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The original problem of interpolation is:
“ how to reconstruct a one-variable function knowing its values

at a finite number of points ? ”
Of course, we know that this is possible only in the case of polynomials,

of degreee strictly less than the number of interpolation points. In the
general case, we shall have only an approximation of the function.

Another way to formulate the problem is the following:
we favor a linear space V of functions. Given f , one wants a function

p(f) in V which is as ”near” to f as possible.
The functional p should satisfy :

• Linearity: λf + µg → p(λf + µg) = λp(f) + µp(g), λ, µ ∈ C

• Idempotence: p2 = p

How do we input f ? In general, by the values L0(f), . . . , Ln(f) of linear
functionals L0, . . . , Ln at f .

For the solution to be possible and unique, one supposes that the
restriction of the Li to V are linearly independent (which amounts
to say that the Li are a basis of the space dual to V ; in particular,
n+ 1 = dim(V )).

Now we can reformulate our interpolation problem this way :

Given f , find g in V such that

L0(f) = L0(g), . . . , Ln(f) = Ln(g) .

Other problem: find a basis {gi} of V adapted to the Li, for example,
such that the matrix |Lj(gi) | is the identity matrix.

Symmetrically, one can start from a basis of the space V and look for
the associated functionals. We shall give examples of these different points
of view.

Lagrange Interpolation

The simplest spaces of functions are the space of polynomials in one
variable. Take for example V = Pol(n) := space of polynomials in x of
degree ≤ n.

At the same time, the simplest linear functionals are taking the value
in a fixed set of points A, with cardinal (A) = n+ 1.
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The looked for interpolation polynomial g is the (unique) polynomial g
of degree ≤ n such that

(Lgr1) a ∈ A ⇒ g(a) = f(a)

Denote by R(A,B) the product
∏

a∈A,b∈B
(a− b), and by A \ B the set

difference.
One remarks that for every a ∈ A the polynomial R(x,A \ a) vanishes

in all the points of A other than a. It is clear that by linear combination
of these n+1 polynomials of degree n, one can express any element of V ,
and thus these polynomials constitute the basis adapted to the functionals
La : f → La(f) := f(a), modulo normalisation.

In other words, one has Lagrange formula (J. Ecole Polyt., II,p.277 ) :

(Lgr2) g(x) =
∑

a∈A

f(a)
R(x,A \ a)

R(a,A \ a)
.

The application f → g is a projector on the space Pol(n) of polynomials
of degree n. This projector is no other than the “Remainder modulo
R(x,A)” since it is the identity on Pol(n) and since it vanishes on every
multiple of R(x,A) (and thus its values on every polynomial is well
determined).

Lagrange interpolation allows decomposition of rational fractions :
dividing both members of (Lgr2) by R(x,A) one gets the equivalent form
:

(Lgr3)
g(x)

R(x,A)
=
∑

a∈A

f(a)

(x− a)R(a,A \ a)
.

Indeed, in the the preceeding formula, the “variable” x plays a role
symmetrical to the “interpolation points a ∈ A”, i.e. it can be written as
a summation on the alphabet A ∪ {x}.

One is therefore led to replace (Lgr3) by the following operator on
one-variable functions :

f →
∑

a∈A
f(a)/R(a,A \ a) ∈ Sym(A) ,

where Sym(A) is the ring of symmetric functions in A.

This is not our last transformation of Lagrange formula. One notices
that the starting space does not need to be restricted to functions of
one variable, but can be taken to be Sym(1|n), the space of functions
of n + 1 variables which are symmetrical in the last n ones. Put a total
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order on the alphabet A = {a1, a2, . . . , an+1}. Since last century at least,
one knows that functions f(a1; a2, . . . , an+1), symmetrical in a2, . . . , an+1,
can be expressed as functions of a1 only, with coefficients in the ring of
functions which are symmetrical in all the variables, that is Sym(A); on
another hand, the preceeding operator commutes with multiplication by
every element of Sym(A), one can thus extend it to the space Sym(1|n),
considered as a module over the ring Sym(A) generated by the powers of
a1.

Thus , Lagrange operator is the symmetrization operator:
(Lgr4)

Sym(1|n) ∋ f →
∑

f(a,A \ a) /R(a,A \ a) := LA(f) ∈ Sym(A) .

Since powers of a1 generateSym(a1|a2, . . . , an+1) as aSym(A)-module,
it suffices to determine the values LA(a

k
1), k ≥ 0 to characterize Lagrange

operator (we shall see later that {a01, . . . , a
n
1} is a basis). One can refer to

Euler, who knew that

(Lgr5) ∀k ≥ 0,
∑

ak/R(a,A \ a) = Sk−n(A) ,

where the Sk(A) are the complete functions of A, i.e. the sum of all
monomials in A of a given degree.

Indeed, taking the generating function of the powers of a1, that is
1/(1− za1), one could compute that

(Lgr5′)
∑

a∈A

1

(1− za)R(a,A \ a)
=

zn∏
(1− za)

.

In fact, the computation of the image by Lagrange operator of the
function 1/(1 − zx) can be avoided, by having recourse to the alphabet
B = A ∪ {1/z}. Identity Lagr5’ can be written, up to the coefficient 1

z :

(Lgr5”)
1

R(1/z,A)
+
∑

a

1

R(a,A \ a)R(a, 1/z)
=
∑

b∈B

1

R(b,B \ b)
= 0 ,

nullity being forced by the fact that the summation must be a polynomial
of negative degree.

More generally, given two alphabets A,B, with A of cardinal n+ 1, by
linearity from (Lgr5′), one has

(Lgr6) LA

(∏
b∈B

(1− zb)

1− za1

)
=
zn
∏
(1− zb)∏

(1− za)
,
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i.e. , for every r, writing x for a1,

(Lgr6′) LA(Sr(x− B)) = Sr−n(A− B) .

Lagrange operator, as given in (Lgr4), sends one-variable polynomials
of degree < n to 0. In the general case, this is the operator which expresses
the remainder in the usual Lagrange formula. It can also be interpreted in
terms of the Euclidean division of polynomials, but this time it gives the
quotient and not the remainder.

Indeed, let B be any alphabet, m an integer (which does not need to
be the cardinal of B), A be another alphabet of cardinal n, x a variable.
Using the Lagrange operator associated to the alphabet {x,A}, one can
rewrite (Lgr6’) as

(Lgr7) Sm(x−B)/R(x,A)−
∑

a

Sm(a− B)

(x− a)R(a,A \ a)
= Sm−n(x+A−B) ,

which can be considered as a division
(Lgr7′)

Sm(x− B) =
∑

a

Sm(a− B)R(x,A \ a)

R(a,A \ a)
+ Sm−n(x+ A− B) ·R(x,A) ,

showing that Sm−n(x+ A− B) is the quotient in the Euclidean division,
and that the remainder is equal to LA

(
Sm(a1 − B)R(x,A\a1)

)
.

The Lagrange interpolation on an alphabet A of cardinal n+1
is given by an operator LA from Sym(1|n) to Sym(n + 1),
characterized by the properties

• it is Sym(A)-linear

• it sends a01, . . . , a
n−1
1 to 0 and an1 to 1 .
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Symmetric Functions

For efficient recursions, one needs to consider symmetric functions as
”functors” on alphabets. This essentially means that instead of defining
complete functions as coefficients in the expansion of a rational series∏

a∈A
1/(1− za), we can take arbitrary families {Sk}k≥0 of elements of a

commutative ring, with the only restriction that S0 = 1. Indeed, to any
formal series f =

∑
k≥0 z

kSk, Littlewood [ch. 6.4] associated the infinite

Hankel matrix S(f) =
(
Sj−i

)
j,i≥0

, putting Si = 0 if i < 0 , and defined

skew Schur functions to be the minors of this matrix.
More precisely, given I = (i1, . . . , in) ∈ Zn, J = (j1, . . . , jn) ∈ Zn he

defined SJ/I to be the minor of S(f) taken on rows i1+1, i2+2, . . . , in+n
and columns j1 + 1, . . . , jn + n (the minor is 0 if one of these numbers is
< 0). When I = 0n , one writes SJ instead of SJ/0n .

In other words,

(Sf1) SJ/I =
∣∣Sjk−ih+k−h

∣∣
1≤h,k≤n

.

The case of a rational series f =
∏

b∈B
(1 − zb)/

∏
a∈A

(1 − za) for two
alphabets A and B corresponds by definition to the Schur functions of a
difference of alphabets (“super Schur functions”), i.e. the coefficients of
f are the complete functions Sj(A − B) . Let us denote S(A − B) the
corresponding Hankel matrix. This case covers in fact the case of general
formal power series, since when the cardinal of A or B is infinite, the Sk(A)
(resp. Sk(B)) are algebraically independent.

Now, addition of alphabets corresponds to multiplication of generating
series or multiplication of the associated Hankel matrices, and formal
subtraction corresponds to division of series or multiplication by the
inverse of the Hankel matrix. In other words

A− B+ C ⇔ S(A− B+ C) = S(A) S(B)−1 S(C)

⇔

∏
(1− zb)∏

(1− za)
∏
(1− zc)

=
1∏

(1− za)

∏
(1− zb)

1∏
(1− zc)

More explicitely,

(Sf2) Sk(A− B+ C) =
∑

i,j,h:i+j+h=k

Si(A)Sj(−B)Sh(C)

Erasing a common factor in the numerator and denominator of a
rational function corresponds to writing (A+ C)− (B+ C) = A− B.

Let us remark that, A being finite of cardinal n, then the (−1)kSk(−A)
are the elementary symmetric functions in A, the Sk(x − A), k < n, are
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the truncations of the polynomial R(x,A), while Sn(x,A) = R(x,A), and
for k > n,

Sk(−A) = 0 , Sk(x− A) = xk−n Sn(x− A) .

General identities on minors imply identities on Schur functions.
For example, given two matricesM,N , with dimensions such that their

product MN exists, Binet & Cauchy found a simple expression for the
minors of MN (using the above conventions for indexing: I, J ∈ Nn, H
runs over all partitions in Nn ):

[MN ]I,J =
∑

H

[M ]I,H [N ]H,J .

For Schur functions, this imply

(Sf3) SJ/I(A± B) =
∑

H

SH/I(A)SJ/H(±B) .

Similarly, the correspondence, due to Jacobi, between the minors of a
matrix and those of its inverse reads

(Sf4) SJ/I(A− B) = (−1)|J/I|S
J˜/I˜(B− A) ,

for a pair of partitions I, J and their conjugates J˜, I˜, where |J | stands
for j1+ · · ·+ jn and |J/I| for j1+ · · ·+ jn− i1 −· · ·− in (see the appendix
or [Mcd1]).

Given a finite alphabet A of cardinal n, one can also have recourse to
the alphabet of its inverses A⋆ := {1/a}a∈A.

The relation Sk(−A⋆) = Sn−k(−A) /Sn(−A) extends to

(Sf5) SI(−A⋆) = Snr/I(−A)Sn(−A)r ,

I partition with parts ≤ n, r sufficiently big so that I ⊆ nr

We still need to enlarge the definition of a Schur function, this time
allowing to play with different alphabets at the same time. In [L1],
geometry imposed to take flags of alphabets (i.e. A1 ⊆ A2 ⊆ A3 ⊆ · · ·),
but the methods used thereby extend without pain, though not using the
graphical display of partitions (Ferrers’ diagrams) rendered in [L1] the
involution A → −A more difficult to state.

Given n, given two sets of alphabets {A1,A2, . . . ,An}, {B1,B2, . . . ,Bn},
and I, J ∈ Nn, we define the multi-Schur function

(Sf6) SJ/I(A1 − B1, . . . ,An − Bn) :=
∣∣Sjk−ih+k−h(Ak − Bk)

∣∣
1≤h,k≤n

.
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In the case where the alphabets are repeated, we indicate by a comma
the corresponding block separation : given H ∈ Zp, K ∈ Zq , then
SH,K(A − B,C − D) stands for the multi-Schur function with index
the concatenation of H and K, and alphabets A1 = · · · = Ap = A,
B1 = · · · = Bp = B, Ap+1 = · · · = Ap+q = C, Bp+1 = · · · = Bp+q = D.

These functions are now sufficiently general to allow easy inductions,
thanks to the following transformation lemma.

LEMMA (Sf7). — Let SJ (A1 − B1, . . . ,An − Bn) be a multi-Schur
function, and D0,D1, . . . ,Dn−1 be a family of finite alphabets such that
card(Di) ≤ i, 0 ≤ i ≤ n − 1. Then SJ(A1 − B1, . . . ,An − Bn) is equal to
the determinant

∣∣Sjk−ih+k−h(Ak − Bk − Dn−h)
∣∣
1≤h,k≤n

Proof. — In other words, one does not change the value of a multi-Schur
function SJ by replacing in row h the difference A− B by A− B− Dn−h.
Indeed, thanks to the expansion (Sf2) :

Sj(A−B−Dh) = Sj(A−B)+S1(−Dh)Sj−1(A−B)+· · ·+Sh(−Dh)Sj−h(A−B) ,

the sum terminating because the Sk(−Dh) are null for k > h, we see that
the determinant has been transformed by multiplication by a triangular
matrix with 1’s in the diagonal, and therefore has kept its value

For example, taking D0 = ∅, D1 = {x}, D2 = {y, z}, one has



Si(A1 − y − z) Sj+1(A2 − y − z) Sh+2(A3 − y − z)
Si−1(A1 − x) Sj(A2 − x) Sh+1(A3 − x)
Si−2(A1) Sj−1(A2) Sh(A3)


 =

=




1 −y − z yz
0 1 −x
0 0 1



 ·




Si(A1) Sj+1(A2) Sh+2(A3)
Si−1(A1) Sj(A2) Sh+1(A3)
Si−2(A1) Sj−1(A2) Sh(A3)





and the determinant of the left matrix is equal to Sijh(A1,A2,A3).
This lemma implies many factorization properties, e.g. for r ≥ 0,

(Sf8) SJ (A− B− x) xr = SJ,r(A− B, x)

since taking D1 = D2 = · · · = {x} factorizes the determinant SJ,r(A −
B, x).

More generally, for an alphabet D of cardinal ≤ r and J ∈ Nr, one has

(Sf9) SI(A− B− D)SJ(D) = SI,J (A− B, D) .
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Monomials themselves can be written as Schur functions. For an infinite
alphabet A, let An be the initial sub-alphabet An := {a1, . . . , an}. Let
I = (i1, . . . , in) ∈ Nn, and write aI for ai11 · · ·ainn , Iω for (in, . . . , i1). Then
one has

(Sf10) aI = SIω (An, . . . ,A1) ,

as one can see by subtracting 0,A1, . . . ,An−1 in the successive rows, from
the bottom.

For example,

a742 = S247(A3,A2,A1) = det

∣∣∣∣∣∣

S2(A3) S5(A2) S9(A1)
S1(A3) S4(A2) S8(A1)
S0(A3) S3(A2) S7(A1)

∣∣∣∣∣∣
=

= det

∣∣∣∣∣∣

a23 0 0
a2 + a3 a42 0

1 S3(a1 + a2) a71

∣∣∣∣∣∣
.

Any other ordering of the alphabet will lead to another determinantal
expression of a monomial :

a742 = S742(a3 + a2 + a1, a3 + a2, a3) .

From the above, we see that monomials in An can be expressed as
linear combinations (with coefficients in Sym(An)) of monomials aJ : J ≤
(n− 1, . . . , 1, 0), or monomials aI : I ≤ (0, 1, . . . , n− 1). Indeed,

(Sf11)
aH = SH(An, . . . , an + an−1, an) = SH(An, . . . ,An − An−2,An − An−1) .

Column k is of degree 1 in the variables a1, . . . , ak−1, and thus only
monomials aJ : J ≤ (n − 1, . . . , 1, 0) appear in the expansion of the
determinant.

The resultant R(A,B) is of fundamental importance in interpolation
theory, in elimination theory, in the theory of symmetric functions, in
other words in premodern or postmodern algebra.

There are many determinantal expressions of it, which all are related
to the fact that it is a special Schur function.

Indeed, let A, B be of respective cardinals m, n. Then

(Sf12) R(A,B) = Snm(A− B) = (−1)mnSmn(B− A) = Snm,0n(A,B) .

Proof. — Take any a in A. Then Snm(A−B) = Sn,nm−1(A−B,A−a−B)
according to (Sf7), subtracting a in all the columns except the first one
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(instead of subtracting in rows). Now subtract {A\a} in the first row of
the new determinant. It factorizes into Sn(a−B)Snm−1({A\a}−B), which
proves the result by induction on m. (Sf9) gives the last expression where
A and B have been separated.

Multi-Schur functions, being defined as determinants, are bound to
technics of minors.

For example, one can use Laplace’s expansion along a subfamily of
rows or columns. Let I ∈ Nm, J ∈ Nn. Given H ∈ Nn, denote Hω + J :=
(j1 + hn, . . . , jn + h1). Then

(Sf13) SI,J (A,B) =
∑

H

(−1)|H|S
I/H˜(A)SJ+Hω (B) ,

sum on all partitions H ∈ Nn, H ⊆ mn.
In particular, for n = 1, one has

(Sf14) SI,j(A,B) =
∑

0≤h≤m

(−1)hSI/1h(A)Sj+h(B) .

The fundamental involution A → −A, which in the case (Sf4) of
a Schur function SJ/I(A) expresses it as a determinant of elementary
functions Sk(−A), does not allow in general to exchange the role of
complete and elementary symmetric functions in a multi-Schur function.
In [L1] are given conditions for having two determinantal expressions of a
multi-Schur function (see also [Mcd2]). We skip this point at the moment,
and shall handle it later more easily with Schubert polynomials.

Complete functions in the difference of two alphabets A, B, are
defined by the generating function

∑
zrSr(A− B) :=

∏

a∈A,b∈B

(1− zb)/(1− za) .

Multi-Schur functions are determinants in complete functions
Sr(A

j − Bj), with alphabets Aj , Bj fixed in each column of the
determinant.
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Symmetrizing operators

Divided differences ∂µ have been introduced by Newton to solve the
interpolation problem in one variable. We shall also need the isobaric
divided differences πµ.

In the case where µ is a simple transposition σi exchanging ai and ai+1,
writing then ∂i, πi, the operators (acting on their left) are :

(So1)






∂i =
1

(ai − ai+1)
(1 + σi)

πi =
1

(1− ai+1/ai)
(1 + σi) = ai∂i

More explicitely, ∂i and πi are the operators on functions f(a1, . . . , an)
of several variables, acting only on the pair (ai, ai+1):

(So2)





f ∂i =
f(. . . ai, ai+1 . . .)− f(. . . ai+1, ai . . .)

ai − ai+1

f πi =
ai f(. . . ai, ai+1 . . .)− ai+1 f(. . . ai+1, ai . . .)

ai − ai+1

One has to complete (So1) by the values for µ = identity which are

∂id = 1 , πid = 1

.
Both families of operators {σi}, {∂i}, {πi} separately satisfy the

Moore/Coxeter relations (writing {Di} in each of these three cases) :

(So3) DiDj = DjDi if |i− j| ≥ 2 ,

(So4) DiDi+1Di = Di+1DiDi+1 .

Relations (So3) and (So4) imply that ∂µ, πµ can be written as the
product of elementary operators ∂i, πi corresponding to any reduced
decomposition of µ (i.e. any decomposition µ = σi · · ·σj of minimal length
gives ∂µ = ∂i · · ·∂j , πµ = πi · · ·πj).

One can notice that

(So5)

{
∂i∂i = 0
πiπi = πi .
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In [L-S ?] , one characterizes more general operators Di of the type

f → Di(f) = P (ai, ai+1) f +Q(ai, ai+1) f
σi ,

(where P and Q are rational functions of two variables) satisfying Moore-
Coxeter relations. It happens that they must also satisfy an Hecke relation
(with constants q and r)

(So6) DiDi = qDi + r .

In other words, these operators Di furnish a representation of the Hecke
algebra of the symmetric group as an algebra of operators on the ring of
polynomials.

The most useful of these operators is, apart from the two degenerate
cases ∂i and πi,

Di := c1∂i + c2πi + c3σi ,

with constants c1, c2, c3.
Let A be of cardinal n, and ω be the maximal permutation of S(A), i.e.

ω sends a1, . . . , an onto an, . . . , a1. Then the operators ∂ω and πω have the
following global expression (that we shall prove at the end of the section),
apart from being (in different ways) the products of the ∂i, resp. πi:

(So7 f ∂ω =
∑

µ∈S(A)
(f/∆)µ ,

(So8) f πω =
∑

µ∈S(A)
(fρ/∆)µ ,

where ∆ is the Vandermonde : ∆ =
∏

i<j(ai − aj) and ρ the monomial

an1a
n−1
2 · · ·a0n+1 (which corresponds to half the sum of positive roots, in

the theory of classical groups).
Divided differences satisfy a Leibniz formula, as easily seen from the

definition:

(So9) fg∂i = f (g∂i) + f∂i g
σi

In particular, symmetric functions in ai, ai+1 are scalars for ∂i and πi:

g = gσi ⇒ fg ∂i = f∂i g and fg πi = fπi g .

Divided differences have a simple action on complete functions: let B be
any alphabet and Ai denotes {a1, . . . , ai} for any i less than the cardinal
of A. Then

(So10)
( R(1,B)
R(1,Ai)

)
∂i =

R(1,B)

R(1,Ai+1)
,
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(So11)
( R(1,B)
R(1,Ai)

)
πi =

R(1,B)

R(1,Ai+1)
,

because, writing 1/R(1,Ai) = (1 − ai+1)/R(1,Ai+1), and using the fact
that R(1,Ai+1) is a scalar for both ∂i and πi, one is reduced to check that

(1− ai+1) ∂i = 1 = (1− ai+1) πi .

More explicitely, (So10) and (So11) can be written

(So12)
(
Sk(Ai − B)

)
∂i = Sk−1(Ai+1 − B) ,

and

(So13)
(
Sk(Ai − B)

)
πi = Sk(Ai+1 − B)

Divided differences have a simple action on (multi)-Schur functions, in
the case that they operate only on the elements of one row or one column :
take Sjk...l(Ai−B1,Ap−B2, . . . ,Ar−Bq), and suppose that all the indices
of the A, apart from, say the first, column are different from i. Then all
columns are scalars for ∂i and πi, apart from the first one, and from (So12)
and (So13) one gets that the images of the preceeding function under ∂i
and πi are respectively

(So14) Sj−1 k...l(Ai+1 − B1,Ap − B2, . . . ,Ar − Bq)

(So15) Sjk...l(Ai+1 − B1,Ap − B2, . . . ,Ar − Bq) .

Let us look now at the action of

∂ω = (∂n−1)(∂n−2∂n−1) · · · (∂1 · · ·∂n−1) .

Writing any monomial in An as a Schur function SI(An, . . . ,A2,A1), we
see that at each step of applying the ∂i, only one column of the determinant
is not symmetrical in ai, ai+1, and thus that the action increases alphabets
and decreases degree; the final step gives a Schur function SJ (A).

For example, a24a
5
3a

6
2a

9
1 = S2569(A4,A3,A2,A1) . Our expression of ∂ω

is ∂4321 = (∂3) (∂2∂3) (∂1∂2∂3).
Under ∂3 the monomial becomes S2469(A4,A4,A2,A1), then under ∂2∂3,

S2449(A4,A4,A4,A1) and finally, under ∂1, ∂2, ∂3,

S2446(A4,A4,A4,A4) = S2446(A) .
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Now, the image of a monomial under the operator (So7) is an alternat-
ing sum of monomials, divided by the Vandermonde, which is Jacobi-Trudi
expression of the same Schur function, and thus ∂ω cöıncides with (So7),
because the images of any monomial under both operators are the same.
An identical proof works for πω, this time the indices being preserved.

A simpler proof of the validity of (So7) consists first in noticing that
both operators (∂ω and the summation) are Sym(A)-linear. Therefore, we
need only to check their action on a generating set, which from (Sf11)
can be taken as the monomials {aJ : J ≤ ρ}. Now all these monomials
are sent to 0 by both operators, except for aρ which is sent to 1 by
f −→

∑
±fµ/∆(A), and to S0...0 = 1 by ∂ω

Multi-Schur functions can be obtained with the help of ∂ω. For ex-
ample, let {B1,B2, . . . ,Bn} be n finite alphabets of respective cardinals
i1, i2, . . . , in; we denote this sequence by I, and put J = i1 − 0, i2 −
1, . . . , in − (n− 1). Then

(So16) R(an,B
1) · · ·R(a1,B

n) ∂ω = SJ (An − B1, . . . ,An − Bn) .

Proof. — Write R(an,B
1) · · ·R(a1,B

n) as SI(An − B1, . . . ,A1 − Bn),
according to (Sf7) : the determinant becomes triangular after subtraction
of {0,A1, . . . ,An−1}, because in the upper part we are left with elementary
symmetric functions of degree strictly higher than the cardinals of the
alphabets involved. Now, the action of (∂n−1)(∂n−2∂n−1) · · · (∂1 · · ·∂n−1)
consists, thanks to (So14), in transforming all the Ai into An while
decreasing the indices

The Schur function SI(A−B) can be obtained by a double summation
on S(A) and S(B) as stated by Sergeev-Pragacz formula [].

For every permutation µ ∈ S(A), there exist a divided dif-
ference ∂µ and an isobaric divided difference πµ. The maximum
divided difference ∂ω is the operator

f −→
∑

±fµ/∆(A) .
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The ring Sym(1 |n)

We already used the fact that the ring

Sym(1|n) = Sym(a1)⊗Z Sym(a2, . . . , an+1)

with coefficients in Z is a Z-free module with basis {SI(A−a1) a
k
1 , I partition ∈

Nn, k ∈ N}. One of the essential properties of Lagrange operator is its
compatibility with Schur functions as shown by the following lemma :

LEMMA (Pr1). — Let A be of cardinal n+ 1 and LA the corresponding
Lagrange operator. Then

1) LA is equal to the product ∂1 · · ·∂n (acting on its left).
2) ∀I ∈ Zn, I ≥ −(0 1 · · ·n−1), ∀k ≥ 0,

LA

(
SI(A− a1) a

k
1

)
= SI k−n(A) .

Proof. — Writing the product SI(A − a1)a
k
1 as the Schur function

SI,k(A, a1), we are reduced to compute the image of powers of a1 un-
der LA, and thus, thanks to (Lgr5) and (So12), we obtain the required
determinant of complete functions of A.

Now, since SI,k(A, a1) is a Z-basis, the powers of a1 are a generating
set for Sym(1|n) as a Sym(A)-module. The formulas (Lgr6′) and (So12)
show that the Sym(A)-linear operators LA and ∂1 · · ·∂n coincide

The interest of taking I ≥ −(0 1 · · ·n−1) instead of I ∈ Nn will appear
later.

It was already clear in the preceeding proof that an essential property of
Sym(1|n) is to be a Sym(A)-module. Indeed, the Z-basis SI(A− a1)a

k
1 =

SI,k(A, a1) can be written in terms of powers of a1 only (with coefficients
in Sym(A)); moreover, because the elementary symmetric functions of the
alphabet {A\a1} vanish in degree > n, one has

ak1 = Sk(a1) = Sk

(
A+ (a1 − A)

)
=

n∑

0

Sk−i(A)Si(a1 − A) .

Thus, {a01, . . . , a
n} is a generating system for our ring as a module over

Sym(A). To prove that it is a basis, i.e. that every element of Sym(1|n)
can be uniquely written

f = c0a
0
1 + · · ·+ cna

n
1 ,

with coefficients ci in Sym(A), (in other words, the module is free), we
shall first define on it a quadratic form with values in Sym(A).
Definition(Pr2). — ∀P,Q ∈ Sym(1|n), set (P |Q) := LA(PQ).

14



PROPOSITION (Pr3). —
1)Sym(1|n) is a Sym(A)-free module of basis {1, a1, . . . , a

n
1}, as well

as basis {Sn(a1 − A), . . . , S0(a1 − A)}.
2) The quadratic form is non-degenerate, i.e there does not exist P 6= 0

such that for all Q in Sym(A) (P,Q)=0. The two above bases are adjoint,
i.e., for 0 ≤ h, k ≤ n,

(
ak1 , Sn−h(a1 −A)

)
= 1 or 0 according that k = h or

not.
3) Every element f of Sym(1|n) can be written

f =

n∑

0

LA

(
fSk(a1 − A)

)
an−k
1 ,

f =
n∑

0

LA

(
fan−k

1

)
Sk(a1 − A) .

Proof. — We have to write

Sh(a1 − A) ak1 = (−1)hS1h(A− a1) a
k
1 = (−1)hS1h,k(A, a1) .

Now the image under LA = ∂1 · · ·∂n is (−1)hS1h,k−n(A,A).
The indices in the first row of this determinant are 1, 2, . . . , h, k−n+h.

They are all different and non negative only when k − n + h = 0, i.e.
only when the determinant is obtained from the determinant expressing
S0h+1(A) = 1 by permuting columns.

Therefore the square matrix with entries the LA

(
Si(a1 − A)ak1

)
is the

identity matrix, which proves that the quadratic form is non-degenerate
and that a01, . . . , a

n
1 are linearly independent, with adjoint basis Sn(a1 −

A), . . . , S0(a1−A). This pair of adjoint bases allows now to expand in two
different ways any element of the module by taking scalar products

The ring Sym(1|n) can be identified with the equivariant cohomology
ring of a relative projective space of dimension n, and the operator LA

to the Gysin morphism from Sym(1|n) to the cohomology of the base
(identified with Sym(A)). The variable a1 is the first Chern class of the
tautological line bundle, (1 + a2) · · · (1 + an+1) is the total Chern class of
the tautological kernel (see [Fu1])

The ring Sym(1|n) is a free module over Sym(A), with basis
{1, a1, . . . a

n
1}, and an explicit adjoint basis with respect to the

scalar product
(f, g) := LA(fg) .
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The ring Sym(r |m)

Lagrange operator can be expressed as a summation on subsets of
cardinal 1 of a given alphabet A. Its generalization is straightforward :
sum on subsets of cardinal r.

Let r,m be two positive integers,A an alphabet of card. n = r + m.
Then the operator

(Gr1) Sym(r)⊗Sym(m) ∋ f →
∑

A′,card(A′)=r

f(A′ , A\A′)/R(A′ , A\A′)

may be called the Sylvester operator of order r. Indeed, Sylvester expressed
the discriminant of a polynomial, or the greatest common divisor of two
polynomials using this operator.

The alphabet being totally ordered, Sylvester operator can also be
expressed through divided differences. Denote ∂r|m the product

(Gr2) ∂r|m := (∂r · · ·∂n−1)(∂r−1 · · ·∂n−2) · · · (∂1 · · ·∂m−1)

It is the divided difference indexed by the permutation

µ = (r+1) · · ·n, 1 · · · r .

Let Sym(r|m) denote the ring of functions in r+m variables, which are
symmetrical in the first r ones, and symmetrical separately in the last m
ones. When identifying the variables to the elements of Ar := {a1, · · · , ar}
and A \ Ar, we shall also write Symr|m(A).

PROPOSITION (Gr3). —
1) Sylvester operator is equal to ∂r|m.
2) Sylvester operator is Sym(A)-linear and is the only Sym(A)-linear

operator sending the SJ (Ar), J partition such that J ⊂ mr, to zero and
Smr(Ar) to 1.

3) It sends products of Schur functions to Schur functions, i.e. for every
I ∈ Nm, J ∈ Nr, one has

(
SI(A− Ar) · SJ(Ar)

)
∂r|m = S(IJ)−(0mmr)(A) ,

where IJ − 0mmr means I1 − 0, . . . , Im − 0, J1 −m, . . . , Jr −m.

Proof. — Thanks to (Sf9) one writes SJ(Ar)SI(A−Ar) as SJ,I(A,A−Ar).
The expansion of this determinant is a linear combination of SH(−Ar), H
partition : H ≤ rm.
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Therefore, when taking coefficients in Sym(A), one can express any
element of Sym(r|m) as a combination of the SJ (Ar), with partitions J
contained in mr.

Now one remarks that Sylvester operator and ∂r|m are both Sym(A)-
linear, and that they decrease degree by rm. Thus they send all SJ (Ar),
J partition : J ⊂ mr, to zero, and they send Smr(Ar) to constants. We
check below that the image of Schur functions in Ar by ∂r|m, and we get in
this case S0...0 = 1. As for Sylvester summation, we can as well compute
the sum

∑

A′

R(A′,A \ Ar)

R(A′,A \ A′)

because R(A′,A \ Ar) has leading term Smr(A′). Now, clearly in this
summation there is only the term A′ = Ar which is non zero (and equal
to 1).

The two operators, cöınciding on a generating set, are equal, and this
proves 1) and 2). We shall check later that the generating set is linearly
independent, and thus that Sym(r|m) is a free module of dimension rm
over Sym(A).

As for the last point, one writes (once more!) SI(A − Ar)SJ (Ar) =
SI,J (A,Ar). However, the action of the divided difference ∂r on this Schur
function is not straightforward, because ∂r acts non trivially on the r
last columns of the determinant, and one would have to use Leibniz
formula. Fortunately, one can overcome this by taking other products of
divided differences. Let us take numerical values to follow more easily the
computation, say r = 3, m = 2, IJ = 12467. Instead of starting with
S12, 467(A,A3), we take S12479(A,A,A3,A2,A1) which gives under ∂2∂1∂2
the preceeding function.

Now we have to compute the image of S12479(A,A,A3,A2,A1) under
(∂2∂1∂2) (∂3∂4∂2∂3∂1∂2), acting on the left. But, thanks to the braid
relations, this operator can be written (∂3∂4)(∂2∂3∂4)(∂1∂2∂3∂4).

This sequence of operators is such that at each step of the computation
of the image of S12479(A,A,A3,A2,A1), there is only one column which
is transformed (in which case, the transformation amounts to Sk(Ai) −→
Sk−1(Ai+1)) and finally we get the Schur function S12233(A,A,A,A,A) as
required

Of course, we could have proved the preceeding proposition by mere
expansions of determinants (as we did in [L1], [L2]), but using divided
differences avoids the subtilities of determinantal calculus which have been
lost since the time of Sylvester.

We did not give full details here, because with Schubert polynomials,
we shall not even need determinants at all.
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Having seen that we have to use the structure of Sym(r|m) as a
free Sym(A)-module, we define on it a quadratic form with the help of
Sylvester operator :

(Gr4) Sym(r|m) ∋ f, g ⇒ (f, g) := fg ∂r|m ∈ Sym(A) .

PROPOSITION (Gr5). —
1)Sym(r|m) is a free Sym(A)-module with the two basis {SI(Ar)} and

{SI(Ar − A}, where I runs over all partitions I : 0 ⊆ I ⊆ mr.
2) The quadratic form is non degenerate, and the two bases {SI(Ar)}

and {SI(Ar − A} are adjoint with respect to it. More precisely, one has(
SI(Ar −A) ·SJ(Ar)

)
∂r|m = 1 or 0 according that I = (m− Jr . . .m− J1)

or not.
3) Every element f of Sym(r|m) can be written

f =
∑

I⊆mr

f SI(A− Ar)∂r|m SI(Ar) .

Proof. — The proof is the same as in the case of Sym(1|m). We have to
compute all the SK(A− Ar)SJ(Ar) ∂r|m.

Now, proposition (Gr3) gives them as a determinant of complete
functions in A, with respective indices in the first row

K1, K2 + 1, . . . , Km +m− 1, J1, J2 + 1, . . . , Jr + r − 1 .

Using the hypothesis that 0 ⊆ K ⊆ rm and 0 ⊆ J ⊆ mr, we see that these
n integers belongs to the set {0, 1, . . . n−1}. Therefore, for every partition
J , there exists one and only one partition K such that the determinant
has all its columns distinct, and no column with all indices negative. In
this case, the determinant is obtained from S0...0 = 1 by a permutation of
columns. The conjugate of the partitionK gives us the partition I specified
by the theorem (we have taken SK(A− Ar) instead of SI(Ar − A)).

Thus the matrix
∣∣SI(Ar −A)SJ (Ar) ∂r|m

∣∣ is the identity matrix, which
proves that the quadratic form is non degenerate and that the two sets
are bases of the module.

Having two adjoint bases, we can now expand any element ofSym(r|m)
by computing scalar products

We have seen in the preceeding section that computing in the ring
Sym(1|m) was related to finding the first remainder in the Euclidean
division. Similarly, we can use Sym(r|m) to express the remainder of
degree r < n − 1. This gives some determinantal expressions of the
remainder, as well as expressions using Sylvester operator as a summation
on subsets of given cardinal.
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The ringSym(r|m) can be identified with the (equivariant) cohomology
ring of a relative Grassmann variety and Sym(A) to the cohomology ring
of the base. The variables a1, . . . , ar are the Chern roots of the tautological
quotient bundle . The operator ∂r|m is the Gysin morphism. The Schur
functions SI(Ar) are representatives of the Schubert subvarieties of the
Grassamanniann. When computing modulo the ideal generated by sym-
metric polynomials without constant term, the quadratic form ∂r|m(f, g)
becomes the intersection form. It was already well known at the end of the
19th century that Schubert varieties in complementary degree intersect in
0 point or 1 point, and that the matrix representing the intersection form
is the identity matrix.

The ring Sym(r|m) is a free module over Sym(A), with basis
SI(a1, . . . , ar), and adjoint basis S

I˜(ar+1, . . . , ar+m), where the
partition I runs over all partitions I ≤ rm.
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Rational interpolation

The resultant R(A,B) plays a fundamental role in the summations gen-
eralizing Lagrange interpolation, as well as in invariant theory or elimina-
tion theory. It can be itself expressed through summations implying other
resultants, and we shall only present the following ”exchange lemma”.

LEMMA Rt1. — Let A,B,C be three alphabets of respective cardinals
m+ n, n, m. Then one has the following identity

∑

A′+A′′=A

R(A′,B′)

R(A′,C)R(A′,A′′)
=
R(B,C)

R(A,C)
,

sum on all disjoint decompositions of A in A′ + A′′, card(A′) = m,
card(A′′) = n, as well as the identity

∑

A′+A′′=A

R(A′,B′)R(A”,C)

R(A′,A′′)
= R(B,C) .

Proof. — The two identities are equivalent up to multiplication by
R(A,C) = R(A′,C)R(A′′,C).

The product of the two resultants can be written as the Schur function:

R(A′,B)R(A′′,C) = Smn,nm(A− C,A′ − B) .

Using the factorization of Sylvester operator f −→
∑
f(A′,A′′)/R(A′,A′′)

as a product of divided differences, one obtains

∑
R(A′,B)R(A′′,C)/R(A′,A′′) = Smn,0m(A− C,A− B)

Writing A− C = (A− B) + (B− C), one develops

Smn0m(A− C,A− B) =
∑

I
SI 0m(A− B)Smn/I(B− C) .

All the SI0m , I ⊆ mn, are null (having at least two identical columns),
except for I = 0n; therefore

∑
R(A′,B)R(A′′,C)/R(A′,A′′) = Smn(B− C) = R(B,C)

A consequence of this exchange property is the determination of the
numerator and denominator of a rational function knowing sufficiently
many of its values (Cauchy(1841) , Rosenhain (1846)):
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THEOREM Rt2. — Let P et Q be two unitary polynomials of respective
degrees n,m, and f = P/Q. Let A be an alphabet of cardinal m + n + 1.
Then, if A is generic enough,

f(x) =

∑
A′,card=nR(x,A

′)
∏

a′∈A′ f(a′) /R(A′,A\A′)
∑

A′,card=mR(x,A′)
∏

a′∈A′ f(a′) /R(A′,A\A′)

Proof. — Write P (x) = R(x,B), card(B) = n, Q(x) = R(x,C), card(C) =
m.

The rational function f is therefore equal to

f = R(x,B)/R(x,C) = (−1)mnR(x+ C,B)/R(x+ B,C)

Using the preceeding lemma for the pair of alphabets (x+ B,C), one has

R(x+ B,C)

R(A,C)
=

∑

card(A′)=m,A′′=A−A′

R(A′, x+ B)

R(A′,C)R(A′,A′′)
=

=
∑

A′

R(A′, x)

R(A′,A′′)

R(A′,B)

R(A′,C)
=
∑

A′

∏

a′

f(a′)
R(A′, x)

R(A′,A′′)

and similarly for the numerator.
Since we have introduced the extra factor R(B,C), we must have a

genericity condition which ensures that it is non zero
One can also give a determinantal form to the preceeding computation

( with z = 1/x) :

PROPOSITION Rt3. — Let f(z) = P (z)/Q(z) be a rational function,
do(P ) ≤ n, do(Q) ≤ m, and A be an alphabet of cardinal m+n+1. Then
one has the identity

A





∣∣∣∣∣∣∣∣∣∣

...
...

...
...

...
...

1 a · · · an amf(a) · · · af(a) f(a)
...

...
...

...
...

...
Q(z) zQ(z) · · · znQ(z) zmP (z) · · · zP (z) P (z)

∣∣∣∣∣∣∣∣∣∣

= 0

Proof. — Multiply row a by the corresponding factor Q(a). The new
determinant is an alternating function in a1, . . . , am+n+1, z of degree
≤ n + m in each letter. Being divisible by the Vandermonde in A + z,
it must be null

The expansion of the preceeding determinant is of the type
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For example, for f(z) = (1 + 2z)(1 + 3z)/(1 + z) and A = {0, 1, 2, 3},
one has the determinant

∣∣∣∣∣∣∣∣∣

1 0 0 0 1
1 1 1 6 6
1 2 4 70/3 35/3
1 3 9 105/2 35/2
Q zQ z2Q zP P

∣∣∣∣∣∣∣∣∣

the nullity of which is equivalent to

(1 + z)P = (1 + 2z)(1 + 3z)Q .

One can take a different view of rational interpolation: instead of finding
the numerator and denominator of a rational function from sufficiently
many of its values, one looks for a rational approximation of an analytic
function

f(z) = 1 + zf1 + z2f2 + z3f3 + · · · ,

i.e. one looks for a rational function g(z) =
∏
(1− zb)/

∏
(1− za), whose

development in the neighborhood of z = 0 coincide with the development
of f up to a certain power of z.

In other words, the first coefficients of f are equal to the complete
functions Sj(A − B), and one has to find back the rational function g(z)
from its development in the neighborhood of z = 0.

Putting x = 1/z, card(A) = m, card(B) = n, one can write g(z) =
xm−nR(x,B)/R(x,A), and transform this expression by multiplying both
numerator and denominator by the factor R(A,B) :

g(1/x) = ±xm−nR(A+ x,B) /R(B+ x,A)

In other terms, the rational function is the quotient of two resultants.
This is fortunate, because resultants can be written as special Schur
functions and one has many determinantal expressions of them.

This gives without computation many expressions that one could find
in the flourishing 19th century literature.

For example Sylvester gives

(Rt4) ±xn−mg(1/x) = Snm+1(A+ x− B)/S(n+1)m(A− B− x) ,

while Jacobi proposes

(Rt5) ±xn−mg(1/x) = Sn,nm(A+ x− B,A− B)/Smn+1,0(A− B, x)
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One could also exchange the rôles of A and B, or transforms the
determinants by linear combination of rows and columns.

For example, for m = 3, n = 2, writing C for A− B, one has

−g(x)/x =

∣∣∣∣∣∣∣

S2(x+ C) S3(x+ C) S4(x+ C) S5(x+ C)
S1(x+ C) S2(x+ C) S3(x+ C) S4(x+ C)
S0(x+ C) S1(x+ C) S2(x+ C) S3(x+ C)

0 S0(x+ C) S1(x+ C) S2(x+ C)

∣∣∣∣∣∣∣
/

/

∣∣∣∣∣∣

S3(C− x) S4(C− x) S5(C− x)
S2(C− x) S3(C− x) S4(C− x)
S1(C− x) S2(C− x) S3(C− x)

∣∣∣∣∣∣

=

∣∣∣∣∣∣∣

S2(x+ C) S3(C) S4(C) S5(C)
S1(x+ C) S2(C) S3(C) S4(C)
S0(x+ C) S1(C) S2(C) S3(C)

0 S0(C) S1(C) S2(C)

∣∣∣∣∣∣∣
/

∣∣∣∣∣∣∣

S3(C) S4(C) S5(C) x3

S2(C) S3(C) S4(C) x2

S1(C) S2(C) S3(C) x1

S0(C) S1(C) S2(C) x0

∣∣∣∣∣∣∣

The above expressions degenerate when the extra factor R(A,B) =
Snm(A− B) is null, i.e. when the determinant

∣∣∣∣∣∣∣

fn · · · fm+n−1

...
...

fm−n+1 · · · fm

∣∣∣∣∣∣∣

is null.

Questions of convergence and algorithms to compute by recursion the
different determinants corresponding to variable m and n have been
studied by Padé in his thesis, and have generated a numerous literature
which has not much relations with our algebraic manipulations.

Rational interpolation mostly reduces to using different deter-
minantal expressions of the resultant R(A,B) coming from the
fact that it is a special Schur function.
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Newton interpolation

Newton’s approach to interpolation is different from Lagrange’s. Inter-
polation points are totally ordered, and adding a new interpolation point
has the effect of adding an extra term to the interpolation polynomial. As
for Lagrange interpolation, we have to interpret Newton’s interpolation as
an identity on polynomials.

Given an infinite totally ordered alphabet A, recall that An is the subini-
tial alphabet An := {a1, . . . , an}. Because {1, R(x,A1), R(x,A2), . . .} is a
linear basis of polynomials (triangularly equivalent to {1, x, x2, . . .} ), we
can expand any polynomial f(x) in this basis :

(Ni1) f(x) = f(a1) + f∂R(x,A1) + f∂∂R(x,A2) + f∂∂∂R(x,A3) + · · · ,

the coefficients f, f∂, f∂∂ , . . . being uniquely determined.
Taking x = a1, x = a2, x = a3, . . ., we can easily identify the first of

them :
f∂ = (f(a1)− f(a2))/(a1 − a2) ,

f∂∂ = (f(a1)−f(a2))/(a1−a2)(a2−a3)−(f(a1)−f(a3))/(a1−a3)(a2−a3), . . .

and infer that f∂...∂ is the image of f(a1) under a product of successive
divided differences ∂1, ∂2, ∂3, . . . acting on their left.

Thus one is led to Newton’s formula :
(Ni2)
f(x) = f(a1) + f∂1R(x,A1) + f∂1∂2R(x,A2) + f∂1∂2∂3R(x,A3) + · · ·

It is sufficient to prove this formula for a linear basis of polynomials, for
example the polynomials 1, R(x,B1), R(x−B2), . . . associated to another
infinite alphabet B. Because the action of divided differences on complete
functions is easy, remembering that R(x,Bk) can be written Sk(x − Bk),
we have to prove all the identities, for k = 0, 1, 2 . . .

(Ni3) Sk(x− Bk) = Sk(A1 − Bk) + Sk−1(A2 − Bk)R(x,A1)

+Sk−2(A3 − Bk)R(x,A2) + · · ·+ S0(Ak − Bk)R(x,Ak)

But now, we could have taken any B to have a linear basis of polynomials,
for example B = A.

In this case every Sk−j+1(Aj − Ak), j < k, is null, because it is, up to
a sign, the k − j + 1 elementary symmetric function of an alphabet (=
Ak \Aj) of cardinal k− j. The above summation reduces to R(x−Ak) =
S0()R(x− Ak)

Newton’s formula is closely connected with a discrete analog of the
Wronskian, and could be checked using it.
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Indeed, given n one variable-functions fi, we define their A-Wronskian
to be

(Ni4) WA(f1, . . . , fn) := det | fi∂1 · · ·∂j−1 |1≤i,j≤n

LEMMA (Ni5). — The A-Wronskian of n functions f1, . . . , fn is equal
to the quotient det |fi(aj)| /∆(A).

It is also equal to the determinant

det |fi ∂1 · · ·∂j−1πj · · ·πn−1| .

Proof. — Replace each f(aj) by its Newton’s expansion: f(aj) = f(a1) +
· · ·+ f∂1 · · ·∂j−1R(aj,Aj−1). Then we see that the determinant has rows
equal to linear combinations of the rows of the Wronskian,

rowj = row1 + row2R(aj,A1) + · · ·+ rowj R(aj,Aj−1) .

Therefore, the two determinants coincide, up to the factor

R(a2,A1)R(a3,A2) · · ·R(an,An−1) = ∆(A) .

Because det|fi(aj)|/∆(A) is a symmetric function, one does not change
the value of the Wronskian by taking its image under

πω = (πn−1)(πn−2πn−1) · · · (π1 · · ·πn−1) .

Now, the Wronskian has been written as a determinant such that the
entries in the successive rows are symmetric functions of A1, A2, . . . ,An

respectively. The operator πn−1 operates non trivially only on row n− 1,
then the operator πn−2πn−1 operates on row n−2 of the new determinant,
and finally the image of the Wronskian under πω is the determinant
where each of the operators (πn−1), (πn−2πn−1), . . . (π1 · · ·πn−1) have
been applied to the appropriate row. The entries of the final determinant
are now symmetric functions in A

In the special case where all the functions fj are powers of a variable,
we see that the Wronskian interpolates between the expression of a Schur
function as a determinant of complete functions, and as a quotient of
determinant of powers by the Vandermonde. For example, with A of
cardinal 3, one has

WA(x
2, x5, x9) =

∣∣∣∣∣∣

S2(A1) S5(A1) S9(A1)
S1(A2) S4(A2) S8(A2)
S0(A3) S3(A3) S7(A3)

∣∣∣∣∣∣
=

∣∣∣∣∣∣

a21 a51 a91
a22 a52 a92
a23 a53 a93

∣∣∣∣∣∣
/∆(A) =
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∣∣∣∣∣∣

a21π1π2 a51π1π2 a91π1π2
S1(A2)π2 S4(A2)π2 S8(A2)π2
S0(A3) S3(A3) S7(A3)

∣∣∣∣∣∣
=

∣∣∣∣∣∣

S2(A) S5(A) S9(A)
S1(A) S4(A) S8(A)
S0(A) S3(A) S7(A)

∣∣∣∣∣∣

Given {a1, a2, . . .}, Newton interpolation develops any polyno-
mial f(x) in the basis {(x− a1) · · · (x− ak)}; the coefficients are
obtained by applying divided differences on f .
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Newton interpolation in several variables

A linear basis of the ring of polynomials in an alphabet A allows to
expand any polynomial in A, as we did for polynomials in one variable. It is
reasonable to ask that this basis contains Newton’s polynomials R(a1,Bk),
and has simple vanishing properties.

One may also start from the images of a polynomial in A under divided
differences, evaluated in a second alphabet B. It is easy to see that the
divided differences ∂µ, for all permutations µ, are linearly independent,
and therefore there exist universal coefficients in A,B which generalize
Newton’s polynomials, and allow the expansion of any polynomial f in
terms of its images under all the divided differences.

We shall define recursively these polynomials. Let N∞ denote the linear
space of infinite integral vectors with only a finite numbers of non zero
components. To each I ∈ N∞, M.P. Schützenberger and I have attached
a Schubert polynomial YI .

We first define dominant Schubert polynomials corresponding to domi-
nant weights. For K ∈ N∞, K weakly decreasing, i.e. K = k1 ≥ k2 ≥ k3 ≥
· · · 0 0 · · ·, let YK be

(Nis1) YK :=
∏

(i,j)
(ai − bj) ,

product on all points (i, j) of the Ferrers’ diagram of K.
For example

Y221100... =
(a1 − b2) (a2 − b2)
(a1 − b1) (a2 − b1) (a3 − b1) (a4 − b1)

,

where the above planar display stands for the product of its entries.

Definition. — Schubert polynomials are all the non-zero images of domi-
nant Schubert polynomials under divided differences.

We index Schubert polynomials according to the following reordering
rules:

given p ≥ 0 and I ∈ N∞, write i, j for the p and p + 1-th components
of I. Then,

i > j ⇒ Y...i j... ∂p = Y...j i−1...

On the other hand, the nullity ∂p
2 = 0 implies that

i ≤ j ⇒ Y...i j... ∂p = 0 .

Note that the same YI can be obtained in several manners from
dominant YK .We shall skip for the moment the proof that braid relations
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imply that the polynomials YI are uniquely determined by the above
recursions (see also exercise ?).

When K is decreasing, the dominant Schubert polynomial YK can be
written as a Schur function. Indeed, thanks to (Sf7), for K = k1 ≥ k2 ≥
· · · ≥ kn ≥ 00 . . ., writing Kω = kn . . . k1, one has

(Nis2) YK = SKω (An − Bkn
, . . . ,A1 − Bk1

) .

For example,

Y22110... = S1122(A4 − B1,A3 − B1,A2 − B2,A1 − B2) =

=

∣∣∣∣∣∣∣

S1(A4 − B1) S2(A3 − B1) S4(A2 − B2) S5(A1 − B2)
S0(A4 − B1) S1(A3 − B1) S3(A2 − B2) S4(A1 − B2)

0 S0(A3 − B1) S2(A2 − B2) S3(A1 − B2)
0 0 S1(A2 − B2) S2(A1 − B2)

∣∣∣∣∣∣∣
.

In particular, Y00... = 1.
It is clear that all specializations YK(A,A), K 6= 0 decreasing, are null.

We shall need more generally that all YI(A,A) are null, apart from Y00....
Stronger vanishing properties will be proved in the next sections (see also
exercise ?).

We also need that the YI are linearly independent, this coming from
the fact that their leading monomial (for the lexicographic order from the
right) is equal to aI = aI11 aI22 aI33 · · ·

For I ∈ Nn, write I = Jk, J ∈ Nn−1, k = In, and define recursively
∂ [I] as the product

∂n · · ·∂n+k−1 ∂ [J ] .

It is clear by induction on n that ∂ [I] sends YI0... to Y00... and all
other Schubert polynomials to 0 or another Schubert polynomial 6= Y00...,
because the action of a simple divided difference consists into reordering
the subscript or annihilating the polynomial.

For example,

I = 412 ⇒ ∂ [412] = ∂3∂4 ∂ [41] = (∂3∂4)(∂2)(∂1∂2∂3∂4) .

Y412 ∂ [412] = Y412 ∂3∂4∂ [41] = Y41000 ∂ [41] = Y00...

and more generally,

Yijh∂ [412] = Yijh ∂3∂4∂ [41] = Yij00h−2 ∂ [41] or 0 if h < 2,

= Yi 0 j−1 0h−2 ∂1∂2∂3∂4 or 0 if j = 0

Y0 i−1 j−1 0h−2 ∂2∂3∂4 = Y0 j−1 i−2 0 h−2 ∂3∂4 or 0 if i ≤ j or i < 2
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= Y0 j−1 0 i−3 h−2 ∂4 = Y0 j−1 0 h−2 i−4 or 0 if i < 4 or i− 3 ≤ h− 2 .

Finally, the image of Yijh is a Schubert polynomial iff

i ≥ 4, j ≥ 1, h ≥ 2, i ≥ h+ 2, i ≥ j + 1 and 0 otherwise .

It is remarkable that the above simple properties are sufficient to obtain
the multi-variables generalization of Newton’s formula.

THEOREM (Nis3). — Let A and B be two infinite alphabets. Then for
any polynomial f(A) in Pol(A) , one has

f(A) =
∑

I
f∂ [I](B) YI(A,B) ,

where ∂ [I] is the divided difference (acting only on A) which sends YI onto
Y00... = 1, and where the sum is over all I ∈ N∞.

Proof. — It is sufficient to check the theorem on a linear basis of the
polynomials in A, which can involve the elements of B which are scalars
for the divided differences in A. Thus we choose the YJ(A,B) as a linear
basis. Now images of YI under divided differences are either 0 or other
Schubert polynomials, which specialize to 0 when A = B, except for Y00....
Thus, Newton’s formula, in the case of the polynomial f(A) = YJ reduces
to the irrefutable identity

YJ(A,B) = Y00... YJ(A,B)

For example, writing f∂ · · ·∂ for f∂ · · ·∂ (B), and YI for YI(A,B), the
interpolation of f := a31a2 is

f = f Y0,0,0,0 + f∂2 Y0,1,0,0 + f∂1 Y1,0,0,0 + f∂1∂2 Y2,0,0,0 + f∂2∂1 Y1,1,0,0

+f∂1∂2∂3 Y3,0,0,0 + f∂2∂1∂2 Y2,1,0,0f∂2∂1∂2∂3 Y3,1,0,0 ,

that is

a31a2 = b31b2 Y0,0,0,0+b
3
1 Y0,1,0,0+(b21+b1b2+b

2
2) Y1,0,0,0+(b21+b1b2+b1b3) Y2,0,0,0

+(b21 + b1b2 + b22) Y1,1,0,0 + b1 Y3,0,0,0 + (b1 + b2 + b3) Y2,1,0,0 + Y3,1,0,0

.

The generalization of Lagrange interpolation to functions of several
variables is no more complicated. Fix n sufficiently big (the ”order of
interpolation”), and let Xω be the polynomial

Xω(A,B) := Yn−1cdots210 =
∏

i+j≤n

(ai − bj) .

The vanishing properties that we need are this time :
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LEMMA (Nis4). — For any µ ∈ S(n), all the Xω(A,A
µ) are null, except

for µ = ω = (n, . . . , 1), in which case

Xω(A,A
ω) = ∆(A) :=

∏

i<j≤n

(ai − aj) .

Proof. — If Xω(A,A
µ) 6= 0, then b1 has to be specialized to an; this leaves

only the value an−1 for b2, &c.

THEOREM (Nis5). — Let A be an infinite alphabet, f(a1, a2, . . .) a poly-
nomial in A, and n ∈ N be such that all the exponents I of the monomials
appearing in f are (componentwise) majorized by (n − 1, . . . , 1, 0). Let B
be an alphabet of cardinal n. Then

f(A) =
∑

µ∈S(B)

f(Bµ)Xω(A,B
ωµ)/∆(Bµ) .

Proof. — For any permutation ν ∈ S(B), the specialization {a1, . . . , an} =
Bν reduces the theorem to the identity

f(Bν) = f(Bν)Xω(B
ν , Bων /∆(Bν) .

These n! equations on f determine f and force the equality for general A

For example, for n = 3, one has for all polynomials of the type
f =

∑
I cIa

I , with I ≤ (2, 1, 0)

f(a1, a2, a3) =
1

(b1 − b2)(b1 − b3)(b2 − b3)

(
−f(b1, b2, b3)(b2−a1)(b3−a2)(b3−a1)

+f(b1, b3, b2)(b3−a1)(b2−a2)(b2−a1)−f(b3, b1, b2)(b1−a1)(b2−a2)(b2−a1)

+f(b2, b1, b3)(b1−a1)(b3−a2)(b3−a1)−f(b2, b3, b1)(b3−a1)(b1−a2)(b1−a1)

+f(b3, b2, b1)(b2 − a1)(b1 − a2)(b1 − a1)
)

Dominant polynomials are certain products of the type
∏
(ai−

bj). Their images YI(A,B), I ∈ N∞, are called Schubert polyno-
mials. The vanishing properties YI(A,A) = 0, for I 6= 0, imply
that any polynomial f(A) decomposes onto the Schubert basis,
the coefficients being the images of f under divided differences.
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Interpolation of symmetric functions

One can use Newton’s formula to interpolate symmetric functions.
Let f(An) be a function symmetrical in {a1, . . . , an}. According to the
preceeding theorem, one can write this function

(Isf1) f(An) =
∑

I
cIYI .

I claim that all the I corresponding to non zero coefficients cI are of
the type

I = 0 ≤ i1 ≤ i2 · · · ≤ in 0 0 . . .

Indeed, f(An) depending only on a1, . . . , an is annihilated by all ∂k, with
k > n. Similarly, being symmetrical in a1, . . . , an, it is also annihilated by
∂1, . . . , ∂n−1.

Therefore, all the Schubert polynomials appearing on the right side
must be annihilated by the same divided differences, because otherwise we
would have a sum of Schubert polynomials equal to 0. This is equivalent
to say that I can have only the decrease . . . in 0 . . .

Let us take for example a symmetric function of two variables, say
Y25(A,C), where C is another infinite alphabet. Write YIYJ for the product
YI(B,C)YJ(A,B). Then formula (Isf1) reads

Y25(A,C) = Y25Y00 + Y204Y01 + Y014Y11 + Y2003Y02
+ Y0103Y12 + Y20002Y03 + Y0003Y22 + Y01002Y13 + Y200001Y04
+Y00002Y23+Y010001Y14+Y200000Y05+Y000001Y24+Y010000Y15+Y000000Y25.

In the case B = 0, the above expansion expresses the Schubert
polynomial Y25(A,C) as a linear combination of all the Schur functions
SI(a1 + a2) = YI(A, 0), I ⊆ 25.

The symmetrical Schubert polynomials YI(A,B) are a natural gener-
alization of Schur functions : the leading term of YI(A,B) (i.e. term of
higher degree in A) is the Schur function SI(An) = YI(A, 0), and can be
written as determinants.

Indeed, let I = i1 ≤ · · · ≤ in, and K = Iω + ρ := in + n − 1, . . . , i2 +
1, i1+0. Then, still writing Bk for {b1, . . . , bk}, one has, according to (Sf11)

YK = R(an,Bk1
) · · ·R(a1,Bkn

) = SKω (An − Bk1
, . . . ,A1 − Bkn

) .

The image of YK under ∂ω, with ω = n · · ·1, is by definition YI , but thanks
to (So16), it is also equal to

(Isf2) YI = SI(An − Bk1
, . . . ,An − Bkn

) ,

the leading term being evidently the Schur function SI(An). It is a special
case of the determinant used in [L1].
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Expression (So7) shows that ∂ω(YK) can be written as the quotient

(Isf3) YI = |R(a,Bk1
), . . . , R(a,Bkn

)|a∈An
/∆(An) ,

i.e.

(Isf4) YI =
∑

µ
(−1)ℓ(µ)

(
R(a1,Bk1

) · · ·R(an,Bkn
)
)µ
/∆(An) .

If I has repeated components, one can reduce the preceeding summation
to a subset of the symmetric group.

For example, for any m ≥ 0, let r = m+ n− 1; then

Y0n−1m = Yr 00...∂1 · · ·∂n−1 = LAn

(
R(a1,Br)

)
.

Now Leibniz formula expresses the image of R(a1,Br) as a summation of
products

∏
(ai − bj).

This can be visualized as follows. A string of boxes, some of them
occupied by a •, means a product of linear factors according to the
following recipe :
” in an empty box at position j, put the factor ai−bj , where i−1 is equal
to the number of dots on the left of the box. Finally erase the •’s.”

For example,

• • • = (a1 − b1)(a1 − b2) (a3 − b5) (a4 − b7) .

Now Yr is equal to a string of r boxes. Its image under ∂1 is equal to the
sum of all strings with one dot,

Y0 r−1 =
∑

. . . • . . . .

The next step, using ∂2, puts one dot in a box right of the existing dot,
and thus Y0 0 r−2 is the sum of all strings of length r with two dots :

Y00 r−2 =
∑

. . . • . . . • . . . .

Finally, Y0n−1m is equal to the sum of all strings of r boxes with n− 1
dots. In other words,
(Isf5)

Y0n−1m =
∑

(a1−b1) · · · (a1−bi) (a2−bi+2) · · · (a2−bj) · · · (an−bh) · · · (an−br) .

Suppressing the void boxes, one could also write this summation as
attached to a diagram of m boxes, with shifts in the indices of the b’s
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given by the contents of the boxes. For more general diagrams, with
B = {0, 1, 2, . . .}, this construction is due to Biedenharn-Louck.

Indeed, ”Stirling interpolation” B = N := {0, 1, 2, . . .} of symmetric
functions involves the specialization of Schubert polynomials YI(A,N),
I = i1 ≤ · · · ≤ in, which are the factorial Schur functions of Biedenharn
and Louck.

In that case, R(a,Nn) = a(a− 1) · · · (a − n + 1) may be considered as
a polarization of the nth-power and may be conveniently represented by
the symbol a[n]. Identity (Isf3) reads now

(Isf6) YI(A,N) =
∣∣∣a[k1], . . . , a[kn]

∣∣∣
a∈An

/∆(An) ,

while (Isf5) becomes
(Isf7)

Y0n−1m =
∑

(a1) · · · (a1−i) (a2−i−2) · · · (a2−j) · · · (an−h) · · · (an−r+1) ,

sum on all −1 ≤ i ≤ j ≤ · · · ≤ h ≤ r.
Expression (Isf6) proves that factorial Schur functions can be char-

acterized by their vanishing properties, as noticed by Okounkov. They
are essential in the study of central elements in the universal enveloping
algebra U(Gl(n)) (Olshanski, Okounkov,Nazarov, Molev).

One can add that factorial Schur functions can also be obtained as
specializations of some Schubert polynomials in A = {1, 1, 1 . . .} and
B = {0, 0, 0 . . .}, the variables being now the components of the index
I (and thus taking only integral values, but this sufficient to determine
them). This leads to the theory of binomial determinants, as a part of
bijective combinatorics so notoriously illustrated by our friend Xavier
Viennot.

The relevant properties of factorial Schur functions are now related to
dimensions of representations of the linear groups or unitary groups, as
functions of the components of highest weight vectors.

Some operations on symmetric functions can be explicited using New-
ton’s interpolation. Let us describe, for example, the uniform transla-
tion A −→ A+ := {a1 + 1, a2 + 1, . . . , an + 1}. Now, divided differ-
ences are invariant under this translation, and (Isf1) becomes, for any
J = j1 ≤ j2 ≤ · · · ≤ jn 00 . . ., denoting YJ/I the image of YJ under ∂[I] :

(Isf8) YJ(A
+) =

∑

I

YJ/I({1, . . . , 1}, 0, . . .0) YJ(A, {0, . . . , 0} .
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Newton interpolation of functions symmetrical in a1, . . . , an,
uses only Schubert polynomials which are symmetrical in a1, . . . , an
(and have leading term a Schur function). In the case where the
interpolation alphabet B is equal to {0, 1, 2, . . .}, these special
Schubert polynomials are called factorial Schur functions.
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The ring of polynomials as a free module over Sym

We have seen that any polynomial in A can be uniquely expanded as
a linear combination of Schubert polynomials. We skipped the proof of
some simple properties of these polynomials. We are going to reinterpret
Newton’s formula, and prove stronger properties that those left unproved.

First, we shall work with a finite alphabet A of cardinal n. We shall
describe the structure of the ring Pol(A) := Z[B][A] of polynomials in A,
with coefficients involving a second alphabet B of the same cardinal, as a
module over Sym(A).

We define a quadratic form :

(Rp1) Pol(A) ∋ f, g ⇒ (f, g) := fg ∂ω ,

where ∂ω is the maximal divided difference relative to A.

LEMMA (Rp2). — The divided differences ∂i, i = 1, . . . , n− 1, are self-
adjoint with respect to ( , ). Therefore, for µ ∈ S(A), ∂µ is adjoint to
∂µ−1 .

Moreover µ is adjoint to (−1)ℓ(µ)µ−1.

Proof. — Given any i < n, factorize ω = σi µ. Then (f ∂i, g) =(
f∂i g ∂i

)
∂µ. Because f ∂i is a scalar for ∂i, the preceeding expression

is equal to (
(f∂i) (g∂i)

)
∂µ

and the symmetry between f and g implies that it is also equal to (f , g∂i).
By product, one gets the assertion for every ∂µ.

Similarly (fµ , g) = fµ g ∂ω = f gµ
−1

µ∂ω = (−1)ℓ(µ)f gµ
−1

∂ω =
(−1)ℓ(µ)(f , gµ−1) .

The code of a permutation µ ∈ S(n) is the vector c[µ] = [c1, . . . , cn]
such that ci := card(j > i, µj < µi). It is immediate that µ −→ c[µ]
is a bijection between S(n) and the vectors c ∈ Nn such that c ≤ ρ :=
[n− 1, . . . , 0, 1] (i.e. ci ≤ n− i, i = 1, . . . , n).

The maximal Schubert polynomial Xω(A,B), that we choose to index
by the permutation ω (:= n . . .1) , is set to be

(Rp3) Xω(A,B) :=
∏

i+j≤n

(ai − bj) .

For any permutation µ ∈ S(n), one defines the Schubert polynomial Xµ

by

(Rp4) Xµ(A,B) := Xω(A,B) ∂ωµ
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recalling that divided differences act only the ai’s.
A permutation is said to be dominant if its code I is dominant, i.e.

weakly decreasing. In that case, it is easy to see that there exists at least
one sequence of operations of the type

(· · · j + 1 j · · ·) −→ (· · · j j · · ·)

which leads from ρ to the code I. This means that there exists at least a
chain

µ0 = ω, µ1, . . . , µr = µ

of dominant permutations, together with a sequence of simple transposi-
tions σ1, . . . , σr, such that

Xµj−1∂σj = Xµj , j = 1, . . . , r .

Supposing that Xµj−1 is equal to the polynomial YK defined in (Nis1),
withK = code(µj−1) = [k1, . . . , kn], let p be the integer such that σj = σp.
Now, because kp = kp+1 + 1, the polynomial YK is equal to a polynomial
F symmetrical in ap, ap+1, multiplied by a single factor (ap−bm), for some
m. Thus the image of YK under ∂p is equal to F , and finally Xµj = F is
the dominant polynomial indexed by the code of µj .

The following property shows that the maximal Schubert polynomial is
a ”reproducing kernel”, modulo the identification (that we note by ”≡”)
of the symmetric functions in A with the same symmetric functions in B.

PROPOSITION (Rp5). — For any element f ∈ Pol(A), one has

(
f(A), Xω(A

ω,B)
)
≡ f(B) ,

modulo the relation Sym(A) = Sym(B).

Proof. — The formula is linear. Writing any monomial as a Schur function
(according to (Sf10)) :

Sij...hk(A, A− a1, . . . , A− a1 − · · · − an−2, A− a1 − · · · − an−1)

we see that the expansion of such a function involves only monomials aJ

with J ≤ (n − 1, . . . , 1, 0) := ρ, as we already have noticed in section
2. In other words, any element of Pol(A) can be written as a linear
combination of monomials aJ : J ≤ ρ with coefficients in Sym(A). On
the other hand, the expansion of Xω(A

ω,B) involves only monomials aI :
I ≤ (0, 1, . . . , n− 1). Therefore, the product f(A)Xω(A

ω,B) involves only
monomials aH : H ≤ (n − 1, . . . , n − 1). Such a monomial has a non zero
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image under ∂ω iff all the exponents are different, i.e. iff the exponent is a
permutation of ρ; in this case, the determinant is obtained by permutations
of columns from the determinant expressing S0...0(A) and thus is equal to
±1.

In any case, this image is independent of A. Consequently, taking A = B

in the evaluation of the quadratic form
(
f(A), Xω(A

ω,B)
)
has the only

effect of replacing symmetric functions in A by the same functions in B.
On the other hand, in the second expression (So7) of the scalar product

(
f(A), Xω(A

ω,B)
)
=
∑

µ
(−1)ℓ(µ)f(Aµ)Xω(A

ωµ,B) /∆(A)

there remains only one term under the specialization A = B, that is for
µ = identity, the term f(B)Xω(B

ω,B)/∆(B) = f(B), as required
More generally, one can obtain divided differences by evaluating scalar

products, as shown by the following proposition.

THEOREM (Rp6). — For any element f ∈ Pol(A), any permutation µ,
one has (

f(A), Xµω(A
ω,B)

)
≡ f ∂µ−1 (B)

Proof. — One has

Xµω(A
ω,B) = Xω(A,B) ∂ωµω ω = Xω(A,B)ω

(
ω∂ωµω ω

)
= Xω(A,B)ω ∂µ ,

and one can shift the divided difference ∂µ to the left of ( , ) thanks
to (Rp2). Now the formula becomes the preceeding one for the function
f ∂µ−1

COROLLARY (Rp7). — The quadratic form ( , ) is non-degenerate. The
space Pol(A) is a free module over Sym with the two adjoint bases
{Xν(A,B)} and {Xνω(A

ω,B)}, for all permutations µ, ν in Sym(A).
More precisely

(
Xν(A,B) , Xµω(A

ω,B)
)
= δµ,ν .

Having the basis adjoint to the Schubert polynomials, one can now
expand any polynomial f in Pol(A) as a linear combination of Schubert
polynomials :

(Rp8) f(A) ≡
∑

µ

(
f , Xµω(A

ω,B)
)
Xµ(A,B)
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=
∑

µ

f ∂µ−1(B)Xµ(A,B) .

The preceeding formula uses the identification Sym(A) = Sym(B).
When n is sufficiently big so that f belongs to the space generated
by monomials aI , I ≤ (n − 1, . . . , 1, 0), then the symmetric functions(
f , Xµω(A

ω,B)
)
are of degree 0 in A, and thus the formula is exact in

that case and coincide with Newton’s interpolation.

One can use (Rp8) to develop a Schubert polynomial itself. The
following formula is a generalization of the expansion of the resultant
R(A,B) as a sum of products ±SI(A)SI′(B) due to Cauchy.

THEOREM (Rp9). — Let A,B,C be three alphabets of cardinal n, and let
ζ ∈ S(n). Then

Xζ(A,C) =
∑

µ,η

Xµ(A,B)Xη(B,C) ,

sum on all reduced factorizations ζ = µη (i.e. factorizations such that
ℓ(µ) + ℓ(η) = ℓ(ζ)).

Proof. — To have the non nullity of Xζ∂η−1 is the same as to require that
the product (ζη−1)(η) be reduced. Taking into account that Xζ(A,C)
belong to the span of monomials in A of degree ≤ ρ, the theorem follows
from (Rp8)

All the operators that we have used are linear combinations of permu-
tations, with coefficients which are rational functions of the ai’s.

For example,

∂1 =
1

a1 − a2
− σ1

1

a1 − a2

∂1∂2 = (
1

a1 − a2
− σ1

1

a1 − a2
)(

1

a2 − a3
− σ2

1

a2 − a3
)

= (1− σ1)
1

(a1 − a2)(a2 − a3)
+ (1− σ2)

1

(a1 − a3)(a2 − a3)

All the computations shown in these notes could be performed in the
algebra of the symmetric group with rational coefficients in A. Let us
call this algebra the algebra of divided differences, not to confuse it with
the group algebra with constant coefficients. In it we have to use the
commutations relations (P denoting the operation ”multiplication by P”) :

{
P∂i= (P∂i) + ∂i P

σi

Pσi= σi P
σi

The next proposition shows that we already know how to pass from
permutations to divided differences, and conversely.
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PROPOSITION (Rp10). — Let A = {a1, . . . , an}, ∆ :=
∏

i<j(ai − aj).
then for any µ ∈ S(A), one has

{
µ =

∑
ν ∂ν Xν−1(AµA)

∂µ=
∑

ν ν Xωµ(A,A
ων)

Proof. — Newton’s interpolation (Rp8) states that for any polynomial f ,
any µ, one has

f(Aµ) ≡ f∂ν(B)Xν−1(Aµ,B) .

The left side can be interpreted as the operator f(A) −→ f(Aµ), that is
µ, while the right side, where, of course, we can put A = B because it does
not affect the left side, is the operator

∑
∂νXν−1(AµA). This is exactly

the first part of the claim.
Similarly, (Rp6) states that f∂µ, evaluated in B, is congruent to∑
f(Aν)Xµ−1ω(A

ων ,B)/∆(Aν), and this is, for A = B, the second part
of the claim, taking into account that

Xν(A, ,B) = (−1)ℓ(ν)Xν−1(B,A) ,

the sign being swallowed by ∆(Aν) = (−1)ℓ(ν)∆(A)

For example, for µ = σ1σ2, one has Aσ1σ2 = {a3, a2, a1} := A′ , and

σ1σ2 = 1 + ∂1X213(A
′,A) + ∂2X132(A

′,A) + ∂1∂2X312(A
′,A)

= 1 + ∂1(a3 − a1) + ∂2(a3 + a2 − a1 − a2) + ∂1∂2(a3 − a1)(a3 − a2) .

Symmetrically,

∂1∂2∆ = 1X213(A,A
ω)+σ1X213(A,A

ωσ1)+σ2X213(A,A
ωσ2)+σ1σ2X213(A,A

ωσ1σ2)

= 1(a1 − a3) + σ1(a1 − a3) + σ2(a1 − a2) + σ1σ2(a1 − a2) .

Without Schubert polynomials, it would have been more difficult to
obtain (Rp10) in the algebra of divided differences (cf. [KK ?]).

For example, to compute ∂µ, one has to start from a reduced decom-
position µ = σiσj · · ·σk, and write accordingly

∂µ = (1− σi)
1

ai − ai+1
+ (1− σj)

1

aj − aj+1
+ · · ·+ (1− σk)

1

ak − ak+1
.

Now, one has to push all the coefficients either on the right, or on the left
according to one’s preferences, and sum all terms σε1

i σ
ε2
j · · ·, ε ∈ {0, 1},

which are decompositions of the same permutation.
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With this method, it is not appearant that the entries of the inverse
matrix which expresses the µ in terms of the ∂ν are the same, up to
multiplication by ∆ and twist of indices. As a by-product however, one
gets a relation between Schubert polynomials and the Ehresmann-Bruhat
order on the symmetric group.

This order is defined by :
ν ≤ µ iff, given an arbitrary reduced decomposition of µ, µ = σiσj · · ·,
then there exists at least one choice of ε such that σε1

i σ
ε2
j · · · = ν.

In other words, we have just observed that in the expansion of ∂µ =
(1−σi)

1
ai−ai+1

+(1−σj)
1

aj−aj+1
+ · · ·, and of µ = (1+ ∂i(xi+1 − xi))(1+

∂j(xj+1 − xj) · · ·, only permutations ν ≤ µ appear.
Comparing with (Rp10), one obtains the implication ⇐ of the following

lemma :

LEMMA (Rp11). — For any pair of permutations ν, µ, one has the
equivalence

ν ≤ µ ⇔ Xν−1(Aµ,A) 6= 0 .

Given two alphabets A, B of cardinal n, the ring K[A], with
K = Z[A], is a free-module over Sym(A). Its Schubert basis
Xµ(A,B) is in bijection with permutations µ in S(n). The adjoint
basis, with respect to the scalar product (f, g) := fg∂ω, is
{Xµω(A

ω,B)}.
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A.LASCOUX & M.P.SCHÜTZENBERGER, Symmetrization operators
on polynomial rings, Funct.Anal.21 (1987) 77-78.
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EXERCISES

Ex. Translate all the following exercises into english.

Ex. Soient n un entier, F (x, y) =
∑

0≤i,j≤n−1 fijx
iyj une forme

quadratique, {y1, . . . , yn} un alphabet de cardinal n. Notant ∆ le Van-
dermonde, montrer que la somme

∆(y1, . . . , yn))F (x, x)−∆(x, y2, . . . , yn)F (x, y1)+· · ·+(−1)n∆(x, y1, . . . , yn−1)F (x, yn)

est nulle.

Muir(1909): Muir V p.198. Prendre l’alphabet A := {x, y1, . . . , yn}. La
somme en cause est la valeur pour z = x = a1 de

∆(A)
∑

a∈A

F (z, a)/R(a, A− a) = ∆(A)LA

(
F (z, a1)

)
.

Cette fonction est bien nulle puisque F (z, y) est de degré ≤ n− 1 en y
Ansi, pour n = 3, on a
∆(y1, y2, y3)F (x, x)−∆(x, y2, y3)F (x, y1) + ∆(x, y1, y3)F (x, y2)

−∆(x, y1, y2)F (x, y3) = 0

Ex. Soit A de cardinal n, P un polynôme d’une variable. Vérifier que
le coefficient de xj, 0 ≤ j ≤ n − 1 dans le reste de P (x) modulo R(x,A)
est égal à

| 1 a . . . aj−1 P (a) aj+1 . . . an−1 | /∆(A) .

Tester l’assertion sur la base {x0, x1, . . . , xn−1, R(x,A), xR(x,A), x2R(x,A), . . .}

Ex. Soit P ∈ Sym(1|n), A de cardinal n+ 1. Montrer que

{uk := LA

(
xkP (x1, x2, . . . , xn+1)

)
}k∈N

est une suite récurrente de polynôme caractéristique R(x,A).
Traiter les cas particuliers

P (x1, x2, . . . , xn+1) = 1

= xn+1
1 x2 · · ·xn+1

= R(x,B) B de cardinal quelconque,

= Sj(x− A)
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{uk} est une suite récurrente de polynôme caractéristique R(x,A) ssi

k ≥ 0 ⇒ uk+n+1S0(−A) + · · ·+ uk+1Sn(−A) + ukSn+1(−A) = 0 .

Dans le cas où P est une puissance de x, disons P = xj , j ≥ 0, la propriété
désirée est

LA

(
xk+nS0(−A) + · · ·+ xk+1Sn−1(−A) + xkSk(−A)

)
= 0 .

Comme la somme initiale est Sk+n(x− A), son image par l’opérateur LA

est Sk+1(A− A) qui est bien nulle dès que k ≥ 0.
Cette nullité est encore vraie pour tout élément P de Sym(1|n), car ce
dernier peut s’écrire comme une combinaison linéaire (à coefficients dans
Sym(n+ 1)) de puissances de x.
Dans le cas P = 1, on trouve uk = Sk−n(A), i.e. la suite
{0, . . . , 0, 1, S1(A), S2(A), . . .} dont les n− 1 premières valeurs sont nulles,
et la suivante égale à 1.
Dans le deuxième cas, on met en facteur x1 · · ·xn+1, et l’on trouve la
même suite récurrente, avec un décalage de n dans les indices et au facteur
a1 · · ·an+1 près.
Ecrivant xkR(x,B) = Sm+k(x− B), où m est le cardinal de B, on obtient
dans ce cas uk = Sm+k−n(A− B).
Dans le cas où m ≤ n, la série

∑
k≥0 ukz

k est égale à

zn−m
∏

b∈B

(1− zb)/
∏

a∈A

(1− za)

Enfin, on facilite le calcul du dernier cas en écrivant xkSj(x− A) comme
la fonction de Schur

(−1)jS1j ,k(A, x)

dont l’image par LA est la fonction équerre

(−1)jS1j ,k−n(A) .

On peut d’ailleurs faire apparâıtre les fonctions équerre comme coefficients
des restes dans la division euclidienne des xk par le polynôme R(x,A).

Ex. Soit A−1 l’alphabet des inverses des lettres d’un alphabet A de
cardinal n + 1. Vérifier que l’opérateur de Lagrange associé à A−1 est
l’opérateur LA−1 : f → (−1)nLA(f · an1a2 · · ·an+1).
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L’opérateur LA−1 est l’opérateurSym(A)-linéaire qui envoie {a01, · · · , a
n−1
1 }

sur 0 et a−n
1 sur 1. Or LA(a2 · · ·an+1) = (−1)n

Remarque: L’opérateur LA−1 est égal au produit ∂′1 · · ·∂
′
n−1, où ∂′i est

la différence divisée relative à la paire de variables 1/ai, 1/ai+1, d’où
∂′i = −∂i(aiai+1).

Ex. Soit A de cardinal n. Montrer que

LA

( xn

1 + x
R(1/x, A)

)

est égal à (−1)n−1(1− a1 · · ·an)

( Polya II p.82 Ex 69) La fonction initiale est
∏

a∈A
(1− xa)/(1 + x). On

peut calculer son image par LA en ordonnant l’alphabet et en utilisant
que LA = ∂1 · · ·∂n−1, après avoir posé x = a1. Seuls deux termes du
développement de (1− a1)(1− a1a2) · · · (1− a1an) ont par LA une image
non nulle, à savoir (pour n=6 par exemple)

(−1)3a3a2a
3
1 −→ (−1)3

(−1)6a6 · · ·a2a
6
1 = (a6 · · ·a1)a

5
1 −→ (a6 · · ·a1)

d’où la formule cherchée.
Une autre méthode est d’utiliser l’alphabet B := {1/a1, . . . , 1/an}. D’après
l’exercice précédent, on a pour toute fonction f d’une variable

LB(f(1/b1) = (−1)n−1a1 · · ·anLA

(
an−2
1 f(a1)

)
.

L’expression demandée est donc

(−1)n−1 1

a1 · · ·an
LB

( R(b1,A)

b1(1 + b1)

)
.

Or (1/b1)R(b1,A) = (1/b1)Sn(−A) + Sn−1(b1 − A) et bi1R(b1,A) =
Sn+i(b1 − A) pour i ≥ 0.
L’image par LB de la somme Sn−1(b1 − A)− Sn(b1 − A) + · · · est égale à

S0(B−A)−S1(B−A)+S2(B−A)−· · · =

∏
(1 + a)∏
(1 + b)

=

∏
(1 + a)∏
(1 + 1/a)

= a1 · · ·an .

Le terme manquant LB

(
(1/b1)Sn(−A)

)
est égal à (−1)n−1Sn(−A)/(b1 · · · bn) =

−(a1 · · ·an)
2, ce qui confirme le résultat obtenu par les différences divisées.
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Ex. Soient A et B deux alphabets de même cardinal n. Montrer que

1− a1 · · ·an =
∑

j

(1− aj)
∏

i,i6=j

(bj − aibi)/(bj − bi)

(Milne ) Pour pouvoir reconnâıtre la formule de Lagrange, il faut introduire
l’alphabet X := {a1b1, . . . , anbn}, tout en gardant l’alphabet B.
La somme à calculer est

∑

j

1

bj

R(bj,X)

R(bj,B− bj)

Cette somme est donc une combinaison linéaire des LB(b
j
1), j = −1, . . . , n−

1. Seules les deux puissances extrèmes donnent une contribution non nulle:
LB(1/b1) = (−1)n−1/(b1 · · · bn) et LB(b

n−1
1 ) = 1

Ex. Relations entre les puissances tronquées d’une série formelle.
Soient f := 1 + xf1 + x2f2 + · · · une série formelle, f |n := 1 + · · ·xnfn la
tronquation de f à l’ordre n.
Exprimer pour tout k ∈ Z les puissances tronquées fk|n en fonction de
f0|n, . . . , f

n|n.

Cayley, Quaterly 14(1877) 83-84. Pour tout j, le coefficient de xj

dans les fk|n est une fonction polynômiale de k, de degré ≤ n. Prenant
l’ensemble d’interpolation Nn := {0, 1, . . . , n}, on a donc d’après Lagrange,
pour fk|n considérée comme une fonction de k

fk|n =
∑

i

R(k,Nn − i)

R(i,Nn − i)
f i|n

= (k − 0) · · · (k − n)
∑

i

(−1)n−i

(k − i)i!(n− i)!
f i|n

Ex. Soient A et B deux alphabets de même cardinal n, ∂B :=
∂1 . . . ∂n−1 la différence divisée relative à B.
Montrer que

(1−a1)(1+an+anan−1+. . .+an · · ·a2) =
1

b1
(b1−b1a1) · · · (b1−bnan) ∂B .
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Pour raisonner par récurrence sur n on décompose le membre de droite en
(b1−b1a1) · · · (b1−bn−1an−1)∂B+−1/b1(b1−b1a1) · · · (b1−bn−1an−1)(bnan)∂B.
La première partie a pour seule contribution non nulle (bn−1

1 −bn−1
1 a1)∂B =

1 − a1. Pour la seconde, on définit B′ = {b1, . . . , bn−1}, on utilise que
∂B = ∂B′∂n−1, et que, par récurrrence,

1/b1(b1 − b1a1) · · · (b1 − bn−1an−1)∂B′

est un scalaire en B. Comme en outre bnan∂n−1 = −an, on a au total

(1− a1) + an(1− a1)(1 + an−1 + . . .+ an−1 · · ·a2)

ce qui est bien le résultat voulu.
On prendra garde que contrairement à l’exercice précédent, on ne peut
introduire un alphabet {a1b1, . . . , anbn} invariant par le groupe symétrique
S(B).

Ex. Que devient la formule de Newton pour l’alphabet

A = {0, a1,−a1, a2,−a2, a3,−a3, . . .}

dans le cas d’une fonction impaire (Interpolation de Stirling) ?
Le cas spécial A = {0, ε,−ε, 2ε,−2ε, . . .} a été utilisé par Gauss pour ses
quadratures.

Les différences divisées f∂1∂2 · · ·∂2n sont nulles, et donc une fonction
impaire s’écrit

f(x) = x
(
f∂1 + f∂1∂2∂3(x− a21) + · · ·+ f∂1 · · ·∂2n∂2n+1(x− a2n) + · · ·

)

Ex. Montrer que la dérivée usuelle, notée Dx, sur les fonctions d’une
variable x peut s’écrire :

Dx = ∂1 + ∂1∂2(x− a2) + ∂1∂2∂3(x− a2)(x− a3) + · · · ,

en prenant un alphabet infini A := {x, a2, a3, . . .} et les différences divisées
associées.

Newton nous donne

f(y) = f(x) + f∂1(y − x) + f∂1∂2(y − x)(y − a2) + · · ·
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d’où l’expression de f ′(x) en faisant tendre y vers x.
Pour avoir les dérivées d’ordre supérieur, on peut combiner formule de
Newton et formule de Taylor, avec toujours le même alphabet A et
y = x+ ε:

f(x+ ε) = f(x) + f∂1 ε+ f∂1∂2 ε(x+ ε− a2) + · · ·

Ainsi le coefficient de ε2/2 est

1

2
f” = f∂1∂2+f∂1∂2∂3(x+x−a2−a3)+f∂1∂2∂3∂4 S2(x+x−a2−a3−a4)+· · ·

Il est plus instructif d’utiliser que les dérivées successives sont des limites
de différences divisées. Cela revient à introduire un drapeau d’alphabets
: Xn = {x1, . . . , xn}, de différences divisées associées δ1, δ2, . . . simul-
tanément au drapeau An = {a1, . . . , an}.
L’image de l’expression de Newton pour f(x1) par le produit δ1 · · · δn
donne

δ1 · · · δn = ∂1 · · ·∂n+∂1 · · ·∂n+1S1(Xn−An+1)∂1 · · ·∂n+2S2(Xn−An+2)+· · · ,

d’où 1/n! fois la n-ième dérivée en faisant tendre les xi vers x1. Le cas
précédent s’obtient en posant x1 = x = a1.

Ex. Soit T l’opérateur de translation sur les suites :

(s0, s1, s2, . . .) −→ (s1, s2, s3, . . .)

Soient f un polynôme d’une variable et A un alphabet. Montrer que
l’opérateur f(T ) est donné par la formule de Newton:

f(T ) = f(a1) + f∂1(T − a1) + f∂1∂2(T − a1)(T − a2) + · · ·

On peut remarquer que les opérateurs en cause sont déterminés par leur
action sur la suite des puissances d’une variable (1, x, x2, . . .) qui est la base
naturelle de l’anneau des polynômes en x. L’opérateur T s’interprète alors
comme l’opérateur de multiplication par x, et f(T ) comme l’opérateur de
multiplication par f(x). Quelle que soit la fonction f , toute décomposition
linéaire de f(x) s’interprète comme une décomposition de l’opérateur
”multiplication par f(x)”, i.e. comme une décomposition de f(T )
Le même raisonnement montre que la formule de Lagrange permet aussi
d’interpoler les opérateurs sur les suites.
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Dans le cas particulier où a1 = a2 = · · · = c la formule de Newton devient

f(T ) = f(c) + f ′(c)(T − c) +
1

2
f”(c)(T − c)2 + · · ·

Ex. Soient A un alphabet infini, Ak := {a1, . . . , ak}, k ≥ 1 les sous-
alphabets initiaux.
Montrer que, pour tous j, k, n on a

Sj+k(An) = Sj(A1)Sk(An)+Sj−1(A2)Sk+1(An−A1)+Sj−2(A3)Sk+2(An−A2)+· · ·

Donné par Newton, pour la fonction xj = Sj(x) en x = 1 et l’alphabet
{a1, . . . , an, an+1 = 1} :
Sj(1) = Sj(A1) + Sj−1(A2)R(1,A1) + Sj−2(A3)R(1,A2) + · · ·
Sj−n+1(An)R(1,An−1 + Sj−n(An + 1)R(1,An)
On divise par R(1,An) et on identifie les termes de degré j + k.

Ex. Prendre l’alphabet Nn = {0, 1, 2 . . . , n} ; soit Ln l’opérateur de
Lagrange associé.
Montrer que Ln(y

x) = (y − 1)n/n! .
Soit f une fonction de Z à valeurs dans un Q-espace vectoriel. Montrer
que ∑

f(n)xn/n! = ex
∑

xn Ln(f)

L’identité

yn = y0 +
y − 1

1!
(n− 0) +

(y − 1)2

2!
(n− 0)(n− 1) + · · · =

(
(y − 1) + 1

)n

que l’on identifie à la formule de Newton pour le développement de la
fonction yx en x = n permet de reconnâıtre les valeurs requises des
différences divisées.

Ex. Montrer que

1

z − a
=

1

z
+

a

z(z − 1)
+

a(a− 1)

z(z − 1)(z − 2)
+

a(a− 1)(a− 2)

z(z − 1)(z − 2)(z − 3)
+ · · ·

C’est la formule de Newton pour la fonction 1/(1−x) en x = a et l’alphabet
{0, 1, 2, . . .}.
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Prenant un alphabet A = {a1 = a, a2, . . .} de cardinal r + 1, et les
alphabets initiaux Nn = {0, 1, . . . , n}, on obtient comme image de cette
identité par les différences divisées en A

1

R(z,A)
=
∑

n

1

R(z,Nn)
Sn−r(A− Nn−1)

Ex. Soit A de cardinal n, et x, y deux variables. Montrer que

( 1

R(x,A)
−

1

R(y,A)

) 1

x− y
=
∑

a∈A

1

R(a,A− a+ x+ y)

Regarder l’image par ∂xy de l’identité de Lagrange

1/R(x,A) =
∑

a
1/R(a,A− a+ x)

Ex. Soit A de cardinal n et LA l’opérateur de Lagrange correspondant
(= ∂1 . . . ∂n−1). Montrer que

LA

(
(z − a1)(z + a2) · · · (z + an)(a1 + a2) · · · (a1 + an)

)
=

= (z − a1) · · · (z − an) si n impair
= −2

∑
z2n−2j−1Λ2j+1(A) si n pair.

Ex. Soit A un alphabet fini, x, y deux variables, A♣ l’alphabet
{ 1
a−x}a∈A. Montrer par récurrence sur le cardinal de A en utilisant les

différences divisées que

R(x,A)/R(y,A) =
∑

k≥0

(y − k)kSk(A
♣) .

Ex. Soit A de cardinal n ≥ 2, et ω la permutation maximale de S(A).
Montrer que l’image de 1/(1− a21)(1− a22) par πω est égale à

∏

i

1/(1− a2i ) .

En déduire que Sk(ψ2(A)) =
∑

i≤k(−1)iSi,2k−i(A), où ψ2(A) := {a2}a∈A.
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Posons F (a1, . . . , ak) =
∏

i≤k 1/(1 − a2i ). Pour le cardinal 3, on écrit la

fonction de départ F (a1, a2) = (1− a23)F (a1, a2, a3). L’image par π1π2π1
de a23 étant nulle, on a donc F (a1, a2)π1π2π1 = F (a1, a2, a3).
On itère le calcul sur les triples de variables consécutives, en factorisant à
gauche πω = πkπk+1πkπω, k = 1, . . . , n− 2.
On obtient ainsi que l’image de F (a1, a2) par πω est égale à celle de
F (a1, . . . , an) par πω, i.e. à F (a1, . . . , an).
Or F (a1, a2) =

∑
0≤i≤k(−1)iSi,2k−i(a1 + a2) et chaque fonction de Schur

Sij(a1 + a2) a pour image par πω la fonction de Schur Sij(A)

Ex. Soit A un alphabet fini. Montrer que

∑
zcolSI(A) =

∏

i

1

1− zai

∏

i<j

1

1− aiaj

par récurrence sur le cardinal de A, en utilisant le symmétriseur isobare
πω. La somme porte sur toutes les partitions I de longueur <= card(A), et
col est le nombre de colonnes impaires du diagramme de I, i.e. le nombre
de parts impaires de la partition conjuguée Ĩ.

Ex. Soit A un alphabet de cardinal fini n + 1, f une fonction d’une
variable. Soient les opérateurs isobares δi := πi − 1 = ∂i ai+1.
Donner le développement de l’image de f(a1) par πω en fonction des
images successives de f par les opérateurs δi.

Comme f est une fonction d’une variable, fπω = fπ1π2 · · ·πn. Supposons
par récurrence que

fπ1π2 · · ·πn−1 = f(a1) + fδ1 + fδ1δ2 + . . .+ fδ1 · · · δn−1

L’image de cette identité par πn = 1 + δn ne fait apparâıtre que le terme
supplémentaire fδ1 · · · δn car δn annule tous les termes qui ne contiennent
pas an, c’est-à-dire tous les termes du membre de droite sauf le dernier

Dans le cas de la fonction f = 1/(1− x), l’identité démontrée est

1

(1− a1
πω =

1

1− a1
+

a2
(1− a1)(1− a2)

+
a3

(1− a1)(1− a2)(1− a3)
+ · · ·

Ex. Soit A = {a, b, . . . , c, d} de cardinal n. Montrer par récurrence sur
n à l’aide du symmétriseur isobare maximal πω que

S12...n(A)/(1− a2) · · · (1− d2) =
∑

S1...n−1,n+2j(A)
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Par exemple S12(a+ b)/(1− a2)(1− b2) = S12 + S14 + S16 + · · ·

L’identité résulte de ce que d2S1...n−1(a+ b+ · · ·+ c) πω = 0.
Une démonstration plus élémentaire résulte de l’expression des fonctions
de Schur comme quotient d’un déterminant de puissances des éléments de
A par le Vandermonde en A (formule de Jacobi).

Ex. Soit {Sk} une suite récurrente d’ordre n, i.e. une suite du type
{Sk(A− B)}, avec card(A) = n, card(B) < n. Soit r un entier 0 ≤ r ≤ n.
Montrer que la suite {Tk := Skr (A− B)} est une suite récurrente d’ordre(
n
r

)
.

Soit Ar le sous-alphabet des r premières lettres de A, et soit k ≥ card(B) =
m. On a Skr (A − B) = R(A,B)(a1 · · ·ar)

k−m et
∑
zkSkr(Ar − B) =

R(A,B)/(1− za1 · · ·ar).
L’image de cette identité par πω est

∑
zkSkr(A− B) = P (z)/

∏
(1− zaa′ · · ·a”) ,

où le produit en dénominateur porte sur tous les r-uples d’éléments de A,
et où le numérateur est le polynôme image de

R(A,B)
(∏

(1− zaa′ · · ·a”)/(1− za1 · · ·ar)
)
par πω.

Le degré en z du dénominateur de la fonction rationnelle∑
zkSkr(A− B) est bien

(
n
r

)
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