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Abstra
t

We des
ribe properties of the aÆne graph underlying the re
ursions

between the di�erent varieties of non symmetri
 Ma
donald and Ja
k

polynomials. We use an arbitrary fun
tion of one variable in the

de�nition of aÆne edges, and of Cherednik's elements, to unify the

di�erent theories. We des
ribe the symmetrizing operators furnishing

the symmetri
 polynomials from the non symmetri
 ones.

D�edi�e �a Gian-Carlo Rota, ami et mâ�tre �a pens�ees

1 Introdu
tion

There are several families of mathemati
al obje
ts related to the symmetri


group whi
h are obtained by simple re
ursions involving \lo
al" operators

[43℄.

All these 
onstru
tions 
an be summarized as follows : one has a dire
ted

graph, with an origin .. Edges are labelled by elements � of an asso
iative

algebra. One also 
hooses an initial element Y

.

in a right module over this

algebra. The evaluation of a path from the origin . to a given vertex v is the

produ
t �

1

�

2

� � � �

k

of the labels en
ountered along the path.

We shall say that a labelling is 
onsistent if all the paths from the origin

to any vertex v give an element Y

v

:= Y

.

�

1

� � � �

k

depending only upon v.

For example, Young orthogonal idempotents for a given partition � 
an

be des
ribed this way. The graph is the partially ordered set of tableaux

of shape the diagram of �, with origin the \Yamanou
hi tabeau", and one

needs only to know the idempotent 
orresponding to this tableau, whi
h will
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play the rôle of Y

.

(and that Young denotes PNP ), to generate all the other

idempotents, the labels of edges being of the type 
(s

i

+ 1=k), 
 2 C ; k 2 Z.

We shall re
all later that matri
es representing the symmetri
 group 
an be

des
ribed in the same fashion.

Other examples are asso
iated to the permutohedron

�

i.e. the Cayley

graph of the symmetri
 group S

n

, edges v 7! vs

i


orresponding to multi-

pli
ation on the right by simple transposition, whenever length in
reases:

`(vs

i

) = `(v) + 1

�

.

Labelling edges by divided di�eren
es (resp. isobari
 divided di�eren
es,

to be de�ned later), and starting with

Y

.

= x

n�1

1

� � �x

0

n

or Y

.

=

Y

i+j�n

(x

i

� y

j

)

(resp. Y

.

=

Q

i+j�n

(1�y

j

=x

i

)) one generates polynomials Y

v

whi
h are 
alled

S
hubert polynomials [29℄, [34℄ (resp. Grothendie
k polynomials, [29℄,[32℄).

We shall 
all a data :

permutohedron + initial Y

.

+ 
onsistent labelling

a Yang-Baxter graph for the symmetri
 group, and the elements Y

v

, v 2

S

n

, Yang-Baxter elements. This notion underlies Young's 
onstru
tions [45℄,


onsisten
y arising from Yang-Baxter relations.

For example, writing Y

v

on the graph instead of v, here is the Yang-Baxter

graph giving S
hubert polynomials for S

3

[32℄, [34℄ :
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Our main graph will be asso
iated to the aÆne symmetri
 group. In fa
t,

we shall take only "half" of the extended aÆne symmetri
 group, i.e. we

shall use the monoid

b

S

n

generated by

fs

1

; : : : ; s

n�1

; � : 1 � i � n� 1g

satisfying relations

s

i

s

i+1

s

i

= s

i+1

s

i

s

i+1

; s

i

s

j

= s

j

s

i

ji� jj > 1 (1)

s

i

� = � s

i�1

; 2 � i � n� 1 ; s

1

�

2

= �

2

s

n�1

: (2)
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The elements of

b

S

n


an be thought as a
ting both on in�nite ve
tors

v = [: : : ; v

i

; : : :℄, i 2 Z and on an in�nite set of indeterminates x

i

, i 2 Z :

the generator s

i

transposes in v 
omponents v

i+kn

; v

i+1+kn

for all k 2 Z, and

transposes all x

i+kn

; x

i+1+kn

simultaneously; the generator � a
ts as a shift

on v: (v�)

i

= v

i+1

and x

i

� = x

i�1

for all i 2 Z.

Using also the inverse � := �

�1

would give a faithful representation of the

extended aÆne symmetri
 group.

Let us take the origin ve
tor

. : .

1

= 0 = � � � = .

n

; .

i�n

= .

i

� 1 8i 2 Z : (3)

De�ne �

n

to be the following graph: verti
es are the orbit of . under

b

S

n

; the (oriented) edges, labelled s

i

or � , join pairs v; v s

i

or v; v� . The


onne
ted 
omponents obtained by erasing � -edges will be 
alled 
ells. Sin
e

the ve
tors v are "periodi
" in the sense that v

i+n

= v

i

+ 1, 8i 2 Z, one will

denote them by the restri
tion to their 
omponents v

1

; : : : ; v

n

. Thus . will

also be written [0; : : : ; 0℄, and v will be written [v

1

; : : : ; v

n

℄.

De�nition 1 An aÆne Yang-Baxter graph for

b

S

n

is a 
onsistent labelling

of the edges of �

n

by elements of an asso
iative algebra, together with a 
hoi
e

of an initial element Y

.

in a right module for this algebra. The elements Y

v

,

v 2

b

S

n

, are 
alled Yang-Baxter elements.

By default, we shall suppose that the algebra has a unit 1 and that Y

.

= 1.

To �nd 
onsistent labelling of edges, we shall label verti
es by a se
ond

in�nite ve
tor 
(v), 
alled the ve
tor of spe
tral parameters. One 
hooses an

initial ve
tor 
(.), and one takes its orbit under

b

S

n

: as before, the generator

s

i

simultaneously transpose 
omponents of 
(v) of index i + kn, i

+

1 + kn,

8k 2 Z, and the generator � a
ts by translation : 


i

(v�) = 


i+1

(v); 8i 2 Z.

For example, if one takes 
(.) su
h that 


i

(.) is the remainder of i

�

1

mod n, then �(v) := 
(v) will be periodi
: �

i+n

(v) = �

i

(v)8i 2 Z, and

�

1

(v); : : : ; �

n

(v)

is the standardization of v

1

; : : : ; v

n

(i.e. one repla
es multiple o

urren
e of

the same value � in [v

1

; : : : ; v

n

℄ by di�erent letters �; �

0

; �

00

: : :, � > �

0

>

�

00

> � � � , reading from left to right; then one repla
es these new letters

de
reasingly by 0; 1; : : : ; n

�

1; this is an operation mu
h used in the theory of

Young tableaux, sin
e the arti
le of S
hensted). In the 
ase where v

1

� v

2

�

� � � � v

n

, then �(v) = [0; 1; : : : ; n

�

1℄.

The ve
tors 
(v) that we shall 
hoose will simply be a 
ombination of v

and �(v).
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For example, introdu
ing extra parameters �; q; t = �t

2

=t

1

, we shall take


(.) = : : : [ 0;

�

1; : : : ;

�

n

+

1 ℄; �; �

�

1; a

�

2; : : : ; 2�; 2�

�

1; : : :

i.e. 
(.) = [0;

�

1; : : : ;

�

n

+

1℄ with periodi
ity 


i+n

(.) = �+ 


i

(.). Then


(v) = �v � �(v) i.e. 


i

(v) = �v

i

� �

i

(v) : (4)

Taking on the other hand 
(.) = [t

0

; t

1

; : : : ; t

n�1

℄ with periodi
ity 


i+n

(.) =

q


i

(.) entails




i

(v) = q

v

i

t

�

i

(v)

: (5)

2 Cells and the group algebra of the symmetri
 group

Let us �rst detail Yang-Baxter graphs for the symmetri
 group, taking, as a

�rst algebra to index edges, the group algebra of S

n

itself.

In fa
t, already at the beginning of the 
entury Young gave an example of

su
h a graph to des
ribe representations of the symmetri
 group (for a mod-

ern approa
h, 
f. [38℄). Young [45℄ de�ned matri
es �

i

representing simple

transpositions s

i

. Relations �

i

�

j

= �

j

�

i

are immediate in his 
onstru
tion,

and thus, he had essentially to 
he
k that his 
onstru
tion worked for S

3

.

In that 
ase, he had three parameters 


1

; 


2

; 


3

(the 
ontents of three 
on-

se
utive letters in an arbitrary Young tableau). For simpli
ity of notation,

let us spe
ialize 


1

= 0; 


2

= 2; 


3

= 5. Young 
onsidered a ve
tor spa
e of

dimension 6, with basis indexed by the permutations of 
(v

0

) = [0; 2; 5℄ :

[0; 2; 5℄; [0; 5; 2℄; [2; 0; 5℄; [2; 5; 0℄; [5; 0; 2℄; [5; 2; 0℄ ;

and wrote the two matri
es

� =

2

6

6

6

6

6

6

6

4

�

1

2

0

p

3

2

0 0 0

0 �

1

5

0 0

2

p

6

5

0

p

3

2

0

1

2

0 0 0

0 0 0 �

1

3

0

2

p

2

3

0

2

p

6

5

0 0

1

5

0

0 0 0

2

p

2

3

0

1

3

3

7

7

7

7

7

7

7

5

; �

0

=

2

6

6

6

6

6

6

6

4

�

1

3

2

p

2

3

0 0 0 0

2

p

2

3

1

3

0 0 0 0

0 0 �

1

5

2

p

6

5

0 0

0 0

2

p

6

5

1

5

0 0

0 0 0 0 �

1

2

p

3

2

0 0 0 0

p

3

2

1

2

3

7

7

7

7

7

7

7

5

These two matri
es are made of 2� 2 sub-matri
es,

�

��

p

1� �

2

p

1� �

2

�

�

;
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ea
h of whi
h depends upon a single parameter � (= 1=2; 1=3 or 1=5) and


odes a representation of S

2

on a spa
e of dimension 2. Now the matrix �

is a pat
h of three elementary matri
es and 
an be en
oded by the arrows:

[0; 2; 5℄

s+

1

2

���! [2; 0; 5℄ ; [0; 5; 2℄

s+

1

5

���! [5; 0; 2℄ ; [2; 5; 0℄

s+

1

3

���! [5; 2; 0℄ ;

and the matrix �

0


an similarly be en
oded by:

[0; 2; 5℄

s

0

+

1

3

���! [0; 5; 2℄ ; [2; 0; 5℄

s

0

+

1

5

���! [2; 5; 0℄ ; [5; 0; 2℄

s

0

+

1

2

���! [5; 2; 0℄ :

Thus the two matri
es 
an be en
oded at the same time by the graph

[0; 2; 5℄

s+

1

2

. &

s

0

+

1

3

[2; 0; 5℄ [2; 5; 0℄

s

0

+

1

5

?

?

?

y

?

?

?

y

s+

1

5

[0; 5; 2℄ [5; 0; 2℄

s+

1

3

& . s

0

+

1

2

[5; 2; 0℄

whi
h des
ribes their a
tion on the six-dimensional ve
tor spa
e with basis

[0; 2; 5℄; : : : ; [5; 2; 0℄.

Relation ��

0

� = �

0

��

0

be
omes

(s

1

+

1

2

)

1

q

1�

1

2

2

(s

2

+

1

5

)

1

q

1�

1

5

2

(s

1

+

1

3

)

1

q

1�

1

3

2

=

= (s

2

+

1

3

)

1

q

1�

1

3

2

(s

1

+

1

5

)

1

q

1�

1

5

2

(s

2

+

1

2

)

1

q

1�

1

2

2

;

but now, it is an identity in the group algebra of S

3

, instead of being a

matrix identity, and the graph itself, with Y

v

0

= 1, is a Yang-Baxter graph

for S

3

.

Yang [44℄ solved the same problem as Young did, but formulated it di-

re
tly in terms of group algebra instead of matri
es of representation: he

wanted to label the edges of the permutohedron by elements of the group al-

gebra of the symmetri
 group in su
h a way that the produ
t of elements from

the origin to a given permutation v be independent of the path. He found

the solution of 
hoosing a ve
tor of "generi
" parameters for the identity
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permutation (the mutual di�eren
es of these parameters are only required to

be di�erent from 0 and 1), generating ve
tors 
(v) by simple transpositions

of 
omponents, and labelling the edge [v ! v s

i

℄ by

s

i

+

1




i+1

(v)� 


i

(v)

: (6)

Sin
e the permutohedron is paved by squares s

i

s

j

= s

j

s

i

, ji � jj > 1, and

hexagons s

i

s

i+1

s

i

= s

i+1

s

i

s

i+1

, 
onsisten
y of Yang's solution lies upon Yang-

Baxter equation

(s

i

+

1

�

)(s

i+1

+

1

�

+

�

)(s

i

+

1

�

) = (s

i+1

+

1

�

)(s

i

+

1

�

+

�

)(s

i+1

+

1

�

) ; (7)

the 
ommutations

(s

i

+

1

�

)(s

j

+

1

�

) = (s

j

+

1

�

)(s

i

+

1

�

) ; ji� jj > 1 (8)

being evident.

Thus, 
onsisten
y arises from additivity :




i+2

� 


i

= (


i+2

� 


i+1

) + (


i+1

� 


i

) ;

as in the 
ase of Young where parameters were axial distan
es (= 
ontents).

Writing on the verti
es of the graph 
[v℄ under v, and taking 
([1; 2; 3℄) =

[0; �; �

+

�℄, then a 
ell with edges in the group algebra of S

3

looks like

[1;2;3℄

[0;�;�+�℄

s +

1

�

. &

s

0

+

1

�

[2;1;3℄

[�;0;�+�℄

[1;3;2℄

[0;�+�;�℄

s

0

+

1

�+�

?

?

?

y

?

?

?

y

s+

1

�+�

[2;3;1℄

[�;�+�;0℄

[3;1;2℄

[�+�;0;�℄

s+

1

�

& . s

0

+

1

�

[3;2;1℄

[�+�;�;0℄

3 Cells and the degenerate aÆne He
ke algebra

We have some freedom for what 
on
erns 
hoosing the Y

v

as operators on

polynomials in the x

i

's. Indeed, any family of operators satisfying the braid

relations 
an be used.
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We 
an keep the relations s

2

i

= 1, but deform the transpositions of vari-

ables. For example, we 
an take

�

i

= s

i

+ �

i

; 1 � i � n� 1 ; (9)

where �

i

is the divided di�eren
e [4℄

f 7! f �

i

:=

f � f

s

i

x

i

� x

i+1

(10)

(one 
ould introdu
e an extra parameter 
 and take �

i

:= s

i

+ 
 �

i

; this is

the homogeneous version of the pre
eding one, and thus not more general).

The �

i

still represent the symmetri
 group (they satisfy (1)) and generate

an algebra with linear basis f�

w

: w 2 S

n

g (
f. [29℄).

Labelling of edges uses the spe
tral parameters in the same way as in the

pre
eding se
tion, sin
e the �

i

's satisfy the same relations as the s

i

's : the

edge [v 7! v �

i

℄ is labelled

�

i

+

1




i+1

(v)� 


i

(v)

= s

i

+ �

i

+

1




i+1

(v)� 


i

(v)

(11)

Relations between indeterminates x

i

, 1 � i � n (
onsidered as \multipli-


ation by x

i

") and the �

i

or �

i

are given by Leibniz rule:

x

i

�

i

= �

i

x

i+1

+ 1 ; x

i+1

�

i

= �

i

x

i

� 1 ; x

j

�

i

= �

i

x

j

; j 6= i; i+ 1 (12)

The algebra generated by the �

i

, 1 � i � n � 1 and x

i

, 1 � i � n is 
alled

the aÆne degenerate He
ke algebra.

The limit 
ase �

i

= �

i

gives also rise to a Yang-Baxter graph be
ause the

�

i

's themselves satisfy the braid relations. Thus for any permutation v exists

a well de�ned divided di�eren
e �

w

, as well as a �

w

.

In fa
t, sin
e 1 � s

i

= �

i

(x

i

� x

i+1

) the aÆne He
ke algebra is a sub-

algebra of the algebra of divided di�eren
es generated by the �

i

, and rational

fun
tions in the x

j

(see [29℄,[30℄). This last algebra is a free module over

the ring of rational fun
tions in the x

i

's, with basis the divided di�eren
es

�

w

, w 2 S

n

. Expansions of the �

w

or w in the basis of �

w

involve S
hubert

polynomials (
f. [27℄, [28℄, [11℄).

4 Cells and the aÆne He
ke algebra

One has more general operators on polynomials satisfying the braid relations

(see [29℄, [30℄).
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In parti
ular, let q be an extra parameter, and let x

i+n

= qx

i

, 8i 2 Z.

Then one de�nes isobari
 divided di�eren
es �

i

, i = 1; : : : ; n � 1 a
ting on

the quotient ring Z[x

i

: i 2 Z℄=(x

i+n

= qx

i

) as twisted derivations:

fg�

i

= f(g�

i

) + f�

i

(gs

i

)

satisfying the 
onditions

x

j

�

i

= 0 ; j 6� i; i

+

1 mod (n) ;

x

j

�

i

= x

j+1

; j � i ; (13)

�

2

i

= ��

i

:

Lemma 2 The �

i

, 1 � i � n� 1, satisfy the braid relations (1).

Indeed, the image of �

i

under the isomorphism of the quotient ring onto

the spa
e of polynomials in x

1

; : : : ; x

n

, is the usual isobari
 divided di�eren
e

(that we shall denote by the same letter)

�

i

: f 7! (f � f

s

i

)

x

i+1

x

i

� x

i+1

; 1 � i � n� 1 : (14)

These operators 
ommute with multipli
ation by symmetri
 fun
tions

in x

1

; : : : ; x

n

and braid relations 
an dire
tly be 
he
ked on an appropriate

basis of the spa
e of polynomials (as a module over symmetri
 polynomials

in x

1

; : : : ; x

n

).

Demazure [8℄ de�ned su
h operators for any root system.

Let us noti
e that the operators �

i

:= �

i

+1 also satisfy the braid relations

together with �

2

i

= �

i

.

It has been noti
ed in [29℄( where, more generally one uses D

i

:= t

1

�

i

+

t

2

�

i

+ t

3

s

i

) and [33℄ that the operators

T

i

= T

x

i

;x

i+1

:= �

i

(t

1

+ t

2

)� t

2

s

i

(15)

represent the He
ke algebra H

n

of the symmetri
 group S

n

. The generators

T

i

satisfy the braid relations (1) together with

(T

i

� t

1

) (T

i

� t

2

) = 0 : (16)

Reversing the order on x

1

; : : : ; x

n

give other generators

T

i

:= �t

1

t

2

T

�1

i

= �

i

(t

1

+ t

2

)� t

2

s

i

= T

i

� (t

1

+ t

2

) ; 1 � i � n� 1 ; (17)

the He
ke relation be
oming in that 
ase

(T

i

+ t

1

) (T

i

+ t

2

) = 0 : (18)

8



We prefer keeping two parameters t

1

; t

2

, be
ause all 
ases [t

1

; t

2

℄ = [t;�1℄,

[�1; t℄; [t; 1=t℄; [1; t℄; [t; 1℄ o

ur in the literature. We shall also have to use the

involutions [t

1

; t

2

℄$ [�t

2

;�t

1

℄.

Leibniz formula (12) implies the following 
ommutations

x

i

T

i

= T

i

x

i+1

; 1 � i � n

�

1 (19)

x

j

T

i

= T

i

x

j

; j 6= i; i

+

1 ; 1 � j � n :

One still has a Yang-Baxter equation,

(T

i

+

t

1

+

t

2

�

�

1

) (T

i+1

+

t

1

+

t

2

��

�

1

) (T

i

+

t

1

+

t

2

�

�

1

) =

(T

i+1

+

t

1

+

t

2

�

�

1

) (T

i

+

t

1

+

t

2

��

�

1

) (T

i+1

+

t

1

+

t

2

�

�

1

) : (20)

As in the pre
eding se
tion, one 
hooses for the identity permutation v

0

a ve
tor of parameters 
(v

0

) = [


1

; : : : ; 


n

℄ (all di�erent, and di�erent from

0) and de�ne 
(v), v 2 S

n

, to be [


v

1

; : : : ; 


v

n

℄.

Thanks to Yang-Baxter relation (20), 
onsisten
y will be now insured by

taking, on an edge v 7! v s

i

, the label

T

i

+

t

1

+ t

2




i+1

=


i

(v)� 1

: (21)

In parti
ular, given two positive integers a; b, taking the spe
tral param-

eters [(�t

2

)

a+b

; t

a

1

(�t

2

)

b

; t

a+b

1

℄, that is � = (�t

1

=t

2

)

a

, � = (�t

1

=t

2

)

b

, the left

hand side of (20) be
omes

�

T

i

+

(�t

2

)

a

t

a�1

1

� t

a�2

1

t

2

+ � � �+ (�t

2

)

a�1

�

�

T

i+1

+

(�t

2

)

a+b

t

a+b�1

1

� t

a+b�2

1

t

2

+ � � �+ (�t

2

)

a+b�1

�

�

T

i

+

(�t

2

)

b

t

b�1

1

� t

b�2

1

t

2

+ � � �+ (�t

2

)

b�1

�

When dealing with redu
ed de
ompositions, it is 
onvenient to use planar

displays, Young tableaux, and jeu de taquin, to handle more easily the braid

relations (
f. [31℄ for the nilpla
ti
 monoid). All the displays that we shall

write will have the property that the words obtained by reading them 
olumn-

wise, from left to right, are 
ongruent modulo the braid relations to the words

obtained by reading them row-wise (from top to bottom). For example,

9



writing i for T

i

, then the planar obje
t

2 3 4

1 2 3


an be read (T

2

T

3

T

4

)(T

1

T

2

T

3

)

as well as (T

2

T

1

)(T

3

T

2

)(T

4

T

3

).

With these 
onventions, a re
ursive appli
ation of braid relations leads to

the following identities.

Lemma 3 Let i; j; k be three positive integers, i < j, i < k. Then the

following two words are 
ongruent modulo the braid relations:

k � � � j

+

k

�

i

.

.

.

.

.

.

i � � � j

j

�

1

.

.

.

i

�

k

+

j

�

i

.

.

.

k

+

1

k � � � j

+

k

�

i

.

.

.

.

.

.

i � � � j

: (22)

Moreover

k � � � j

+

k

�

i

.

.

.

.

.

.

i � � � j

T

i

� � �T

j�1

� T

k+1

� � �T

j+k�i

k � � � j

+

k

�

i

.

.

.

.

.

.

i � � � j

: (23)

For example,

2 3 4

1 2 3

2

1

�

4

3

2 3 4

1 2 3

and

2 3 4

1 2 3

T

1

T

2

� T

3

T

4

2 3 4

1 2 3

:

5 Symmetrizations

Ea
h of the algebras 
onsidered in the pre
eding se
tions 
ontains elements

(that we shall 
all symmetrizing operators) sending polynomials in x

1

; : : : ; x

n

onto symmetri
 polynomials, or to produ
ts of symmetri
 polynomials by a

�xed fa
tor of Vandermonde type.

The �rst, and most fundamental, of symmetrizing operators, is due to

Cau
hy and Ja
obi:

f 7!

X

w2S

n

(�1)

`(w)

w

1

�

; (24)

where � :=

Q

i<j�n

(x

i

�x

j

) is the Vandermonde. It sends monomials to � a

S
hur fun
tion, or to 0. It 
an be written as a produ
t of divided di�eren
es.

In fa
t, it is equal to �

!

, where ! := [n; : : : ; 1℄ is the permutation of maximal

length in S

n

. Its multiple �

!

=n! 
an be interpreted as the 1-dimensional

idempotent 
orresponding to the alternating representation of the symmetri


group.

10



In the He
ke algebra, there are two 1-dimensional (quasi)-idempotents

whi
h similarly 
an be expressed as a sum of linear generators, or expressed

with divided di�eren
es.

De�ne

r

!

:=

X

w2S

n

(�t

1

)

`(w!)

T

w

; (25)

�

!

:=

X

w2S

n

(�t

2

)

`(w!)

T

w

: (26)

Theorem 4 1) The element r

!

, as an operator on polynomials, fa
torizes:

r

!

= �

!

Y

1�i<j�n

(t

2

x

i

+ t

1

x

j

) :

2) It fa
torizes inside the He
ke algebra:

r

!

= r

!

0

�

T

n�1

� � �T

1

� t

2

T

n�1

� � �T

2

+ � � �+ (�t

2

)

n�2

T

n�1

+ (�t

2

)

n�1

�

;

where !

0

= [n

�

1; : : : ; 1; n℄.

3) It is a Yang-Baxter element Y

!

, for the symmetri
 group S

n

, for the

initial ve
tor of parameters [t

n�1

1

;�t

n�2

1

t

2

; : : : ; (�t

2

)

n�1

℄.

4) It is equal to another sum

r

!

:=

X

w2S

n

t

`(w!)

2

T

w

:

5) The element �

!

is obtained from r

!

by inter
hange of t

1

and t

2

in

the expressions 2,3,4. The involution t

1

7! �t

2

, t

2

7! �t

1

, T

i

$ T

i

,i =

1; : : : ; n

�

1, preserves r

!

and �

!

. Moreover,

�

!

:=

Y

1�i<j�n

(t

1

x

i

+ t

2

x

j

) �

!

:

A proof of this theorem is given in [9℄. Sin
e all the operators appearing

in theorem 4 
ommute with multipli
ation by symmetri
 fun
tions, theorem

4 essentially redu
es to 
he
k that all elements, but one, of the S
hubert basis

for S

n

are sent to 0 by r

!

.

The last fa
torization appear in geometry, �

!

being interpreted as an

Euler-Poin
ar�e 
hara
teristi
 for a relative 
ag manifold (
f. [12℄, �rst 
hapter

of [21℄, [22℄).

One has similar fa
torizations in the degenerate aÆne He
ke algebra gen-

erated by the �

i

= s

i

+ 
�

i

, as shows the following theorem (
f. [27℄):

11



Theorem 5 1) The sum of all the linear generators of the degenerate aÆne

He
ke algebra fa
torizes (as operators on polynomials)

e

�

!

:=

X

w2S

n

�

w

=

Y

i<j�n

(x

i

� x

j

+ 
) �

!

: (27)

2) It is a Yang-Baxter element for the parameters [1; 2; : : : ; n℄:

e

�

!

= (�

1

+ 1)

�

(�

2

+

1

2

)(�

1

+ 1)

�

� � �

�

(�

n�1

+

1

n

�

1

) � � � (�

2

+

1

2

)(�

1

+ 1)

�

:

6 AÆne edges

We have shown that labelling of edges of a given 
ell are determined by a

single ve
tor of spe
tral parameters. We have only retained three algebras,

the group algebra of the symmetri
 group, that we shall see as the spe
ial-

ization 
 = 0 of the degenerate aÆne He
ke algebra, and the aÆne He
ke

algebra.

It remains to de�ne the labels of the aÆne edges 
onne
ting 
ells and to


he
k the 
ompatibility between the labels of di�erent 
ells. We shall see

that it amounts to introdu
e \periodi
ity" 
onditions on the x

i

's and on the

initial ve
tor 
(.) of spe
tral parameters.

To treat the di�erent varieties of Ja
k and Ma
donald polynomials at the

same time, we shall use an arbitrary fun
tion G := G

n

of x

n

, and de�ne the

label of all aÆne edges of the Yang-Baxter graph to be

� := � G

(re
all that � is the shift: x

i

� = x

i�1

�).

We 
ould even be more general and take for example G to be a di�erential

operator on fun
tions of x

n

. At this stage, we need only the 
ommutation of

G with x

1

; : : : ; x

n�1

, s

1

; : : : ; s

n�2

.

Let us write

G

i

:= s

i

� � � s

n�1

G

n

s

n�1

� � � s

i

; 1 � i � n� 1 :

In the 
ase of the degenerate aÆne He
ke algebra with generators �

i

=

s

i

+ 
�

i

, we used di�eren
es 


i+1

� 


i

and x

i+1

� x

i

, and 
onsisten
y requires

them to be invariant under i 7! i + n. For that purpose, we introdu
e two

more parameters �; �:

x

i+n

= x

i

+ � ; 


i+n

(.) = 


i

(.) + � 8i 2 Z : (28)
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The subgraph

v ! vs

i+1

# #

v� ! v�s

i

= vs

i+1

�

give rise to the following 
ommutative

diagram (writing 
(v) instead of v, and 1,2,3 instead of i; i + 1; i+ 2):

[: : : 


1

; 


2

; 


3

: : :℄

s

2

+


�

2

+

1




3

�


2

������������! [: : : 


1

; 


3

; 


2

: : :℄

�

?

?

?

y

�

?

?

?

y

[: : : 


2

; 


3

; 


4

: : :℄

s

1

+


�

1

+

1




3

�


2

������������!i [: : : 


3

; 


2

; 


4

: : :℄

(29)

whi
h says nothing more than x

2

� = x

1

, x

3

� = x

2

, �

2

� = ��

1

, s

2

� = �s

1

.

The 
ommutativity of

[: : : 


n�1

; 


n

; 


n+1

; 


n+2

: : :℄

s

1

+


�

1

+

1




2

�


1

�������������! [: : : 


n�1

; 


n

; 


n+2

; 


n+1

: : :℄

��

?

?

?

y

��

?

?

?

y

[: : : 


n+1

; 


n+2

; 


n+3

; 


n+4

: : :℄

s

n�1

+


�

n�1

+

1




2

�


1

�������������! [: : : 


n+2

; 


n+1

; 


n+3

; 


n+4

: : :℄

(30)

is also immediate, on
e noti
ing that �G

n

�G

n

= �

2

G

n�1

G

n

, and thatG

n�1

G

n

,

being symmetri
al in x

n�1

and x

n

, 
ommutes with s

n�1

, as well as with �

n�1

.

Braid relations, together with these two types of diagrams allow to deform

any path . 7! v into any other one with the same end points. Thus 
onditions

(11) and (28) furnish a Yang-Baxter graph with edges in the degenerate He
ke

algebra.

In the 
ase of the aÆne He
ke algebra, we used 


i+1

=


i

�1 and 1�x

i+1

=x

i

in

the labels of edges of 
ells, and we need them to be invariant under i 7! i+n.

We thus introdu
e two extra parameters q; q

0

(in the following se
tions, we

shall restri
t to q = q

0

) and put

x

i+n

= qx

i

; 


i+n

(.) = q

0




i

(.) ; 8i 2 Z (31)

Now, sin
e �

i

� = ��

i�1

, s

i

� = �s

i�1

, 1 < i < n, and sin
e G

n�1

G

n


ommutes with T

n�1

, one still has 
ommutative diagrams (where T

1

; T

2

stand

for T

i

; T

i+1

, 1 � i � n� 2 in the �rst diagram) :

[: : : 


1

; 


2

; 


3

: : :℄

T

2

+

t

1

+t

2




3

=


2

�1

����������! [: : : 


1

; 


3

; 


2

: : :℄

�

?

?

?

y

�

?

?

?

y

[: : : 


2

; 


3

; 


4

: : :℄

T

1

+

t

1

+t

2




3

=


2

�1

����������! [: : : 


3

; 


2

; 


4

: : :℄

(32)
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and

[: : : 


n�1

; 


n

; 


n+1

; 


n+2

: : :℄

T

1

+

t

1

+t

2




2

=


1

�1

����������! [: : : 


n�1

; 


n

; 


n+2

; 


n+1

: : :℄

��

?

?

?

y

��

?

?

?

y

[: : : 


n+1

; 


n+2

; 


n+3

; 


n+4

: : :℄

T

n�1

+

t

1

+t

2




2

=


1

�1

����������! [: : : 


n+2

; 


n+1

; 


n+3

; 


n+4

: : :℄

(33)

Conditions (21) and (31) provide a Yang-Baxter graph with edges in the

He
ke algebra.

7 Cherednik's Algebras

The double aÆne He
ke algebra C [t

1

; t

2

; q℄[T

1

; : : : ; T

n�1

; �

�1

; x

�1

1

; : : : x

�1

n

℄ ad-

mits some maximal 
ommutative subalgebra whi
h was found by Cherednik

in his study of Ma
donald's polynomials. We need a more general algebra

than the original Cherednik's algebra, and for that purpose, we shall use

the element G

n

introdu
ed in the pre
eding se
tion, supposing only for the

moment that it is an invertible morphism of the spa
e of fun
tions in x

n

.

Let us write G := G

�1

, � = �

�1

, T

i

:= �t

1

t

2

T

�1

i

, 1 � i � n � 1.

Re
all that x

i

� = � x

i+1

, and that � = �G

n

label the aÆne edges of the

Yang-Baxter graph..

For 1 � i � n, de�ne the Cherednik element �

i

by

�

i

:= T

i

: : : T

n�1

x

n

G

n

� T

1

� � �T

i�1

: (34)

Proposition 6 The �

i

generate a 
ommutative algebra and satisfy the rela-

tions

�

i+1

T

i

= T

i

�

i

& (�

i

+ �

i+1

)T

i

= T

i

(�

i

+ �

i+1

) ; 1 � i � n� 1 ;

�

j

T

i

= T

i

�

j

; j 6= i; i+ 1 (35)

�

i+1

� = � �

i

; i = 1; : : : ; n� 1 :

Moreover, if G

n


ommutes with multipli
ation by x

n

, then

q�

1

� = � �

n

: (36)

Proof. One 
he
ks without diÆ
ulty the relations between the �

i

and T

j

and

the 
ommutativity of the �

i

.

Thanks to these relations, the 
ompatibilities between � and the �

i

is

redu
ed to show that �

2

� = � �

1

, i.e.

T

2

� � �T

n�1

x

n

G

n

� T

1

�G

n

= �G

n

T

1

� � �T

n�2

T

n�1

x

n

G

n

� :

14



Now the fa
tor T

1

� � �T

n�2


ommutes with G

n

and 
an
els with the fa
tor

T

2

� � �T

n�1

on the left hand side; we are left to show that

x

n

G

n

� T

1

�G

n

= �G

n

T

n�1

x

n

G

n

� :

Let us take the indeterminates x

2

; : : : ; x

n

; x

n+1

= qx

1

instead of x

1

; : : : x

n

.

It allows us to use G

n+1

:= � G

n

� . Let us moreover write T

n

:= � T

1

� =

� T

n�1

� ; 
on
retely T

n

operates on x

n

; x

n+1

a

ording to (15) and leaves

x

2

; : : : ; x

n�1

invariant.

Introdu
ing fa
tors G

n+1

G

n+1

and �� , one has to show

x

n

(G

n+1

G

n+1

)G

n

�T

1

�G

n

= �G

n

(��)T

n�1

(��) x

n

(��)G

n

� :

Taking into a

ount that G

n+1

G

n


ommutes with �

�

T

1

� = T

x

n

;x

n+1

, we are

�nally redu
ed to make sure that

x

n

G

n+1

T

n

G

n+1

G

n

G

n

= G

n+1

T

n

x

n+1

G

n+1

;

that is

x

n

T

n

= T

n

x

n+1

;

whi
h is no other than relation (19) for the pair (x

n

; x

n+1

).

One similarly 
he
ks that T

1

� � �T

n�1

�� x

n

= x

1

T

1

� � �T

n�1

= �x

0

�T

1

� � �T

n�1

=

�x

n

�

n

=q, that is

�

1

� x

n

= � x

n

�

n

=q : (37)

There remains the 
ase of � �

n

= �G

n

x

n

G

n

T

1

� � �T

n�1

. If G

n


ommutes

with x

n

, then

� �

n

= �x

n

� T

1

� � �T

n�1

= qT

1

� � �T

n�1

x

n

= q

�

T

1

� � �T

n�1

x

n

G

n

�

�

(�G

n

) ;

that is

� �

n

= q�

1

� :

QED

The �

i

's satisfy the same 
ommutation relations with the T

i

's as the x

i

's

do. In fa
t, one 
an interpolate between �

i

and x

i

without losing a 
ommu-

tative algebra.

Theorem 7 Let � 2 C ; for i = 1; : : : ; n� 1, let

�

�

i

:= �

i

+ �x

i

:
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Then the �

�

i

's generate a 
ommutative algebra, and satisfy the relations

�

�

i+1

T

i

= T

i

�

�

i

& (�

�

i

+ �

�

i+1

)T

i

= T

i

(�

�

i

+ �

�

i+1

) ; 1 � i � n� 1 ; (38)

�

�

j

T

i

= T

i

�

�

j

; j 6= i; i + 1 (39)

�

�

i+1

� = � �

�

i

; i = 1; : : : ; n� 1 : (40)

Moreover, if G

n


ommutes with multipli
ation by x

n

, then

q�

�

1

� = � �

�

n

: (41)

Proof. Commutations relations (38,39,40) are a 
onsequen
e of those for � =

0. Given 1 � i < j � n, the 
ommutator [�

�

i

; �

�

j

℄ is equal to �[x

i

; �

�

j

℄ �

�[�

�

i

; x

j

℄. Expli
itly,

x

j

�

�

i

= x

j

T

i

� � �T

j�2

| {z }

A

T

j�1

T

j

� � �T

n�1

x

n

G

n

| {z }

B

� T

1

� � �T

i�1

| {z }

C

:

Now, x

j


ommutes with A; x

j

T

j�1

= T

j�1

x

j�1

; x

j�1


ommutes with B;

passing through � , it is transformed into x

j

again and 
ommutes with C.

Therefore

[�

�

i

; x

j

℄ = A

�

T

j�1

� T

j�1

�

B � Cx

j

= A(t

1

+ t

2

)B � Cx

j

:

Similarly, starting from

x

i

�

�

j

= x

i

B � C T

i

T

i+1

� � �T

j�1

| {z }

D

;

one �nds that

[�

�

j

; x

i

℄ = B � Cx

i+1

D(t

1

+ t

2

) :

Finally, one remarks that x

i+1

D = T

i+1

� � �T

j�1

x

j

:= Ex

j

, and that A 
om-

mutes with B, be
omes equal to E when passing through � and 
ommutes

with C at the end. Therefore the �

�

i

's generate a 
ommutative algebra. QED

One 
he
ks, for any 1 � i < n the 
ommutations

T

i

(�

�

i

+ �

�

i+1

) = (�

�

i

+ �

�

i+1

)T

i

& T

i

(�

�

i

�

�

i+1

) = (�

�

i

�

�

i+1

)T

i

; (42)

and this ensures the 
ommutations of ea
h T

i

with the elementary symmetri


fun
tions in the Cherednik elements. Therefore one has:

Lemma 8 The He
ke algebra generated by the T

i

's 
ommutes with the ring

of symmetri
 fun
tions in the �

�

i

.
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For 
omputations, it is 
onvenient to write monomials in the �

i

's (without

repetition) in a 
anoni
al form. Write � for x

n

G

n

� . Then one 
he
ks, from

the 
ommutation relations (35), together with T

i

T

i

= (�t

1

t

2

), that:

Lemma 9 Let k be an integer, n � i

1

> i

2

> � � � > i

k

� 1 a de
reasing

sequen
e. Then the monomial �

i

1

�

i

2

� � � �

i

k

(t

1

t

2

)

�k(k�1)

is equal to

i

1

� � � n

�

1

i

2

� � � � � � n

�

2

.

.

.

.

.

.

i

k

� � � � � � � � � n

�

k

�

k

k � � � � � � � � � i

1

�

1

k

�

1 � � � � � � i

2

�

1

.

.

. � � �

.

.

.

1 � � � i

k

�

1

;

where the planar display on the left must be read (
olumwise or rowwise) as

a produ
t of T

j

's, and the display on the right, as a produ
t of T

j

's.

For example, for n = 8,

�

6

�

3

�

2

(t

1

t

2

)

�6

=

: : 6 7

3 4 5 6

2 3 4 5

�

3

3 4 5

2 : :

1 : :

= (T

6

T

7

T

3

T

4

T

5

T

6

T

2

T

3

T

4

T

5

) �

3

�

T

3

T

4

T

5

T

2

T

1

�

:

Ex
hanging left and right, one gets another 
ommutative algebra gener-

ated by the

T

i�1

� � �T

1

�

1

x

n

G

n

T

n�1

� � �T

i

+

�

x

i

; 1 � i � n :

In the 
ase of interest for vanishing Ma
donald polynomials, one takes G

n

=

x

n

� (�t

2

)

n�1

. The following lemma (due to Knop [18℄) shows that in that


ase, one 
an 
hoose an appropriate � in order to get operators preserving

polynomials.

Lemma 10 Let

b

�

i

:= T

i�1

� � �T

1

�

�

1�

(�t

2

)

n�1

x

n

�

T

n�1

� � �T

i

+

(�t

1

t

2

)

n�1

x

i

; 1 � i � n : (43)

Then the

b

�

i

's generate a 
ommutative algebra whi
h preserves polynomials in

x

1

; : : : ; x

n

.

Proof. Be
ause of the 
ommutation relations (35), we have only to 
he
k that

b

�

n

preserves polynomials. Re
all that x

i+1

T

i

= T

i

x

i

, whi
h implies, be
ause

x

i

+ x

i+1


ommute with T

i

, that

x

i

T

i

= T

i

x

i+1

+ (t

1

+ t

2

)x

i

:

17



Therefore, for 1 � i � n� 1, one has

x

i

T

n�1

� � �T

1

= T

n�1

� � �T

1

x

i+1

+ (t

1

+ t

2

)T

n�1

� � �T

i+1

T

i�1

� � �T

1

x

1

;

and

x

i

b

�

n

= T

n�1

� � �T

1

�(1�

(�t

2

)

n�1

x

n

)x

i

+

(�t

1

t

2

)

n�1

x

i

x

n

+ (t

1

+ t

2

)T

n�1

� � �T

i+1

T

i�1

� � �T

1

�

�

x

0

�

(�t

2

)

n�1

x

0

x

n

�

and this last expression is equal to

b

�

n

x

i

plus a polynomial (be
ause x

0

=

x

n

=q).

On the other hand,

x

n

b

�

n

= T

n�1

� � �T

1

�

�

x

0

�

(�t

2

)

n�1

x

0

x

n

�

+ (�t

1

t

2

)

n�1

:

In all,

b

�

n


ommutes with polynomials, modulo addition of polynomials. Che
k-

ing that

1

b

�

n

= t

n�1

1

�

1�

(�t

2

)

n�1

x

n

�

+

(�t

1

t

2

)

n�1

x

n

= t

n�1

1

;

one 
on
ludes that

b

�

n

preserves polynomials. QED

There are also several Cherednik algebras relative to the degenerate aÆne

He
ke algebra. We just state the analogs of the results that we des
ribed

for the He
ke algebra, keeping the same notations for Cherednik's elements

be
ause they will be used in a di�erent 
ontext.

The �rst Cherednik's elements are the isobari
 version of Dunkl's elements

([10℄).

Let D

i

be the isobari
 derivative f 7! x

i

d

dx

i

(f), and let �

i;j

denote �

x

i

;x

j

.

De�ne, following [5℄,

�

i

:= �D

i

+

n

X

j 6=i;j=1

�

i;j

+ 1� i ; 1 � i � n : (44)

A se
ond variety of elements involves the arbitrary fun
tion G

n

of x

n

(it


an be obtained by degeneration of the �

�

i

's). De�ne

b

�

i

:= x

i

� �

i�1

� � ��

1

� G

n

�

n�1

� � ��

i

1 � i � n ; (45)

with �

i

= s

i

+ �

i

and � still su
h that x

i

� = x

i�1

, x

0

= x

n

� �.
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De�ne moreover

� = s

1

: : : s

n�1

x

n

;

b

� = � G

n

:

Then one has (
f. [5℄,[20℄ for the �rst part, [18℄ for the se
ond part when

G

n

= x

n

+ n� 1):

Theorem 11 The �

i

's (resp. the

b

�

i

's), 1 � i � n, generate a 
ommutative

algebra.

They satisfy

�

i+1

s

i

= s

i

�

i

� 1 & (�

i

+ �

i+1

)s

i

= s

i

(�

i

+ �

i+1

) ; 1 � i � n� 1 ;

�

j

s

i

= s

i

�

j

; j 6= i; i + 1 (46)

�

i

� = � �

i�1

; i = 1; : : : ; n; �

0

= �

n

� � :

b

�

i+1

�

i

= �

i

b

�

i

� 1 & (

b

�

i

+

b

�

i+1

) �

i

= �

i

(

b

�

i

+

b

�

i+1

) ; 1 � i � n� 1 ;

b

�

j

�

i

= �

i

b

�

j

; j 6= i; i+ 1 (47)

b

�

i

b

� =

b

�

b

�

i�1

; i = 1; : : : ; n;

b

�

0

=

b

�

n

� � :

8 Propagation of vanishing properties, and of eigen-

ve
torness

Ea
h edge of a 
ell in a Yang-Baxter graph is an operator on the ring of

polynomials in only two variables, say x; y, as a rank 2 free-module over

Sym(x; y). We shall easily 
he
k, in this se
tion, that if a vertex is an

eigenve
tor for Cherednik elements, or vanishes for some values of the x

i

's,

then its neighbours in a 
ell have similar properties.

Choosing appropriate fun
tions G

n

of x

n

, the same will be true for neigh-

bours 
onne
ted by an aÆne edge.

Lemma 12 Let f be a fun
tion of x

1

; : : : ; x

n

, and i be an integer: 1 � i �

n� 1. Then

1) if f is an eigenfun
tion of �

�

i

; �

�

i+1

, of respe
tive eigenvalues a; b, then

g := f

�

T

i

+(t

1

+ t

2

)=(b=a� 1)

�

is an eigenve
tor of �

�

i

; �

�

i+1

with eigenvalues

b; a.

2) if f is an eigenfun
tion of �

�

1

; : : : ; �

�

n

of respe
tive eigenvalues 


1

; : : : ; 


n

,

then all elements in the linear span of ff; f T

i

g are eigenfun
tions of

�

�

1

; : : : ; �

�

i�1

; �

�

i+2

; : : : ; �

�

n

of respe
tive eigenvalues 


1

; : : : ; 


i�1

; 


i+2

; : : : ; 


n

.
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Proof.

f�

�

i+1

T

i

= bfT

i

= bf(T

i

+

t

1

+ t

2

b=a� 1

�

t

1

+ t

2

b=a� 1

) = bg � b

t

1

+ t

2

b=a� 1

f

Similarly,

fT

i

�

�

i

= f(T

i

+

t

1

+ t

2

b=a� 1

+

b(t

1

+ t

2

)

a� b

)�

�

i

= g�

�

i

+ f

ab(t

1

+ t

2

)

a� b

:

Equality �

�

i+1

T

i

= T

i

�

�

i

implies that

g�

�

i

= g b ; g�

�

i+1

= g a :

This settles the �rst point, the se
ond being a dire
t 
onsequen
e of the


ommutation relations (38,39,40). QED

Corollary 13 Let f be an eigenfun
tion of �

�

1

; : : : ; �

�

n

of respe
tive eigenval-

ues 


1

; : : : ; 


n

. Then all elements of the spa
e f H

n

(in parti
ular the sym-

metri
 fun
tion f�

!

) are eigenfun
tions of

Q

n

i=1

(1 + 
�

i

) with eigenvalue

Q

(1 + 



i

), for any 
 2 C .

Lemma 14 Let f(x; y) be a fun
tion of two variables.

1) Suppose that there exist a; b: a 6= b su
h that f(a; b) = f(b; a) = 0.

Then fT

x;y

; fs

x;y

; f�

x;y

also vanish in [x; y℄ = [a; b℄ and [x; y℄ = [b; a℄.

2) Suppose that f(a; b) = 0, with b = (�t

2

=t

1

)a. Then fT

x;y

also vanish

in [x; y℄ = [a; b℄.

Suppose that f(a; b) = 0, with b = a � 
. Then f(s

x;y

+ 
�

x;y

) vanish in

[x; y℄ = [a; b℄.

3) Suppose that f(b; a) = 0, a 6= b. Then

f

�

T

x;y

+

t

1

+ t

2

b=a� 1

�

and f

�

s

x;y

+ 
�

x;y

+




b� a

�

vanish in [x; y℄ = [a; b℄

Proof. Write f = f

1

+ yf

2

, with f

1

; f

2

2 Sym(x; y).

If f(a; b) = f(b; a) = 0 and a 6= b, then both f

1

and f

2

vanish in [a; b℄ and

[b; a℄, and so do fT

x;y

, fs

x;y

, f�

x;y

. This proves the �rst point.

The expression fT

x;y

= t

1

f

1

� t

2

xf

2

spe
ializes, for [x; y℄ = [a; b℄ into

t

1

f

1

(a; b)� t

2

af

2

(a; b) = t

1

f(a; b), whi
h is null in the se
ond 
ase. Similarly,

f(s

x;y

+
�

x;y

) = f

1

+xf

2

�
f

2

spe
ializes into f

1

(a; b)+(a�u)f

2

(a; b), whi
h

is null when f(a; b) = 0.
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In the third 
ase,

f

�

T

x;y

+

t

1

+ t

2

b=a� 1

�

=

�

t

1

+

t

1

+ t

2

b=a� 1

�

f

1

(x; y) +

�

�t

2

x+

t

1

+ t

2

b=a� 1

y

�

f

2

(x; y)

spe
ializes, for [x; y℄ = [a; b℄, into

�

t

1

b=a+ t

2

b=a� 1

�

f

1

(a; b) +

�

t

1

b + t

2

a

b=a� 1

y

�

f

2

(a; b) = af(b; a) ;

that is, vanishes.

Similarly

f

�

s

x;y

+ 
�

x;y

+




b� a

�

= f

1

�

1 +




b� a

�

+ f

2

�

x� 
 +


y

b� a

�

spe
ializes, for [x; y℄ = [a; b℄, into af(b; a). QED

Propagation of vanishing properties and of eigenve
tors along aÆne edges

are insured by the 
hoi
e of appropriate �'s, as shows the following lemma :

Lemma 15 1) Let f be an eigenfun
tion of the Cherednik elements �

1

; : : : ; �

n

,

with eigenvalues 


1

; : : : ; 


n

. Let � = �G

n

, with G

n


ommuting with multi-

pli
ation by x

n

. Then f� is an eigenfun
tion of �

1

; : : : ; �

n

, with eigenvalues




2

; : : : ; 


n

; q


1

(in the 
ase of the He
ke algebra) or 


2

; : : : ; 


n

; 


1

+ � (in the


ase of the degenerate He
ke algebra).

2) Let k be an integer, and let f be a fun
tion vanishing in all 
(u),

juj � k. Let � = �G

n

, with G

n

((�t

2

)

n�1

) = 0 (in the 
ase of the He
ke

algebra) and G

n

(1 � n) = 0 (in the 
ase of the degenerate He
ke algebra).

Then f � vanishes in all 
(u), juj � k + 1.

Proof. Commutation rules of Cherednik's elements with � insure the �rst

point. If f vanishes in 
(u), then f� vanishes in 
(u�). The ve
tors u :

juj � k + 1 whi
h are not in the image of � are su
h that u

n

= 0, in whi
h


ase 


n

(u) = (�t

2

)

n�1

or 1� n, depending on the algebra. In that 
ase, the

vanishing of G

n

implies the vanishing of f �. QED

9 Ma
donald polynomials

Take Yang-Baxter graph with

�

i

:= T

i

; 1 � i � n� 1 ; 


i

(.) = t

n�i

1

(�t

2

)

i�1

; 1 � i � n ;G

n

= x

n

;

x

i+n

= qx

i

; 


i+n

(.) = q


i

(.) ; 8i 2 Z (48)
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De�nition 16 The Ma
donald polynomial M

v

, v 2 N

n

, is the image of

the polynomial 1 under the element Y

v

asso
iated to the Yang-Baxter graph

satisfying (48). In other words, one has:

M

v

:= 1Y

v

; 8v 2 N

n

:

The easiest 
hara
terization of these polynomials (
f. [36℄, [7℄) is that

they are eigenfun
tions of Cheredenik's elements �

i

(for the same G), that is

for

�

i

:= T

i

: : : T

n�1

� T

1

� � �T

i�1

:

Theorem 17 Let v 2 N

n

. Then the Ma
donald polynomial M

v

is a simul-

taneous eigenfun
tion of the �

i

's, i.e. one has

M

v

�

j

= M

v




j

(v) ; j : 1 � j � n :

Proof. Relations (35,36) ensure that M

v

is an eigenfun
tion, with eigenvalue


(v), if it is true for the origin v = .. Indeed, 1T

i

= t

1

, 1T

i

= �t

2

implies

that 1 �

i

= t

n�i

1

(�t

2

)

i�1

= 


i

(.). QED

Mima
hi and Noumi give in [37℄ a reprodu
ing kernel for the Ma
donald

polynomials.

The labelling of the aÆne edges of the Yang-Baxter graph by � = � x

n

is due to Sahi [40℄ and Knop [18℄. They 
all � a \
reation operator". Baker

and Forrester [2℄ similarly de�ne a lowering operator

b

� :

b

� =

�

T

n�1

� � �T

1

� � t

n�1

1

�

1

x

n

T

n�1

� � �T

1

: (49)

Lemma 18

b

� preserves polynomials and sends the Ma
donald polynomial

M

v

onto a multiple of M

v�

if v

n

> 0, and onto 0 otherwise.

Proof. Let �

n

:= T

n�1

� � �T

1

� . Then �

n

�

n

= (�t

1

t

2

)

n�1

and �

n

� t

n�1

1

annihi-

lates allM

v

, with v

n

= 0 (be
ause in that 
ase, 


n

(v) = (�t

2

)

n�1

). Therefore

b

� annihilates those Ma
donald polynomials.

Sin
e � has zero kernel, we shall evaluate �

b

� to determine the a
tion of

b

� on the other Ma
donald polynomials.

�

b

� = � x

n

T

n�1

� � �T

1

�

1

x

n

T

n�1

� � �T

1

� t

n�1

1

� x

n

1

x

n

T

n�1

� � �T

1

= � T

n�1

� � �T

1

(x

1

�

1

x

n

)T

n�1

� � �T

1

� t

n�1

1

� T

n�1

� � �T

1

=

1

q

�

2

1

� t

n�1

1

�

1

;
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with �

1

:= � T

n�1

� � �T

1

. Therefore

b

� preserves polynomials, and sends M

v

on a non-zero multiple of M

v�

if v

n

6= 0. QED

A simpler lowering operator is

b

b

� :=

�

T

n�1

� � �T

1

� � t

n�1

1

�

1

x

n

� : (50)

Sin
e the eigenvalues of M

v

under the �

j

's are permuted of those of M

vs

i

,

any linear 
ombination of M

v

, where the v's are in the orbit under S

n

,

is an eigenfun
tion of any symmetri
 fun
tion in the �

j

. In parti
ular, let

� := �

1

+ � � �+ �

n

. One has the following theorem ([36℄, [7℄).

Theorem 19 For ea
h partition � 2 N

n

, there exists a unique polynomial

M

S

�

, symmetri
al in x

1

; : : : ; x

n

, whose expansion in the basis of S
hur fun
-

tions is of the type M

S

�

= S

�

+

P

�<�




�

�

S

�

and whi
h is an eigenfun
tion

of � (the sum being over all partitions smaller than � with respe
t to the

dominan
e order).

Given any v in the S

n

-orbit of �, then up to multipli
ation by a s
alar

(we write _=), one has

M

S

�

_=M

v

X

w2S

n

(�t

2

)

(

n

2

)

�`(w)

T

w

= M

v

Y

1�i<j<�n

(t

1

x

i

+ t

2

x

j

) �

!

=M

v

�

!

:

Proof. Sin
e � 
ommutes with �

!

, M

v

�

!

is a symmetri
 eigenfun
tion of �

with eigenvalue q

�

1

t

n�1

1

+ � � �+ q

�

n

(�t

2

)

n�1

whi
h 
hara
terizes the partition

�. One 
an 
he
k that the �

i

's have a triangular a
tion on polynomials by

putting an appropriate order on monomials, related to the Bruhat order on

the aÆne symmetri
 group. We refer for that point to [20℄ and [17℄. Thus

M

S

�

is not only 
hara
terized by an eigenvalue, but also by a leading term.

QED

The �rst polynomials, in the basis of S
hur fun
tions are, for two variables

M

S

0;0

= 1; M

S

1;0

= S

1

; M

S

2;0

_=(qt

1

+ t

2

)S

2

+ (qt

2

+ t

1

)S

1;1

; M

S

1;1

= S

1;1

M

S

3;0

_=(t

2

+ q

2

t

1

)S

3

� (q + 1)(t

1

+ qt

2

)S

2;1

;

M

S

4;0

_=(t

2

+ q

3

t

1

)(t

2

+ q

2

t

1

)S

4

+ (1 + q + q

2

)(t

2

+ q

2

t

1

)(t

1

+ qt

2

)S

3;1

+ (q + q

3

)(t

1

+ t

2

)(t

1

+ qt

2

)S

2;2

From the expression of the �

i

's one sees that all �

!

�

i

�

!

, and thus also

�

!

��

!

, �

!

�, are proportional to �

!

� �

!

. But now, �

!

a
ts as a s
alar
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on symmetri
 fun
tion, and therefore the a
tion of �(1�

!

) on symmetri


fun
tions is just

f 7! f � �

!

= f �

Y

1�i<j<�n

(t

1

x

i

+ t

2

x

j

) �

!

= f(x

2

; : : : ; x

n

; qx

1

)

Y

1�i<j<�n

(t

1

x

i

+ t

2

x

j

) �

!

; (51)

whi
h is the usual expression of the Debiard-Sekigu
hi-Ma
donald operator.

Creation (or raising) operators on symmetri
 Ma
donald polynomials are

similar operators ([23℄)

B

k

:=

�

t

1

� � (�t

2

)

�

� � �

�

t

k

1

� � (�t

2

)

k

�

x

1

� � �x

k

�

!

:

The image of M

S

�

, when `(�) � k, is proportional to M

S

�+1

k

. Other 
reation

operators are given in [26℄, [14℄, [15℄, [16℄.

10 Vanishing Ma
donald polynomials

Take Yang-Baxter graph with

�

i

:= T

i

; 1 � i � n� 1 ; 


i

(.) = t

n�i

1

(�t

2

)

i�1

; 1 � i � n ;G

n

= x

n

� (�t

2

)

n�1

;

x

i+n

= qx

i

; 


i+n

(.) = q


i

(.) ; 8i 2 Z (52)

De�nition 20 The vanishing Ma
donald polynomial




M

v

, v 2 N

n

, is the im-

age of 1 under the element Y

v

asso
iated to the Yang-Baxter graph satisfying

(52):




M

v

:= 1Y

v

:

The appropriate Cherednik's elements are [18℄

b

�

i

:= T

i�1

� � �T

1

�

�

1�

(�t

2

)

n�1

x

n

�

T

n�1

� � �T

i

+

(�t

1

t

2

)

n�1

x

i

; 1 � i � n

Theorem 21 Let v 2 N

n

, and k = jvj. Let Pol(v) be the subspa
e of

polynomials f of degree � jvj su
h that

8u 2 N

n

; juj � jvj; u 6= v ) f(
(u)) = 0 :

Then Pol(v) is 1-dimensional and 
ontains




M

v

.

The polynomial




M

v

is an eigenfun
tion of the

b

�

i

's with eigenvalues

(�t

1

t

2

)

n�1

=


1

(v); : : : ; (�t

1

t

2

)

n�1

=


n

(v) :

The 
omponent of top degree of




M

v

is M

v

.
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The proof is the same as for Ma
donald polynomials for what 
on
erns

eigenfun
tions. One 
he
ks that 1 is an eigenfun
tion of the

b

�

i

's with eigen-

values (�t

2

)

n�1

; (�t

2

)

n�2

t

1

; : : : ; t

n�1

1

, be
ause 1T

i

= t

1

, 1T

i

= �t

2

. On the

other hand, it is not diÆ
ult to see that Pol(v) is 1-dimensional. The 
hoi
e

of G

n

= x

n

�(�t

2

)

n�1

ensures that vanishing propagates along an aÆne edge.

Restri
ting G

n

to its top-degree 
omponent x

n

gives M

v

instead of




M

v

.

In the 
ase n = 2, the �rst polynomials, and the ve
tors 
(v) are

[0; 0℄

[t

1

;�t

2

℄

1

�

�!

[0; 1℄

[�t

2

; qt

1

℄

x

2

+ t

2

�!

[1; 0℄

[qt

1

;�t

2

℄

�

(t

1

+

t

2

)t

2

(x

2

+t

2

)

qt

1

+t

2

�

t

2

(x

1

�

t

1

)

�

�!

[0; 2℄

[�t

2

; q

2

t

1

℄

t

2

(x

2

+

t

2

)(t

1

�

x

2

q

�

t

1

+t

2

qt

1

+t

2

(x

1

+

t

2

))

Given any v 2 N

n

, there is a unique symmetri
 polynomial (up to nor-

malization) in the linear span of




M

v w

, w 2 S

n

. This polynomial is obtained

as the image of




M

v

under

�

!

=

X

w2S

n

(�t

2

)

(

n

2

)

�`(w)

T

w

=

Y

1�i<j<�n

(t

1

x

i

+ t

2

x

j

) �

!

and 
learly inherits from




M

v

vanishing and eigenfun
tion properties, whi
h

are stated in the next theorem.

Theorem 22 Let n be an integer, � 2 N

n

be a partition, v any ve
tor in its

orbit under S

n

. Then




M

S

v

:=




M

v

Y

1�i<j<�n

(t

1

x

i

+ t

2

x

j

) �

!

is, up to a s
alar, the unique symmetri
 polynomial vanishing in all 
(�), �

partition 2 N

n

, j�j � j�j, � 6= �.

It is also the unique eigenfun
tion of

b

�

1

+ � � �+

b

�

n

with eigenvalue

(�t

2

)

n�1

q

��

1

+ (�t

2

)

n�2

t

1

q

��

2

+ � � �+ t

n�1

1

q

��

n

:

For n = 2, one has the following polynomials, in terms of S
hur fun
tions:




M

S

0;0

= 1 ;




M

S

1;0

= S

1

+ t

2

� t

1

;




M

S

1;1

= S

1;1

+ t

2

S

1

+ t

2

2

;




M

S

2;0

_=(qt

1

+ t

2

)S

2

+ (qt

2

+ t

1

)S

1;1

+ (q+ 1)(t

2

2

� qt

2

1

)S

1

+ q(t

1

� t

2

)(qt

2

1

� t

2

2

) :
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11 Ja
k polynomials

Take Yang-Baxter graph with

�

i

:= s

i

; 1 � i � n� 1 ; 


i

(.) = 1� i ; 1 � i � n ; G

n

= x

n

;

x

i+n

= x

i

; 


i+n

(.) = 


i

(.) + � ; 8i 2 Z (53)

De�nition 23 The non symmetri
 Ja
k polynomial J

v

, v 2 N

n

, is the image

of 1 under the Yang-Baxter element Y

v

given by the graph satisfying (53):

J

v

:= 1Y

v

:

For example, for n = 2, one has the following sequen
e of polynomials,

writing v; 
(v); J

v

on top of ea
h other as before, and writing � for �

1

= s

1

:

[0; 0℄

[0;

�

1℄

1

�

�!

[0; 1℄

[

�

1; �℄

x

2

�

�!

[1; 0℄

[�;

�

1℄

x

1

+

x

2

1+�

�

�!

[0; 2℄

[

�

1; 2�℄

x

2

(x

2

+

x

1

1+�

)

�

�!

[2; 0℄

[2�;

�

1℄

x

2

1

+

2x

1

x

2

+x

2

2

1+2�

�

�!� � �

The symmetri
 polynomials are obtained, up to normalization, as images

of non-symmetri
al ones under �(X)�

!

=

P

w2S

n

w, i.e. for any partition

� 2 N , any v in the orbit of � under S

n

, one has

J

S

�

= J

v

�(X) �

!

=

X

w2S

n

�

J

v

�

w

:

One 
he
ks that 1 is an eigenve
tor of the Cherednik elements (de�ned

in (44))

�

i

:= �D

i

+

n

X

j 6=i;j=1

�

i;j

+ 1� i ; 1 � i � n ;

with eigenvalues 0;

�

1; : : : ;

�

n

+

1. These values are our initial spe
tral pa-

rameters, and therefore the 
ommutation relations (46) imply the following

theorem due to Opdam ( [39℄, [20℄).

Theorem 24 For any v 2 N

n

, the polynomial J

v

is a simultaneous eigen-

fun
tion of �

1

; : : : ; �

n

, with eigenvalues 


1

(v); : : : ; 


n

(v).

For any partition � 2 N

n

, and any symmetri
 fun
tion f 2 Sym(n),

the Ja
k polynomial J

S

�

is an eigenve
tor of f(�

1

; : : : ; �

n

) with eigenvalue

f(


1

(�); : : : ; 


n

(�)).
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Baker and Forrester [1℄ give another symmetrization, using Sahi's s
alar

produ
t. Introdu
e another set of variables Y = fy

1

; : : : ; y

n

g. Then, a

ord-

ing to Sahi [41℄, the kernel


(X; Y ) :=

n

Y

i=1

(1� x

i

y

i

)

�1

n

Y

i=1

n

Y

j=1

(1� x

i

y

j

)

�1=�

diagonalizes in the basis of Ja
k polynomials: there exist non-zero 
onstants

m

v

su
h that


(X; Y ) =

X

v2N

n

m

v

J

v

(X)J

v

(Y ) :

Re
all that, thanks to the Cau
hy determinant,

n

Y

i=1

(1� x

i

y

i

)

�1

�

X

!

= �(Y )

Y

i;j

(1� x

i

y

j

)

�1

;

this last fun
tion is sent, under �

Y

!

onto n!

Q

i;j

(1� x

i

y

j

)

�1

.

Therefore, the image of 
(X; Y ) under �

X

!

�

Y

!

is n!

Q

i;j

(1 � x

i

y

j

)

�1�1=�

.

This last fun
tion diagonalizes in the basis of symmetri
 Ja
k polynomials,

but this time for the parameter 1=(1 + 1=�) = �=(1 + �).

Therefore, all J

vw

�

!

, for a �xed v 2 N

n

, 
oin
ide, up to non zero-s
alars,

and are proportional to the same symmetri
 Ja
k polynomial ( one has to


he
k that the polynomial of index a permutation of [�

1

+

n

�

1; : : : ; �

n

+

0℄ is

sent to the polynomial of index the (de
reasing) partition �. As for normal-

ization, one 
an 
he
k that, for a weakly in
reasing u 2 N

n

,

J

u

1

;u

2

+1;:::;u

n

+n�1

�

!

=

X

0

w

(J

u

)

w

;

where the sum on the right is over 
osets representatives of S

n

modulo the

stabilizer of u, and the polynomial J

u

is for the parameter �=(1 + �). For

example,

J

014;�

�

321

= J

002;�=(1+�)

(1 + s

2

+ s

2

s

1

) :

Knop and Sahi [20℄ show that symmetri
 Ja
k polynomials 
an be ob-

tained through still another symmetrization :

Lemma 25 Let � be a partition of length k � n, and v be any permutation

of [�

1

� 1; : : : ; �

k

� 1; 0

n�k

℄. Then

J

S

�

=

X

w2S

n

�

J

v

x

1

� � �x

k

�

w

:
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Proof.

J

0

n�k

;�

1

;:::;�

k

= J

�

1

�1;:::;�

k

�1;0

n�k �

k

x

n

� � �x

n�k+1

= J

�

1

�1;:::;�

k

�1;0

n�k x

k

� � �x

1

�

k

:

The image of the left hand-side under

P

w is J

S

�

. However,

X

w2S

k

�S

n�k

(J

�

1

�1;:::;�

k

�1;0

n�k)

w

=

X

w2S

k

�S

n�k

(J

v

)

w

and this allows to repla
e J

�

1

�1;:::;�

k

�1;0

n�k by J

v

in the summation on S

n

.

QED

There is an abundant literature about symmetri
 Ja
k polynomials (
f.

the referen
es given in [35℄). They 
an be obtained through \
reation op-

erators" [25℄. Their simplest expli
it expression seems to be a determinant

given in [24℄. They are eigenfun
tions of the Sekigu
hi operator

�

D

1

+ (n

�

1)� + t

��

D

2

+ (n

�

2)� + t

�

� � �

�

D

n

+ 0� + t

�

x

n�1

1

� � �x

0

n

�

!

;

D

i

still being f 7! x

i

d

dx

i

(f), and � = 1=�.

12 Vanishing Ja
k polynomials

Take Yang-Baxter graph with

�

i

:= s

i

+ �

i

; 1 � i � n� 1 ; 


i

(.) = 1� i ; 1 � i � n ;G

n

= x

n

+ n� 1 ;

x

i+n

= x

i

+ � ; 


i+n

(.) = 


i

(.) + � ; 8i 2 Z (54)

and let the Cherednik algebra be generated by the

b

�

i

:= x

i

� �

i�1

� � ��

1

� (x

n

+

n

�

1) �

n�1

� � ��

i

; 1 � i � n : (55)

De�nition 26 The vanishing Ja
k polynomial

b

J

v

, v 2 N

n

, is the image of

1 under the Yang-Baxter element Y

v

asso
iated to graph satisfying (54):

b

J

v

:= 1Y

v

:

For example, for n = 2, one has the following sequen
e of polynomials :

[0; 0℄

[0;

�

1℄

1

�

�!

[0; 1℄

[

�

1; �℄

x

2

+

1

�

�!

[1; 0℄

[�;

�

1℄

x

1

+

x

2

+1

1+�

�

�!

[0; 2℄

[�1; 2�℄

(x

2

+

1)(x

2

�

�

+

x

1

+1

1+�

)

�

�!

[2; 0℄

[2�;

�

1℄

x

1

(x

1

�

�)

+

(x

2

+1)(2x

1

+x

2

+1�3�)

1+2�

Knop and Sahi [19℄ have shown that these polynomials 
an be 
hara
-

terized by vanishing 
onditions. Let Pol

k

be the spa
e of polynomials in

x

1

; : : : ; x

n

of degree � k.
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Theorem 27 Let v 2 N

n

, and k = jvj. Let Pol(v) be the subspa
e of

polynomials f of degree � jvj su
h that

8u 2 N

n

; juj � jvj; u 6= v ) f(
(u)) = 0 :

Then Pol(v) is 1-dimensional and 
ontains

b

J

v

.

The polynomial

b

J

v

is an eigenfun
tion of the

b

�

i

's with eigenvalues 
(v).

The restri
tion of

b

J

v

to its 
omponent of top degree ( = jvj) is equal to

J

v

.

Proof. The dimension of Pol

k

is equal to the number of equations +1, this

a

ounts for the existen
e of a vanishing polynomial, uni
ity follows by

putting an appropriate order on monomials. Moreover, restri
ting s

i

+ �

i

and G

n

= x

n

+ n� 1 to their terms of highest degree shows that the leading

term of

b

J

v

is J

v

.

The labels on the edges of 
ells have been 
hosen to propagate vanishing


onditions, at the same time as eigenve
tor properties. The 
hoi
e of G =

x

n

+ n � 1 insures that for any f , f� vanishes in 
(v) for any v su
h that

v

n

= 0 (in whi
h 
ase 


n

(v) = 1� n).

Be
ause of the 
ommutation relations (47), it is suÆ
ient to test that

1 is an eigenfun
tion for

b

�

n

, with the right eigenvalue, to get that all

b

�

i

diagonalize. Indeed

1

b

�

n

= x

n

� 1�

n�1

� � ��

1

� (x

n

+ n� 1) = �n + 1 :

QED

Given any v 2 N

n

, the linear span of

b

J

vw

; w 2 S

n


ontains, up to nor-

malization, a unique symmetri
 polynomial (27)

b

J

S

v

:=

X

w2S

n

b

J

v

�

w

=

b

J

v

Y

1�i;j�n

(1 + x

i

� x

j

) �

!

(Sahi and Knop give another symmetrization), and this symmetri
 polyno-

mial inherits from

b

J

v

the properties stated by the following theorem :

Theorem 28 Let n be an integer, � 2 N

n

be a partition, v any ve
tor in its

orbit under S

n

and let 
 be an indeterminate. Then

b

J

S

v

:=

b

J

v

Y

1�i<j<�n

(1 + x

i

� x

j

) �

!

is, up to a s
alar, the unique symmetri
 polynomial vanishing in all 
(u),

u 2 N

n

, juj � jvj, u not a permutation of v.

It is also the unique eigenfun
tion of (
 +

b

�

1

) � � � (
 +

b

�

n

) with eigenvalue

(
 + ��

1

� 0)(
 + ��

2

� 1) � � � (
 + ��

n

� n

+

1) :

29



For n = 2 the �rst polynomials, in the basis of S
hur fun
tions, are

b

J

S

0;0

= 1 ;

b

J

S

1;0

= S

1

+ 1 ;

b

J

S

1;1

= S

1;1

+ S

1

+ 1 ;

b

J

S

2;0

= (� + 1)S

2

+ (1� �)S

1;1

+ ((1� �)(2 + �)S

1

� (�

2

+ 2�� 1)

b

J

S

3;0

= (2�+1)S

3

�2(��1)S

2;1

�3(�+1)(2��1)S

2

+3(2��1)(��1)S

1;1

+ (�12�+ 4�

3

+ 2�

2

+ 3)S

1

+ (2�� 1)(2�

2

+ 5�� 1) :

The symmetri
 Ja
k polynomials spe
ialize, for � = 1, into S
hur fun
-

tions. Similarly, vanishing symmetri
 Ja
k polynomials spe
ialize into some

S
hubert polynomials. Indeed, S
hubert polynomials are polynomials in two

sets of variables, indexed by permutations, or by integral ve
tors (whi
h are

the 
odes of the permutations), whi
h have vanishing properties related to

the Bruhat order [32℄. In the spe
ial 
ase that we need now, let � 2 N

n

be

a partition and X

�

be the S
hubert polynomial in x

1

; : : : ; x

n

, y

1

; : : : ; y

1

, of

index the in
reasing reordering of � (it is a Grassmannian S
hubert polyno-

mial [34℄). Then X

�

vanishes in every partition � 2 N : j�j � j�j, � 6= �, i.e

X

�

, evaluated in

x

1

= �

1

+ n� 1; : : : ; x

n

= �

n

+ 0 ; y

1

= 0; y

2

= 1; y

3

= 2; : : : ; y

i

= i

�

1; : : :

is null. Therefore, one has the following lemma (stated by Knop and Sahi [19℄

in terms of fa
torial S
hur fun
tions; in the literature, X

�

is rather denoted

Y

�

n

;:::;�

1

).

Lemma 29 For any partition � 2 N

n

, the spe
ialization �=1 of

b

J

S

�

is equal

to the S
hubert polynomial X

�

evaluated in fx

1

+ n � 1; : : : ; x

n

+ n � 1g,

f0; 1; 2; : : :g.
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