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Abstra
t. We show that the 
ombinatorial des
ription of 
umulants by Lehner, in terms

of Motzkin paths, 
an be extended to the des
ription of powers of 
ontinued fra
tions.

Given an alphabet 
omposed of letters a, A = fa 2 A g, let �

n

(A ), n = 0; 1; 2; : : :,

be the n-th elementary symmetri
 fun
tion in A , i.e. the 
oeÆ
ient of x

n

in �

x

(A) :=

Q

a2A

(1+ax). Let furthemore the 
omplete fun
tions S

n

(A ) be the 
oeÆ
ients of �

x

(A ) =

Q

a2A

1=(1� ax) and, for any k 2 R , let �

n

(kA ) be the 
oeÆ
ient of of x

n

in �

x

(kA ) :=

(�

x

(A ))

k

. We wish to express the symmetri
 fun
tion �

n

(kA ) in terms of the 
oeÆ
ients

of the 
ontinued fra
tion expression of

�

x

(A ) =

X

x

n

S

n

(A ) :=

1

�

�x

(A )

=

1

(1� �

0

x)�

x

2

�

1

(1� �

1

x)�

x

2

�

2

(1� �

2

x)�

x

2

�

3

.

.

.

(1)

i.e. we wish to give the expansion of the k-th power of the 
ontinued fra
tion on the right.

Wronski [Wr℄ determined the parameters �

0

; �

1

; : : :, �

1

; �

2

; : : : as symmetri
 fun
tions

of A (see [L1℄ for a translation) and produ
ed an algorithm (essentially Eu
lidean division)

to generate them.

Flajolet ([Fl℄; see also [FV℄, [Vi℄, [GJ℄) has given a 
ombinatorial interpretation of the


omplete fun
tions S

n

(A ) in terms of the parameters �

i

; �

j

, that we shall use after re
alling

the ne
essary de�nitions. First, we shall let the 
ardinality of A tend toward in�nity, so

that the elementary symmetri
 fun
tions are algebrai
ally independent.

De�nition. Motzkin paths are paths in the positive integral plane, with East, North-East

and South-East steps, starting and �nishing at level zero. A weight is attributed to ea
h

step: �

i

for an horizontal step at level i, �

i

for a South-East step between level i and

i� 1. The weight of the path itself is the produ
t of the weights of its steps. An irredu
ible

Motzkin path is a path whi
h does not tou
h level zero, ex
ept at both ends.

One 
an also write a path as a word, re
ording the levels attained at ea
h step. For

example

3 3 3 3

2 2 2 2

1 1 1 1 1

0 0

word 0 1 1 2 1 2 3 3 3 3 2 1 2 1 0

weight �

1

�

2

�

3

�

3

�

3

�

3

�

2

�

1

�

0

It is 
lear that Motzkin paths 
an be uniquely fa
tored into irredu
ible paths, level

zero points being the 
utting points.
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When we write an equality between a fun
tion in the �

i

; �

j

and a sum of paths, we

shall mean that one has to repla
e ea
h path by its weight in the latter.

Theorem (Flajolet [Fl℄). For any n 2 N , the 
omplete fun
tion S

n

(A ) is equal to the sum

of Motzkin paths of length n, the parameters �

i

; �

j

being de�ned by (1).

The 
on
atenation produ
t of paths is not 
ommutative. To re
over a ring of symmetri


fun
tions from the pre
eding 
ombinatorial interpretation of 
omplete fun
tions, it suÆ
es

to take the 
ommutative algebra with the irredu
ible Motzkin paths as generators (one

also has theories of non 
ommutative symmetri
 fun
tions !). Any symmetri
 polynomial

in A 
an now be interpreted as a polynomial fun
tion in the irredu
ible Motzkin paths.

We shall write � when allowing 
ommutation of Motzkin paths .

For example, sin
e 1=�

x

(A ) = �

�x

(A ), then

(�1)

n�1

�

n

(A ) � sum of all irredu
ible Motzkin paths of length n : (2)

The hook-S
hur fun
tions S

j+1;1

i
are expressible as

S

j+1;1

i
= �

i+1

S

j

� �

i+2

S

j�1

+ � � �+��

i+j+1

S

0

: (3)

Ea
h term of the sum (3) 
an be interpreted as the sum of all Motzkin paths of length

n with �rst return to level 0 in position i+ 1; i+ 2; i+ 3; : : :, respe
tively. Therefore

(�1)

i

S

j+1;1

i
(A ) �

X

#(w)�i+1

w ; (4)

where the sum is over all Motzkin paths w of length i+ j + 1, #(w) denoting the position

of the �rst return to level 0.

A power sum  

n

is equal to the alternating sum of all hook-S
hur fun
tions of degree

n (i.e.,  

n

= S

n

� S

n�1;1

+ S

n�2;1;1

� � � �). Therefore, one gets from (4):

 

n

(A ) =

X

w: length(w)=n

#(w)w : (5)

The Cau
hy formula allows to expand elementary or 
omplete fun
tions of a produ
t

of two alphabets. In parti
ular, it gives several expansions of the �

n

(kA ), k 2 R (these

fun
tions 
an be interpreted as 
oeÆ
ients of the powers of the Lagrange inverse of x�

x

(A ),

see [L2℄).

The Cau
hy formula says that

�

n

(kA ) =

X

m

1

;m

2

;:::

k(k � 1) � � � (k � `+ 1)

m

1

!m

2

! � � �

(�

1

(A ))

m

1

(�

2

(A ))

m

2

� � � ; (6)

where the sum is over all partitions 1

m

1

2

m

2

� � � of weight 1m

1

+ 2m

2

+ � � � = n, ` =

m

1

+m

2

+ � � � denoting the length of the partition.

By (2), the produ
ts (�

1

(A ))

m

1

(�

2

(A ))

m

2

� � � are the sum of Motzkin paths whi
h

tou
h the ground at positions 1; 2; : : : ;m

1

; m

1

+2;m

1

+4; : : : ;m

1

+2m

2

; m

1

+2m

2

+3; : : :
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If we enumerate all Motzkin paths instead of the pre
eding ones, we have to 
orre
t by

a fa
tor `!=m

1

!m

2

! � � � whi
h tells how many paths 
an be obtained from a given one by

permutation of its irredu
ible 
omponents. Therefore one has :

Theorem. For any n 2 N , any k 2 R , one has

�

n

(kA ) �

X

(�1)

n�`

�

k

`

�

w ; (7)

where the sum is over all Motzkin paths of length n, where ` is the number of ground

points (other than origin) of the path.

To express 
umulants, Lehner [Le℄ needed the fun
tions

1

n�1

�

n

((n�1)A ) and obtained

the above theorem (for k = n� 1) by dire
t 
omputation.

For example, for n = 4, writing words w[℄ multiplied by weights instead of paths, one

has

�

4

(kA ) =

�

k

4

�

w[0; 0; 0; 0; 0℄�

4

0

�

�

k

3

�

�

w[0; 0; 0; 1; 0℄+ w[0; 0; 1; 0; 0℄ + w[0; 1; 0; 0; 0℄

�

�

2

0

�

1

+

�

k

2

�

w[0; 1; 0; 1; 0℄�

2

1

+

�

k

2

�

�

w[0; 0; 1; 1; 0℄ + w[0; 1; 1; 0; 0℄

�

�

0

�

1

�

1

�

�

k

1

�

w[0; 1; 1; 1; 0℄�

2

1

�

1

�

�

k

1

�

w[0; 1; 2; 1; 0℄�

1

�

2

:

We noti
e that k = 0 gives at the limit the logarithm of �

x

(A ). Indeed, the limit, for

k = 0, of

1

k

�

n

(kA ), n > 0, is

1

n

 

n

(A ). Therefore (7) implies

1

n

 

n

(A ) �

X

1

`

w ; (8)

where the statisti
s di�er from (5).

For example, for n = 4, formula (5) gives

1

4

 

4

(A ) =

1

4

w[0; 0; 0; 0; 0℄�

4

0

+

1

4

w[0; 0; 1; 0; 0℄�

2

0

�

1

+

1

4

w[0; 0; 1; 0; 0℄�

2

0

�

1

+

1

4

w[0; 0; 1; 1; 0℄�

0

�

1

�

1

+

2

4

w[0; 1; 0; 0; 0℄�

2

0

�

1

+

2

4

w[0; 1; 0; 1; 0℄�

2

1

+

3

4

w[0; 1; 1; 0; 0℄�

0

�

1

�

1

+

4

4

w[0; 1; 1; 1; 0℄�

2

1

�

1

+

4

4

w[0; 1; 2; 1; 0℄�

1

�

2

;

while (8) states that

1

4

 

4

(A ) =

1

4

w[0; 0; 0; 0; 0℄�

4

0

+

1

3

�

w[0; 0; 0; 1; 0℄+ w[0; 0; 1; 0; 0℄+ w[0; 1; 0; 0; 0℄

�

�

2

0

�

1

+

1

2

w[0; 1; 0; 1; 0℄�

2

1

+

1

2

�

w[0; 0; 1; 1; 0℄+ w[0; 1; 1; 0; 0℄

�

�

0

�

1

�

1

+ w[0; 1; 1; 1; 0℄�

2

1

�

1

3



+w[0; 1; 2; 1; 0℄�

1

�

2

:

A
knowledg(e)ments. Je remer
ie E. Motzkin pour son aide linguistique.
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