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Abstra
t

We show that some 
lassi
al identities about multipli
ative fun
-

tions, and the Riemann zeta-fun
tion, may 
onveniently be interpreted

in terms of the addition of �1 to some alphabets.

R�esum�e

Nous montrons que des identit�es 
lassiques 
on
ernant des fon
-

tions multipli
atives de la th�eorie des nombres, et la fon
tion zeta

de Riemann, s'interpr�etent 
ommod�ement en terme de l'op�eration :

\Ajouter �1 �a un alphabet".

1 Introdu
tion

In good 
ourses of 
lassi
al analysis, like the one of Jean-Yves Thibon for

the Marne-La-Vall�ee students, one �nds exer
ises of the following type:

Exer
ise 99. Show the following two identities:
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where �(s) is the Riemann zeta fun
tion, and �(n) is the number of divisors

of n.

Su
h identities seem to be totally out of rea
h of my own students

2

, who

have learnt from me only symmetri
 fun
tions, division by 1, and divided

di�eren
es.

I shall however show that addition of �1 is suÆ
ient to generate su
h

identities, and the link with symmetri
 fun
tion theory will be provided by

the notion of multipli
ative fun
tion:

f : N ! 
ommutative ring is multipli
ative if and only if f(mn) =

f(m)f(n) whenever m;n are relatively prime.

Equivalently, the prime de
omposition of n determines the value of f(n):

n =

Y

p prime

p

k

p

) f(n) =

Y

p prime

f
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p

k

p

�

:

But instead of 
onsidering the sequen
e

[f(p

0

); f(p

1

); f(p

2

); f(p

3

); : : :℄ ;

or the generating fun
tion

P

1

k=0

f(p

k

)z

k

, as does Lagrange, Symmetri
 Fun
-

tion Theory [5℄ tells us that we better introdu
e an alphabet A

p

, su
h that,

for k 2 N , f(p

k

) is the k-th 
omplete fun
tion in this alphabet, denoted by

S

k

(A

p

), i.e., su
h that

1

X
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k

)z

k

= �

z

(A

p
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1

X
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z

k

S

k

(A

p
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Y

a2A

p

(1

�

za)

�1

:

In other words, ea
h generating fun
tion is formally fa
torized and gives

rise to an alphabet.

In summary, a multipli
ative fun
tion is determined by a 
olle
tion of

alphabets A = fA

p

; p primeg. In this sutation, this multipli
ative fun
tion

will be denoted by �

A

(:).

It may be appropriate, before going any further, to re
all a few fa
ts about

symmetri
 fun
tions. An alphabet A = fa

1

; a

2

; : : :g is written as the sum of

its elements: A = a

1

+ a

2

+ � � � , and the generating fun
tion of 
omplete

fun
tions in A is

�

z

(A ) =

1

X

k=0

z

k

S

k

(A ) =

Y
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i
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:
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and also of me, be
ause J.-Y. Thibon does not write the solution.
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Adding a letter x to A is denoted by A ! A + x. Adding three 
opies of

the letter 1 is denoted by A ! A + 3.

More generally, given alphabets A ; B , and 
omplex numbers k; r, the gen-

erating fun
tion �

z

(kA � B + rx) is equal to

�

z

(kA � B + rx) =

Y

�2A

(1

�

z�)

�k

Y

�2B

(1

�

z�)

�1

(1� zx)

�r

: (1)

We may need to spe
ialize a letter to 3, but this must not be 
onfused

with taking three 
opies of 1. To allow nevertheless spe
ializing a letter

to a 
omplex number r inside a symmetri
 fun
tion, without introdu
ing

intermediate variables, we write r for this spe
ialization. Boxes have to be

treated as single variables.

In other words, given a letter x, and 
omplex numbers r; �; �, then

�

z

(� r + � x) = (1� z r)

��

(1� x)

��

:

When all alphabets A

p

are equal to the same alphabet A , we write A for

the 
olle
tion of A = fA ; A ; : : :g. We shall also need the 
olle
tion where

A

p

= p , that we denote by A = p . It 
orresponds to the multipli
ative

fun
tion f(n) = n.

We shall now formulate properties of multipli
ative fun
tions in terms of

another 
lassi
al obje
t in number theory.

Given a fun
tion f from N in a 
ommutative ring, one 
an asso
iate to it

a Diri
hlet series

3

F (f ; s) =

X

n�1

f(n)n

�s

;

the most notable being the Riemann zeta fun
tion �(s) :=

P

n�1

n

�s

.

The produ
t of Diri
hlet series 
orresponds to the 
onvolution of fun
tions

on N :

F (f ; s)F (g; s) = F (f ? g; s) =

X

n

�

X

djn

f(d)g(n=d)

�

n

�s

:

When f is a multipli
ative fun
tion, say f = �

A

, we write �(A; s) for the


orresponding Diri
hlet series. In this notation, the Riemann zeta fun
tion

is �(1; s), that is, ea
h alphabet A

p

is equal to 1.

3

We shall not address 
onvergen
e issues, but shall treat the Diri
hlet series as formal

series. However, for all identities that we 
onsider here, the formal treatment is suÆ
ient

to also dedu
e their validity as identities for analyti
 series. For, all our series 
onverge in

some domain, whi
h must in fa
t be a (right) half plane (see [1, Theorem 11.1℄), and then

it follows from uniqueness of 
oeÆ
ients (see [1, Theorem 11.3℄) that the formal identity

is at the same time an analyti
 identity.
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The produ
t of two series �(A; s), �(B; s) is the series �(A + B; s), be-


ause for every p, �

z

(A

p

)�

z

(B

p

) = �

z

(A

p

+ B

p

). Thus addition of alphabets


orresponds to produ
ts of Diri
hlet series.

Noti
e that the 
onvolution of multipli
ative fun
tions with the 
lassi
al

M�obius fun
tion �

�1

or its inverse �

1

(
f. [1℄), or the produ
t of a Diri
hlet

series and �(s)

�1

or �(s), are now interpreted as the addition to ea
h alphabet

A

p

of

�

1 or 1 respe
tively:

�

A�1

(n) =

X

d: djn

�(n=d)�

A

(d) , �(A� 1; s) = �(A; s)=�(s) (2)

�

A+1

(n) =

X

d: djn

�

A

(d) , �(A+ 1; s) = �(A; s) �(s) : (3)

2 Adding 1

We are now in the position to solve the exer
ise stated at the beginning of

this text.

For the alphabets 2�

�

1 and 3�

�

1 we have

�

z

�

2�

�

1

�

= (1� (

�

1)z)(1� z)

�2

= 1 + 3z + 5z

2

+ 7z

3

+ � � �

�

z

�

3�

�

1

�

= (1� (

�

1)z)(1� z)

�3

= 1 + 4z + 9z

2

+ 16z

3

+ � � � :

Sin
e �(p

2k

) = 2k + 1, it follows that

�(s)

3

=�(2s) = �

�

2�

�

1 ; s

�

=

X

n�1

�(n

2

)n

�s

:

Similarly, �(p

k

)

2

= (k

+

1)

2

implies

�(s)

4

=�(2s) = �

�

3�

�

1 ; s

�

=

X

n�1

�(n)

2

n

�s

;

and this proves the two required formulas.

In fa
t, many of the 
lassi
al arithmeti
al multipli
ative fun
tions o

ur

in produ
ts of zeta fun
tions, as shows the following table. We need only

identify the generating fun
tions �

z

(A

p

) for all alphabets appearing in the

left 
olumn, to ensure the validity of the expansions given in the right 
olumn.
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alphabet series �

z
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p
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In the table, we use the fun
tion �(n), whi
h, as before, is the number

of divisors of n, and, more generally, �

r

(n), r > 2, is the number of integral

ve
tors [n

1

; : : : ; n

r

℄ su
h that n = n

1

� � �n

r

. In addition, we denote by !(n)

the number of prime divisors of n and by �(n) the number of integers less

than n and prime to n.

Let us elaborate in some more detail about the relation between the

third 
olumn (generating fun
tion for the alphabet) and the fourth 
olumn

(Diri
hlet series), in the order the alphabets are listed in the table:

� 1 � z, i.e. �(p) = �1, �(p

k

) = 0, k � 2. This is this the 
lassi
al

M�obius fun
tion;

� (1� z)

�2

, �(p

k

) = k + 1 = �(p

k

) is the number of divisors of p

k

;

� (1 � z)

�r

, �(p

k

) =

�

k+r�1

k�1

�

is the number of r-tuple [n

1

; : : : ; n

r

℄ su
h

that n

1

� � �n

r

= p

k

;

� 1� (

�

z), �(p) = 1, �(p

k

) = 0, k � 2;

� (1 + z)=(1� z), �(p

k

) = 2, k � 1;

� (1 + z)=(1� z)

2

, �(p

k

) = 2k + 1 is the number of divisors of (p

k

)

2

;

� (1 + z)=(1� z)

3

, �(p

k

) = (k + 1)

2

is the square of the number �(p

k

) of

divisors of p

k

;

� (1� z)

�1

(1� zp

�

)

�1

, �(p

k

) = 1 + p

�

+ � � �+ p

k�

is the sum of the �-th

powers of the divisors f1; p; : : : ; p

k

g of p

k

;
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� (1�z)=(1�zp), �(p

k

) = p(p

k�1

�1) is the number of integers less than

p

k

and prime to p.

A natural generalization of the 
lassi
al M�obius fun
tion pro
eeds by

taking some 
omplex number �, instead of

�

1, and setting all A

p

= �. Re
all

that

S

k

(�) = �(� + 1) � � � (� + k � 1)= k! =

�

� + k � 1

k

�

:

Hen
e,

�

�

�

Y

p

p

k

�

=

Y

p

�

�+ k � 1

k

�

: (4)

These M�obius fun
tions of higher order have been 
onsidered by Fle
k [4, 3℄

4

,

who proved the 
onvolution formula �

�

? �

�1

= �

��1

.

Taking Diri
hlet series instead of alphabets, Fle
k's results translate into

the seemingly more elaborate formula

1

X

n=1

�

�

(n)n

�s

= �(s)

1

X

n=1

�

��1

(n)n

�s

; (5)

whi
h is nothing else but

� = 1 + (�� 1) : (6)

3 Hadamard Produ
ts

One 
an use other operations on alphabets than just adding�1. For example,

the \pointwise" produ
t of two multipli
ative fun
tions is still a multipli
ative

fun
tion. It 
orresponds to the Hadamard produ
t of generating series:

 

X

i�0

z

i

S

i

(A ) ;

X

i�0

z

i

S

i

(B )

!

�!

X

i�0

z

i

S

i

(A )S

i

(B ) ;

or the Hadamard produ
t of Diri
hlet series, and indu
es an \Hadamard

produ
t" on pair of alphabets : (A ; B ) ! A 
H B .

Indeed, given two �nite alphabets A and B , the Hadamard produ
t of

�

z

(A ) and �

z

(B ) is a rational fun
tion, with denominator

�

z

(�A B ) :=

Y

a2A

Y

b2B

(1� zab)

�1

:

4

and still reappear in re
ent literature [2℄.
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However, in general the numerator will be too 
ompli
ated to be applied

to the theory of the Riemann zeta fun
tion. I shall nevertheless give three

expli
it 
ases that I found in the literature.

The �rst one is due to Ramanujan:

�(s)�(s� �)�(s� �)�(s� �� �)

�(2s� �� �)

=

X

n�1

P

djn

d

�

P

djn

d

�

n

s

: (7)

Indeed,

1� z

2

xy

(1� z)(1� zx)(1� zy)(1� zxy)

=

X

i�0

(1+ x+ � � �+ x

i

)(1+ y+ � � �+ y

i

)z

i

;

whi
h means that the Hadamard produ
t of

(1� z)

�1

(1� zx)

�1

and (1� z)

�1

(1� zy)

�1

is the left-hand side. This left-hand side 
an be written �

z

(1+x+y+xy�
),

with 
 an alphabet of 
ardinality 2 su
h that S

1

(

�


) = 0 and S

2

(

�


) =

�

xy.

When x = p

�

, y = p

�

, the generating fun
tion �

z

(1 + x + y + xy � 
)

spe
ializes to the 
omponent depending on p of

�(s)�(s��)�(s��)�(s����)

�(2s����)

, and,

thus eventually, Ramanujan's identity is indeed just

(1

+

x)
H (1

+

y) = (1

+

x

+

y

+

xy)� 
 : (8)

The se
ond example uses the Hadamard powers of the simplest

5

series,

(1� z)

�2

.

By de�nition the k-th Hadamard power of 1 + 2z + 3z

2

+ � � � is

1 + 2

k

z + 3

k

z

2

+ 4

k

z

3

+ � � � = E

k

(z) (1� z)

k+1

;

where E

k

(z) is the k-th Eulerian polynomial, dear to 
ombinatorialists [6,

Ch. 7℄.

De�ne now, for any positive integer k, the fun
tion

�

k

(s) =

1

1� 2

�s

Y

p prime

p�1 (mod 4)

E

k

(p

�s

)

1� p

�s

Y

r prime

r�3 (mod 4)

1

1� r

�2s

: (9)

5

The Hadamard produ
t of f(z) with (1� z)

�1

being f(z), one has to argue between

(1� z)

�2

and (1� 2z)

�1

for the title of being the simplest non-trivial series. Noti
e that

not only 1=(1� z) is stable under Hadamard powers, but so is 1=(1� z

�

) for any positive

integer �.
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Therefore, thanks to our 
omputations of the Hadamard powers of

(1 � z)

�2

and (1 � z

2

)

�1

, we see that �

k

(s) is the k-th Hadamard power

of �

1

(s).

The alphabets 
orresponding to �

1

(s) are

A

2

= 1 ; A

p

= 2 ; A

r

= 1 +

�

1 ;

sin
e �

z

(1) = 1=(1� z), �

z

(2) = 1=(1� z)

2

, �

z

�

1 +

�

1

�

= 1=(1� z

2

).

Subtra
ting 1 from all the alphabets, one gets a simpler fun
tion:

L(s) := �

1

(s)=�(s) =

Y

p�1

1

1� p

�s

Y

r�3

1

1 + r

�s

=

1

X

n=0

(

�

1)

n

(2n+ 1)

s

; (10)


orresponding to the alphabets

A

2

= 0 ; A

p

= 1 ; A

r

=

�

1 :

Sin
e the Hadamard square of (1� z)

�2

is equal to

(1 + z) (1� z)

�3

= �

z

�

3�

�

1

�

;

the fun
tion �

2

(s) is asso
iated to the alphabets

A

2

= 1 ; A

p

= 3�

�

1 ; A

r

= 1 +

�

1 :

The Hadamard 
ube of (1� z)

�2

being

(1 + 4z + z

2

) (1� z)

�4

= �

z

(4� �� �) ;

with � =

�

2 +

p

3 , � =

�

2�

p

3 , the fun
tion �

3

(s) is asso
iated to the

alphabets

A

2

= 1 ; A

p

= 4� �� � ; A

r

= 1 +

�

1 :

Finally, the fourth Hadamard power being

(1 + 11z + 11z

2

+ z

3

) (1� z)

�5

= (1 + z)(1 + 10z + z

2

) (1� z)

�5

= �

z

�

5�

�

1

�

�

�

�

�

;

with � =

�

5 + 2

p

6 , � =

�

5� 2

p

6 , the fun
tion �

4

(s) is asso
iated to

the alphabets

A

2

= 1 ; A

p

= 5�

�

1 � �� � ; A

r

= 1 +

�

1 :
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Let us 
lose this text by 
onsidering higher powers (1� z)

�r

, with r > 2.

I shall restri
t myself to their Hadamard squares.

Sin
e

1

(1� z)

r


H

1

(1� z)

r

= P

r�1

�

1 + z

1� z

�

1

(1� z)

r

;

where P

j

is the Legendre polynomial [6℄ of degree j, one has, using the fun
tion

�

r

(n) de�ned above,

1

X

n=1

�

�

r

(n)

�

2

n

�s

= �(s)

r

Y

p

�

P

r�1

�

1 + p

s

1� p

s

��

: (11)
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