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Abstra
t

We show how to expand a non-symmetri
 Cau
hy kernel

Q

i+j�n

(1� x

i

y

j

)

�1

in the basis of Demazure 
hara
ters for type A

n

.

The 
onstru
tion involves using the left and right stru
ture of 
rystal

graphs on words, and mostly redu
es to properties of the jeu de taquin.

We give, without proof, the expansion of a similar kernel in the

nilpla
ti
 algebra, and de�ne 
hara
ters in two sets of variables.

1 Kernels

The best 
hara
terization of S
hur fun
tions, as symmetri
 fun
tions, relies

on the diagonalization of the Cau
hy kernel

Q

i

Q

j

(1� x

i

y

j

)

�1

.

Indeed, this kernel expands as a sum over all partitions � :

Y

i

Y

j

(1� x

i

y

j

)

�1

=

X

�

S

�

(X)S

�

(Y ) ; (1)

de�ning the S
hur fun
tions S

�

uniquely (
hoosing them to be positive).

One 
ould as well have started from the resultant

Q

i

Q

j

(x

i

� y

j

) of the

two polynomials in z,

Q

i

(z � x

i

) and

Q

j

(z � y

j

).

Relaxing symmetry, one still wants to \separate variables" in

Q

i+j�n

(x

i

� y

j

) and

Q

i+j�n

(1� x

i

y

j

)

�1

, or more generally, in produ
ts 
or-

responding to the diagram of a partition.

The �rst fun
tion

Q

i+j�n

(x

i

� y

j

) expands as a sum of produ
ts of S
hu-

bert polynomials in X and Y separately [19℄. For the se
ond one, given a

partition �, let

F

�

:=

Y

(i;j)2�

(1� x

i

y

j

)

�1

;
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produ
t over all the boxes of the diagram of �, noting (i; j) the 
oordinates

of a box. We shall see that the 
ases � = � := [n; : : : ; 1℄, n 2 N , allows to

re
over all the F

�

, and therefore we shall mostly 
omment the 
ase

F

�

=

Y

i+j�n+1

(1� x

i

y

j

)

�1

;

the expli
it expansion given in Theorem 6 being our main new result.

A representation explanation of the de
omposition of F

�

, as we have for

Q

i

Q

j

(1� x

i

y

j

)

�1

, seems highly desirable.

One way to understand the Cau
hy kernel is to have re
ourse to S
hur

fun
tors instead of S
hur fun
tions, and to use representations of linear

groups as S
hur did in his thesis [36℄.

One 
an equivalently 
onsider spa
es of se
tions of ample line bundles over

the 
ag manifoldF(C

n

). The non-symmetri
 
ase involves using se
tions over

S
hubert varieties, and this leads to Demazure 
hara
ters [3℄. However, the

geometri
al study of line bundles over S
hubert varieties is more 
ompli
ated

than the study of 
hara
ters only. Instead of representations, we shall rather

use spa
es of words (whi
h 
an be thought as \
anoni
al bases").

In that framework, Cau
hy formula (1) is interpreted as a bije
tion, due

mostly to S
hensted, between the terms in the expansion of the left side of

(1) (words in 
ommutative biletters (x

i

; y

j

)), and pairs of tableaux of the

same shape.

Thanks to this bije
tion, generating fun
tions of monomials in 
ommuta-

tive biletters are transformed into expressions in the free algebra, or trans-

formed into multisets of pairs of tableaux. In parti
ular, sin
e F

�

expands

into a subfamily of monomials of the expansion of

Q

i

Q

j

(1 � x

i

y

j

)

�1

, we

already know that F

�


an be interpreted as a family of pairs of tableaux.

To 
hara
terize this family, we need some 
ombinatorial tools asso
iated

to the natural two-sided stru
ture of 
rystal graph on words. In fa
t, we do

not need to prove new properties of 
rystal graphs to expli
it F

�

, but have

mostly to gather in Theorem 4 results stated in di�erent languages. We shall

use words and tableaux as the simplest 
on
epts in the type A

n


ase.

We mention, in the last two se
tions, the possibility of de�ning \Demazure


hara
ters" in two sets of variables, or inside the nilpla
ti
 algebra.

The three �gures at the end provide three di�erent realizations of the

basis of a Demazure module.

2 Combinatorial Tools

Let X = fx

1

; x

2

; : : :g be a totally ordered alphabet (of non 
ommuting let-

ters).
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A row is a weakly in
reasing word, a 
olumn is a stri
tly de
reasing one.

A pair of rows a

1

� � �a

`

, b

1

� � � b

k

, a

i

; b

j

2 X, is a

� 2-rows tableau i� ` � k & a

i

> b

i

; i = 1; : : : ; `

� 2-rows 
ontretableau i� ` � k & a

i+`�k

> b

i

; i = 1; : : : ; k

A sequen
e of rows is a tableau (resp. a 
ontretableau) if every pair of


onse
utive rows is so. Both 
an be planarly represented, sta
king rows on

top of ea
h other, and left justifying in the 
ase of tableaux, right justifying

them in the 
ase of 
ontretableaux. We shall identify planar obje
ts with

their row reading, and with the sequen
e of rows 
omposing them.

The pla
ti
 relations (due to Knuth[11℄) are the 
ongruen
es


ab � a
b (a � b < 
) ; (2)

ba
 � b
a (a < b � 
) : (3)

that 
an be planarly written




a

b

�

a 


b

(a � b < 
) (4)

b

a 


�

b




a

(a < b � 
) (5)

The set of words 
ongruent modulo the pla
ti
 relations to a given word

w is 
alled the pla
ti
 
lass of w.

The following theorem is an algebrai
 reinterpretation [37℄ [22℄ of a 
on-

stru
tion due to S
hensted [35℄.

Theorem 1 In the pla
ti
 
lass P`(w) of a word w, there exists a tableau

and only one tableau, denoted P (w).

A right string is the ordered string of the two-rows words in the pla
ti



lass of a 2-rows tableau (with the tableau as its origin, and the 
ontretableau

as its end, the words being ordered a

ording to the length of their top row;

edges are denoted f) :

3 6

1 2 4 5 7

f

�!

1 3 6

2 4 5 7

f

�!

1 3 4 6

2 5 7

f

�!

1 3 4 6 7

2 5

(6)

Left strings are des
ribed in terms of words on an alphabet of two letters,

and it is 
onvenient to take the two parentheses ( , ) as letters. Given a

word w in su
h an alphabet, pair su

essive parentheses iteratively. Call

the subword of paired parentheses its paired subword (
aution: one needs to
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re
ord positions). The original word w is the shu�e of it and of a subword

of the type ) � � � ) (� � � ( (i.e. 
losing parentheses 
ome �rst).

A left string is a maximal sequen
e of words of the same degree whi
h


oin
ide on their paired subwords. Here is a left string, indi
ating below ea
h

word the positions of letters, and underlining the paired subword :

)

7

(

6

)

5

)

4

(

3

)

2

)

1

f

�!

)

7

(

6

)

5

)

4

(

3

)

2

(

1

f

�!

)

7

(

6

)

5

(

4

(

3

)

2

(

1

f

�!

(

7

(

6

)

5

(

4

(

3

)

2

(

1

: (7)

One ex
hanges the two notions of strings by just reading the positions of

the ('s as the entries of the top rows of the elements of (6), and the )'s as the

entries of the bottom rows, as 
an be seen on the pre
eding two strings. We

shall later give a better interpretation in terms of S
hensted bije
tion.

Given two totally ordered alphabets X = fx

1

; x

2

; : : :g, Y = fy

1

; y

2

; : : :g,

a monomial w in the 
ommutative variables

�

y

x

�

, x 2 X, y 2 Y , is 
alled a

biword.

Ordering lexi
ographi
ally w, with priority to Y , one writes

w =

�

y

1

a

1

�

� � �

�

y

1

b

1

��

y

2

a

2

�

� � �

�

y

2

b

2

��

y

3

a

3

�

� � �

�

y

3

b

3

�

� � � (8)

where a

1

� � � b

1

, a

2

� � � b

2

; : : : are rows in the monoid X

�

, and a

i

; b

j

belong to

X.

One 
an erase the y

j

's and interpret w as a sequen
e of rows :

w 7! w

x

:= [a

1

� � � b

1

; a

2

� � � b

2

; a

3

� � � b

3

; : : :℄ (9)

We shall write a

1

� � � b

1

= row

1

(w), a

2

� � � b

2

= row

2

(w); : : :

Ordering lexi
ographi
ally w with priority to X, one obtains similarly a

sequen
e w

y

of rows in Y

�

.

S
hensted's bije
tion, as reinterpreted by Knuth [11℄, is des
ribed by the

following theorem.

Theorem 2 The map w 7!

�

P (w) := P (w

x

) ; Q(w) := P (w

y

)

�

is a bije
tion

between biwords and pairs of tableaux of the same shape.

The algebrai
 interpretation of Theorem 2 is the following 
ombinatorial

version of Cau
hy formula [1℄ :

Y

x2X

Y

y2Y

�

1�

�

y

x

�

�

�1

=

X

(t; t

0

) ; (10)

sum over all pairs of tableaux t 2 X

�

, t

0

2 Y

�

of the same shape (we have

written an equality instead of a bije
tion; the left hand side is a 
ommutative

4



fun
tion, and the right hand side a set of pairs of words in non 
ommutative

letters).

Strings 
an now be de�ned at the level of biwords. Given an integer i, a

right i-string is a sequen
e of biwords w

1

; : : : ; w

`

su
h that

[row

i

(w

1

); row

i+1

(w

1

)℄; [row

i

(w

2

); row

i+1

(w

2

)℄; : : : ; [row

i

(w

`

); row

i+1

(w

`

)℄

is a right string, and su
h that row

j

(w

1

) = � � � = row

j

(w

`

), 8j 6= i; i+1.

Similarly, a left i-string is a sequen
e of biwords w

1

; : : : ; w

`

su
h that

w

1

; : : : ; w

`


oin
ide under the spe
ialization x

i

= x

i+1

, and su
h that w

x

1

; : : : ; w

x

`

be
omes a string when one spe
ializes x

i+1

to `(`, x

i

to `)`, erasing the other

letters.

We 
ould have used the symmetry in X and Y to ex
hange left and right

strings.

Crystal bases B(�) have been introdu
ed by Kashiwara [9℄. In the type

A 
ase, B(�) 
an be identi�ed with the set T ab(�) of tableaux of shape �

[10℄. The spa
e B(�) 
 B(�)

_

admits a natural stru
ture of double 
rystal

graph. Sin
e the set [

�

�

T ab(�) 
 T ab(�)

�

is, a

ording to Theorem 2, in

bije
tion with a set of biwords, we 
an des
ribe double 
rystal graphs in

terms of biwords. A double 
rystal graph for S

n

is a graph, with biwords

as verti
es, left and right 
olored oriented edges labeled f

1

; : : : ; f

n�1


alled


rystal operators, su
h that if it 
ontains a biword w, then it 
ontains the

full left and right i-strings, i = 1; : : : ; n�1, passing through w.

Crystal operators 
an be thought as (left or right) linear operators on

sums of biwords: if w

f

i

�! w

0

, then one puts f

i

(w) = w

0

, and one puts

f

i

(w) = 0 if w is the end of the i-string passing through it.

The symmetri
 group S

n

a
ts by permuting the verti
es of a double


rystal graph [22℄ . The left (resp. right) a
tion of a simple transposition s

i

restri
ts, on a left (resp. right) i-string, to the symmetry with respe
t to the

middle of the string [21, 27, 9℄. We shall note w 7! s

i

(w) the left a
tion.

Instead of taking symmetry with respe
t to middle of strings, one 
an

de�ne operators �

i

and b�

i

, i = 1; : : : ; n�1, on the free algebra in X as

follows [25, 8℄:

� if v 2 X

�

is the �rst part (or is the middle) of the left i-string 
ontaining

it, then �

i

(v) is the sum of all words between v and s

i

(v), and b�

i

(v) is

the same sum minus v.

� the a
tion is extended to all words by requiring that �

i

�

v + s

i

(v)

�

=

v + s

i

(v) and b�

i

�

v + s

i

(v)

�

= 0 (either v or s

i

(v) is in the �rst part of

the string, when not in the middle).

5



For example, using x

1

; x

2

instead of parentheses, and writing in small


hara
ters the paired letters, one gets from string (7) :

�

1

�

x

1

x

2

x

1

x

1

x

2

x

1

x

1

�

= x

1

x

2

x

1

x

1

x

2

x

1

x

1

+x

1

x

2

x

1

x

1

x

2

x

1

x

2

+x

1

x

2

x

1

x

2

x

2

x

1

x

2

+x

2

x

2

x

1

x

2

x

2

x

1

x

2

;

�

1

�

x

1

x

2

x

1

x

1

x

2

x

1

x

2

�

= x

1

x

2

x

1

x

1

x

2

x

1

x

2

+ x

1

x

2

x

1

x

2

x

2

x

1

x

2

and, by symmetry for the two other words,

�

1

�

x

1

x

2

x

1

x

2

x

2

x

1

x

2

�

= 0 ; �

1

�

x

2

x

2

x

1

x

2

x

2

x

1

x

2

�

= �x

1

x

2

x

1

x

1

x

2

x

1

x

2

�x

1

x

2

x

1

x

2

x

2

x

1

x

2

:

The operators �

i

do not satisfy the braid relations. They indu
e (isobari
)

divided di�eren
es on polynomials (in 
ommutative indeterminates x

i

), that

we shall denote �

x

i

:

f

�

x

i

�!

x

i

f � x

i+1

f

s

i

x

i

� x

i+1

with s

i

= transposition of x

i

; x

i+1

: (11)

The operators �

x

i

, due to Demazure [3℄, satisfy braid relations, and there-

fore, for any permutation �, there exists a well de�ned divided di�eren
e �

x

�

(whi
h 
an be obtained by taking a produ
t of �

x

i


orresponding to a redu
ed

de
omposition of �).

To relate biwords to permutations, I used with M.P. S
h�utzenberger the

following two notions whi
h are in fa
t equivalent.

The �rst one 
onsists in singling out some element V i
e(w) in ea
h pla
ti



lass P`(w) of a word w 2 X

�

, 
alled vi
e-tableau.

V i
e(w) 
an be re
ursively de�ned as follows. It is the unique word

a

1

� � �a

`

in a pla
ti
 
lass P`(w) su
h that

� a

`

is the suÆx (i.e. the rightmost letter) of the 
ontretableau in P`(w)

� The shape of P (a

1

� � �a

`�1

) is maximum (with respe
t to the natural

order on partitions) among the words in P`(w) having suÆx a

`

.

� a

1

� � �a

`�1

is a vi
e-tableau.

Re
all that the inverse operation of \inserting a letter" into a tableau

t (Inverse-S
hensted algorithm) 
onsists in 
hoosing a box at the periphery

of t, and �nding a pair (t

0

; x) su
h that t

0

is a tableau of shape obtained

by erasing this box from the shape of t

0

, and t

0

x � t. Thus, the re
ursive

de�nition of a vi
e-tableau implies the following algorithm, 
onsisting of a

distinguished sequen
e of Inverse-S
hensted operations : at ea
h step, the

box whi
h is erased is the highest whi
h fa
tors out on the right the suÆx of

the 
ontretableau.
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For example

1 3 3 4 5

1 2 4

1 2

�

1 3 3 4 5

1 2 4

� 1

� 2 �

1 3 3 4 5

� 2 4

1 1

� 2 �

� 1 3 3 5

1 2 4

1 2

� 4 (12)

shows that

V i
e(13345 124 12) = V i
e(13345 24 11) � 2

(iterating, one �nds V i
e(13345 124 12 = [35 12344 112℄).

Fa
toring V i
e(w) as a produ
t of maximal rows, on 
an 
onsider it as

a biword v, with row

1

(v) row

2

(v) � � � = V i
e(w). One 
an show that the

sequen
e of lengths `(row

1

(v)); `(row

2

(v)); : : : is a permutation of the shape

� of the tableau P (w).

Sorting the rows of V i
e(w) by de
reasing order of length, and re
ording

their suÆxes, one gets a permutation �(w) :

[35; 12344; 112; ;; ;℄! [12344; 112; 35; ;; ;℄! �(w) = [4; 2; 5; 1; 3℄

(in 
ase some rows are of equal length, or when there are missing suÆxes,

i.e. empty rows, one takes the permutation of minimum length).

Using the right a
tion of the symmetri
 group on a 
ontretableau t with

k rows, one generates k! words v = t

�

: � 2 S

k

. One 
an show by indu
tion

on the degree the following extremality property of the vi
e-tableau.

Lemma 3 Given a 
ontretableau t, then there exists a permutation � su
h

that V i
e(t) is equal to some t

�

. One 
an take for � the permutation of maxi-

mal length among those su
h that the sequen
es of suÆxes of row

1

(t

�

); row

2

(t

�

); : : :

is the same as for t.

For example the a
tion of S

3

on the 
ontretableau [13345 124 12℄, writing

s and s

0

for the two generators of S

3

, produ
es 6 words (s

0

a
ts by jeu de

taquin on the two top rows, s on the bottom two) :

1 3 3 4 5

1 2 4

1 2

s

!

1 3 3 4 5

2 4

1 1 2

s

0

!

3 5

1 2 3 4 4

1 1 2

s

!

3 5

2 3 4

1 1 1 2 4

s

0

!

3 3 5

2 4

1 1 1 2 4

s

!

3 3 5

1 1 2 4 4

1 2

(13)

and the vi
e-tableau is the third element 35 12344 122, having suÆxes 5; 4; 2

and being given by a permutation of length 2.

Instead of using the a
tion on rows of a tableau, one 
an similarly a
t

on 
olumns, still with the jeu de taquin. Given a tableau t with 
olumns of

respe
tive lengths `

1

; : : : ; `

k

, and a permutation � 2 S

k

, there exists, in the

pla
ti
 
lass of t, a unique word t


ol;�

whi
h is a produ
t of 
olumns of lengths

`

�

1

; : : : ; `

�

k

. The tableau of the same shape as t su
h that its 
olumns appears

as a right 
olumn of some t


ol;�

is 
alled the key of t [25, 5℄ . By 
onstru
tion,

the set of 
olumns of C`(t) (
olumns interpreted as sets) is a 
ag of sets (with

7



respe
t to in
lusion). Writing the letters in the order they appear in the

su

essive 
olumns (ordering them in
reasingly when they appear several at

a time, and adding a 
omplete 
olumn [n; : : : ; 1℄), one obtains a permutation

whi
h is equal to �(t), i.e. to the permutation determined by the vi
e-tableau.

Continuing with the same example, reading the obje
ts 
olumnwise,

1 3 3 4 5

1 2 4

1 2

�

1 3 3 5

2 4 4

1 1 2

�

1 3 5

2 4 4

1 1 2 4

) C`(t) =

5 5

4 4 4

2 2 2 4 4

: (14)

The right 
olumns are [4℄, [42℄, [542℄ and therefore �(t) = [4 2 5 13℄.

3 Crystals

We restri
t now our study to some distinguished subsets of tableaux and 
rys-

tal graphs 
orresponding to Demazure modules. Given a dominant weight

� = [�

1

� �

2

� � � � � �

n

� 0℄, and a permutation � 2 S

n

, there exists a


rystal B(�; �), whi
h is a 
olle
tion of tableaux whi
h 
an be des
ribed in

many ways. It is in fa
t more 
onvenient to index bases by weights, i.e. to

write B(�

�

) rather than B(�; �), to take into a

ount the stabilizer of � in

S

n

.

De�ne the top 
omponent of a 
rystal to be :

b

B(�

�

) = B(�

�

) n [

�<�:�

�

6=�

�

B(�

�

) : (15)

Moreover, instead of using tableaux only, one 
an 
hoose a tableau Q of

shape �, and 
all 
rystal B(�

�

; Q) the 
olle
tion of biwords

w : Q(w) = Q; P (w) 2 B(�

�

) :

Figure 1 gives B([2431℄; Q) for Q =

4

3 4

2 3 3

1 1 1 3

, the arrows being left 
rystal

operations (in
reasing some i into i + 1, i = 1; 2; 3); we have written w

x

instead of w, separating the fa
tors by a dot and repla
ing x

i

by i.

There are several equivalent des
riptions of a 
rystal, or of a basis of

a Demazure module, using di�erent 
ombinatorial obje
ts. The following

theorem summarizes, in terms of tableaux, these di�erent des
riptions for

what 
on
erns the type A

n

.

Statement 1) is given by Lakshmibai and Seshadri [13℄, Th.9.6, Laksh-

mibai [12℄, Th.4.1, by me and M.P. S
h�utzenberger [25℄, Th.4.3.

Formula 16 is given by Littelmann [27℄, Th.5.2, Kashiwara [8℄, Prop.3.2.3,

[12℄, Th.4.1. Using simultaneously the operators �

i

and b�

i

to get the two

formulas (16) and (17) is done in [25℄, Th.4.3.

The �rst part of statement 3) is Proposition 5.6 of [25℄; using Lemma 3,

one 
an re�ne it to get the se
ond part des
ribing




W (�).
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Theorem 4 Let n be an integer, � 2 N

n

be a dominant weight, � 2 S

n

be

minimum in its 
lass modulo the stabilizer of �, and let � = �

�

.

Then the 
rystal B(�) (resp.

b

B(�)) 
an be 
hara
terized by any of the

following properties :

1) It is the set of all tableaux t of shape �, with �(t) � � (resp. �(t) = �),

the order being the Ehresmann-Bruhat order on permutations.

2) Given any redu
ed de
omposition s

i

� � � s

j

= �, then

B(�) = �

i

� � ��

j

�

� � �x

�

2

2

x

�

1

1

�

; (16)

b

B(�) = b�

i

� � �b�

j

�

� � �x

�

2

2

x

�

1

1

�

: (17)

3) Let W (�) (resp.




W (�)) be the set of all biwords (resp. biwords

su
h that row

1

(w) row

2

(w) � � � is a vi
e-tableau) su
h that `(row

1

(w)) = �

1

,

`(row

2

(w)) = �

2

; : : : and su
h that 8i; 8x 2 row

i

(w), then x � x

n+i�1

.

Let moreover Q = P (� � � y

�

2

2

y

�

1

1

). Then

W (�) = B(�;Q) and




W (�) =

b

B(�;Q) (18)

The elements of a 
rystal are 
onne
ted by left 
rystal operations. If a

biword w belongs to a 
rystal B(�;Q), and i is su
h that w is not the origin

of the left i-string passing through it, then the full i-string is 
ontained in

B(�;Q). Thus, for any i, B(�;Q) is 
omposed of full i-strings and of origins

of i-strings [8℄.

Demazure 
hara
ters K(�;X) and

b

K(�;X) are the images of respe
tively

B(�;Q) and

b

B(�;Q) (
onsidered as sums) in the ring of polynomials in 
om-

mutative variables x

1

; : : : ; x

n

. They depend only on � and not on Q.

Crystals admit a dual des
ription, using right 
rystal operations. We

shall need only one 
hara
terization.

Given �, �, � = �

�

, and any tableau P of shape �, 
all 
o
rystal CB(�; P )

the set of biwords w: P (w) = P; Q(w) 2 B(�).

Theorem 5 Let n be an integer, � 2 N

n

be a dominant weight, � 2 S

n

,

� = �

�

. Let P be a tableau in

b

B(�). Then CB(�; P ) is the set of biwords w

P (w) = P & 8i; 8x 2 row

i

(w) then x � x

n+1�i

: (19)

Figure 1 and Figure 2 have the same underlying 
olored graph. In Figure

2, we are using w

x

instead of a biword w, writing 
onse
utive rows on top of

ea
h other (and using i for x

i

). Crystal operations are the jeu de taquin on

9



two 
onse
utive rows. Verti
es are all the 4-rows words in the pla
ti
 
lass

of

4

3 4

2 3 3

1 1 1 3

whi
h satisfy the 
ag 
onditions

row

1

(w) 2 f1; 2; 3; 4g

�

; row

2

(w) 2 f1; 2; 3g

�

; row

3

(w) 2 f1; 2g

�

; row

4

(w) 2 f1g

�

:

One 
annot add to Figure 2 any word by the jeu de taquin, without

breaking the 
ag 
onditions. For example, the se
ond lowering operator has

the e�e
t, on the two minimum elements to push a 3 on the third row :

3 4 4

1 3 3 3

2

1 1

f

2

�!

3 4 4

1 3 3

2 3

1 1

;

4 4

3 3 3 3

2

1 1 1

f

2

�!

4 4

3 3 3

2 3

1 1 1

:

4 Non symmetri
 Cau
hy kernels

The fun
tion

Q

i+j�n+1

(1� x

i

y

j

)

�1

, rewritten F

�

=

Q

i+j�n+1

�

1�

�

y

j

x

i

�

�

�1

, is

the sum of all biwords in the 
ommutative variables

�

y

j

x

i

�

, su
h that i + j �

n + 1.

However, from Theorems 4, 5, one knows that for a biword w, if P (w) =

P , P of shape �, �(P ) = �, � = �

�

, then Q(w) 2 CB(�; P ). Therefore,

the 
onditions i+ j � n+ 1 are equivalent to the following expansion of F

�

,

writing �

!

= [�

n

; : : : ; �

1

℄ when � = [�

1

; : : : ; �

n

℄.

Theorem 6 Let n be a positive integer. Then, under S
hensted's bije
tion,

F

�


an be written

Y

i+j�n+1

�

1�

�

y

j

x

i

�

�

�1

=

X

(t; t

0

) ;

sum over all weights � 2 N

n

, all t 2

b

B(�;X), t

0

2 B(�

!

; Y ). The 
ommuta-

tive image of the pre
eding identity is

F

�

=

X

�2N

n

b

K(�;X)K(�

!

; Y ) :

Let us see how expansions for stair
ases imply expansions for all parti-

tions (the 
hara
terization of pairs of tableaux will be less expli
it than in

Theorem 6, be
ause it probably depends on not yet known properties of the

monoid generated by the �

i

's and b�

j

's. However, the image of K(�; Y ) under

some �

y

i

is some K(�

0

; Y ), and the image of

b

K(�;X) under b�

x

i

= �

x

i

� 1

is �

b

K(�

0

; X); passing from Theorem 6 to Theorem 7 mostly redu
es to re-

ordering indi
es).

10



Given a partition �, let �(�) = [k; k � 1; : : : ; 1℄ be the biggest stair
ase,

the diagram of whi
h is 
ontained in the one of �.

Take any box in the stair
ase [k + 1; : : : ; 1℄ whi
h does not belong to �.

The diagonal passing through this box 
uts the diagram of �=�(�) into two

pie
es that we 
all respe
tively the North-West part and the South-East part

of �=�. Fill now ea
h box of row r, r = 2; : : : of the North-West part with

the number r� 1. Similarly, �ll ea
h box of 
olumn 
 of the South-East part

with the number 
� 1.

Reading the North-West part by 
olumns, from right to left, and in-

terpreting r as the simple transposition s

r

, gives a redu
ed de
omposition

of a 
ertain permutation �(�;NW ); similarly, reading rows, from right to

left, and from top to bottom, of the South-East part, gives a permutation

�(�; SE) (these two permutations depend on the 
hoi
e of the box 
utting

the diagram �=�, there 
an be several ways to get F

�

from F

�

).

Theorem 7 Let � be a partition, �(�) = [k; : : : ; 1℄ the maximal stair
ase


ontained in the diagram of �, �(�;NW ), �(�; SE) be the two permutations

obtained by 
utting the diagram of �=� as explained above. Then

F

�

(X; Y ) =

Y

(i;j)2�

(1�x

i

y

j

)

�1

=

X

�2N

k

�

x

�(�;NW )

�

b

K(�;X)

�

�

y

�(�;SE)

�

K(�

!

; Y )

�

;

sum over all weights � 2 N

k

.

Proof. Divided di�eren
es allow to in
rease the number of poles in a rational

fun
tion. Indeed, if F is symmetri
al in x

k

; x

k+1

, then the divided di�eren
e

�

x

k

(a
ting on x

k

; x

k+1

) has the e�e
t

(1� x

k

y)

�1

F

�

x

k

�! (1� x

k

y)

�1

(1� x

k+1

y)

�1

F

be
ause �

x

k

(x

k+1

) = 0 and �

x

k


ommutes with multipli
ation by F . Now, a

fun
tion F

�

is symmetri
al in x

k

; x

k+1

if rows k and k + 1 of the diagram of

� have equal length; it is symmetri
al in y

j

and y

j+1

if 
olumns j and j + 1

have equal length. Therefore, when the di�eren
e of lengths of row k and

k + 1 is 1, the image of F

�

under �

x

k

is F

�

+

, where �

+

is obtained by adding

a box to row k + 1 of the diagram of �.

It is easy to see that the 
hosen sequen
e of �

x

k

or �

y

j

has the e�e
t of

produ
ing a sequen
e F

�

; F

�

1

; : : : ; F

�`

; F

�

, with partitions di�ering by one

box at a time. QED

For example, when � = [7; 5; 2; 2; 2; 2℄, one has � = [4; 3; 2; 1℄,

5 5

4 4

� 3

� �

� � � 3 4

� � � � 4 5 6

=) �(�;NW ) = s

5

s

4

s

3

s

5

s

4

& �(�; SE) = s

4

s

3

s

6

s

5

s

4

11



Representing F

�

by the diagram of � (�lled with �, ex
ept for the box

just added), writing below it the lengths of rows i; i+ 1 (when using �

x

i

), or


olumns j; j+1 (when using �

y

j

), Theorem 7 provides the following sequen
e

to pass from F

4321

to F

752222

:

�

� �

� � �

� � � �

r

4

=1;r

5

=0

�

x

4

�!

4

�

� �

� � �

� � � �

r

5

=1;r

6

=0

�

x

5

�!

5

�

�

� �

� � �

� � � �

r

3

=2;r

4

=1

�

x

3

�!

�

�

� 3

� �

� � �

� � � �

r

4

=2;r

5

=1

�

x

4

�!

�

� 4

� �

� �

� � �

� � � �

r

5

=2;r

6

=1

�

x

5

�!

� 5

� �

� �

� �

� � �

� � � �




4

=1;


5

=0

�

y

4

�!

� �

� �

� �

� �

� � �

� � � � 4




5

=1;


6

=0

�

y

5

�!

� �

� �

� �

� �

� � �

� � � � � 5




6

=1;


7

=0

�

y

6

�!

� �

� �

� �

� �

� � �

� � � � � � 6




3

=2;


4

=1

�

y

3

�!

� �

� �

� �

� �

� � � 3

� � � � � � �




4

=2;


5

=1

�

y

4

�!

� �

� �

� �

� �

� � � � 4

� � � � � � �

5 Nilpla
ti
 kernel

The two sets of indeterminates X and Y played a symmetri
al role in the

pre
eding se
tions. We present now an example where it is not the 
ase and

where tableaux are given another interpretation.

The x

i

's are 
ommutative variables, and 
ommute with the y

j

's. The y

j

's

obey the nilpla
ti
 relations [24℄, [4℄ :

y

2

i

= 0 ; y

i

y

i+1

y

i

= y

i+1

y

i

y

i+1

(20)

y

j

y

i

y

k

= y

j

y

k

y

i

; y

i

y

k

y

j

= y

k

y

i

y

j

(i < j < k) (21)

One says that a word in the y

i

's is redu
ed if its image under y

i

! s

i

,

s

i

simple transposition, is redu
ed. Two redu
ed words equivalent under

the nilpla
ti
 relations proje
t onto the same permutation. The nilpla
ti


algebra is the algebra generated by the y

j

's, modulo the ideal generated by

non redu
ed words.

S
hensted's 
onstru
tion 
an be adapted to the nilpla
ti
 
ase. The basi


obje
ts are now sequen
es of 
olumns w = [u

1

; : : : ; u

`

℄, and one has the

following theorem ([24℄, [4℄):

Theorem 8 There exists a bije
tion between `-uples of 
olumns (=stri
tly

de
reasing words) w = [u

1

; : : : ; u

`

℄, su
h that u

1

� � �u

`

is redu
ed, and pairs

of tableaux t = P

nil

(w), t

0

= Q

nil

(w) 2 fx

1

; : : : ; x

`

g

�

of 
onjugate shape, t

being redu
ed.

The tableau P

nil

(w) is the unique tableau in the nilpla
ti
 
lass of u

1

� � �u

`

.

Multiplying P

nil

(u

1

� � �u

`�1

) by the 
olumn u

`

in
rease the shape by a ver-

ti
al strip (as for the multipli
ation of a S
hur fun
tion by an elementary

12



symmetri
 fun
tion, 
f. [32℄), whi
h is re
orded as the set of boxes o

upied

by the letter x

`

in the tableau Q

nil

(w).

For example, the produ
t

5

1

�

6

5

2

1

�

4

3

2

produ
es the following sequen
e of

tableaux and transposed shapes di�ering by a strip

tableau

transposed shape

5

1

1 1

�!

6

5

2 6

1 2

2 2

1 1 2 2

�!

6

5

4 6

2 3

1 2 3

3

2 2 3

1 1 2 2 3

= Q

nil

:

As before, instead of taking all possible redu
ed words, one wants to


hara
terize the possible pairs of tableaux whi
h 
orrespond to the expansion

of some kernel.

Instead of taking a general partition, we restri
t to � = [n; : : : ; 1℄ for

simpli
ity, and de�ne the NilCau
hy kernel to be

NilC(n) =

�

(1 + x

1

y

n

) � � � (1 + x

1

y

1

)

�

�

(1 + x

2

y

n

) � � � (1 + x

2

y

2

)

�

� � � � � �

�

(1 + x

n

y

n

)

�

: (22)

One noti
es that ea
h blo
k expands into a sum of 
olumns :

(1 + xy

n

) � � � (1 + xy

k

) =

X

u

x

`(u)

u ; (23)

sum over all possible 
olumns u in the letters y

n

; : : : ; y

k

.

Thus, NilC(n) 
an be studied using Theorem 8. All the tools presented in

the �rst se
tions involving right a
tions 
an be adapted to the nilpla
ti
 
ase.

For example, there are two symmetri
 groups a
ting on a tableau, permuting

either rows, or 
olumns. One 
an 
hoose to re
ord the 
olumns appearing

on the left, the 
olumns appearing on the right, the rows appearing upwards

or the rows appearing downwards. One has indeed four possible keys in the

nilpla
ti
 
ase. To des
ribe NilC(n), one needs the bottom key, whi
h is

illustrated on the following example, whi
h will be used in Figure 3 (read

now obje
ts as sequen
es of rows in the y

i

(noted y

i

= i). Transformations

are now given by the nil-jeu de taquin ex
hanging a two-rows tableau with

the two-rows 
ontretableau in its nilpla
ti
 
lass.

5

4 6

2 3 5

1 2 3 4

7!

5

4 6

1 2 3 5

1 2 4

7!

5

1 2 4 6

3 5

1 2 4

7!

5

1 2 4 6

1 3 5

2 4

7!

1 2 5 6

4

1 3 5

2 4

7!

1 2 5 6

1 4 5

3

2 4

7!

1 2 5 6

1 4 5

3 4

2
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In that 
ase, the bottom key is the set of bottom rows (with the same

multipli
ities as the lengths of rows of the tableau)

f [2℄; [2; 4℄; [1; 2; 4℄; [1; 2; 3; 4℄ g ; (24)

with weight � = [2; 4; 1; 3℄ (number of o

urren
es of 1; 2; 3; 4 respe
tively).

We shall just state, but not prove, the following property whi
h shows

another use of tableaux and the jeu de taquin.

Property 9 The NilCau
hy kernel expands, in the nilpla
ti
 algebra, as

NilC(n)

Nil

�

X

t

K(�(t); X) t ; (25)

sum over all tableaux (read by 
olumns, and whi
h are redu
ed words) that

appear as subwords of

(y

n

� � � y

1

) (y

n

� � � y

2

) � � � (y

n

) ;

�(t) being the weight of the bottom key of t.

For example,

NilC(2)

Nil

� x

2

1

x

2

y

2

y

1

y

2

+ x

2

1

y

2

y

1

+ x

1

x

2

y

1

y

2

+ x

1

y

1

+ (x

1

+x

2

)

y

2

+ 1

(the term y

2

y

2

has disappeared, be
ause it is not a redu
ed word).

Figure 3 shows all the terms in NilC(6) belonging to the nilpla
ti
 
lass

of t =

5

4 6

2 3 5

1 2 3 4

(writing i instead of y

i

). They 
onstitute a 
rystal, the 
rystal

operations being the nil-jeu de taquin on two 
onse
utive 
olumns. Ea
h ver-

tex must be read as a produ
t of four 
olumns in the y

i

, of lengths `

1

; : : : ; `

4

,

appearing as a subword of

�

(1+x

1

y

6

) � � � (1+x

1

y

1

)

�

�

(1+x

2

y

6

) � � � (1+x

2

y

2

)

�

�

(1+x

3

y

6

) � � � (1+x

3

y

3

)

�

�

(1+x

4

y

6

)(1+x

4

y

5

)(1+x

4

y

4

)

�

� �� �� �

;

its fa
tor being x

`

1

1

x

`

2

2

x

`

3

3

x

`

4

4

.

For example,

2 5

1 4 6

3 5

2 3 4

stands for

(x

1

y

2

x

1

y

1

)(x

2

y

5

x

2

y

4

x

2

y

3

x

2

y

2

)(x

3

y

6

x

3

y

5

x

3

y

3

)(x

4

y

4

) = x

2

1

x

4

2

x

3

3

x

1

4

y

2

y

1

y

5

y

4

y

3

y

2

y

6

y

5

y

3

y

4

:
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Be
ause the weight of the bottom key is � = [2; 4; 1; 3℄, then, a

ording to

Property 9, the sum of all fa
tors x

`

1

1

x

`

2

2

x

`

3

3

x

`

4

4

is the Demazure 
hara
ter

K([2413℄) = x

4

1

x

3

2

x

2

3

x

1

4

+ � � �+ x

2

1

x

4

2

x

1

3

x

3

4

.

Thus the study of NilC(n) essentially redu
es to re
ognize that the in-

terse
tion of a nilpla
ti
 
lass with the set of redu
ed words appearing in the

expansion of NilC(n) is isomorphi
 to some 
rystal.

Property 9 implies the expansion of S
hubert polynomials in terms of

Demazure 
hara
ters given in [26℄.

Proje
ting expression (25) on the NilCoxeter algebra with generators y

i

satisfying :

y

2

i

Cox

= 0 ; y

i

y

i+1

y

i

Cox

= y

i+1

y

i

y

i+1

; y

i

y

k

Cox

= y

k

y

i

; jk � ij 6= 1 (26)

one gets Fomin-Kirillov expansion [7℄ of the nilCoxeter kernel involving S
hu-

bert polynomials (see also [20℄, [6℄)

NilC(n)

Cox

=

X

�2S(n+1)

S
hub

�

(X) � : (27)

For example

NilC(2)

Cox

= x

2

1

x

2

s

2

s

1

s

2

+ x

2

1

s

2

s

1

+ x

1

x

2

s

1

s

2

+ x

1

s

1

+ (x

1

+ x

2

) s

2

+ 1 :

6 Double 
hara
ters

Having a 
ombinatorial interpretation of 
hara
ters in terms of tableaux and


rystal graphs, it is easy to modify their de�nition to handle fun
tions in two

sets of indeterminates. Let w be a word in non 
ommuting letters

�

j

i

�

,

and let w

x

be the word obtained by sending

�

j

i

�

to x

i

, 8j. We have seen that

a left 
rystal operator f

i

sends a word w

x

to 0, or 
hange in it a single pre
ise

o

urren
e of the letter x

i

into a x

i+1

.

De�ne a

ordingly the a
tion of f

i

on w to be

�

f

i

(w

x

) = 0 ) f

i

(w) = 0

f

i

(w

0

x

x

i

w

00

x

) = w

0

x

x

i+1

w

00

x

) f

i

�

w

0

�

j

i

�

w

00

�

= w

0

�

j+1

i+1

�

w

00

(28)

One extends similarly the a
tion of �

i

from words in the x

j

's to words in

the

�

j

i

�

's.

Let � 2 N be a dominant weight, � 2 S

n

, and � = �

�

. Let now

w

�

:=

�

1

n

�

: : :

�

�

n

n

�

�

1

n�1

�

: : : : : :

�

�

n�1

n�1

�

.

.

.

.

.

.

�

1

1

�

: : : : : : : : :

�

�

1

1

�

(read by rows)
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Let s

i

� � � s

j

= � be a redu
ed de
omposition of � (� 
an be supposed to

be minimum in its 
lass modulo the stabilizer of �).

Then one de�nes the 
rystal BB(�) to be

BB(�) = �

i

� � ��

j

�

w

�

�

(29)

This sum of words does not depend on the 
hoi
e of the redu
ed de
om-

position of �, as shows the 
hara
terization given in the next theorem.

Given a tableau t 2 X

�

, let '(t) be the tableau in the

�

j

i

�

's obtained by


hanging an entry x

i

in row r, 
olumn 
, into the letter

�

i+
�r

i

�

, and extends

' by linearity to sums of tableaux. Considering B(�;X) to be a sum of

tableaux rather than a set, one has :

Theorem 10 Let � 2 N be a dominant weight, � be a permutation of �.

then

'

�

B(�;X)

�

= BB(�) (30)

The proof 
onsists just in noti
ing that the a
tion of any f

i

preserves the

di�eren
es between subs
ripts and supers
ripts:

�

j

i

�

7!

�

j+1

i+1

�

. Thus, re
ord-

ing the initial supers
ripts in w

�

, one 
an as well erase them and operate on

tableaux in the x

i

's, reintrodu
ing the supers
ripts at the last step.

Now the entries of the initial tableau w

�

are of the type

�

i+
�r

i

�

, for a

letter in 
olumn 
, row r. QED

For example,

B([1; 0; 2℄; X) =

x

2

x

1

x

1

+

x

2

x

1

x

2

+

x

3

x

1

x

1

+

x

2

x

1

x

3

+

x

3

x

1

x

3

implies

BB([1; 0; 2℄) =

�

1

2

�

�

1

1

� �

2

1

�

+

�

1

2

�

�

1

1

� �

3

2

�

+

�

2

3

�

�

1

1

� �

2

1

�

+

�

1

2

�

�

1

1

� �

4

3

�

+

�

2

3

�

�

1

1

� �

4

3

�

The 
hara
ters K(�;X) are obtained by taking the sum of the 
ommu-

tative images of the tableaux in B(�;X). Similarly, one de�nes a double


hara
ter K (�;X; Y ) in two sets of 
ommutative indeterminates by taking

the image of a word under the morphism

�

j

i

�

7! (x

i

� y

j

) :

By 
onstru
tion, one re
overs K(�;X) by spe
ializing the y

j

's to 0 :

K(�;X) = K (�;X; 0) :

16



But now, the polynomials K (�;X; Y ) have some spe
i�
 properties (e.g. van-

ishing properties) that make them easier to 
hara
terize than the polynomials

K(�;X).

For example, if � is the 
ode of a vexillary permutation � (
f. [30℄), then

one 
an show (but we shall not) that K (�;X; Y ) 
oin
ides with the S
hubert

polynomial indexed by �.

A spe
ial 
ase, when � is of the type

� = [�

1

� �

2

� � � � � �

r

; 0; 0; : : :℄

is known sin
e long. Indeed, spe
ializing y

1

= 0, y

2

= 1, y

3

= 2; : : :, one

re
ognizes that K (�;X; f0; 1; 2; : : :g) is a fa
torial S
hur fun
tion, whi
h was

de�ned by Biedenharn and Lou
k [2℄ through the enumeration of the same

tableaux as in Theorem 10. The more general 
ase were the y

j

's are not

spe
ialized has been obtained by several authors ( [31℄, [33℄, [34℄), but was

already used, following Giambelli, in [15℄ to des
ribe S
hubert 
y
les for

relative Grassmann varieties.

Some histori
al 
omments. I shall end this text evoking why S
hur's work was

personally important for me, even before I was aware of it, restri
ting to my work

in 1974.

In [14℄ I 
onsidered symmetri
 fun
tions as operators on isobari
 determinants,

S
hur fun
tions (not named) being operators transforming Vandermonde determi-

nants by in
reasing exponents. Shortly after [15℄, multi-S
hur fun
tions appeared

as S
hubert 
y
les. In [16℄ S
hur fun
tions were \S
hur-Littlewood" fun
tions,

sums of all the tableaux of a given shape [29℄. In [17℄, S
hur fun
tions be
ame

elements of the pla
ti
 algebra, this interpretation being needed to explain their

produ
ts. Finally S
hur fun
tors are used in my thesis [18℄. I 
ould add that

mu
h of my further work with M.P. S
h�utzenberger 
an be interpreted as re
e
-

tions about what remains of S
hur fun
tions when allowing non-symmetry [23℄ and

non-
ommutativity [26℄.
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Crystal B([2413℄; Q) with Q =
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Verti
es must be read

as produ
ts of four

rows, 
rystal opera-

tions are the jeu de

taquin on 
onse
utive

rows

Figure 2: Co
rystal CB([2413℄)
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Figure 3

A 
opy of the 
rystal

B([2; 4; 1; 3℄), with redu
ed

words as verti
es.

Read ea
h vertex as a

sequen
e of four 
olumns,

interpreting it as a redu
ed

subword of

(6 � � �1)(6 � � �2)(6 � � �3)(6 � � �4).

Edges are given by the (nil)

jeu de taquin on pairs of


onse
utive 
olumns
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