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Abstract

Eliminating the arbitrary coefficients in the equation of a plane
curve of order n by computing sufficiently many derivatives, one ob-
tains a differential equation characteristic of these curves. This is
a projective invariant. The first one, corresponding to conics, have
been obtained by Monge, and Sylvester, Halphen, Cartan used in-
variants of higher order. The expression of these invariants is rather
complicated, but become much simpler when interpreted in terms of
symmetric functions.

A line in the plane can be written
y=axr+b0b,
with arbitrary coefficients a, b, but it is more satisfactory to write it
y'=0.
More generally
yh ()Y T e () e (g = 0

is the equation of a general planar curve of order n. Writing sufficiently many
derivatives of this equation, one can eliminate in their system the arbitrary
coefficients (x).

However, already in the case of a conic (solved by Monge), we have to
use the derivatives of order 3,4, 5, and the outcome is not straightforward to
interpret. We need some method to perform the elimination.

It is convenient, instead of taking dd;” to rather use the normalization
i

~ldxt

With these conventions, Leibnitz formula looses its coefficients:

D"(fg)= )Y D'fDig.

i+j=n
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We need the collection {D%(y), D'(y), D*(y), ...}, that we can write with
the help of a generating series

22 D'(y) -

Symmetric function theory tells that we have to formally factorize this
series, as we factorize the total Chern class of a vector bundle.
Thus we introduce a formal alphabet A and write

I DLV | (RETED SR A

denoting A*(A) the elementary symmetric functions in A, and thus identify-
ing D'(y) to A(A).

Remember that taking k copies of an alphabet (we write k£ A) translates
into taking the k-th power of the generating function :

(Zzi A’(A)) => ZA(kA) .

Adding r copies of a letter = to these k copies of A is written, at the level of
generating series, as

(14 zx)" <§:zZ N(A)) :ZziAi(kA—i-rx) : (2)

i=0 =0

Thus, instead of having a sum D"(y?) = 37, ._ D'y D’y to express the
derivatives of the square of y, one can now use the more compact notation
D"(y%) = A™(2A).

More generally, D"(y?) = A"(3A), D"(y*) = A"(4A), ... and one has the
following easy lemma resulting from Leibnitz’ rule:

Lemma 1 Given n,k,r € N, then
D"(x"y*) = 2" A" (kA +1/x) . (3)

We can now easily write the derivatives of any orders of the components
of the equation of a planar curve.
Let us first look at the case treated by Monge.



We start with
u =1y’ + crzy + cy + (X’ + (})z + ()

and take successive derivatives, starting from the third one (so that the part
depending on z only (where the coefficients (x) appear) has already been
eliminated).

D’u = A*(2A) + 2 A*(A +1/2) + coA*(A) (4)

= A*(2A) + (wey + o) A*(A) + ;A% (A) (5)
D'u = A'(2A) + (zcy + o) AY(A) + ;AP (A) (6)
D’u = A°(2A) + (zcy + c2)A°(A) + c; A*(A) (7)

Elimination of the coefficients among these three equations gives the vanish-
ing :

A2(A) A3(A) A3(28) A% AP 2A%0 4 2A%
A(A) AYA) AT(2A)| =A% AT 20 4 2A3L LA (8)
AYA) AP(A) A°(24) AL A5 2A50 L 9AAL 4 9AB2

writing A’ for A(A), A~ for A'(A)AJ(A), ...
The last determinant can be simplified and becomes

A2 A3 0 yu/2 y”'/6 0
A3 A4 A22 — y////6 yiv/24 (y///2)2 , (9)
A4 A5 2A32 yiv/24 yu/120 y”y’”/G

which is Monge’s equation, after suppressing the extra factor y"/2 :

D?*yD?*yD%y — 3D*yD3yD*y 4+ 2D3yD3yD3y =0 . (10)

The general case takes only a few lines more to be written down.
From Eq.2, one has

A™(A +rz) = A"A + rz A" A + (;) 22 AT 2A 4 <T>x” A°A
n

Let u be a polynomial in x,y of total degree n with leading term y”. The
equations
D'l =0=...= prntd)/2,



are
0 = A™"(nA) + cra A"(n-1)A) + conot A"H((n-1)A) + - - -
e 1A% (A) + e AP(A) + -+ A"THA)
0 = A"2(nA) + crn A" (n=1)A) + cop 1 A" ((n=1)A) + - --
e AP (A) + e AYA) + -+ A"T2(A)

0 = A"2(nA) + ¢, AMTI2N (0 1)A) + g AP (0 1)A) -+
1 1An(n—l—l)/Z-i—l (A) + ¢y 1An(n-}-l)/?—l—? (A) NN An(n+3)/2 (A) 7
where the coeflicients ¢; ; are polynomials in = only.

Eliminating these coefficients, one obtains the vanishing of the following
determinant (we have written the columns in a different order):

AZ(A) AB(A) .- ATHI(A) - A"((n-1)A) A" ((n-1)A) A"™l(nA)
A(A) AYA) - ATFZ(A) oo AM((n-DA) A™((n-1)A) A"2(nA)
AN(A) oo AN I 1)A) AN((n-1)A) AN (nA)

(11)
with N = n(n + 3)/2, which is the differential equation satisfied by a planar
curve of order n.

This determinant has a simple structure, with blocks of n, n-1, ..., 1
columns involving the elementary symmetric functions in A, 2A ..., nA.

One can simplify it a little. Because the image of a curve of degree n
under the transformation y — ay + [ is still a curve of the same degree, the
value of the determinant is independent of y = A°(A) and 3’ = A'(A), that
one can put both equal to 0.

Therefore, instead of the generating series (2), one can now take a second
alphabet D such that

A(D)=A"2*(A),i=0,1,...

(as usual A" = 0 for 7 < 0).
In other words, ", 2" A'(D) = A*(A)+2zA*(A)+- - -, and for what concerns
its powers, one has that

A(kD) = A" (kA) |, i,kEN.

The equation of a planar curve can now be rewritten

A(D) - A"YD) AY2D) .. A"H2D) ... An(nD)
AYD) .- AYD) A°@D) ... A"2(2D) ... AZ"(nD)

: : : : . (12)
AV (D) . AN=22D)  AN-22(pD)
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with N = (n — 1)(n + 4)/2, and, apart from notations, this is the equation
given by Sylvester.
For the conic, this equation is the determinant (9) that we have seen
above :
AD A'D ATY(2D) AD A'D 0
A'D A*D A°(2D) | = |A'D A*D A°DA°D (13)
A?’D A*D  AY(2D) A?’D A*D 2A'DA°D

The equation of a planar cubic is :

AD A'D A’D ATY(2D) AY(2D) A~
A'D A*D A3D A°(2D) A'(2D) A-
o . . . =0. (14)
AD AD A"D  AY(2D) A3(2D) A3(3D)
In terms of AY(D) only, written A;, and putting Ay = 1, the determinant
reads

1 A1 A2 0 1 0

A Ay Aj 1 2A\, 0

Ay Az Ay 20, A2 4 2A, 1

ANs Ay As Af + 2A5 2A 1Ay + 274 3\,

Ay As Ay 2A1A5 + 24, A2 + 27 A5 + 2, 3A2 + 3A,

As Ag A7 A3+ 2MA3+2A, 2M0A3 +2A A4 +2A5 A3+ 6A1 A + 3A3

which expands into the rather less attractive expression : 6ATAyA2—30A3A2A5—
TOAZA A5 +5AA7A2—2A5 A7 A3 +5A A2 A3+30A 4 AZA 1 +6A5A2AZ+H6A A6 A, —
BASAgAs+3A6 A1 A2 3A2A, Ay— 20 A% A2~ 60ALAS AL 5ALAA+10A; A, A2~
SABA5 A, + 20A2A2A5 — 3A,A A2 + T0AZAZA3 — 15A;ARAZ + 20205 4 4A-AL +
SASAs — 8AoAsAsA A5 — 5AsAGAZA; — TOAZAZAL A, + SASAS + 12ATA5A; —
BAsASAZ 15NN A1 5AZA5A2—30AApAS—50ALAZA, —12A5ACAZ+6AZA AT —
10ALA2 A — T0ALABA; — T0AAS + 10A0A A A, — TAZAGA A + 12A5A7A8 +
L0ABAS 1+ A2A5A2 1 3A5A6A Ay — 3A3AA Ay — 2A4A6A5 — 15AAALAD +
5AsATAZA, — 2M5A6AsAs + T0AZAAZ 4+ 6ATAZ — 10A5AA% — 10A, ApAL +
3AsA7AL Ay — 5ASAGAZ + T0AZASAZ — BASALAs + 30APALAZ — 6AALA; —
AATAT Ay — 20302 — 10AGALA, — 6AGAEAs — 4A7AZA, +4AGAZA; +30AGABAS —
SASA;+54AZAZAT + 50AZABA% +24A,AZA3 —5A6AS —30A3AIA2 4 45A3A A5 +
B0AZA2A;—A5ALA* A, —10ABAL A2~ 10ABACA;—5A5 A3 +3A3AS 1 10ALA2A2 A, —
14A; A, A2A5 + T0ASA® + 5A,A%A2 — 27TAGAPAZ — 15ATA, + 40A3A5A A5 +
6AsMAT — 8AoA5AZ +6A7 + AZ + A2 + AZA5 — 20A5A,A3 + 10A,AZA3A, +
45NN AZAZ — 40ASABAGAZ — 15AGAZASA2 + 14AALA A2 + T0A,A7A5A3 +
18A0A6AIAZ — 5AsASAZAZ — 420, A N8N, — 20A,A0APA2 — 12A0A5A2A; +



20A2A6A%A3 + A7AZ + A%A7A§ - A5A7A3 Recall that AO = y”/2!, A1 =
y" /6!, ..., Ay = ¥ /7!, so that the equation of a cubic is a differential poly-
nomial of order 15, and degree 10.

Invariance under the projective group

We did not yet use that the image of a curve under a projective trans-
formation of the plane is still a curve of the same degree, and therefore that
the differential equation s a projective invariant.

Let us introduce another alphabet £ :

dz’+2y

A(E) = A(D) /il = T

Expressed in terms of D, invariance under some subgroup of the projective
group amounts to belonging to the kernel of
d d d d
Vpi= — +2AYD)—— + 3A*(D)— + 4A*(D)— + - --
dAl dA2 dA3 dA4
This operator appears in the theory of binary forms in z,y, and simply
expresses the invariance under the translation x+ — = + 1. Elements of this
kernel are called semi-invariants in the theory of binary forms.
To simplify the operator Vp, let us introduce another alphabet £ :

dz’+2y

A(E) = (D) /il = T D4

Under the change of alphabet, our projective invariants belong to the
kernel of

d d d d
Vem a6 L AL 4 Akt
dA2 dA3 dA4

But this kernel is very easy to determine. Indeed, V¢ sends ¢4 (€) onto 1,
and all the other power sums ¢;(£), 2 < i, onto 0. Therefore a semi-invariant
is a polynomial in 19(&), 3, ...

Monge’s element is of degree 3 in £. Therefore it must be proportional
to 13(£). In final, the equation of a conic is

P3(E) =0, (15)
or in terms of elementary symmetric functions,

P3(E) = 3A*(E) — 3AMR(E) + AM(E) =0 (16)
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which rewrites, with AL (£) = 2% o A2(€) = 4% A3(€) = 2%+ into

113! da3 * 2M4l da? * 113! da5 *
the equation that we have already seen:

n\ 2 v "o, v m\ 3
3<y—> v _g¥ ¥ Y +(y ) ~0.
2! ) 315! 2! 1131 214! 113!
The equations of curves of higher degree can be similarly treated, using
the usual theory of binary forms, and involve generalizations of the Hessian.
The next projective invariant, after the invariant of Monge, has been
found by Halphen. Cartan takes it as the projective analogue of the curva-

ture. The equation of the cubic is a polynomial in it and Monge’s invariant.
Its expression, in terms of power sums in &, is

48Uty — 2005102 — 1y + 12051 — 3645 (17)
and is easier to handle that the determinant of order 6 displayed in Eq. 14!
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