) = �R(A

�

a; a)

Y

a

0

2A na

R(A

�

a

0

; a

0

) = ��(A )

2

:
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Ex. 56 Let A be an alphabet, A

der

the alphabet of roots of the derivative of

R(x; A ). For any integer k, express S

k

(x� A

der

) in the basis fS

i

(x� A ); i �

0g.

Corr.Ex.56. Write �A

der

= (A � A

der

) � A . Therefore S

k

(x � A

der

) =

P

S

k�i

(x� A )S

i

(A � A

der

) =

P

S

k�i

(x� A )	

i

(A )=	

0

(A ) .

Ex. 57 (Sylvester, [50℄ 1, p.502). Let A be of 
ardinality n, and let A

der

its

derived alphabet. For any positive integer k, and x of rank 1, let P

k

(x) :=

S

k

k(A � A

der

� x). Show that for any k > 0, any 0 � j < k, one has

X

a2A

a

j

P

k

(a) = 0 ;

and that

�

�

�

P

0

(a)

2

; P

1

(a)

2

; : : : ; P

n�1

(a)

2

�

�

�

a2A

= 0 :

Corr.Ex.57. Sin
e P

k

(x) := S

k

k

;0

(A � A

der

; x), using the pre
eding exer
ise, it


an be written as

�

�

�

�

�

�

�

1

n

	

k

(A ) � � �

1

n

	

2k�1

(A ) x

k+j

.

.

.

.

.

.

.

.

.

1

n

	

0

(A ) � � �

1

n

	

k�1

(A ) x

j

�

�

�

�

�

�

�

:

Summation on x = a 2 A transforms the last 
olumn into a multiple of a previous

one, hen
e the sum vanishes.

Using the quadrati
 relations (?), one 
an write

P

k

(x)

2

= S

k

k�1

(B � 2x)S

k

k+1

(B ) + S

k+1

k�1

(B � 2x)S

k�1

k+1

(B ) ;

with B = A � A

der

.

Take now n = 4, to simplify indi
es. The 
andidate to nullity is

�

�

�

1; S

11

(B ) + S

2

(B

�

2a); S

2

(B

�

2a)S

222

(B ) + S

33

(B

�

2a)S

11

(B );

S

33

(B

�

2a)S

3333

(B ) + S

444

(B

�

2a)S

222

(B )

�

�

�

a2A

.

By su

essive subtra
tions, it simpli�es into

�

�

�

1; S

2

(B

�

2a); S

33

(B

�

2a)S

11

(B ); S

444

(B

�

2a)S

222

(B )

�

�

�

:

However, the last exer
ise shows that the elements S

444

(B

�

2a) are 
onstant, and

thus the last 
olumn is a multiple of the �rst one and the determinant vanishes.

QED
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Ex. 58 Let x be su
h that 8n 2 N , S

n

(1+ x) = 1+nx. Compute the S
hur

fun
tion S

J

(1 + x), J partition, without expansion of determinants.

Corr.Ex.58. Put z := 1

�

x. Then z is a rank 1 element, and thus S

J

(1 + x) =

S

J

(2 � z) =

P

(�z)

i

S

J=1

i
(2). Apart from one part-partitions, the only J for

whi
h S

J

(1 + x) 
an be non zero are of the type J = [1

m

; h; k℄, h � 1; m �

0. The 
orresponding summation redu
es to

�

(�z)

m

�

2

(2) + (�z)

m+1

�

1

(2) +

(�z)

m+2

�

S

h�1;k�1

(2). Finally, for su
h J , one has

S

1

m

;h;k

(1 + x) = (k � h+ 1) (x � 1)

m

x

2

:

Ex. 59 Let A be arbitrary, � be of binomial type. Show, after Han Guo Niu

that

n

� + 1

S

n

�

(�

+

1)A

�

=

n

X

j=0

j S

j

(A )S

n�j

(�A ) :

Corr.Ex.59. Taking generating series, one has to show that

u

� + 1

X

nu

n�1

S

n

�

(�

+

1)A

�

=

d

dz

�

u

n

S

n

�

(�

+

z)A

��

�

�

�

z=1

;

but both sides are equal to

Q

a2A

(1� ua)

���1

P

a

ua (1� ua)

�1

.

Ex. 60 Show that, for any r 2 N ,

x(x+ 1) � � � (x+ r � 1) =

X

J:jJj=r

x

`(J)

r!

(	

J

;	

J

)

:

What be
omes the left hand side when the summation is restri
ted to par-

titions with all parts odd ? For example, one gets, for n = 2; : : : ; 6 the

following values x

2

, x

3

+ 2x, x

4

+ 8x

2

, x

5

+ 20x

3

+ 24x, x

6

+ 40x

4

+ 184x

2

.

Corr.Ex.60. The left hand side is r!S

r

(x), with x of binomial type, the right

side being its expansion in the basis 	

J

. This gives the �rst equality. To take into

a

ount the restri
tion on parity, one introdu
es a rank 1 element � whi
h will be

spe
ialized to

�

1. Then 	

i

�

(1 � �)x=2

�

= x if i is odd, and = 0 otherwise. The

left hand side be
omes r!S

r

�

(1 � �)x=2

�

, and one �nds its values by taking the

generating series

�

z

�

(1� �)x=2

�

=

�

1� z�

1� z

�

x=2

=

�

1 + z

1� z

�

x=2

:
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ACE> simplify(6!*
oeff(taylor(((1+z)/(1-z))^(x/2),z,7),z,6));

2 4 6

184 x + 40 x + x

The same method would allow to expli
it the summation

P

J

x

`(J)

1=(	

J

;	

J

) re-

stri
ted to partitions with all parts multiple of a �xed integer p. One has to take

� to be a primitive p-th root of unity instead of being

�

1.

Ex. 61 Let x be of binomial type, and sf be a symmetri
 fun
tion. Express

sf(x) in the basis of Newton's polynomials N

i

:= x(x� 1) � � � (x� i+ 1).

Corr.Ex.61. Sin
e a monomial fun
tion 	

J

(x) is proportional to N

`(J)

, a
-


ording to Formula (100), one has just to expand sf in the basis of monomial

fun
tions.

sf(x) =

X

J

(sf ; S

J

)

m

1

!m

2

! � � �

N

`(J)

;

sum over all partitions J = 1

m

1

2

m

2

� � � .

Sf2NewtonBym:=pro
(sf) lo
al tt,pa;

tt:=Sf2Table(Tom(sf),'m');


onvert([seq(tt[pa℄/
onvert(map(i->i!,Part2Exp(pa)),`*`)* 
at(N,nops(pa)),

pa=map(op,[indi
es(tt)℄) )℄,`+`)

end:

Ex. 62 Let x be of binomial type, z be a rank-1 element. Compute the

spe
ializations z = �1 of the monomial fun
tions and S
hur fun
tions in

A = x(1 + z).

Give as a 
orollary Gillis's formula :

S

2n

(x(1 + z))

�

�

�

z=�1

= S

n

(x) :

Corr.Ex.62. The power sums 	

i

(A ) = 	

i

(x)	

i

(1 + z) = x(1 + z

i

) spe
ialize

into 2x if i is even, 0 if i is odd. The expression of monomial fun
tions in terms

of power sums is 
ompatible with doubling the parts of a partition I. Denote this

operation by I ! 2 ? I. Then

	

J

(A )

�

�

�

z=�1

= 	

I

(2x) if J = 2 ? I or 0 if J texthasanoddpart :

The determination of S
hur fun
tions is a little more subtle. One needs to use

the fa
torization, due to Littlewood [35℄, of S

I

(
 B ), for 
 is the \alphabet of
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p-th roots of unity" (here p=2), and B is arbitrary. The out
ome in our 
ase is

that the spe
ialization of a S
hur fun
tion S

I

is equal to �S

I

0

(x)S

I

00

(x) if I is a

partition without 2-
ore, and with 2-quotient [I

0

; I

00

℄, and is null if I has a 
ore.

In parti
ular, if I = [2n℄, then I

0

= [n℄; I

00

= 0, and this gives Gillis'identity

2n

X

i=0

(�1)

i

�

x

i

��

x

2n� i

�

=

�

x

n

�

:

Ex. 63 S�eries de Fa
ult�es (N�ordlund, Le�
ons sur les s�eries d'interpolation, Gauthiers-

Villars, Paris(1926)). A \s�erie de fa
ult�es" is a series of the type

f(z; A ) := 1+

S

1

(A )

z

+

S

2

(A )

z(z + 1)

+

2!S

3

(A )

z(z + 1)(z + 2)

+� � � =

X

+

S

n

(A )

(n+ 1)S

n+1

(z)

;

where z is of binomial type and A arbitrary.

Show that for every binomial element y, one has f(z; A ) = f(z+y; A +y).

Dedu
e that

d

dz

f(z; A ) = �

X

�

S

n�1

(A )=1 + � � �+ S

0

(A )=n

�

=(n+ 1)S

n+1

(z) :

Express the produ
t f(z; A ) f(z; B ) as a s�erie de fa
ult�es.

Corr.Ex.63. Be
ause f(z; A ) is linear in the S

n

(A ), one 
an restri
t to A = �,

with � binomial. In that 
ase

f(z; �) =

1

z � �

= 1+

1

z

+

�

z(z + 1)

+

�(�+ 1)

z(z + 1)(z + 2)

+

�(� + 1)(� + 2)

z(z + 1)(z + 2)(z + 3)

+� � �

identity that is a spe
ial 
ase of Newton's interpolation formula. Now everybody

agrees that z � � = (z + y)� (�+ y) and this settles the �rst point.

As for the produ
t

�

1

z��

;

1

z��

�

7!

1

(z��)(z��)

=

�

1

z��

�

1

z��

�

1

���

, one is redu
ed

to evaluate all the

�

S

n

(�)�S

n

(�)

�

=(���), n 2 N. The expansion of S

n

(�) involves

Stirling numbers of the �rst kind, that is, the elementary symmetri
 fun
tions of an

alphabet spe
ialized in f0; 1; : : : ; n

�

1g. It remains to express the (�

k

��

k

)=(���)

in terms of produ
ts of S

i

(�), S

j

(�)

Ex. 64 Let x be of binomial type, r be an integer, J 2 N

r

be a partition.

Compute the generating series

P

n

z

n

S

Jn

(x), where Jn means the 
on
ate-

nation of J and n.
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Corr.Ex.64. Taking advantage that the interval of summation has not been

spe
i�ed, one takes �r � n < 1. Taking the Lapla
e expansion of the determi-

nantal expression of S

Jn

(x) along its last 
olumn, one �nds

X

n

z

n

S

Jn

(x) =

X

n

r

X

i=0

(�1)

i

z

n

S

J=1

i

(x)S

n+i

(x)

=

X

i

(�z)

�i

S

J=1

i

(x)

X

n

z

n+i

S

n+i

(x)

=

X

i

(�z)

�i

S

J=1

i
(x) (1� z)

�x

:

Noti
e that the summation in i is restri
ted to 0 � i � `(J). For example,

(1� z)

x

X

n��1

z

n

S

1n

(x) = S

1

(x)� z

�1

S

1=1

(x) = x� z

�1

;

(1� z)

x

X

n��2

z

n

S

23n

(x) = S

23

(x)� z

�1

S

23=1

(x) + z

�2

S

23=11

(x)

=

1

24

x

2

(x

+

1)(x

+

2)(x

�

1)�

1

24

x(x

�

1)(5x

+

6)(x

+

1)z

�1

+

1

3

x(x

+

1)(x

�

1)z

�2

Ex. 65 Let k 2 N . Writing partitions exponentially, J = 1

m

1

2

m

2

� � � , show

that

X

J

m

k

	

J

(	

J

;	

J

)

is a sum of S
hur fun
tions with 
oeÆ
ients �1.

Corr.Ex.65. For all positive integers n; k, one has D

	

k

S

n+k

= S

n

. On another

hand, expressing S

n+k

in the basis 	

I

, one gets

D

	

k

S

n+k

= k

d

d

	

k

X

	

I

(	

I

;	

I

)

= k

X

m

k

	

I

(	

I

;	

I

)	

k

:

The unknown sum is therefore equal to

P

	

k

S

n

=k. Using multipli
ation of S
hur

fun
tion by monomial fun
tions, one gets a sum on S
hur fun
tions indexed by

ve
tors of the type [k; 0

i

℄ + [0

i

; n℄, i = 0; : : : ; k

�

1, whi
h by reordering give �nally

S

n+k

+ S

k;n

� S

1; k�1; n

+ S

1; 1; k�2; n

� � � �
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Ex. 66 Let f(x) be a formal series f(x) = f

0

+ xf

1

+ x

2

f

2

+ � � � . Let y be

another indeterminate. For any positive integer m, de�ne, after Catalan,


 = (f

0

+ xf

1

+ x

2

f

2

+ � � � ) +

�

m+ 1

1

�

y(xf

1

+ x

2

f

2

+ � � � )

+

�

m + 2

2

�

y(x

2

f

2

+ x

3

f

3

+ � � � ) + � � �

Let �(x; y) := y

m

�

f(x)� yf(xy)

�

=(1� y). Show that


 =

1

m!

d

dy

m

�(x; y) :

Corr.Ex.66. Derivations of polynomials S

n

(x

�

A ) rather than of series �

x

(A )

are easier to write. Trun
ating the series to an arbitrary big order, one 
an write

it f(x) = S

n

(x

�

A ). Now, 
 be
omes


 = S

n

(x

�

A ) +

�

m+ 1

1

�

yxS

n�1

(x

�

A ) +

�

m+ 2

2

�

y

2

x

2

S

n�2

(x

�

A ) + � � �

= S

n

(x� A + (m

+

1)xy) :

On the other hand, a dire
t 
omputation shows that

xf(x)� xyf(xy)

x� xy

= S

n

(x+ xy � A ) and

1

m!

d

dz

m

z

m

S

n

(z

+

B ) = S

n

((m

+

1)z + B ) ;

for all B and all rank 1 element z. One 
on
ludes by putting z = xy, B = x� A .

Ex. 67 De�ne the Hermite polynomials H

n

(x) and the alphabet A by

S

n

(A ) = H

n

=n! :=

n

X

r=0

(�1)

r

(2x)

n�2r

=r!(n� 2r)! :

Compute the forgotten symmetri
 fun
tions in A .

Corr.Ex.67. First, the expli
it expression of Hermite polynomials is equivalent

to the generating fun
tion

P

z

n

H

n

=n! = exp(�2xz�z

2

). Therefore, A is su
h that

	

1

(A ) = �2x, 	

2

(A ) = �2, 	

i

(A ) = 0 for i > 2. The forgotten fun
tions for A are

equal, by de�nition, to the monomial fun
tions for A

0

, su
h that 	

1

(A

0

) = �2x,

	

2

(A

0

) = 2, 	

i

(A

0

) = 0 for i > 2. In parti
ular, the only surviving fun
tions are

those indexed by partitions of the type 1

n

2

k

. Be
ause

2	

1

n

2

k

(A

0

) = 	

2

(A

0

)	

1

n

2

k

(A

0

) = 	

1

n

2

k+1

(A

0

) ;

one 
an ignore the parts equal to 2, and therefore, one has only to 
ompute for

the indi
es 1

n

, in whi
h 
ase one obtains H

n

=n!.
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Spe
Hermite:=pro
(sf0) lo
al i,sf;

sf:=Top(sf0);

subs(seq(
at(p,i)=0, i=Sf2TableVar(sf,p)minus {1,2}), p1=2*x,p2=-2, sf)

end:

ACE> simplify(orthopoly[H℄(4,x)/ Spe
Hermite(SfOmega(m[2,2,1,1,1,1℄)));

12

Ex. 68 De�ne theGegenbauer polynomials G(n; �; x) by the generating fun
-

tion

X

n�0

z

n

G(n; �; x) = (1� 2xz + z

2

)

��

:

Let k 2 C . Evaluate the determinant of order n with �rst row [ jkG(j; �; x); j =

1 : : : n℄, entries [i; j℄ = (j � i + 1)k + i� 1)G(j � i+ 1; �; x), 2 � i � j � n,

subdiagonal equal to [1; 2; : : : ; n

�

1℄ , and other entries 0.

For example, for n = 4, evaluate the determinant

�

�

�

�

�

�

�

�

�

�

kG(1; �; x) 2 kG(2; �; x) 3 kG(3; �; x) 4 kG(4; �; x)

1 (k + 1)G(1; �; x) (2 k + 1)G(2; �; x) (3 k + 1)G(3; �; x)

0 2 (k + 2)G(1; �; x) (2 + 2 k)G(2; �; x)

0 0 3 (k + 3)G(1; �; x)

�

�

�

�

�

�

�

�

�

�

:

Corr.Ex.68. This determinant is a spe
ial 
ase of the �rst determinant in Eq.

113. Therefore, the determinant is to (�1)

n

n! times a Gegenbauer of order n, but

for the parameter �k�.

with(orthopoly):

MatGegenBauer:=pro
(n,k,a) lo
al i,j;

matrix([ [seq(j*k*G(j,a,x),j=1..n)℄, seq([0$(i-2),i-1,

seq( ((j-i+1)*k+i-1)*G(j-i+1,a,x), j=i..n)℄,i=2..n)℄)

end:

ACE> aa:= det(MatGegenBauer(4,k,a)):

ACE> simplify(aa/ G(4,-k*a,x);

24

In parti
ular, Gegenbauer polynomials 
an be expressed as determinants in the

T
heby
hef polynomials G(n; 1; x), but more simply, one 
an 
hoose to express it

in terms of the 
oeÆ
ients of (1� 2xz + z

2

) (taking � = �1).

In that 
ase, the determinant is tridiagonal, with main diagonal

[2�x; 2(�

+

1)x; : : : ; 2(�

+

n

�

1)x℄, above diagonal [2�; 2�

+

1; : : : ; 2�

+

n

�

2℄, subdiag-

onal [1; 2; : : : ; n

�

1℄.
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GegenTridiag:=pro
(n,a,x) lo
al i,ma;

ma:=diag(seq( 2*(a+i)*x,i=0..n-1));

for i from 1 to n-1 do ma[i,i+1℄:= 2*a+i-1; ma[i+1,i℄:=i; od;

eval(ma)

end:

ACE> simplify( det(GegenTridiag(4,a,x))/G(4,a,x));

24

Ex. 69 Let A be an alphabet, and n a positive integer. Show that there

exists a unique polynomial F (x) of degree n su
h that

F

�

z

�1

�

z

(A )

�

= z

�n

+ z(� � � )

i.e. su
h that its evaluation in x = z

�1

�

z

(A ) has no term of degree

�

n

+

1; : : : ; 0.

Corr.Ex.69. 
f. S
hur [47℄ III, p.361, Prosper [41℄. The equations de�ning F (x)

are

(�z)

n

	

n

(A ) +

X

n

i

�

n�i

(�izA )�

z

(iA ) \ fz; : : : ; z

n

g = f0; : : : ; 0g ;

writing f \ z

i

for the 
oeÆ
ient of z

i

in f .

These equations are very similar to those involved in Lagrange inversion, and

admits the solution

F (x) = (�1)

n

	

n

(A ) +

n

X

i=1

n

i

z

i

�

n�i

(�iA ) :
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Having, with Cau
hy formula, a s
alar produ
t together with pairs of

adjoint bases on the spa
e of symmetri
 fun
tions, having, with lemma (7)

a tool to transform determinants and, with Pieri formula, a rule for multi-

pli
ation, we needed only to formalize in a stru
ture of �-ring the algebrai


operations on alphabets : \+; �; �" and the multipli
ation of alphabets by


onstants, to be able to handle eÆ
iently symmetri
 fun
tions.

All our de�nitions involved generi
 alphabets 
omposed of algebrai
ally

independent letters, but of 
ourse, as in the 
ase of the alphabet of roots of a

polynomial, we shall be interested in spe
ialized alphabets. We shall use the

operations on generi
 series �

z

(A ) that we de�ned in the pre
eding se
tions

to get informations on every formal series 1 + z


1

+ z

2




2

+ � � � . By abuse of

language, we shall still 
all a set like

A = f0; (1=2); (

p

�1); (�

p

�1)g

as an \alphabet" of 
ardinality 4, meaning that we we spe
ialize, in an iden-

tity like 	

2

(A ) = S

2

(A )�S

11

(A ), the symmetri
 fun
tions of fa

1

; a

2

; a

3

; a

4

g

in a

1

= 0; a

2

= 1=2; a

3

=

p

�1; a

4

=

�

p

�1. Thus we must be 
areful in dis-

tinguishing the element of binomial type 1=2 and the spe
ialization x = (1=2)

of a rank 1 element.

Beware that spe
ialization for
es us to leave �-rings, remember that, in-

side a �-ring, an element of rank 1 
an only be spe
ialized to 1 or 0 ! In other

words, we use �-rings to get algebrai
 identities, and then freely spe
ialize

in these identities rank 1-elements and elements of binomial type, forgetting

about their original status.

Bernoulli numbers

Let us illustrate on the example of Bernoulli numbers why it is interesting

to use �-rings to treat some topi
s of 
lassi
al 
ombinatori
s (but we do not

give, for the moment, any new property of Bernoulli numbers!).

De�ne an alphabet B

+

by the equations :

S

n

((n

+

1) B

+

) = 1 ; n = 1; 2; : : : (114)

Thus 1 = S

1

(2B

+

) implies S

1

(B

+

) = 1=2,

1 = S

2

(3B

+

) = 	

2

(3)S

2

(B

+

) + 	

11

(3)S

11

(B

+

) = 3S

2

(B

+

) + 3(1=2)

2

;
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gives S

2

(B ) = 1=12. More generally, the equation for order n has leading

term 	

n

(3)S

n

(B

+

) and allows to determine S

n

(B

+

), knowing the 
omplete

fun
tions of smaller degree.

Then, from the formula giving the Lagrange inverse of a series (see exer-


ises for more details), we get that

�

z

(B

+

) = z=

�

1� exp(�z)

�

= 1 + z=2 +

1

X

n=2

z

n

B

n

=n! ; (115)

where B

n

is the n-th Bernoulli number (B

1

is equal to

�

1=2, but we prefered

here taking 1=2).

It is remarkable that the simple Equations (114) de�ne so fundamental

numbers as Bernoulli numbers

6

.

To re
over the 
lassi
al 
ase, let us de�ne the Bernoulli alphabet B by

�

z

(B ) = z=

�

exp(z)� 1

�

=

1

X

n=0

z

n

B

n

=n! : (116)

What bene�
e to draw from identifying the Bernoulli number B

n

to

n!S

n

(B )? Well, we 
an now spe
ialize any symmetri
 fun
tion S to S(B ),

and therefore get from the expression of this fun
tion in terms of 
omplete

fun
tions identities involving Bernoulli numbers.

For example, the inverse series �

z

(

�

B ) = (exp(z) � 1)=z is simpler, and

gives

�

i

(B ) = (�1)

i

=(i

+

1)! ; i = 1; 2; : : : (117)

Now, any skew S
hur fun
tion S

J=I

(B ) will be a determinant of Bernoulli

numbers, as well as a determinant of inverses of fa
torial, by taking 
onjugate

partitions. Be
ause Bernoulli numbers of odd index are 0 (ex
ept B

1

), one


an �nd a skew partition su
h that the Ja
obi-Trudi determinant fa
torizes

into�S

2n

(B ) times a determinant equal to 1, the determinant in �

i

(B ) having

at �rst glan
e no spe
ial property. Here su
h an example, for n = 5. We �rst

write a fun
tion whi
h evaluates any symmetri
 fun
tion on the alphabet B ,

passing through its expansion in the bases S

I

, �

I

or 	

I

a

ording to the


hoi
e of the user.

ACE > [bernoulli(1), seq(bernoulli(2*i),i=1..10)℄;

[�1=2; 1=6;�1=30; 1=42;�1=30;

5

66

;

�691

2730

;

7

6

;

�3617

510

;

43867

798

;

�174611

330

℄

6

These equations say that the 
ohomology of the proje
tif spa
e P (C

n+1

) is of dimen-

sion 1 in degree n, and play a fundamental role in Hirzebru
h's version of Riemann-Ro
h

theorem [17℄.
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ACE > SfSpe
ialBernoulli:=pro
(sf,b) lo
al sf2,i;

if 'b'='e' then sf2:=Toe(sf);

subs(seq(
at(e,i)= (-1)^i/(i+1)!, i=Sf2TableVar(sf2,'e')), sf2);

elif 'b'='h' then sf2:=Toh(sf);

subs(seq(
at(h,i)= bernoulli(i)/i!, i=Sf2TableVar(sf2,'h')), sf2)

elif 'b'='p' then sf2:=subs(p1=-1/2,Top(sf));

subs(seq(
at(p,i)= -bernoulli(i)/i!, i=Sf2TableVar(sf2,'p')), sf2)

fi;

end:

ACE > pa:=[[6,6,5,4,3℄, [5,4,3,2℄℄:

ACE > pa2:=map(Part2Conjugate, pa);

pa2:=[[5,5,5,4,3,2℄,[4,4,3,2,1℄℄;

ACE > deuxMat:=[ SfJtMat(pa), SfJtMat(pa2,'e')℄;

2

6

6

6

6

4

h1 h3 h5 h7 h10

1 h2 h4 h6 h9

0 1 h2 h4 h7

0 0 1 h2 h5

0 0 0 1 h3

3

7

7

7

7

5

;

2

6

6

6

6

6

6

4

e1 e2 e4 e6 e8 e10

1 e1 e3 e5 e7 e9

0 1 e2 e4 e6 e8

0 0 1 e2 e4 e6

0 0 0 1 e2 e4

0 0 0 0 1 e2

3

7

7

7

7

7

7

5

ACE > map(SfSpe
ialBernoulli,op(1,deuxMat), h),

map(SfSpe
ialBernoulli,op(2,deuxMat), e);

�

�

�

�

�

�

�

�

�

�

�1=2 0 0 0

1

47900160

1

1

12

�1

720

1

30240

0

0 1

1

12

�1

720

0

0 0 1

1

12

0

0 0 0 1 0

�

�

�

�

�

�

�

�

�

�

=

�

�

�

�

�

�

�

�

�

�

�

�

�1

2

1

6

1

120

1

5040

1

362880

1

39916800

1

�1

2

�1

24

�1

720

�1

40320

�1

3628800

0 1

1

6

1

120

1

5040

1

362880

0 0 1

1

6

1

120

1

5040

0 0 0 1

1

6

1

120

0 0 0 0 1

1

6

�

�

�

�

�

�

�

�

�

�

�

�

ACE > map(det, %), bernoulli(10)/10!;;

[1/47900160, 1/47900160℄ 1/47900160

The general rule to obtain a skew partition su
h that S

J=I

(B ) redu
es to

a single entry is given by the following lemma.

Lemma 41 For any positive integer n, the Bernoulli number B

2n

is given

by the following determinant of inverses of fa
torials :

(�1)

n�1

B

2n

=(2n)! = �

[2;3;:::; n�1; n;n;n℄=[1;:::; n�1; n�1℄

(B ) :
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Proof. The pair of 
onjugate partitions is

[3; 4; : : : ; n

+

1; n

+

1℄=[2; 3; : : : ; n℄

and the asso
iated determinant in the S

k

B is su
h that indi
es in its top row

are all odd integers � 3, ex
ept the last one equal to 2n (beware that ACE

uses de
reasing partitions). QED

Our de�ning relations for the Bernoulli alphabet 
an be expanded using

the Cau
hy formula (with B

1

= 1=2) :

S

n

((n

+

1)B

+

) =

X

J:jJj=n

	

J

(n

+

1)

Y

i2J

B

i

=i! = 1 : (118)

# for fun
tions of even degree, no differen
e between B

+

and B

ACE >aa:=[seq(SfEval(m[op(pa)℄,7)*
onvert(map(i->bernoulli(i)/i!,pa),`*`),

pa=ListPart(6))℄;

[

1

4320

; 0;

�7

1440

;

�7

192

; 0; 0; 0;

35

1728

;

35

96

;

35

64

;

7

64

℄

ACE > 
onvert(aa,`+`);

1

The identity

d

dx

exp(x) = exp(x) implies  

i

(A ) = �S

i

(A) 8i > 1, and

therefore the Newton relations between 
omplete fun
tions S

i

and power

sums 	

k

nS

n

= 	

1

S

n�1

+	

2

S

n�2

+ � � �	

n

S

0

give the following re
ursion between Bernoulli numbers :

�(n

+

1)S

n

(B ) =

�

n

�

1

n!

B

n

= S

2

(B )S

n�2

(B )+S

4

(B )S

n�4

(B )+� � �+S

n�2

(B )S

2

(B ) :

(119)

None of the above identities for Bernoulli numbers is diÆ
ult to prove di-

re
tly, but,in fa
t, they require no proof, sin
e they are a 
onsequen
e of

identities on symmetri
 fun
tions.

Uniform shift on alphabets, and binomial determinants

Before plunging into spe
ializations, let us look at transformations A !

B , where B is an alphabet obtained from B su
h that symmetri
 fun
tions of

B are also symmetri
 fun
tions of A .

For example, one 
an take a fun
tion of one variable '(x) and de�ne A

'

to be the alphabet f'(a) : a 2 A g.
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The simplest of these fun
tions x ! x + 1 already gives an interesting

operation on Sym(n). Let us denote A

+

the shifted alphabet A

+

:= f(a

+

1) :

a 2 A g.

S
hur fun
tions of A

+

are easy to evaluate, taking their expression in

terms of a minor of the Vandermonde matrix. Indeed, let n = 
ard(A ).

Then the Vandermonde matrix V(A

+

) fa
torizes into the produ
t of the

Vandermonde matrix V(A ) by the in�nite matrix of binomial 
oeÆ
ients

Binom :=

h

�

j

i

�

i

i;j�0

.

Therefore, for any partition J 2 N

n

, one has a fa
torization of the matrix

V

J

(A

+

), and, remarking that V

0

n

(A

+

) = V

0

(A ), one obtains from Binet-

Cau
hy formula the following expression of S

J

(A

+

) :

S

J

(A

+

) =

X

I�J

S

I

(A )Binom(I; J) ; (120)

denoting by Binom(I; J) the submatrix taken on rows i

1

; i

2

+1; : : : ; i

n

+

n

�

1,


olumns j

1

; j

2

+ 1; : : : ; j

n

+

n

�

1 (numbering start from 0!).

ACE > ShiftS
hur:=pro
(pa,
ard) CLG n(
ard);

Tos n(x2m n( expand(subs(seq(
at(x,i)=
at(x,i)+1,i=1..
ard),

Tox n(s[op(pa)℄)))))

end:

# input two de
reasing partitions, and 
ardinal

# one 
an trun
ate the matrix to the length of the bigger partition

ACE > DetBinom:=pro
(out,inside,
ard) lo
al i,j,k,big,small;

k:=nops(out); big:=[seq(out[i℄+
ard-i,i=1..k)℄;

small:=[seq(inside[i℄+
ard-i,i=1..nops(inside)),

seq(
ard-nops(inside)-i,i=1..k-nops(inside))℄;

matrix([seq([seq(binomial(big[i℄,small[j℄),j=1..k)℄,i=1..k)℄)

end:

ACE > aa:=DetBinom([4,3,1℄,[2,1℄,4);

aa :=

2

4

21 35 7

1 10 5

0 0 2

3

5

ACE > det(aa),
oeff(ShiftS
hur([4,3,1℄,4), s[2,1℄);

350 , 350

It is spe
ially appropriate, in Tianjin, to give properties of the alphabet

A

+

, be
ause A

+

is needed in the expansion of the Chern 
lasses of a tensor

produ
t of two ve
tor bundles. In non geometri
al words, given two �nite
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alphabets A ; B , one wants to expand the produ
t

Y

a2A ; b2B

(1 + a+ b) :

Writing it

Q

a2A ; b2B

�

(1 + a) + b

�

, and introdu
ing by 
ommodity a rank 1

element z, one has solved the problem, be
ause

Y

a2A ; b2B

�

(1 + a)� zb

�

= S

�

(A

+

� zB ) =

X

I

(�z)

j�=Ij

S

I

(A

+

)S

�e=I e

(B ) ;

(121)

where � = (
ard(B ))


ard(A )

. Now, one 
an, leaving �-rings, put z =

�

1 in

the pre
eding identity whi
h be
omes

Y

a2A ; b2B

(1 + a + b) =

X

I

S

I

(A

+

)S

�e=I e

(B ) : (122)

Geometry also requires the expansion of

Y

a2A ; b2B

(1� (a+ b))

�1

:

The same reasoning as in the pre
eding 
ase gives the 
oeÆ
ients of the

expansion in the S
hur basis, as minors of a matrix of binomial 
oeÆ
ients.

Geometry, still, needs the alphabet. A

�

:= f

�

1

1�a

�

: a 2 A g. The Van-

dermonde matrix V(A

�

) is the produ
t of V(A ) by a matrix of binomial 
o-

eÆ
ients. However, one has an extra fa
tor 
oming from the Vandermonde :

�(A

�

) = V

0

n

(A

�

) = �(A )

Y

a2A

(1� a)

1�n

;

be
ause 1=(1� a)� 1=(1� a

0

) = (a� a

0

)=(1� a)(1� a

0

), with n = 
ard(A ).

It implies that, for any J 2 N

n

, �(A )S

J

(A

�

) is equal to the minor of

index J of the matrix

h

(1� a)

n�1

; ; (1� a)

n�2

; : : : ; (1� a)

�1

i

a2A

:

This last matrix fa
torizes into the produ
t of V(A ) by the matrix of binomial


oeÆ
ients

Binom

�n

:=

h

S

r

(
� n+ 1)

i

r;
�0

=

��


+ r � n

r

��

r;
�0

;

and �nally, with on
e more the help of Binet & Cau
hy, one gets :

S

J

(A

�

) =

X

I�J

S

I

(A )Binom

�n

(I; J) : (123)
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Noti
e that, at the level of power sums,

	

k

(A

�

) =

X

a

(1� a)

�k

=

X

i�0

S

i

(k)	

(i)

(A ) :

One also needs

A

~

:=

��

a

1 + a

�

: a 2 A

�

;

but this requires only a minor adpatation of the pre
eding 
ase, and the


oeÆ
ients are minors of the matrix of binomial 
oeÆ
ients

Binom

~n

:=

h

(�1)

r�


S

r�


(
� n + 1)

i

r;
�0

=

�

(�1)

r�


�

r � n

r

��

r;
�0

:

Alphabet of su

essive powers of q

In this se
tion, we want to expli
it the symmetri
 fun
tions of the alpha-

bet

1�q

n

1�q

= 1 + q + � � � + q

n�1

, n being any positive integer, and q being a

rank-1 element, and of the alphabet

1

1�q

= 1 + q + q

2

+ � � � . Littlewood [34℄

has 
onsa
red a 
hapter of his book to this subje
t.

Let us start with the most important fun
tions, the S
hur fun
tions.

Let J be a partition in N

n

, and v := [j

1

+

0; j

1

+

1; : : : ; j

n

+

n

�

1℄. Using the

Vandermonde matrix V := V((1 � q

n

)=(1� q)), one has that

S

J

�

1� q

n

1� q

�

= V

J

=V

0

n

= det

�

(q

i

)

v

j

�

0�i<n; 1�j�n

=V

0

n

:

Inter
hanging the powers, one sees that V

J

= det

�

(q

v

j

)

i

�

, that is, is equal to

�(q

v

1

; : : : ; q

v

n

).

Therefore, up to a power of q, one has that

S

J

�

1� q

n

1� q

�

= q

?

Q

1�i<j�n

1� q

v

j

�v

i

Q

1�i<j�n

1� q

j�i

:

However, there 
an be many fa
tors in 
ommon in the numerator and de-

nominator.

Equation (3) allows to get rid of the fa
tors (1� q

v

j

�v

i

) and gives

S

J

�

1� q

n

1� q

�

= q

?

Q

i

(v

i

)!

q

1!

q

� � � (n

�

1)!

q

; (124)
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writing k!

q

for the q-fa
torial (1

�

q) � � � (1

�

q

k

). Simplifying now the fa
tori-

als, and 
omputing the value of ?, one �nally gets a formula, published by

Robinson[43℄, but that he attributes to Hall :

S

J

�

1

1� q

�

= q

P

`(J)

i=1

(`�i)j

i

Y

�2Diagr(J)

1� q

n+


�

1� q

h

�

: (125)

Passing to the limit on n, one gets

S

J

�

1� q

n

1� q

�

= q

P

(n�i)j

i

Y

�2Diagr(J)

1

1� q

h

�

: (126)

Realizing that, with a a rank-element, S

J

((1 � a)=(1 � q)) is a rational

fun
tion in a, with a appearing only in numerator

7

, one also gets

S

J

�

1� a

1� q

�

= q

P

(n�i)j

i

Y

�2Diagr(J)

1� a q




�

1� q

h

�

; (127)

be
ause this formula is valid for the in�nity of values a = q

n

.

q-spe
ialization of monomial fun
tions

Given a; b; q of rank 1, and a ve
tor v 2 N

n

, Lassalle [33℄ de�nes two

weights '

1

(v) and '

2

(v) as follows :

N

n

3 v = [v

1

; : : : ; v

n

℄! w := [0; v

1

; v

1

+

v

2

; v

1

+

v

2

+

v

3

; : : : ; v

1

+

� � �

+

v

n

℄ 2 N

n+1

;

'

1

(v) =

a

v

1

q

w

1

� b

v

1

1� q

w

2

a

v

2

q

w

2

� b

v

2

1� q

w

3

� � �

a

v

n

q

w

n

� b

v

n

1� q

w

n+1

(128)

'

2

(v) =

a

v

1

q

(n�1)v

1

� b

v

1

1� q

w

2

a

v

2

q

(n�2)v

2

� b

v

2

1� q

w

3

� � �

a

v

n

q

0v

n

� b

v

n

1� q

w

n+1

(129)

(the only di�eren
e is in the powers of q in numerator).

Then Lassalle's theorem is

Theorem 42 Let J be a partition, a; b; q be of rank 1. Then

	

J

�

a� b

1� q

�

=

X

H=Perm(J)

'

1

(H) =

X

H=Perm(J)

'

2

(H) ; (130)

sum over all di�erent permutations of J .

7

	

I

((1�a)=(1�q)) =

Q

i2I

(1�a

i

)=(1�q

i

) has su
h property, and so has any symmetri


polynomial, by linearity.
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In fa
t, taking the 
omponents of the partition as indeterminates, i.e. writ-

ing J = [x

1

; : : : ; x

n

℄, one sees that the pre
eding identities 
an be dire
tly

interpreted at the level of the symmetri
 group, and we defer their proofs to

a subsequent 
hapter des
ribing di�erent statisti
s on the symmetri
 group.

Stat1:=pro
(v) lo
al i,j1,j2,pol; pol:=1;j1:=0;

for i from 1 to nops(v) do

j2:=j1+v[i℄; # 
umulated sums

pol:= pol*(a^v[i℄*q^j1 -b^v[i℄)/(1-q^j2);

j1:=j2;

od;

pol

end:

Stat2:=pro
(v) lo
al n,i,j,pol; pol:=1;j:=0; n:=nops(v);

for i from 1 to n do

j:=j+v[i℄; # 
umulated sums

pol:= pol*(a^v[i℄*q^((n-i)*v[i℄) -b^v[i℄)/(1-q^j);

od;

pol

end:

ACE> aa:=
onvert(map(Stat1,ListPerm([6,4,1℄)), `+`);

�

a

6

� b

6

� �

a

4

q

6

� b

4

� �

aq

10

� b

�

(1� q

6

) (1� q

10

) (1� q

11

)

+

�

a

6

� b

6

� �

aq

6

� b

� �

a

4

q

7

� b

4

�

(1� q

6

) (1� q

7

) (1� q

11

)

+

�

a

4

� b

4

� �

a

6

q

4

� b

6

� �

aq

10

� b

�

(1� q

4

) (1� q

10

) (1� q

11

)

+

�

a

4

� b

4

� �

aq

4

� b

� �

a

6

q

5

� b

6

�

(1� q

4

) (1� q

5

) (1� q

11

)

+

(a� b)

�

a

6

q � b

6

� �

a

4

q

7

� b

4

�

(1� q) (1� q

7

) (1� q

11

)

+

(a� b)

�

a

4

q � b

4

� �

a

6

q

5

� b

6

�

(1� q) (1� q

5

) (1� q

11

)

ACE> bb:=
onvert(map(Stat2,ListPerm([6,4,1℄)), `+`);

�

a

6

q

12

� b

6

� �

a

4

q

4

� b

4

�

(a� b)

(1� q

6

) (1� q

10

) (1� q

11

)

+

�

a

6

q

12

� b

6

�

(aq � b)

�

a

4

� b

4

�

(1� q

6

) (1� q

7

) (1� q

11

)

+

�

a

4

q

8

� b

4

� �

a

6

q

6

� b

6

�

(a� b)

(1� q

4

) (1� q

10

) (1� q

11

)

+

�

a

4

q

8

� b

4

�

(aq � b)

�

a

6

� b

6

�

(1� q

4

) (1� q

5

) (1� q

11

)

+

�

aq

2

� b

� �

a

6

q

6

� b

6

� �

a

4

� b

4

�

(1� q) (1� q

7

) (1� q

11

)

+

�

aq

2

� b

� �

a

4

q

4

� b

4

� �

a

6

� b

6

�

(1� q) (1� q

5

) (1� q

11

)

ACE> simplify(aa-bb), simplify(aa-SfEval(m[6,4,1℄,(a-b)/(1-q)));

0 , 0
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Using the de
omposition of monomial fun
tions into the basis of power

sums, one would get another expression of 	

J

((a � b)=(1 � q)) (re
all that

	

k

((a� b)=(1� q)) = (a

k

� b

k

)=(1� q

k

)). For example, J = [6; 4; 2℄ gives

ACE> map(SfEval, Top(m[6,4,1℄), (a-b)/(1-q));

�

a

6

� b

6

� �

a

4

� b

4

�

(a� b)

(1� q

6

) (1� q

4

) (1� q)

�

�

a

6

� b

6

� �

a

5

� b

5

�

(1� q

6

) (1� q

5

)

�

�

a

10

� b

10

�

(a� b)

(1� q

10

) (1� q)

�

�

a

7

� b

7

� �

a

4

� b

4

�

(1� q

7

) (1� q

4

)

+

2 a

11

� 2 b

11

1� q

11

Alphabet of square roots

We have mentionned the plethysm with a power sum 	

k

, k 2 N . It 
an

be seen as a transformation on alphabets

A = fag ! 	

k

(A ) := fa

k

: a 2 A g :

What about an inverse operation ?

Let us start with k = 2. There is no reason to distinguish between

p

a

and �

p

a, and therefore, the most natural 
andidate to be the square root

of an alphabet is

A

p

:= f

p

a;

�

p

a : a 2 A g :

At the level of power sums, it translates into

	

2k

(A

p

) = 2 

k

(A ) & 	

2k+1

(A

p

) = 0 ; 8k 2 N : (131)

To determine the S
hur fun
tions S

J

(A

p

), we shall, for a 
hange, take

their expression in terms of a determinant of powers sums, supposing A to

be of 
ardinality n :

S

J

(A

p

) =M

J

=M

0

n

; with M =

�

	

i+j

((A

p

)

�

i;j�0

; J 2 N

2n

: (132)

The exponents in the �rst row of M

J

K = [j

1

; j

2

+ 1; : : : ; j

2n

+ 2n� 1℄

determine the full determinant. Permuting 
olumns in su
h a way as to get all

even exponents �rst, and taking the rows in the order 1; 3; : : : ; 2n

�

1; 2; 4; : : : ; 2n,

one transformsM

J

into a matrix with two blo
ks of zeros: M

J

! [

? 0

0 ?

℄. If the
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blo
ks are not of size n, then it shows that det(M

J

) = 0. If, on the 
ontrary,

there exists J

0

; J

00

2 N

n

su
h that

fk

1

; : : : ; k

2n

g = f2j

0

1

; 2j

0

2

+

2; : : : ; 2j

0

n

+

2n

�

2g [ f2j

00

1

+

1; 2j

00

2

+

3; : : : ; 2j

00

n

+

2n

�

1g ;

(133)

then

det(M

J

) = �2

2n

det(N

J

0

) det(N

J

00

) ; N :=

�

	

i+j

((A )

�

i;j�0

;

and �nally,

S

J

(A

p

) = �S

J

0

(A )S

J

00

(A ) : (134)

For example, for n = 3, J = [0; 0; 3; 3; 5; 5℄, then K = [0; 1; 5; 6; 9; 10℄, and

M

J

, on
e reordered, be
omes

�

�

�

�

�

�

�

�

�

�

�

�

�

	

0

(A

p

) 	

6

(A

p

) 	

10

(A

p

) 0 0 0

	

2

(A

p

) 	

8

(A

p

) 	

12

(A

p

) 0 0 0

	

4

(A

p

) 	

10

(A

p

) 	

14

(A

p

) 0 0 0

0 0 0 	

2

(A

p

) 	

6

(A

p

) 	

10

(A

p

)

0 0 0 	

4

(A

p

) 	

8

(A

p

) 	

12

(A

p

)

0 0 0 	

6

(A

p

) 	

10

(A

p

) 	

14

(A

p

)

�

�

�

�

�

�

�

�

�

�

�

�

�

=

�

�

�

�

�

�

	

0

(A ) 	

3

(A ) 	

5

(A )

	

1

(A ) 	

4

(A ) 	

6

(A )

	

2

(A ) 	

5

(A ) 	

7

(A )

�

�

�

�

�

�

�

�

�

�

�

�

	

1

(A ) 	

3

(A ) 	

5

(A )

	

2

(A ) 	

4

(A ) 	

6

(A )

	

3

(A ) 	

5

(A ) 	

7

(A )

�

�

�

�

�

�

:

Taking into a

ount signs and the value of the initial minor S

0

2n

(A

p

), it

proves that

S

3355

(A

p

) = S

023

(A )S

012

(A ) :

The alphabet A

p


ould have been de�ned by the equations

	

2

�

	

2k

(

1

2

A

p

)

�

= 	

k

(A ) ; 	

2k+1

(

1

2

A

p

) = 0 ; 8k 2 N : (135)

Thus 	

2

(A

p

) 6= A and the transformation A ! A

p

is not the inverse of

A ! 	

2

(A ). However, the following lemma shows the link between the two.

We now take an in�nite alphabet, to be able to use without restri
tions the

s
alar produ
t ( ; )

A

.

Lemma 43 Let �

2

be the adjoint operation to 	

2

. Then �

2

is a ring endo-

morphism of Sym, and

�

2

(	

2k

) = 2	

k

& �

2

(	

2k�1

) = 0 ; 8k � 1 : (136)
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Proof. �

2

is de�ned by the property

8f; g 2 Sym;

�

�

2

(f) ; g

�

=

�

f ; 	

2

(g)

�

:

Be
ause the s
alar produ
t is indu
ed from the s
alar produ
t of ea
h 
om-

ponent of the tensor produ
t

Sym ' C [	

1

℄
 C [	

2

℄
 C [	

3

℄
 � � � ;

it is suÆ
ient to test the lemma on ea
h spa
e C [	

k

℄. The only non-zero

s
alar produ
ts are

�

	

2

(	

k

m

) ; 	

(2k)

m

�

= (2k)

m

m! ; m 2 N ;

but they are equal to

�

	

k

m

; 2

m

	

k

m

�

= 2

m

k

m

m!

and this proves all the assertions of the lemma. QED

One 
ould have used the generating fun
tion of 
omplete fun
tion, instead

of determinants in power sums. Indeed

�

z

(A

p

) =

Y

a2A

1

1� z

p

a

1

1 + z

p

a

=

Y

a2A

1

1� z

2

a

(137)

and therefore the alphabet A

p

is 
hara
terized by the equations

S

2k

(A

p

) = S

k

(A ) & S

2k+1

(A

p

) = 0 ; 8k 2 N ; (138)

or

�

2k

(A

p

) = (�1)

k

�

k

(A ) & �

2k+1

(A

p

) = 0 ; 8k 2 N : (139)

# enter a symmetri
 fun
tion, and the basis 
hosen for spe
ialization

SquareRootAlphabet:=pro
(sf0,b) lo
al sf,i,Ind,Ind0,
of,
of2;

if b='e' then sf:=Toe(sf0); 
of:=1;
of2:=-1;

elif b='h' then sf:=Toh(sf0); 
of:=1; 
of2:=1;

elif b='p' then sf:=Top(sf0); 
of:=2;
of2:=1;

fi;

Ind:=`SYMF/Sf2TableVar`(sf,b);

Ind0:=sele
t( pro
(i) evalb( type(i,even)) end, Ind);

Ind:=Ind minus Ind0;

subs(seq(
at(b,i)=0,i=Ind),seq(
at(b,i)=
of2^(i/2)*
of*
at(b,i/2),i=Ind0),sf)

end:

ACE > aa:=map(fa
tor,[SquareRootAlphabet(s[5,5,3,3℄,e),

SquareRootAlphabet(s[5,5,3,3℄,h),SquareRootAlphabet(s[5,5,3,3℄,p)℄:

ACE > map(z->map(Tos,z),aa);

[s[2, 1℄ s[3, 2℄, s[2, 1℄ s[3, 2℄, s[℄ s[2, 1℄ s[3, 2℄℄
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The fa
torization of a S
hur fun
tion S

J

(A

p

), when it is di�erent from

zero, into a produ
t of S
hur fun
tions, is also straightforward to obtain by

reordering the Ja
obi-Trudi determinant expressing S

J

.

The pre
eding 
omputations 
an be visualized on the diagram of J . In-

deed, equation (133) 
an be rewritten as

9 � 2 S

2n

su
h that J + �� �

�

is a ve
tor in 2N

2n

,

(i.e. J + �� �

�

is a ve
tor with even 
omponents).

Therefore, one 
an obtain the fun
tion �S

0:::0

from S

J

by iterating the

operation

\substra
t 2 to a 
omponent of the index of a non-zero S
hur fun
tion"

and this amounts to build a sequen
e of partitions, from J to the empty

partition, di�ering ea
h time by a verti
al or horizontal domino.

For example,

S

3355

� � �

� � �

� � � � �

� � � � �

!

S

1355

�

� � �

� � � � �

� � � � �

!

S

1155

�

�

� � � � �

� � � � �

!

S

1;�1;5;5

= �S

0055

� � � � �

� � � � �

! � � � !

�S

13

�

� � �

!

�S

0011

�

�

! �S

0;0;1;�1

= S

0000

It is easy to see that the non-empty partitions from whi
h one 
annot

obtain another partition by subtra
ting a domino, are exa
tly the stair
ases

[123 : : : k℄, k � 1 (they are 
alled 2-
ores, and one 
ould 
he
k that S

J

(A

p

) =

0 i� one 
an obtain a 2-
ore from J by erasing dominos from the diagram of

J .

To understand why obtaining a 2-
ore from a partition is independent

of the order in whi
h one erases dominos, it is better to 
onsider the more

general 
ase of a p-
ore, p 2 N , p � 2. This is what we shall do in the next

se
tion.

p-
ores and p-quotients

To des
ribe 
onveniently the transformation that we have e�e
ted on

S

J

(A

p

), and to generalize it to roots of any order, it is 
onvenient to in-

trodu
e another 
ombinatorial obje
t used in modular representations of the

symmetri
 group [35℄, [22℄.

Let p be an integer, p � 2. One numbers 
onse
utively the integral points

of the plane, of x-
oordinates 0;

�

1; : : : ; 1

�

p, as follows (the y-axis is pointing
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downwards, to sti
k to the most frequent 
onventions) :

level

.

.

.

.

.

.

.

.

.

.

.

.

1

�

2p � � �

�

p

�

1

�

p �1

1

�

p � � �

�

1 0 0

1 � � � p

�

1 p 1

1

+

p � � � 2p

�

1 2p 2

.

.

.

.

.

.

.

.

.

.

.

.

:

Let � be a partition, 
onsidered as an in�nite de
reasing ve
tor, with only

a �nite number of non-zero 
omponents. Thus, we reorder usual partitions

and 
on
atanate an in�nite string of 0's. Using the 
onventions of physi
ists,

(for whom these ve
tors are bases of Fo
k spa
es), let j;i be the va
uum

ve
tor j;i := [0;

�

1;

�

2;

�

3; : : :℄, and let

j�i := [�

1

; �

2

�

1; �

3

�

2; : : :℄ :

To j�i, asso
iate the p-aba
us of beads pla
ed at the points �

1

; �

2

�

1; �

3

�

2; : : :.

Ea
h 
olumn 
ontains the 
omponents of j�i having same residue modulo p.

Consider now ea
h 
olumn of the p-aba
us separately. Some beads have

been pushed down, and their displa
ement is re
orded by a partition (as we

did for minors of a matrix) : given any bead, 
ount how many empty spa
es

lie above it. For example

.

.

.

.

.

.


 0


 0

� �


 1

� �

� �


 3

gives the partition [3; 1; 0; 0; : : :℄

The p-uple of su
h partitions read from the p-aba
us of � is 
alled the

p-quotient of �. Pa
king the beads upwards, one gets the p-aba
us of another

partition, whi
h is 
alled the p-
ore of �.

Of 
ourse, from the p-
ore and the p-quotient, one re
onstru
ts the p-

aba
us of a partition, and thus, for any integer p � 2, there exists a bije
tion

(p-
ore, p-quotient) $ partition .

Moving one bead upwards by one step (when it is possible) 
orresponds

to subtra
ting p to one of the 
omponent of j�i, and to erasing a ribbon of
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length p from the edge of the diagram of �. It implies, in parti
ular, that

p-
ores are those partitions from whi
h one 
annot peel o� a p-ribbon.

One 
an 
ode p-
ores di�erently, by listing the levels of the bottom beads

in ea
h 
olumn. Be
ause the number of beads in the lower plane is equal to

the number of holes in the upper plane, p-
ores are in bije
tion with ve
tors

v 2 Z

p

, of null sum jvj := v

1

+ � � �+ v

p

= 0 (
alled 0-weights).

Let � be the p-
ore of �. Evaluate j�i and j�i modulo p (i.e. repla
e

ea
h 
omponent by their residue modulo p). Then these two new ve
tors

di�er by a (minimal) permutation, the sign of whi
h is 
alled the p-sign of

the partition �.

When the p-
ore is null, the p-sign of � 
ounts the minimal number of

transpositions to reorder the residue of j�i into the ve
tor

[0; p

�

1; : : : ; 1; 0; p

�

1; : : : ; 1; 0; : : :℄.

Part2Aba
us:=pro
(pa,p) lo
al n,i,j,v,part,ma,x;

part := [op(pa),0$(p-irem(nops(pa),p) )℄;

# length must be a multiple of p

n := nops(part);

v := [seq(part[i℄-i+1, i=1..n)℄; lprint([seq(modp(v[i℄,p),i=1..n)℄);

ma:=matrix(n/p+ 
eil(pa[1℄/p),p);

for i from 1 to rowdim(ma) do

for j from 1 to p do x:=-n+1+p*(i-1)+j-1;

if member(x,v) then ma[i,j℄:=x

else ma[i,j℄:=`.`;

fi;

od;

od;

eval(ma)

end:

ACE> Part2PCore([8,8,5,4,4,4,4,2,1,1,1℄,3); # p-
ore= first 
omponent

[[4, 2℄, [1℄, [4, 2, 1℄, [2, 2℄℄

ACE> Part2Aba
us([8,8,5,4,4,4,4,2,1,1,1℄,3), Part2Aba
us([4,2,0$8℄, 3);

[2,1,0,1,0,2,1,1,2,1,0,1℄ , [1,1,1,0,2,1,0,2,1,0,2,1,0,2,1℄

2

6

6

6

6

6

6

6

6

4

�11 : �9

�8 �7 :

�5 : :

�2 �1 0

1 : 3

: : :

7 8 :

3

7

7

7

7

7

7

7

7

5

;

2

6

6

6

6

6

6

6

6

4

�11 �10 �9

�8 �7 �6

�5 �4 �3

�2 : :

1 : :

4 : :

: : :

3

7

7

7

7

7

7

7

7

5
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The 3-
ore of [8; 8; 5; 4; 4; 4; 4; 2; 1; 1; 1℄ is [4; 2℄, whi
h 
orresponds to the

ve
tor [2;

�

1;

�

1℄. Its 3-quotient is [[1℄; [4; 2; 1℄; [2; 2℄℄, and its 3-sign is +1.

Alphabet of p-th roots

It is now easy to adapt our analysis of square roots to p-th roots, p � 2.

Let � be a primitive root of unity, and 
 := f�

0

; �; : : : ; �

p�1

g be the alphabet

of p-th roots of unity. De�ne

A

p

p

:= 
 A = [

a2A

fa

1=p

; �a

1=p

; : : : ; �

p�1

a

1=p

g : (140)

Then

�

z

(A

p

p

) = �

z

(
A ) =

Y

a2A

1

1� z

p

a

= exp

 

1

X

i=1

z

ip

p	

i

(A )=ip

!

; (141)

and therefore

S

pk

(A

p

p

) = S

k

(A ) & S

k

(A

p

p

) = 0 if k 6� 0 mod p ; (142)

	

pk

(A

p

p

) = p	

k

(A ) & 	

k

(A

p

p

) = 0 if k 6� 0 mod p : (143)

Given n and J 2 N

pn

, then by reordering the rows and 
olumns of the

Ja
obi-Trudi matrix expressing S

J

, one obtains a determinant whi
h is non

zero i� J has no p-
ore, the diagonal blo
ks being the Ja
obi-Trudi deter-

minants of S

J

0

(A ); : : : ; S

J

p�1

(A ), [J

0

; : : : ; J

p�1

℄ being the p-quotient of J .

Indeed, the reordering of 
olumns exa
tly 
orresponds to grouping the num-

bers j

1

; j

2

+

1; : : : ; j

pn

+

pn

�

1, a

ording to their residues modulo p.

Let �

p

be the transformation A ! A

p

p

(de�ned as a endomorphism of

Sym by equations (142) or (143)). Then the same proof as for the 
ase p = 2

gives the following 
hara
terization of �

p

.

Lemma 44 The adjoint of 	

p

with respe
t to the 
anoni
al s
alar produ
t

on Sym is �

p

.

We 
an now state the following proposition, due to Littlewood [35℄.

Theorem 45 Let p; n be two positive integers, A be an alphabet, J a parti-

tion in N

pn

.

If J has a non-empty p-
ore, then S

J

(A

p

p

) = 0. Else, let [J

0

; : : : ; J

p�1

℄

be the p-quotient of J , �

p

(J) be its p-sign. Then

�

p

(S

J

)(A ) = S

J

(A

p

p

) = �

p

(J)S

J

0

(A ) � � � S

J

p�1

(A ) : (144)
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# 
hoose the basis b='p' or 'h' in whi
h to expand sf0

PHI:=pro
(sf0,n,b) lo
al sf,i,lp,lpn,val;

if b='p' then sf:=Top(sf0); val:=n

elif b='h' then sf:=Toh(sf0); val:=1

fi;

lp:=`SYMF/Sf2TableVar`(sf,b);

lpn:=sele
t(pro
(i,n) evalb(modp(i,n)=0) end, lp,n);

subs(seq(
at(b,i)=val*
at(b,i/n),i=lpn),

subs(seq(
at(b,i)=0,i=lp minus lpn),sf))

end:

ACE> map(Tos,fa
tor(PHI(s[9, 5, 4, 3, 2, 2, 2℄,3,h)));

- s[℄ s[1℄ s[2, 1℄ s[3, 1, 1℄

ACE> Part2PCore([9, 5, 4, 3, 2, 2, 2℄, 3);

[[℄, [2, 1℄, [1℄, [3, 1, 1℄℄

Alphabet of p-th roots of 1

Given a positive integer p, we have met the alphabet 
 = 


(p)

of p-th

roots of 1. Let us 
omplete the des
ription of the spe
ialization of symmetri


fun
tions in 
.

From the pre
eding se
tion, putting A = f1g, one already knows :

Lemma 46 The only non-zero spe
ializations in the alphabet 
 of 
omplete,

elementary fun
tions and power sums are

�

p

(
) = (�1)

p�1

; S

(pk)

(
) = 1 ; 	

(pk)

(
) = p : (145)

If J is a partition in N

p

with empty p-
ore, then S

J

(
) = �

p

(J). Otherwise

S

J

(
) = 0.

There essentially remains to determine the values of monomial fun
tions

in 
. We shall follow A. Forsyth [10℄ and Thrall [51℄.

Let us take another alphabet A , and let � be a primitive p-th root of

unity. Then, a

ording to Cau
hy's formula

Y

a2A

(1� (

�

a)

p

) =

p�1

Y

i=0

�

�

i
(A ) = �

1

(
A ) =

X

I

	

I

(
)�

I

(A ) : (146)

De
omposing

�

�

(A ) =

�

1 + �

p

(A ) + �

2p

(A ) + � � �

�

+ �

�

�

p+1

(A ) + �

2p+1

(A ) + � � �

�

+

� � �+ �

p�1

�

�

p�1

(A ) + �

2p�1

(A ) + � � �

�

= �

0

+ ��

1

+ � � �+ �

p�1

�

p�1

; (147)
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i.e. 
olle
ting the �

k

(A ) a

ording to the residue of k modulo p, one also has

�

1

(
A ) =

p�1

Y

i=0

�

�

0

+ �

i

�

1

+ � � �+ �

(p�1)i

�

p�1

�

: (148)

However, this last produ
t, putting �

i�p

= �

i

, is equal to the determinant (
f.

ex ?)

�

�

�

�

�

�

�

�

�

�

0

�

p�1

� � � �

1

�

1

�

0

�

2

.

.

.

.

.

.

.

.

.

�

p�1

�

p�2

� � � �

0

�

�

�

�

�

�

�

�

�

=

�

�

�

i�j

�

�

1�i;j�p

(149)

The expansion of su
h determinant is determined by the 
ase where A is of


ardinality p

�

1, but implies the expansion of �

1

(
A ) for any A . For example,

for p = 3, 
ard(A ) = 2, one has

�

1

(
A ) = �

000

(A ) + �

111

(A ) + �

222

(A ) � 3�

012

(A )

and this implies, for a general A ,

�

1

(
A ) =

X

	

I

(
)�

I

(A ) = �

3

0

+�

3

1

+�

3

2

�3�

0

�

1

�

2

=

�

�

�

�

1+�

3

+��� �

2

+�

5

+��� �

1

+�

4

+���

�

1

+�

4

+��� 1+�

3

+��� �

2

+�

5

+���

�

2

+�

5

+��� �

1

+�

4

+��� 1+�

3

+���

�

�

�

�

:

Instead of taking �

1

(
A ) as generating fun
tion of the 
oeÆ
ients �

1

(
A ) =

	

I

(
), one 
an use :

�

1

(
A ) =

Y

a2A

(1� a

p

)

�1

= 	

p

(�

1

(A )) : (150)

It implies, for any k 2 N ,

S

(pk)

(
A ) = 	

p

(S

k

(A )) =

X

I:jIj=pk

	

I

(
)S

I

(A ) ; (151)

	

I

(
) =

�

S

pk

(
A ) ; 	

I

(A )

�

A

=

�

	

p

(S

k

(A )) ; 	

I

(A )

�

A

=

�

S

k

(A ) ; �

p

(	

I

(A ))

�

A

(152)

In other words, be
ause the s
alar produ
ts (S

k

;	

J

), jJ j = k, are all

equal to 1, one 
an obtain 	

I

(
) from the expansion of 	

I

(A ) in the basis

of power sums, as follows. Let ~(J) = p

`

(J) if all parts of J are divisible by

p, and ~(J) = 0 otherwise. Then

	

I

=

X

J




J

	

J

implies 	

I

(
) =

X

J

~(J) 


J

: (153)
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For example, for p = 4,

	

246

= 	

6

	

2

	

4

� (	

6

)

2

� 	

10

	

2

� 	

8

	

4

+ 2	

12

gives 	

246

(
) = 0 + 0 + 0� 4

2

+ 2� 4 = �8.

Before 
losing the subje
t, let us remark that in the 
ase where I is

su
h that jIj = p, then equation (152) shows that the value of 	

I

(
), I =

1

m

1

2

m

2

� � � , is given by Waring's formula :

	

I

(
) = p(�1)

`(I)�1

(`(I)� 1)!

m

1

!m

2

! � � �

: (154)
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Ex. 70 Let k be a positive integer, J be a partition J 2 N

k

: J � [2

k�1

; 3℄; jJ j

odd. Show that the the forgotten symmetri
 fun
tion of index J vanishes on

the Bernoulli alphabet B . For example, in weight 7, one has vanishing for

J 2 f[7℄; [2; 5℄; [3; 4℄; [2; 2; 3℄g.

Corr.Ex.70. The expansion of the forgotten fun
tion involves produ
t of power

sums of degrees sums of parts of J . For the 
hoosen partitions, there is no o

uren
e

of 	

1

and always a 	

2i+1

in ea
h produ
t. For the same reason, the monomial

fun
tions 	

J

(B ) also vanish.

Ex. 71 To the n � (n

�

1) matrix with entries [i; j℄ equal to 2

i�j

=(i � j +

1)!, i < j, entries [i; i℄ equal to 1, the others being 0, add a �rst 
olumn

[1=1!; 1=2!; : : : ; 1=n!℄ and show, after Hernandez (MuirV, p.260), that the

determinant is 0 for n odd.

Corr.Ex.71. On
e more, one has to re
ognize the Bernoulli alphabet, the

determinant being proportional to the Bernoulli number of order n.

Ex. 72 Let n;m be two postive integers. Write

1

m

+ 2

m

+ � � �+ n

m

= 


1

n

m+1

+ 


2

n

m

+ � � �+ 


m+1

n ;

and show, after Ferrari (Muir V, P.262) that

(m + 1)m � � � (m� k + 2) 


k

is equal to the determinant of order k � 1 with entries [i; j℄ =

�

m+2�j

i+2�j

�

, for

j � i + 1, other entries being 0.

For example, for k = 5,

(m + 1) � � � (m� 3) 


5

=

�

�

�

�

�

�

�

�

�

m+1

2

�

m 0 0

�

m+1

3

� �

m

2

�

m� 1 0

�

m+1

4

� �

m

3

� �

m�1

2

�

m� 2

�

m+1

5

� �

m

4

� �

m�1

3

� �

m�2

2

�

�

�

�

�

�

�

�

�

:

Corr.Ex.72. Write ea
h binomial

�

n

k

�

as n!=k!(n

�

k)!. Fa
torizing out the


ommon fa
torials in rows and 
olumns, one is left with �

1

k�1

(A ), with A the

Bernoulli alphabet : �

i

(A ) = 1=(i

+

1)!. Therefore, Ferrari's result is another way

of writing that power sums of 1; : : : ; n are given by Bernoulli polynomials.
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Ex. 73 Let n be an integer. Take the lower triangular matrix of order n

with entries [i; j℄ = 1=(2i � 2j + 2)!, i � j. Border it with a �rst 
olumn

[1=1!; 1=3!; : : : ; 1=(2n � 1)!℄ , and with a bottom row [1=(2n � 2)!; 1=(2n �

1)!; : : : ; 1=3!; 1=1!℄. Show that the determinant of su
h matrix is null. For

example, for n = 4,

�

�

�

�

�

�

�

�

�

�

1 1=2 0 0 0

1=6 1=24 1=2 0 0

1=120 1=720 1=24 1=2 0

1=5040 1=40320 1=720 1=24 1=2

1=720 1=5040 1=120 1=6 1

�

�

�

�

�

�

�

�

�

�

= 0 :

Corr.Ex.73. We have to permute the �rst and se
ond 
olumn, as well as row n

and row n+ 1 to get monotonous sequen
es. Now, we re
ognize

�

[1;:::;n�2; n�1; n�1; n�1℄=[0001:::n�2℄

(A )

with A su
h that �

i

(A ) = 1=(i+1)!, that is A is the Bernoulli alphabet. In terms

of the S

i

(A ), the S
hur fun
tion is S

[34:::n+1℄=[01:::n�2℄

(A ), whi
h is null, be
ause its

�rst row is 
omposed of multiples of Bernoulli numbers of odd index.

Ex. 74 Let n be an integer. Show that the skew multi-S
hur fun
tion

S

[2;:::;n+2;n℄=[0;0;1;:::;n℄

(2n

+

3; 2n

+

1; : : : ; 3; 2)

is null.

Corr.Ex.74. (MuirV, p. 268: Williams Am.Math. Monthly 23 (1916) 263-264).

Extra
ting 
ommon fa
torials in rows and 
olumns, one gets, apart from the �rst


olumn, a determinant of inverses of fa
torials, whi
h shows a 
onne
tion with the

Bernoulli alphabet and the nullity is a 
onsequen
e of the vanishing of Bernoulli

numbers of odd index.

Ex. 75 Following Pas
al (MuirV, p.254) show that the following determi-

nant of order n

+

1 vanishes :

�

�

�

�

�

�

�

�

�

�

�

�

�

1=1! 2 0 � � � 0

1=3! 1=2! 2 � � � 0

1=5! 1=4! 1=2! � � � 0

.

.

.

.

.

.

.

.

.

.

.

.

1=(2n� 1)! 1=(2n� 2)! 1=(2n� 4)! � � � 2

1=(2n)! 1=(2n� 1)! 1=(2n� 3)! � � � 1=1!

�

�

�

�

�

�

�

�

�

�

�

�

�

= 0
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Corr.Ex.75. Transposing the determinant, and multiplying the n

�

1 �rst


olumns by 1=2, one 
an re
ognize S

12:::nn=0012:::n�1

(A ), for A su
h that S

i

(A ) =

1=2i!; i = 1; 2; : : :. Now, this alphabet is the \Geno

hi alphabet", de�ned by

�

z

(A ) =

z

1 + exp(z)

= z +

X

n�1

z

2n

(�1)

n

G

2n

=(2n)! ;

where G

2n

= 2(1 � 2

2n

)Bernoulli(2n) is a Geno

hi number. This alphabet is

su
h that �

2i

(A ) = 0, i = 1; 2; : : :. Sin
e the 
urrent S
hur fun
tion is equal to

�

23:::n+1=01:::n�1

(A ), whi
h has a �rst row 
omposed of even elementary symmetri


fun
tions, it vanishes.

Ex. 76 Compute the following determinant of binomial 
oeÆ
ients, and gen-

eralize it to any order :

�

�

�

�

�

�

�

�

�

�

5

1

� �

5

3

� �

5

5

�

0

�

5

0

� �

5

2

� �

5

4

�

0

0

�

5

1

� �

5

3

� �

5

5

�

0

�

5

0

� �

5

2

� �

5

4

�

�

�

�

�

�

�

�

�

�

:

Corr.Ex.76. This is S

1234

(5), and therefore, it is equal to 2

10

. The general 
ase

is S

12:::n

(n+ 1), whi
h is equal to 2

n(n�1)=2

.

Ex. 77 Let A be de�ned by �

k

(A ) = 1=k!, k � 1. Compute all the monomial

fun
tions 	

J

(A ).

Corr.Ex.77. Use a se
ond alphabet B . Then, a

ording to Cau
hy :

Y

a2A ;b2B

(1 + ab) =

X

�

k

(A B ) =

X

	

J

(A )�

J

(B ) :

But

Q

a

(1 + ab) spe
ializes into exp(b), and therefore

Q

a;b

(1 + ab) spe
ializes into

P

(�

1

(B ))

k

=k!. All monomial fun
tions of A are null, ex
ept for J = 1

k

, k � 0.

Cayley (Am.J.M. 7 (1885)47-56) uses this property to 
ontrol his tables of ex-

pansion of the monomial fun
tions in the basis of elementary symmetri
 fun
tions.

Ex. 78 Generalize the pre
eding exer
ise. Take a rank-1 element x, de�ne A

by S

k

(A ) = x

k

=k!. Given any homogeneous symmetri
 fun
tion of degree n,

show that the s
alar produ
t (f; (S

1

)

n

) (whi
h is the dimension of the virtual

representation of S

n

asso
iated to f) is equal to n! f(A ) x

�n

.
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Corr.Ex.78. Sin
e �

z

(A ) = exp(zx), then 	

1

(A ) = x, 	

i

(A ) = 0, i > 1. One


on
ludes, using

f(A ) =

X

(f;	

J

)	

J

(A )=(	

J

;	

J

) = (f; (	

1

)

n

)x

n

=n! :

Ex. 79 Given two integers n;m, take the two matri
es M

�

with entries

M

�

[i; j℄ =

�

2i+1�2j

i�j

�

; 1 � j � i, M

�

[i; i

+

1℄ = �2i; 1 � i < n, M

�

[n; j℄ =

�

2n+m�2�2j

n�j

�

; 1 � j � n.

Compute their determinant, after Muir (1918) (MuirV, p.273).

Corr.Ex.79. One re
ognizes the determinantal expression of n! �

n

or n!S

n

in

terms of power sums, after dividing rows by 2, apart from the last row. Having an

arbitrary last row is treated in Ex.(35).

Thus, we are essentially asked to 
ompute the 
omplete and elementary sym-

metri
 fun
tions of the alphabet A su
h that

	

i

(A ) =

1

2

�

2i� 1

i� 1

�

;

whi
h is equal to half of the Catalan alphabet B : 	

i

(B ) =

�

2i�1

i�1

�

.

Using the generating fun
tion of Catalan numbers

�

z

(B ) = (1�

p

1� 4z)=2 ;

we �nd that

�

z

(A ) =

s

1�

p

1� 4z

2z

;

S

n

(A ) =

(2n+ 1)(2n + 3) � � � (4n� 1)

n! 2

n

&�

n

(A ) = (�1)

n�1

(2n� 1)(2n + 1) � � � (4n� 3)

n! 2

n

and

det(M

+

) = (�1)

n�1

(2n+ 2m� 5)(2n+ 2m� 3) � � � (4n+ 2m� 9)

det(M

�

) = (2n+ 2m� 3)(2n+ 2m� 1) � � � (4n+ 2m� 7) :

Spe
DemiCatalan:=pro
(sf0) lo
al i,sf; sf:=Top(sf0);

subs(seq(
at(p,i)=binomial(2*i-1,i-1)/2, i=Sf2TableVar(sf,p)), sf)

end:

MatrixMuir:=pro
(n,m,sgn) lo
al i,j;
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matrix([

seq([seq(binomial(2*i+1-2*j,i-j),j=1..i),2*i*sgn,0$(n-i-1)℄,i=1..n-1),

[seq(binomial(2*n-2-2*j+m,n-j),j=1..n)℄ ℄)

end:

ACE > seq(ifa
tor(2^(2*i-1)*Spe
DemiCatalan(
at(h,i))),i=1..6);

1, (7), (2)(3)(11), (5)(11)(13), (2)(13)(17)(19), (2)(7)(17)(19)(23)

ACE > seq(ifa
tor(2^(2*i-1)*Spe
DemiCatalan(
at(e,i))),i=1..6);

1,-(5), (2)(3)(7),-(3)(11)(13), (2)(11)(13)(17), -(2)(7)(13)(17)(19)

ACE > fa
tor(expand(det( MatrixMuir(5,m,-1) )));

(2 m + 13) (2 m + 11) (2 m + 9) (2 m + 7)

Ex. 80 Let k be a positive integer. De�ne an alphabet A by the equations

S

i

(A ) = S

i�1

(kA ) ; i � 1 :

Compute the 
omplete, elementary fun
tions and power sums of A .

Corr.Ex.80. The fun
tional equation for �

z

(A ) is

�

z

(A ) = 1 + z �

z

(kA ) == 1 + z

�

�

z

(A )

�

k

;

from whi
h one dedu
es fun
tional equations for �

z

(A ) and for log

�

�

z

(A )

�

.

One solves them by indu
tion, or with the help of ACE, obtaining

S

i

(A ) =

1

ki

+

1

�

ki

+

1

i

�

; �

i

(A ) = (�1)

i�1

k

�

1

ki

�

1

�

ki

�

1

i

�

1

�

; 	

i

(A ) =

ki

�

i

+

1

k(ki

+

1)

�

ki

+

1

i

�

:

In the 
ase k = 2, the S

i

(A ) are the Catalan numbers. U. Tamm (Some aspe
ts

of Hankel matri
es in Coding Theory and Combinatori
s, Ele
troni
 J. 8 (2001) #

A1) gives the 
ontinued fra
tion expansion of �

z

(A ) in the 
ase k = 3.

Ex. 81 Let � be the adjoint of the algebra automorphism of Sym indu
ed

by 	

i

! 	

i

+ 	

i+1

, i � 1. Show that � is an algebra morphism and

determines it.

Gives the image of �

z

=

P

z

i

S

i

under �.
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Corr.Ex.81. It is easy to see that the equations

(	

i

;�(	

j

)) = (	

i

+	

i+1

; 	

j

) = j if i 2 fj; j

�

1g or 0 otherwise,

have the solution

�(	

1

) = 	

1

; �(	

i

) = 	

i

+

i

i� 1

	

i�1

i > 1 :

With these expli
it values, one 
he
ks that � is 
ompatible with produ
t. The

image of �

z

= exp(

P

i>0

z

i

	

i

=i) is

exp(

X

i>0

z

i

	

i

=i) exp(

X

i>1

z

i

	

i�1

=(i� 1)) :

Ex. 82 Let m;n be two positive integers. Compute after Mignosi (1907),

MuirV p.257, the determinant of order n, with entries [i; j℄ = m, i � j,

[i; i

+

1℄ = �i, and 0 elsewhere.

Corr.Ex.82. This is the expression of n!S

n

(A ) as a determinant of power sums,

with 	

i

(A ) = m, i.e. with A = m (whi
h 
ould be a 
omplex number). Therefore

the determinant is equal to

m(m+ 1) � � � (m+ n� 1) :

Ex. 83 Let i; j; k; n be non negative integers (j > 0). Show that

(n

+

i)!

n! i!

(n

+

i

+

j)!

(n

+

1)! (i

+

j)

j

(n

+

i

+

2j)!

(n

+

2)! (i

+

2j)

2j

2

� � �

(n

+

i

+

kj)!

(n

+

k)! (i

+

kj)

kj

k

is an integer. Find the q-analogue of this property.

Corr.Ex.83. The above expression is equal to S

I

(n), with

I = [i; i

+

j

�

1; i

+

2j

�

2; : : : ; i

+

kj

�

k℄ :

Of 
ourse, its q-analogue is S

I

�

(1

�

q

n

)=(1

�

q)

�

.
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Ex. 84 Let p; r be positive integers. Show that

X

k�0

q

k(p+r)

(1� q

�p

) � � � (1� q

k�1�p

)

(1� q

1+r

) � � � (1� q

k+r

)(1� q

�1

) � � � (1� q

�k

)

=

1

(1� q

1+r

) � � � (1� q

p+r

)

Corr.Ex.84. Up to a power of q, this is the expansion

S

p

�

1� 1=a

1� 1=q

+

1

a� a=q

�

= S

p

(

1

1� 1=q

)

Ex. 85 Let m;n be two integers. Write G(m;n) for the Gauss polynomial

(1� q) � � � (1� q

m�n+1

)=(1� q) � � � (1� q

n

). Compute the value of

det (1=G(m+ i+ j � 2 ; j))

1�i;j�n

:

Composto (1916; MuirV, p.349) gave a similar determinant, repla
ing

Gauss polynomials by binomial 
oeÆ
ients

�

whi
h 
orresponds to taking

the limit, for q ! 1, of a multiple by an appropriate power of (1� q)

�

.

Corr.Ex.85. Getting rid of numerators by fa
toring them out, and 
ompleting

denominators in q-fa
torials, one tranforms the determinant into

det

�

1=(1 � q) � � � (1� q

m+i+j�2

)

�

;

that is, in S

(m+n�1)

n
(1=(1� q) (whose value is given in (eq:Hook3)). In summary,

one �nds, up to sign and a power of q, a produ
t of q-integers and inverses of

q-integers.

For example, for m = 5; n = 3, one �nds

�

�

�

�

�

�

�

1

G(5;1)

1

G(6;2)

1

G(7;3)

1

G(6;1)

1

G(7;2)

1

G(8;3)

1

G(7;1)

1

G(8;2)

1

G(9;3)

�

�

�

�

�

�

�

= �q

21

[2℄

3

[3℄ [5℄

�1

[6℄

�2

[7℄

�3

[8℄

�2

[9℄

�1

:

Ex. 86 Show that

(1� q)(1� q

3

) � � � (1� q

2m�1

) =

2m

X

0

(�1)

i

�

2m

i

�

(sum of Gauss polynomials).
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Corr.Ex.86. Dividing by (1 � q)(1 � q

2

) � � � (1 � q

2m

), one transforms the

identity into S

m

(1=(1 � q

2

)) =

P

(�1)

i

S

i

(1=(1

�

q))S

2m�i

(1=(1

�

q)). However, the

right member is equal to

m

X

i=0

S

i;2m�i

�

1

1� q

�

= S

m

�

	

2

(

1

1� q

)

�

:

This identity is due to Gauss.

Ex. 87 Let p 2 N , and let � be a p-primitive root of unity. De�ne

�

n

k

�

�

by

the re
ursion

�

n

k

�

�

= �

k

�

n� 1

k

�

�

+

�

n� 1

k � 1

�

�

;

�

n

0

�

�

= 1 :

Show that, for m;n; j; k 2 N , n = mp + r, k = jp + h, 0 � r; h � p

�

1, one

has

�

n

k

�

�

=

�

m

j

��

r

h

�

�

:

Corr.Ex.86. (Kalyuzhnyj, Vest. Kharkov Un. 230(1982) 73-82). The binomial

type 
oeÆ
ient

�

n

k

�

�

is the spe
ialization q = � of the Gauss polynomial

�

n

k

�

, the

re
ursion being identi�ed with

q

k

S

k

�

1� q

n�k

1� q

�

= S

k

�

1� q

n+1�k

1� q

�1

�

= S

k

�

1� q

n+1�k

1� q

�

�S

k�1

�

1� q

n+1�k

1� q

�

:

Suppressing equal fa
tors and using that (1 � q

jp

)=(1� q

p

) spe
ializes into j, one

gets the required formula.

For example, for p = 3, n = 8, k = 4,

(1� �

8

)(1 � �

7

)(1� �

6

)(1� �

5

)

(1� �)(1� �

2

)(1� �

3

)(1 � �

4

)

=

(1� �

2

)(1 � �

6

)

(1� �)(1� �

2

)

= 2

1� �

2

1� �

=

�

2

1

��

2

1

�

�

:

Ex. 88 Let k be a positive integer. Show that

a

k

q

k(k�1)

(1

�

a) � � � (1

�

aq

k�1

)

=

1

(1

�

a) � � � (1

�

aq

k�1

)

+

X

i�1

(

�

1)

i

q

(

i

2

)

(1� q

k

) � � � (1� q

k�i�1

)

(1

�

q) � � � (1

�

q

i

)(1

�

a) � � � (1

�

aq

k�1�i

)

For example, for k = 2, one has

a

2

q

2

(1� a)(1� q)

=

1

(1� a)(1� q)

�

1 + q

1� a

+ q :
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Corr.Ex.88. First, it suÆ
es to show the identity for a = q

p+1

, p 2 N. In that


ase, dividing both members by (1

�

q) � � � (1

�

q

p

), one re
ognizes

S

p+k

�

q

k

1� q

�

=

X

i

(�1)

i

�

i

�

1

�

q

k

1

�

q

�

S

p+k�i

�

1

1

�

q

�

:

Ex. 89 Show that

X

i�0

z

i

(1

+

q)(1

+

q

3

) � � � (1

+

q

2i�1

)

(1

�

q

2

)(1

�

q

4

) � � � (1

�

q

2i

)

=

Y

i�0

1 + zq

2i+1

1� zq

2i

:

Corr.Ex.89. Change q into q

2

, a in aq in the q-binomial identity. Spe
ialize

now a into

�

1.

Ex. 90 Prove the identity in the pre
eding exer
ise by identifying the right

hand side with �

z

(q=(1� q

2

)) �

z

(1=(1� q

2

)), with q of rank 1.

Corr.Ex.90. One has

S

i

�

1

1� q

2

�

�

j

�

q

1� q

2

�

= S

k

�

1

1� q

2

�

�

j

�

q � q

2k+1

1� q

2

�

;

with k = i+ j, and therefore the 
oeÆ
ient of z

k

in �

z

(q=(1 � q

2

))�

z

(1=(1 � q

2

))

is

S

k

�

1

1� q

2

�

X

j�0

�

j

�

q � q

2k+1

1� q

2

�

= S

k

�

1

1� q

2

�

(1 + q)(1 + q

3

) � � � (1 + q

2k�1

) :

Ex. 91 Show, after Vilenkin, that, for n; k; r positive integers, the binomial


oeÆ
ient

�

nk

r

�

is equal to

�

nk

r

�

=

X

I

�

n

1

�

m

1

�

n

2

�

m

2

� � �

1

m

1

!m

2

! � � �

k!

(k � `(I))!

;

sum over all partitions I = 1

m

1

2

m

2

� � � of weight r.

Corr.Ex.91. (Vilenkin, Math Notes 24(1978)658-660). This is a spe
ialization

of the Cau
hy identity :

�

r

(nk) =

X

I: jIj=r

�

I

(n)	

I

(k) :
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Ex. 92 Let a; b be two elements of binomial type. Let A ; A

0

; B be the al-

phabets su
h that

S

i

(A ) = (i!S

i

(a))

�1

; S

i

(A

0

) = 1=S

i

(a) ; S

i

(B ) = S

i

(b)=S

i

(a) ; i = 1; 2; : : :

Show that for any positive integer n, any partition J 2 N

n

: J � (n

�

1)

n

, the

S
hur fun
tions S

J

(A ), S

J

(A

0

) and S

J

(B ) fa
torize into simple fa
tors.

Corr.Ex.92. Some help 
an be obtained from ACE.

ACE Det_ab:= pro
(pa) lo
al i,j,n; n:=nops(pa);

fa
tor(det( array([seq(map(pro
(k) if (k>0) then

SfAExpand(h[k℄(b))/SfAExpand(h[k℄(a))

elif(k=0)then 1 else 0 fi end,[seq(pa[i℄-i+j,j=1..n)℄),i=1..n)℄)));

end:

ACE Det_ab([3,2,2℄);

2 2

b (b + 1) (b + 2) (b - a) (b - a - 1)

6 ---------------------------------------

3 3 2

a (a + 1) (a + 2) (a + 3) (a + 4)

Ex. 93 Let B;C be variables, �; � be integers. Show that for any positive

integer n, any partition J 2 N

n

: J � (n

�

1)

n

, the S
hur fun
tion S

J

(A )

spe
ializes into simple fa
tors when A is su
h that, for i = 1; 2; : : :,

S

i

(A ) = (B�q

�

)(B�q

�+1

) � � � (B�q

�+i�1

)=(C�q

�

)(C�q

�+1

) � � � (C�q

�+i�1

) :

Corr.Ex.93.

One 
an use another manner than in the pre
eding exer
ise to spe
ialize S
hur

fun
tions.

ACE > Spe
ialSf BC:= pro
(sf,a,b) lo
al i,j,sf2;

sf2:=Toh(sf);

fa
tor( subs(seq(
at(h,i)= 
onvert([seq((B-q^(a+j))/(C-q^(b+j)),

j=0..i-1)℄,`*`), i=Sf2TableVar(sf2,'h')), sf2));

end:

ACE > Spe
ialSf BC(s[3,2,2℄, 5,4);

(B � q

5

)

2

(B � q

6

)(B � q

7

)q

15

(q + 1)(q

2

+ q + 1)(q � 1)

3

(C �B)(qC �B)

2

(C � q

4

)

3

(C � q

5

)

3

(C � q

6

)

2

(C � q

7

)(C � q

8

)
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Ex. 94 Let n 2 N , � 2 R, A of 
ardinality � n

�

1, B the set of n-th roots of

�.

Show that

Q

a2A

Q

b2B

(1 + ab) is equal to the determinant of order n

�

�

�

�

�

�

�

�

�

�

0

(A ) �

1

(A ) � � � �

n�2

(A ) �

n�1

(A )

��

n�1

(A ) �

0

(A ) � � � �

n�3

(A ) �

n�2

(A )

.

.

.

.

.

.

.

.

.

.

.

.

��

1

(A ) ��

2

(A ) � � � ��

n�1

(A ) �

0

(A )

�

�

�

�

�

�

�

�

�

:

Corr.Ex.94. (Kapteyn(1881); MuirIV, p.315). Let B

_

:= f1=bg

b2B

. Sin
e

��

k

(A + B

_

) = ��

k

(A ) + (�1)

n�1

�

k�n

(A ), the determinant is equal to

�

n

�

n

n

(A + B

_

), up to the ex
hange of � and (�1)

n�1

� = �

n

(B ). Developping

A + B , one gets that

�

n

X

I

�

I

(A )�

n

n

=I

(B

_

) =

X

�

I

(A )�

I

(B ) :

On the other hand, a

ording to Cau
hy,

Y

(1 + ab) =

X

�

I

(A )�

I e

(B ) ;

but one also has that �

I e

(B ) = ��

I

(B ), when I � n

n

, the n-sign of I and Ie being

not ne
essarily the same. However, we had 
hanged � into (�1)

n�1

�, and there

remains to 
ontrol signs, to be able to 
on
lude. One 
ould also have fa
torized

Kapteyn's matrix into the produ
t

"

�

0

(A ) ��� �

2n�1

(A )

.

.

.

.

.

.

�

�n+1

(A ) ��� �

n

(A )

#

�

1

n�n

�

n�n

�

;

but this amounts fa
torizing

�

n

�

n

n

(A + B

_

)

into a matrix with entries �

k

(A ) and another, with entries �

k

(B ).

Ex. 95 Let p be a positive integer, A a �nite alphabet. Find the minimal

polynomial, with 
oeÆ
ients in Sym(A ), having the root

P

a2A

a

1=p

.
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Corr.Ex.95. Let � be a p-primitive root of unity, B = fbg be any alphabet su
h

that 	

p

(B ) = A . Taking into a

ount the arbitrariness in the 
hoi
e of B , one sees

that the required polynomial has roots

X

0�i

b

�p�1; b2B

�

i

b

b :

Let D be the alphabet of su
h roots (it is of 
ardinality p

n

, with n = 
ard(A )).

Then 	

k

(D ) = 0 if k 6=� 0 mod p. Expanding ea
h (

P

�

i

b

b)

kp

, and keeping teh

terms independent of �, one sees that

	

kp)

(D ) = p

n

X

I:jIj=k

(kp)!

(pm

1

)!(pm

2

)! � � �

	

I

(A ) ;

writing I = 1

m

1

2

m

2

� � � . One �nishes the 
omputation by using the expression of

the elementary symmetri
 fun
tions in terms of power sums.

Ma
Mahon (Colle
ted Papers I, p.58-60) essentially 
onsiders the 
ase of the

produ
t of all elements of D .

Ex. 96 Let � be a (2m

+

1)-primitive root of unity, and A = f1; �; : : : ; �

2m�1

g.

Show that

�

i

(A ) = (��)

�i

; i = 0; : : : ; 2m :

Use exer
i
e 86 to prove the following identity due to Gauss :

2m

X

j=0

�

j

2

= (� � �

�1

)(�

3

� �

�3

) � � � (�

2m�1

� �

1�2m

) :

Corr.Ex.96. Let x = �

2m

. Then A + x is the alphabet 
 of 2m

+

1)-roots of

unity, and

�

i

(A ) = �

i

(
)� x�

i�1

(
) + � � �+ (�x)

i

is equal to (�x)

i

= (��)

�i

.

To dedu
e Gauss formula, one has to noti
e that the sets of numbers f0

2

; 1

2

; : : : ; (2m)

2

g

and fm

2

�

�

0

2

�

� 0; : : : ; m

2

�

�

i

2

�

� i; : : : ; m

2

�

�

2m

2

�

� 2mg 
oin
ide modulo 2m

+

1.

Ex. 97 Let n 2 N , A be the set of n-roots of

�

1. Show that

X

a2A

(1� a)

�1

= n=2 ;

X

a2A

(1� a)

�2

= n(2

�

n)=4 :

Corr.Ex.97. (D. Svrtan, Proof of S
ott's 
onje
ture, Pro
. AMS 87 (1983)

203-207). Take a new alphabet B := fb := (1

�

a)

�1

g

a2A

. Then B is the set of roots

of the polynomial (x

�

1)

n

+ x

n

. Waring's formula gives

X

(1� a)

�1

= 	

1

(B ) = n=2 ; 	

2

(B ) = n(2

�

n)=4 ; : : :
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Ex. 98 (Grae�e Method for lo
alizing roots). Let A be a �nite alphabet,

P (x) = P

0

(x) :=

Q

a2A

(x � a). For any positive integer k, de�ne P

k

(x) =

P

k�1

(

p

x)P

k�1

(�

p

x). Compute the 
oeÆ
ients of P

k

(x) in terms of those

of P

0

(x).

Corr.Ex.98.

P

1

(x) =

Y

(

p

x� a)(�

p

x� a) =

Y

(a

2

� x)

and therefore

P

k

(x) = (�1)

k

Y

(x� a

2

k

) :

The 
oeÆ
ients are, up to sign, the monomial fun
tions 	

r

j

(A ), r = 2

k

, 0 � j �


ard(A ).

We have seen that the expansion of 	

r

j

is the sum (with signs) of all S
hur

fun
tions without r-
ore, su
h that their r-quotient is of the type [1

i

1

; : : : ; 1

i

r

℄,

i

1

+ � � � + i

r

= j. Therefore, it is the sum ��

J

, J partition without r-
ore, wtih

r-quotient of the type [i

r

; : : : ; i

1

℄. One has to expand these S
hur fun
tions in

terms of the �

i

(A ).

For example, for k = 2 = j, one obtains 10 partitions: 6 su
h that their 4-

quotient is a permutation of [1; 1; 0; 0℄, 4 su
h that it is a permutation of [2; 0; 0; 0℄.

ACE> sf:=SfOmega(Tos(m[4,4℄)); # S
hur fun
tions indexed by 
onjugate

partitions

sf:=-s[7,1℄ +s[4,4℄ +s[8℄ -s[5,1,1,1℄ +s[2,2,2,2℄ -s[4,3,1℄ +s[4,2,1,1℄

+s[6,1,1℄ +s[3,3,2℄ -s[3,2,2,1℄

ACE> tt:=Sf2Table(sf,'s'): map(Part2PCore,map(op,[indi
es(tt)℄),4);

[[[℄,[℄,[℄,[1℄,[1℄℄, [[℄,[1℄,[℄,[℄,[1℄℄, [[℄,[℄,[1℄,[1℄,[℄℄,

[[℄,[2℄,[℄,[℄,[℄℄, [[℄,[℄,[2℄,[℄,[℄℄, [[℄,[℄,[℄,[2℄,[℄℄,

[[℄,[℄,[1℄,[℄,[1℄℄,[[℄,[℄,[℄,[℄,[2℄℄,[[℄,[1℄,[1℄,[℄,[℄℄,[[℄,[1℄,[℄,[1℄,[℄℄℄

Ex. 99 Let m 2 N , � an irational number. For every k � 0, de�ne

�

m

k

�

=

sinm� sin(m

�

1)� � � � (m

�

k

+

1)�

sin � sin 2� � � � sin k�

:

Let � := exp(�

p

�

1), and

A = f�

�m+1

; �

�m+3

; : : : ; �

m�3

; �

m�1

g :
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Show that, for all k � 0, p � 1, one has

�

k

A =

�

m

k

�

;

�

k

p

(A ) =

�

m

k

�

� � �

�

m + p� 1

k

�

;

=

�

k

k

�

� � �

�

k + p� 1

k

�

Corr.Ex.99. (S. Karlin, Total Positivity, Stanford Un. Press (1968) 396{399).

Y

a2A

(1 + az�

m�1

) = (1� z�

0

)(1 � z�

2

) � � � (1� z�

2m�2

) ;

and therefore, up to powers of �, any S
hur fun
tion S

I

(A ) is equal to S

I

�

(1

�

q

m

)=(1

�

q)

�

,

with q = �

2

.
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