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CHAPTER 1

Symmetric Functions

(A RA R AR EEEEEE EE

1.1. Elementary symmetric functions

An alphabet A = {ay, as,...} is a totally ordered set of indetermi-
nates. One writes A + B for the disjoint union of two alphabets.

Taking an extra indeterminate z, one has three fundamental series
(1.1.1)

n8) = [T +20) , 0u(d) = [[—— , w.(a) =33 #a/i,

1—za
a€A a€A i=1 a€A

the expansion of which gives the elementary symmetric functions AY(A),
the complete functions S*(A), and the power sums ¥;(A) :
(1.1.2)

o0

A(A) =D 2A(A), 0.(A) =) 2 SHA), T(A) =D FT(A)/i

i=1
Since log(1/(1 — a)) = >_,.,a'/i, one has

(1.1.3) 0. (A) =exp (¥.(4)) , W.(A) =log(o.(A)) .
Addition of alphabets implies product of generating series

(1.1.4)  AA+DB) =AA)ANMB) , 0. (A+B)=0.(A)o,.(B).

At the level of the individual symmetric functions, (1.1.4) gives

(1.1.5) AMA+B) = ) ANANB),
(1.1.6) S"A+B) = ) S'(A)S(B) .

Since one can invert formal series beginning by 1, or take any power
of them, one can extend (1.1.1) by setting :

117) on(A—B) = eal =20 ) e

HaEA(]‘ — 2a)

1



2 1. SYMMETRIC FUNCTIONS

When B = 0, or A = 0, one recovers the two series o,(A) and
o.(—B) = A_.(B).

Notice that the addition of alphabets satisfies the usual properties
of addition : o,(—A) is the inverse of o,(A) because A — A = 0 and
0,(0) = 1. Similarly, the identity (A+C)— (B+C) = A—DB translates,
at the level of generating series, the fact that

Hb(l — 2b) Hc(l — 2¢) _ Hb(l — 2b)
[I.A—2a)[[.(1 —2¢) I, (1—za)"

and nobody will deny that one may simplify a factor common to the
numerator and denominator of a rational function !

Writing A + B for the disjoint union of alphabets forces us to con-
sider a finite alphabet as the sum of its sub-alphabets of cardinality 1,
i.e to identify A and ) _, a, and write

Sk(a1+a2+---+an—b1—---—bm)

instead of S¥(A — B), when we shall need the letters composing the
finite alphabets A and B.

In particular, an indeterminate = has to be considered as an alpha-
bet of cardinality 1. Very often, we shall use symmetric functions in
A+zorA—ux

1.2. Matrix Generating Functions

Let z stand now for the infinite matrix with diagonal j —: = 1 filled
with 1’s, all other entries being 0’s.

Since 2¥, k € N, is the matrix with 1’s in the k-th diagonal above the
main diagonal, and 0 outside of it, we see that now o,(A) is a Toeplitz
matrix (i.e. a matrix with constant values in each diagonal), that we
shall denote by S(A); similarly \,(A) is a matrix denoted L(A) :

(121)  S(A) = [Sj*i(A)] & L(A) = [Aj*i(A)]

SO(A)  SYA) S*(A) S*(A)
STLA)  S°(A)  SU(A) S%(A)
S(A) = |s5-2(A) S 1(A) S°(A) S'(A)
A°(A) A A (A) A%
“1(A) A
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These matrices are upper triangular, but it is wiser to write entries S=*
rather than their value 0.

Addition or subtraction of alphabets still correspond to product of
generating functions, whether z is an indeterminate or a matrix makes
no difference :

(1.2.2) S(A+B) =S(A)SB)*! & L(A+B) =LA LB .

Indeed, formulas (1.1.5) and (1.1.6) exactly tells that an entry of the
matrix S(A £+ B) (resp. L(A 4+ B)) is a sum of products of entries of
S(A and S(£B) (resp. L(A and L(£+B)) of appropriate indices.

1.3. Schur Functions

The advantage of matrices, compared to formal series, is that they
have minors, that we shall index by (increasing) partitions, or more
generally, by vectors with components in Z. More precisely, given
I={(iy,...,in) €Z", J = (j1,--.,Jn) € Z" one defines the skew Schur
function S;/;1(A) to be the minor of S(A) taken on rows i; + 1,4y +
2,...,ip+n and columns j; + 1, ..., j, +n (we define the minor to be
0 if one of these numbers is < 0). When I = 0" , the minor is called a
Schur function and one writes S;(A) instead of Sj/on(A).

In other words,

(1.3.1) Syyi(A) = | SRR (A ‘lgh,kﬁn :

The expression of a Schur function as a determinant of complete
functions is called the Jacobi- Trudi determinant (we shall see that there
is also another expression in terms of elementary symmetric functions).

One can enter a (decreasing) partition or a skew partition.

Matrices are transposed along the antidiagonal,

compared to the conventions in the course.

ACE> SfJtMat([5,4,11), SfJtMat([ [5,4,11,[2,11 1);
(h5  h6  h7] [h3  h5  h7]
[(h3  h4  h5], [h1  h3  hb]
[0 1 hi] [0 0 hi]

One can visualize the Schur function S;/; as being obtained from
the initial minor of the same order, by shifting the columns by .J, and
the rows by 1 :

0 1 2|—i O4+71—101 14+Jgo—11 24j3—1

-1 0 1/|—iy N —14+j1—12 O04jo—is 14 J3—19

-2 -1 0] —u 2450 —i3 —1+j2—13 0+j3—13

o Je Js |
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It is convenient to also use determinants in elementary symmetric
functions :

(1.3.2) Agyr(B) = [ ARTFETR(A) ‘lgh,kﬁn :

Of course, one must not forget that A*(A) = (=1)'S*(—A), i € Z,
and thus the A;/;(A) are also skew Schur functions in -A (we shall
see that they also are Schur functions in A, but indexed by “column
lengths”).

To write easily a Schur function S;(A), one first writes the diagonal,
then complete the columns, increasing or decreasing indices by 1 when
moving up or down :

S1(A) Si(A)  S3(A) Se(A)
J=11,24] = Sy (A) = | So(A)  So(A) 5 (A) | = Si24(A)
Si(A) S_1(A) Si(A) Si(A)

One needs to enlarge the definition of a Schur function to be able
to play with different alphabets at the same time.

Given n, two sets of alphabets {A;, Ay, ... A}, {By,By,...,B,},
and J € N*, we define the multi-Schur function

(1.3.3)  S;(A; —By,..., A, — B,) ‘Sywk n(Ay — By) ‘1<h k<n

In the case where the alphabets are repeated, we indicate by a
semicolon the corresponding block separation : given H € ZP, K € 779,
then Sy, x(A—B; C—D) stands for the multi-Schur function with index
the concatenation of H and K, and alphabets A; = --- = A, = A
B,=---=B,=B, A1 =--=4A,,=C, B, =---=B,,, =D

To write a multi-Schur function easily, one first fills the diagonal,
then completes columns by keeping the same alphabet in each column :

S1(A) Si1(A)  S3(A) Se(B)
512;4(A; ]B) = SQ (A) = So(A) SQ(A) 55(13)
Sy (B) S 1(A) Si(A) Sy(B)

Enter an increasing partition, and a list of alphabets
SchurDrap:=proc(pa,lA) local n,i,j,ma; n:=nops(pa);
transpose (array ([seq(
map (proc(x,i,11) if (x>0) then s[x](op(i,11)) elif (x=0)
then 1 else 0 fi end, [seq(palil-j+i,j=1..n)]1,i,1A),i=1..n)] ));
end:
ACE> SchurDrap([1,3,5], [A1,Al, A2-A3]);
[s[1] (A1) s[4] (A1) s[7]1 (A2 - A3)]
[ 1 s[3] (A1) s[6] (A2 - A3)]
[ O s[2] (A1) s[6]1 (A2 - A3)]
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Far from being a complication compared to usual symmetric functions
in an alphabet only, multi-Schur functions allow easier induction, be-
cause they can be easily transformed.

Notice that for any £ € N, any A, any x, one has

SH(A —2) = S*(A) —z S*L(A) .
Now, if in the determinant expressing a multi-Schur function of order
n, one replaces in row 4, i < n, (denote it r;) all the alphabets A, — By,
by Ay — By — x, then r; is transformed into r; — x7;41, and the value of
the determinant is unchanged.

Iterating the reasoning, given two indeterminates x,y, one can
change in row 4, ¢ < n—1, all the alphabets Ay — B, by Ay — By —x—y,
and the value of the determinant is constant because the transforma-
tion has changed r; into r; — (x+y) 1541 + Y 1i42. It is not difficult to
give the general law, transforming rows by linear combination of rows
below it!. In final, the following “transformation lemma” tells which
subtraction are possible in a multi-Schur function :

LEMMA 1.3.1. Let S;(A; — By, ..., A, —B,) be a multi-Schur func-
tion, and Dy, Dy, ..., D,_1 be a family of finite alphabets such that
cardD;) < n—i,1 <i<n-—1. Then S;(A; —By,...,A, —B,)
1$ equal to the determinant

‘ Sjk+k—i(Ak — B — Di) ‘19,1@1
Proof. Indeed the transformation has consisted in changing row ¢ into
the linear combination
ri+ g ST(D) 4 rige S(-Dy) 4 - + 1, SVTH(-Dy)
because, for any A B, any j € Z, one has
Si(A-B-D;) = S;(A-B)+S;_1 (A-B)S" (-D;)+- - +S;_npi(A-B) S (-Dy) .

U
Thanks to the lemma, we can transform the expression of S;(A-x).

LEMMA 1.3.2. Let J € N*, k € N, A B be arbitrary and x be an
indeterminate. Then

Proof. In the determinant on the right, subtract z to all rows except
the bottom one. Then the last column becomes

SE0) =0, ...,5"(0) =0, S*(z) = 2F |

'but remembering that the row index must not be greater than n. This is why
one cannot subtract « in the last row, nor x + y in row rp,_;.
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and the cofactor of the entry z* is indeed S;(A-B — x). O

1.4. Resultant

Schur functions indexed by rectangular partitions? play a special
role. They appear in many classical topics of 19th century mathemat-
ics: elimination theory, continued fractions, etc. In particular, they
allow to express the resultant of two polynomials in x, and we shall
give many applications of this fact.

Given two finite alphabets A = {a}, B = {b}, of respective cardi-
nalities «, 3, let the resultant of A;B be

RAB) =[] [J(c - -

a€cA beB

PROPOSITION 1.4.1. The resultant of two alphabets A, B is equal to
the Schur function

(1.4.1) Sga(A—B) = (-1)* S (B — A) .

Proof. Choose a letter a € A and subtract (A—a) from the top row of
the determinant expressing Sga (A — B). The determinant obtained is
equal to the Schur function Sga-1.5(A-B;a-B) (up to symmetry with
respect to the middle, compared to the usual conventions). Now, one
can subtract a from all the columns, except the first one. The first row
has become

Sg(a—]B%), Sﬂ+1 (—IB) = 0, Cey Snga,l(—B) =0 y

the zeroes being due to the fact® that S*(-B) = 0 for k¥ > 3. Therefore
the new determinant factorizes into

Sp(a-B) Spo-1 ((A-a) = B) = [ [(a = b) Spa—1 ((A-a) - B)

beB

and the result follows by induction on «.

2partitions with equal parts; we shall write m”, or O when m,n have been
fixed.

3The elementary symmetric functions of a finite alphabet of degree higher than
the cardinality are null.
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For example, for a = 3, § = 5, one has

S°(A-B) SS(A-B) S7(A B)
Sss5(A-B) = [SY(A-B) S°(A-B) S°(A-B)| =
S3(A-B) S*A B) S°(A B)

S$5(a-B) S%(a-B) S'(aB)| [S(aB) S(B) S7(-B)
SYA B) S5(A-B) S°(A B)|=|S'AB) S°(AaB) SS(A a B
S3(A-B) S‘A B) S°(A-B)| |S*(A-B) SYA aB) S(A a B

The simplest case of a resultant is when A has only one letter:

R(a,B) = [[(a - b) = $°(a - B) .

beB
Note that

SPtia—B) =a', SP(a—B),i>0.

This is given by the generating function o,(a — B), but more simply,
one can add ¢ letters to B, and specialize them to 0.

1.5. Padé Approximants

Let us just give one application of rectangular Schur functions, the
interpolation of functions in one variable f(z) by rational functions
N(2)/D(z) of fixed degrees.

By “function”, we mean, following Lagrange, a formal series in z
which is supposed to be the Taylor expansion of a function in the
neighbourhood of 0, and hopefully, even farther.

Forgetting the word “interpolation”, and using alphabets, the prob-
lem we have to solve is the following :

given an alphabet E, and two positive integers «, 3, find two finite
alphabets A, B: |A| = «, |B| = 3, such that
N(z) _
D(z)

In other words, we require that the two Taylor series coincide up to
the highest possible degree, having « 4+  parameters at our disposal.

We could also say that we want to extract A, then B from the first
complete functions of A-B (which are equal to those of E).

This problem was solved by Cauchy, Jacobi, &c., but this is Padé
who made a systematic study of it and took the patent.

Having promised an application of resultants, I must force them to
appear. Instead of writing

o.(A-B) =[]0 -20)/ [](1 - za)

beB a€A

(1.5.1) o.(E) = o,(A —B) mod 2T+
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let us take x = 1/z and multiply numerator and denominator by
R(A,B). Then
N(z) _ a—p R(z, B)R(A,B) _ a—B R(z + A, B))

D(z) " R(@ARBA) _  R(+BA)
But now, our rational fraction has become the quotient of two re-
sultants, and we can write it :
N(z
[B/O[] = L = :tafaiﬂ Sﬂa—H (A 4+ — IB) S(5+1)a (A —B— :L‘)fl.
D(z)

The two determinants involve only, apart from z, the complete
functions S'(A-B),..., S*P(A-B), that is, ezxactly those which coin-
cide with the coefficients of the series.

Therefore, we have solved the problem, and obtained

N
(152) DEE; — :tl‘a_ﬂ SBaJrl (E + :L") S(ﬂ+1)a (E - .Z‘)_l y

Thanks to to the different expressions of the resultant, the Padé

approximant can be written :

ZﬂS(oH»l)ﬁ(IB_A - %)

2S(g41)2 (A-B — 7)

_ (1) ZﬂSﬂa+l(A*]B+ %) _ (_ B
2*S(p 1) (A-B - 3)

(1.5.3) (-1)*F+ats

zﬂA(a+1)B (A-B+ %)
2*Agi1ye (B-A + 1)

Do not forget that, for any A, any x of rank 1, on has the de-
compositions S¥(A+z) = Y, 2/ S*1(A), S*(A-z) = S¥(A) —zS*1(A),
A¥(A+z) = A¥(A)—xA*=1(A). This shows how to expand the preceding
functions in terms of x.

In fact, using our favorite transformations on Schur functions, we
can restrict 1/z to only one column and write :

1
~)
These expressions can be found in the literature: (1.5.4) is due to
Jacobi [7], while Sylvester [30, I n 57] gave the second expression of
(1.5.3).
The explicit expansion of the numerator and the denominator of
the Padé approximant, in terms of the Schur functions of A — B, is

(1.5.5)
[8/a] =

(1.54) [B/a] = (-1)*2" * Sg 50 (A-B + %;AB) / S@+1ye;0(A-B;

Sﬂa + sza + ZQSgga +--- ZBSﬂﬂa
S@a — ZSBa7176+1 + Z2Sﬂa727(ﬂ+1)2 + e+ (—Z)a5(5+1)a ’
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For example, for § =1, = 1, one gets

[1/1] = % =14 28" + 2282 4 23522 /St 4 218222 /51 ...
for =1, =2,
[1/2] = Si fllgji122522 = 1+z51+z252+z383+z4%i’_5222+
for 8 =2, =1,
2/1] = % +;512;:2522 =1+ 28"+ 225 + 25 + z4SS—Bj 4.

and for § =2, = 2,
S S 25' 5144 _ 25234 5333
2 TN FEOM )62 GR SR A R A

Sog — 2593 + 22533 Sao

1.6. Cauchy Formulas

The resultant is a Schur function in a difference of alphabets, and
consequently, a minor of a product of two matrices.

The Binet-Cauchy theorem for minors of the product of two matri-
ces implies, in the case of the product

S(A—B) =S(A)S(-B) = S(A)S(B)~*

the following expansion of skew-Schur functions:
(1.6.1) Sy/r(A+B) Z S1/x(A) Sk/r(-B)
= (DS, k() Sk~ 1~ (B)

sum over all partitions K.
Applying it to the resultant, one gets

R(A,IB) = H a—b ZS[ SD/[ )

a€ch, beB

(1.6.2) = Z(—n@/ S1(A)Sty i ~(B)
I
where O = %, a = card(A), B = card(B).
Taking inverse variables, and using the correspondence between the
Schur functions in ay, as,. .., and those of 1/aj, 1/ay, ..., one can give
the following second form of Cauchy formula :

(1.6.3) [T (1 -ab)=01(-AB) => (~1)"1S,(A)S~ (B) .

a€ch, beB I
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Now, the cardinalities have disappeared, the formula is valid for
any infinite A, B, i.e. for two formal series, and one can replace B by
-B, thus obtaining the most common form of Cauchy formula :

(1.6.4) [ 1—ab)™ =01(AB) = S/(4)S;(B) .
a€h, beB 1

Coding Schur functions by diagrams of partitions, one can visualize
(1.6.2) and (1.6.4) by pairs of complementary diagrams®, or pairs of
identical diagrams, white diagrams coding Schur functions in A, black
ones in B :

|

oo O O
_ ]
I!(ab)—SS—SSI+SDII+SS.—SIII
a”
_SD=I+DD==+S=II_D==I+===7
O m
H(l—ab)fl:l—i-Dl—l—DDII+S=+DDDIII+SD=.+S=

a,b

1.7. A-rings

Schur functions are called Schur functions not because they were
defined by Schur, but because it is considered that their true meaning
appears in relation with representations of the linear group®.

What we have already used in fact, is that Schur functions are func-
tors, because we took as an argument formal expressions in alphabets
like A — B, (A-B)(C+D) instead of only sets of variables.

In fact, what we really want is to consider symmetric polynomials as
operators. On what ? For the present, operating on polynomials will be
enough. And since symmetric functions can be expressed as functions
of power sums, it will be sufficient to define the functor power-sum V;,
acting on polynomials in the following way :.

(1.7.1) P=Yau = W(P) =) au,

a,u

“we have taken A, B of cardinalities 3,2; the enumeration involves all pairs of
partitions of complementary shape in the rectangle 3 x 2.

®But they also can be interpreted as Schubert cycles in the cohomology ring
of Grassmann varieties, and it is a matter of taste to rate representation theory
higher than geometry. In fact these two interpretations are closely related. As for
concerns Schubert polynomials, the cohomological interpretation came also before
representation considerations.
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where o € C, and u is monom.

It is a little surprising that such a simple rule can be of interest at
all, but in fact it really implies the full theory of symmetric polynomi-
als. The non-trivial point is that ¥; acts differently on constants and
variables.

Using the generating functions of complete functions or elementary
symmetric functions in terms of power sums, one can rewrite :

(1.7.2) P=> au— \(P)=][]Q+z2u),
(1.7.3) P:ZauHaz(P) :H(l—zu)’a .

Explicitly, the action of the elementary functors on constants v and
variables x is :

(1.7.4)
[Hio 0. Sl ("), M=)
U(x) =a", ( ) =a", A(z)=0,i>1, A(z)==x

Of course, a constant can be variable, and a variable can be spe-
cialized to a constant. Thus, in the present case, the terminology “con-
stant” and “variable” or “indeterminate” is confusing. What we have
in our ring, on which operate ¥;, S, A’, are two basic objects: the ele-
ments of binomial type a,, which are invariant under all the ¥;, and the
elements of rank 1 which are annihilated by all A’, 7 > 1 (and different
from 0).

Notice that an element which is of binomial type and of rank 1 must
be equal to 1. This has the consequence that one cannot specialize
“variables” in a way compatible with the action of power sums, apart
from specializing to 1, or 0.

Of course, one can use A-rings to prove an algebraic identity A = B,
and then use any specialization of both members A, B.

For example, given the rank-1 elements z,y, (, «, 3,7y, the n-th Le-
gendre polynomial P,(x) is the specialization of the following different
elements :

Pu(x) = S"((y+y")/2)
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in

+1 -1 1-
y::r—l—\/xLl,(:fl,a:%,b:%,c:Tx.

Let us just write the different expressions for n = 2, leaving as an
exercise the general case.
S%((y +y~')/2) expands, thanks to Cauchy formula, into

S2(1/2)Sa(y +y~ 1) + S11(1/2)Si1(y +y )
=3/8(y°+1+1/y*) —1/8y/y ,

S%(3x — 2(C+ 1)) = S*(3z) — (3x)(2¢ +2) + A*(2¢ + 2)
=1—6x+4¢+ (% — 6x( + 627,
S%(3b — 2¢) = b*S?(3) — 6bC + ¢* = 60> — 6bC + (*
A%(2 — 3¢) = A*(2) — 6¢c+ ¢*A*(=3) = 1 — 6¢ + 6¢
A%(2a + 2b) = a*A%(2) + dab + b*A%(2) = a* + 4ab + b? |
and all these functions specialize to
Py(z) = 32%/2 — 1/2 .

R R AR R R R A
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Exercises

Ex. 1.1. Let A be arbitrary, k£ be a positive integer. Express the
product S*(1 — zA) 0, (A) in the basis of Schur functions.
Solution. The product to decompose is made of two factors of dif-
ferent types. To make it more uniform, and easier to interpret, one
introduces an alphabet B of cardinality &, such that S*(—B) = S'(—A),
t=0,...,k. Then

Sk(1-2B) 0, (A) = 0,(-B) 0, (A) = 0,(A-B)
= Z"S"(A-B) = > 2"S,0:(A; B) |

using our favourite transformation of Schur functions.

The determinants S,,. o« (A; B) involve, as for concerns B, only com-
plete functions of degree < k, but for those degrees, one can replace B
by A, and therefore the sum is

> S0 (A) = (-1)F > S ;i (A).
J

Ex1l:=proc(k,n) 1local i,pol;

pol:=1+convert([seq((-z) i*e.i,i=1..k)], ‘+);

map (Tos,taylor(pol*(1+convert([seq(z"i*h.i,i=1..n)]1,‘+)),

z, n+l),collect); end:

ACE> Ex1(3,6);

s[] -s[1,1,1,1]1z"4 -s[2,1,1,1] z°5 -s[3,1,1,1] z"6 +s[]0(1)z"7

Ex. 1.2. Let I = [iy,...,i,| be a partition, n an integer : n > i,.
Check that
Sr.on(A,B) = S;(A—DB) .
Solution. Since B is of arbitrary cardinality, one cannot directly
apply the transformation lemma of multi-Schur functions given in the
course.

# 1incr=increasing partition, 1A=1list of alphabets
MultiSchur:=proc(incr,1A) local n,i,j,ma;
n:=nops (incr) ;
transpose (array ([seq(
map (proc(k,i,11) if (k>0) then s[k](op(i,11)) elif (k=0)
then 1 else 0 fi end, [seq(incr[i]-j+i,j=1..n)]1,1i,1A),i=1..n)]));
end;
ExSchur2:=proc(pa,n) local i,v; # pa=decreasing partition
v:=[seq(palnops(pa)-i],i=0. .nops(pa)-1) ,08%n];
MultiSchur (v, [A1$nops(pa), A2%n])
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end:
ACE> aa:=ExSchur2([2,1], 3);
[s[1](A1) s[3](A1) s[2] (A2) s[3]1(A2) s[4]1(A2)]

[ 1 s[2] (A1) s[1] (A2) s[2] (A2) s[3](A2)]
aa := [ 0 s[1] (A1) 1 s[1] (A2) s[2] (A2)]
[ o0 1 0 1 s[1] (A2)]
[ O 0 0 0 1 ]

ACE> SfAExpand(det(aa));

s[2,11 (A1) -s[1]1(A2)s[1,1]1 (A1) -s[1] (A2)s[2] (A1)+s[1]1(A1)s[1,1](A2)
+ s[1]1 (A1) s[2](A2) - s[2,1]1(A2)

ACE> SfAExpand(s[2,1](A1-A2));

s[2,11(A1)-s[1]1(A2)s[1,1]1 (A1) -s[1] (A2)s[2] (A1)+s[1](A1)s[1,1](A2)
+ s[1]1 (A1) s[2](A2) - s[2,1]1(A2)

However, the Laplace expansion of the determinant Sy, o-(A,B)
along the last n columns shows that, as a function of B, it belongs
to the linear span of the products S7*(B) - - S7(B), which is also the
linear span of Schur functions S,(B), J € N*. Similarly, S;(A — B) =
> £S1/5~(A)S;(B), with the same limit on the number of parts of J
because n > 1,.

Now, a symmetric function which belongs to the linear span of S,
J € N* | is null (as a function of an arbitrary alphabet) iff it is null on
alphabets of cardinality n.

We therefore have only to check the required identity for B of car-
dinality n, in which case it is given by subtracting B to the top rows
of S[;On (A, IB)

Ex. 1.3. Let A be arbitrary, x be a rank-1 element, m,n € N.

Decompose the polynomial S,,»(A + x) in the basis of polynomials
{S¥(A+z) : k=0,1,2,...} (all polynomials considered as polynomials
in x with coefficients in Gym(A)).
Solution. Subtract x to all the rows, except the last one. The entries
of the last row are complete functions of A + x, and the other rows are
independent of x. Therefore, the expansion of this new determinant
along its last row is the required decomposition.

Ex. 1.4. Express the coefficients of the Taylor expansion (in z) of
the rational function

[Ja-20)/ ] - 2a)

beB a€A

in terms of the coefficients of the numerator and denominator.
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Solution. The function is 0,(A-B) = > 2"S"(A-B), but we want
only to see the S*(-A), S7(-B). We have just to write

S"(A-B) = (-1)"Sin(-B+ A) = (-1)"Sin,o(-B; -A) ,
thanks to Ex. 1.2.

Ex. 1.5. Let A be arbitrary, x be rank-1 element, and B of cardi-
nality 4 be such that

S4444(A + ZL‘) = S444(A) 54 (B + l‘) .

Show that Sy(B — A) = 0.
Solution. With the function S;(A — B), one could have thought of
writing it as Sio000(A; B), but this is not the function that one has to
study, and moreover the hypothesis that B be of cardinality 4 is not
necessary as we shall see.

The hypothesis is that

3745444(A)+l‘3 51444(A)+332 So144(A)+2S3444 (A)+Sa444 (A) = Syaaa(A+1)
= S444(A) 54 (IB—F.CL‘) = S444(A) (.I'4+ZL'351 (IB)+I‘2 SQ(IB)+$S3 (B)+S4 (B)) .
Expanding Si(B — A) = Si(B) — S3(B)S1(A) + -+ + Sun(A), and

replacing the complete functions of B by their values in terms of A,

one is asked to check the nullity of

S1144(A) —S3144 (A) S1 (A)+S2444 (A) S11 (A)—S1444 (A) S111 (A)+S144 (A) S1111 (A)

but it easier to interpret this sum writing the Schur functions as deter-

minants in A*(A) (this just involves taking conjugate partitions) :

Ngaaa (A) = Azgaa (A)Ag (A)+Az344 (A) Az (A) = Azz34 (A) Az (A)+Asz333 (A) Ay (A)
Now, one sees that the sum is the Laplace expansion of the deter-

minant Ayyqq0(A) = 0 along its last column.

EXx. 1.6. Given two finite alphabets A, B, and a partition I, write
Sr(A+B) [[,cnpen(a —b) as a multi-Schur function.
Solution. Let A, B be of respective cardinality «, 3, and let [1 = 5.
Then, from Lemma (1.3.1), one gets

Si(A+B) [[(a—b) = Si-,0(-B; A-B) = Sj~,0~(-A; B-A) .

Ex. 1.7. Let A be of cardinality n, and I,.J € N*. Show that the
determinant
| Sjthttinps (A)]
factorizes into S;(A) S;(A). What can be said if n is not the cardinality
of A7
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For example, for n =3, I =[1,3,3|, J = [2,4,6], one has

0 1 213
—1 0 113 S5 Sg 511
-2 -1 0|1 — Sy 57 Sio| = Si33(A) Saus(A) .
St Sy Sy
2 4 6‘ 1
Solution.

ACE> aa:= ProdSchur([2,6], [0,2]);
[h4 h9]
[hi hé]
ACE> factor(Toe_n(det(aa));
€272 (- e2 +el”2 ) (el”4 - 3 e2 el™2 + e27°2)
# Preceding determinant is s[ 84/20 ]. Take conjugate partitions
ACE> map(Toe_n, SfJtMat([[2$4,18$4]1,[1,111, ’e’));

[el e2 el eb 0 0 0 0 ]
[1 el e3 ed eb 0 0 01
[0 1 e?2 e3 ed eb 0 01
[0 0 el e2 e3 ed eb 01
[0 0 0 1 el e2 e3 ed]
[0 0 0 0 1 el e2 e3]
[0 0 0 0 0 1 el e2]
[0 0 0 0 0 0 1 el]

Ex. 1.8. Compute the adjoint matrix of a Jacobi-Trudi matrix.
For example

ACE> SfJtMat ([5,4,1]), map(Tos, adj(SfJtMat([5,4,11)));
[h5 h6 h7] [ s[4,1] -s[6, 1] s[6,5] ]
[h3 h4 h5], [-s[3,1]1-s[4] s[5,1] +s[6] -s[5,5]1-s[6,4]]
[0 1 hi] [ s[3] -s[5] s[5,4] ]

Solution. The entries of the adjoint matrix are minors of the original
matrix. In our case, they are minors of the Toeplitz matrix [S777],
since the Jacobi-Trudi matrix itself is so.

The required entries are therefore skew Schur functions, up to sign.
The example should be written

Sse/11 —Ss6/1 Ss6
Si6/11 —Si6/1 Sie
Sia1n S Su

and this gives the general pattern.
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Ex. 1.9. Let A be any alphabet, m,n be two integers. Check
that the adjoint matrix of S,,»(A) is the matrix of the quadratic form
Q(-’If, y) = S(erl)”_1 (A - T - y)

Solution. Minors of S, (A) are skew Schur functions. The expansion
of Q(x,y) also produces skew Schur functions that one has to check to
be the same.

For example, the adjoint to Seees(A) is

Se66 ~Se67 Ser7 =S Se66 ~Se67 Ser7 =S
S666/001 ~9667/001 O677/001 —9777/001 _ ~Ss66 Os67T5666 —O667 577 677
Se66/011 —9667/011 O677/011 —O777/011 Sss6 5669557 S567+5666 9667
Se66/111 —O667/111 O677/111 ~O777/111 ~Sss5 Sss56 ~Ss66 Se66

Ex. 1.10. Let @1, ..., 2, y berank 1 elements. Compute >, 1/(y—
Solution. The sum is the logarithmic derivative of S (y — X) with
respect to y (with X = 2y + -+ + x,,). Therefore >, 1/(y — z;) =
51 (2y — X)/5" (y - X).

Ex. 1.11. Let A be arbitrary, x of rank 1, n,p € N. Show that

S (A)— ('f) §"(Amz)+ (';) S"(A=22)4- - -+ (—1)" (Z) §"(A—ka) = 2*S"F(A) |

Solution. Both sides are linear in S7(A); one may take A = a of rank
1, in which case the identity is a” — (¥)a" ' (a — z) + (£)a"2(a — 2)? +
= (o))

Ex. 1.12. Let A be arbitrary, k,r, p be three integers, £ < r. Show

the nullity
(x)

st (1) u(o-08) () su(t0-28) = (") su(lp-118) =0

Solution. Take the matrix M = [S;_;(A)] L<ij<r
with a diagonal of 1’s. Cayley-Hamilton theorem implies, for any p,
the nullity of the matrix Y _,(—M)P~*A’(r), because the binomialsA’(r)
are the elementary symmetric functions in the eigenvalues of M.

The functions S(iA), Vi € A, are entries of M* whenever k < r,
and therefore the LHS of (%) are entries of the above null matrix.

Ex. 1.13. Let A be an alphabet. Grothendieck defined functions
7*(A) by the generating function

Y2(8) =) 2 (A) = Ayan(A)
Define accordingly the alphabet A° by A*(A°) = 7*(A), i > 0.

It is triangular,
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Show that
N(A) = A(A 4 — 1)
SHA®) = SY(A+1—1)
Wi(A°) = z—:(—w‘ <;> TiI(A)

Show that the transformation A — A°® satisfies (—A)° = —A°, (A +
B)° = A® + B°, but that in general, (AB)® # A°B°.
Solution. The compatibility of v(A) with the involution A — -A
is seen on the expression of S*(A®). The compatibility with addition
comes from the fact that generating functions multiply: ~,(A+B) =
V2 (A)7: (B).

For what concerns multiplication, one has for example the inequal-
ity
U (A°B°) = U?(AB)—2V' (AB) # (U*(A)—2¥'(A4)) (v*(B)—2V' (B)) .

Ex. 1.14. Let & be such S"(§) = 1/n!, n € N, and let z,y be
rank-1 elements. The polynomials S™(z€ — (n+1)y), n € N are a basis
a polynomials in z.
Express the powers of x in this basis.

Solution. The formulas of change of basis are linear in S™(§), and
one may take any element A instead of £, as long as the S™(A) are
linearly independent. For example, with z of rank 1, then one has
S™(z —ny) = (2 — y)" and

n n ne—i o .
5 = (o) =30 ()" )0 si i)
J
Replacing z by x§ — y, one gets
n n—1

x yx

W ey =S e =2 (nf -)y"jsj(z — (+1)y) .

P J

and therefore

LA . (”H,)ynjsj(z—(ﬁl)y)-

— \n —J

Jj=0

LA AR A A A



CHAPTER 2

Symmetrization Operators

(A RA R AR EEEEEE EE

2.1. Divided Differences

Divided differences 0, were introduced by Newton to solve the in-
terpolation problem in one variable. Apart from them, we shall also
need isobaric divided differences m, and 7;.

In the case where o is a simple transposition s; exchanging a; and
a;y1, writing then 0;, m;, 7;, the operators (acting on their left) are :
(2.1.1)

0 = (ai—ai) " (1+s) = (1—si)(ai—amy)™"
o= (I=aii/a)  (L+s) = a;0;
T, = (]-_Sz) (ai/ai_ﬂ—l)*l = m— 1
More explicitly, 9;, ; and 7; are the operators on functions f(ay, ..., a,)

of several variables, acting only on the pair (a;, a;41):

(2.1.2)
fo, = <f(...ai,ai+1...) — f(...ai+1,ai...)> (a; — a;yq)
fm = <az~f(. Gy Qg ) — i fL .ai+1,ai...)> (a; — ait1)™!
fﬁi::(f(”abaHlu)——anaHba%.)>m+ﬂ%——%+ﬁ_l

In a more compact manner, we can write:
s
if — Qi [*

(2.1.3)
g fofo=d T s fm=l
a; — Qit1 a; — Qit1

We shall check below that each of the families of operators {s;},
{0}, {m:}, {7} separately satisfies the Moore/Coxeter braid relations
(writing {D;} in each of these three cases) :

Notice that, as concerns squares, one has

~

(215) 8zaz =0 , TT = T, %ﬂri = _%z' , SiS; — 1.

19
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All these divided differences 9;, m;, 7; are special cases of local
rational operators of the type

(216) Dz = P(ai, ai+1)1 + Q(ai, ai-}-l) Si

that is, of a linear combination of the two permutations 1, s;, the
coefficients P(z,y) and Q(z,y) being two rational functions of two
variables independent of i.

In [17] [20], one determines the conditions on P and ) which ensure
that the D;’s satisfy braid relations and preserve polynomials. These
operators happen to satisfy an Hecke relation, i.e. there exists constants
¢1, ¢o such that

(2.1.7) (D; — q)(Di — qo) =0, Vi>1.

To represent the Hecke algebra, one usually takes

(2.1.8) T =mi(q+q2) —q2si, i > 1.

It is convenient to display the symmetric group as its Cayley graph,
called permutohedron, which describes how permutations are succes-
sively generated by products of simple transpositions, starting from the
identity permutation. Paths in this oriented graph, starting from the
identity, are called reduced decompositions, i.e. decompositions of per-
mutations into products of simple transpositions of minimum length.

One can use the same graph to describe operators, the edges now
being interpreted as simple divided differences, or isobaric divided dif-
ferences instead of simple transpositions.

Here we show G3, the edges being divided differences; on the figure
on the right, we have written the images of a?a, under the operators
displayed on the left permutohedron, to illustrate that the figure codes
a family of operators on polynomials:

123 atay
0 0 0 0
1 // \ 2 1 // \ 2
213 132 ajas a?
82 H 81 82 81
231 312 aq a1+ay
a1 \ / a2 a1 \\ / 62
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Divided differences satisfy Leibnitz formulas!, as easily seen from
the definition:

(2.1.9) f90i= [ (90:) + fOi g = g (f0;) + 90; [*" .

In particular, symmetric functions in a;, a;1; are scalars for 0;, m;
and 7; :

(2.1.10) 9=9"= fg0;=fog and fgm=fmg.

When a;4, tends towards a;, the divided difference 0; becomes the
usual derivative with respect to a;. However, in that limit one loses the
fact that symmetric functions in a;, a;4+; commute with the operator,
a property which greatly simplify computations. Indeed, to compute
the image of a function under 0;, one will try to write it as a function
in a;, a;+1 as simple as possible, the complications being pushed to the
coefficients (which are symmetrical in a;,a;41; and involve the other
variables). Finite differences also give a discrete version of differential
calculus on functions of one variable, but there is no invariant sub-
ring playing the role of symmetric functions. We shall illustrate in the
sequel how the use of the symmetric group simplifies the computations
with divided differences, and renders this discrete differential calculus
simpler than the usual one?.

2.2. Braid Relations

Let A; = {a1,...,a;}, and let B be a second alphabet invariant
under the simple transposition s; = (a;, G;11)-
Then one has

(2.2.1) o, (A —B) 0 = 0.(Ais, — B) |

because 0,(A; —B) = (1 — za;41) 0,(Aiy1 —B), and 0,(A;;1 —B) being
invariant under s;, commutes with 0;, and one is left with the compu-
tation of (1 — za;41) 0;.

The braid relations

DiDi 1D = Diy1D;i D4

involves only three consecutive variables, which can be taken to be
ai,asz, a3 and thus, are statements about operators acting on the ring
Pol(A3) := Zlay, ay,a3]. However, Dy, Dy commutes with symmetric
functions in Gym(A;z), and Pol(A3) must be seen as a module over

!Notice that the two formulas are disymmetrical in f,g, and one has two ex-
pressions for the image of a product.

2Unf0rtunately, it was almost forgotten during three hundred years, its only
application being more or less the original application of Newton to the interpolation
of functions of one variable.
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Sym(Az). Tt is easy to see that it is generated by the monomials a}a?,
with s =0,1,2 and 5 =0, 1.

Now, 01050, and 0,0,0> are operators on polynomials which de-
crease the degree by 3. They send all the elements of the generating
set® onto 0, except a?as which is sent to a constant*. One would have
to check that the constant is the same (it is equal to 1) for 00,0, and
02010, to conclude that these operators be equal.

In fact, it is not more complicated to compute the image of any

monomial. For example, take alaja3, and write it as the Schur function

52;9;5(A3; Ay; A1) .

The images of this determinant by the sequence 0y, 0;, 02 are easy to
write, because at each step J;, only one column is not invariant under
s;. In that case, the operation consists in increasing A; to A;;; and
decreasing degrees in this column, thanks to (2.2.1). In the present
case, one gets the sequence

Sy (Aa; Ags Ar) 25 Sps (Ags Ag; Ar) 255 Sy (Ag; Ag; Ay)
RN So.8:3(Az; Ag; Ag) = Sass(Ag) = —Saur(As3) .
Starting with
S5.9,2(A3; a3 + asz; az) |

and using 01,0, 0;, one gets —Ss..0(As;Ag;Ag), which is the same
function.

The braid relations can be similarly checked for 7;, 7;, the commu-
tations of D; and D; when |i — j| # 1 being, of course, trivial.

In the course of proving the braid relations, we have obtained the
classical expression of a Schur function as a quotient of two “alter-
nants” :

LEMMA 2.2.1. Let A be of cardinality n, u = [uy,...,u,] € N*,
v=u®:=[up,...,u]. Then

an—1+u1 e aO—I—un

acA

(2.2.2) TP 9, = S,(A) =

anfl, cee aO
a€A

3In fact a Gym(Ag)-basis, the module is free.
4Different from 0, because both operators are not identically null.
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2.3. Yang-Baxter Graphs

Let us first go back to the group algebra of G,,.

Instead of handling reduced decompositions, it is not much more
complicated to take products of factors of the type s; + ¢, with ¢ € Q.

However our fundamental braid relation sys95; = 95152 is not com-
patible with a uniform shift :

(1 + 81)(1 + 82)(1 + 81) =2+ 251 + So + S1S2 + S251 + S15251
#(1+s2)(1+s1)(1+s2) .

Indeed 2s; + s is not symmetrical in s, s9, and this implies that the
elements (1+s1)(1+52)(1+s1) and (14 s9)(14s1)(1+s2) be different.
To recover equality, one must use non constant shifts. For example,

(150G + )1+ ) = (L4 22)(5 +52)(L+ ).

The general rule to ensure equality is due to Yang and Baxter. More
precisely, we want to find the constraints on the constants a, ...,
which ensure the following identity :

1 1 1 1 1 1
(814—&)(824—;)(814—5):(824—&)(824—?)(814—@).

We find that we must have o = ', 8 = o' to have equality for the
terms of length 2. Now, to recover symmetry in the terms of length 1 :

ETRA P
T\a B af
one must have

y=a+f.

Of course, one can introduce parameters in the relation s;s; = s;s;,
i — j| # 1, without destroying the commutation: (s; + =)(s; + %) =
(35 3) (s + ).

«Q

Finally, the braid relations have become the Yang-Baxter relations

(2.3.1)

1 1 1 1 1
(si + a) (si41 + m) (si + 5) = (si1 + 5) (si + m) (siv1+ =)
232 (st )5+ ) = (54 5) s 5), =il £
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Their graphical representation is easy to remember (taking ¢ = 1) :

[123]
1 1
81+E// \82+E [1234]
213] 132] Sta N
ﬁ‘ N 2134] [1243]
231] 312] S35\ &R
81+%\\ /syt ¢ [2143]
321]

Vertical edges wear a parameter which is the sum of the two on the
opposite sides, other pairs of parallel edges have the same parameter.

In short, forgetting about the labelling of vertices, the index of the
simple transpositions s; being specified by the color of edges, one needs
only write the parameters « used in the factors s; + 1/a (beware that
usually we are writing on edges the inverses of the parameters) :

N .
o 8
[ ] [ ] // \
(233) a1 p ot B : .
[ ] [ ] /B\ //a
BN. /a .

The important constraint is that the parameter on a vertical edge
is the sum of the parameters on the two opposite edges. Thus, instead
of two parameters, one can take for &3 four independent parameters,
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keeping the trivial commutation relations for lozenges :

Yoo N .

. . « \5
v+ a+p . .

. . 0\, /e

BN 9o .

With M.P. Schiitzenberger, in our last joint work, we called this relation
Yin relation, and we solved the problem of labelling the edges of the
permutohedron in such a way that all sub-hexagons satisfy the Yin
relation, and that all lozenges commute [12].

Since braid relations connect any two reduced decompositions of
the same permutation, if we can label edges of a permutohedron with
parameters in such a way as to satisfy relations (2.3.1), (2.3.2), then
all paths from the origin to a given permutation will give the same
element in Q[&,,].

To get a coherent choice of parameters for G, Yang [32] gave the
following recipe, that we can interpret as enriching the permutohedron
with a second labelling of vertices, and of edges, according to the fol-
lowing rule :

e choose an arbitrary system of “spectral parameters” [xy, ..., z,].
e label each vertex, say o, with [z,,,..., 2, |
e label the edge of color s; connecting o and o s; with x,,,, —,,

An edge s; with parameter oo must be interpreted as a factor (si+§)
and a path must be interpreted as the product of its edges.

In summary, given parameters [zy,...,z,] all different, then all
paths in the labelled permutohedron, starting from the origin to a
permutation o, give in Q[&,,] the same Yang-Baxter element that we
shall denote Y, or Y,(z1,...,z,). We can formulate the preceding
construction as follows :

PrRoPOSITION 2.3.1. For any choice of distinct spectral parameters
[1,...,2,], there exists a Yang-Baxter basis which is a linear basis of
Qlz1, ..., x,](Sy), satisfying the following relations which characterize
it (together with normalization Y1 =1) :

1
(2.3.4) Vosi =Vs <Si + 7> when ((os;) > L(0) .
Loiyr — Loy
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[.I'l i) .CL'3]
1
S1 + To—11 // \82 + T3—To
(o T1 23] (21 @3 2]
2.3.5
( ) 82+x3 T1 81+a:3 T1
[.’L‘Q T3 ZL‘l] [.’173 T ZL‘Q]
51+ T3—T> \\ / 2+ x2ix1
(23 w9 1]

Instead of labelling the edges with elements in the group algebra
of G,, one can use the different Hecke algebras generated by divided
differences (we do not need the general Hecke algebra, but only the
ones generated by 0; (resp. m;, resp. 7;). A similar computation as for

Q[6,] =Hb ! gives :

PROPOSITION 2.3.2. For any choice of distinct spectral parameters

[T1,...,2,], there exists linear bases of H*°, of HYO, of H~1° which
respectwely satisfy, when ((os;) > (o) (starting with Y1 =1) :
(236) ya'si = <BZ + )
x01+1 — Lo,
2.3.7 = Z
( ) Vo s; <7r + %M/%l — 1)
238 O S; o ) 3 . 7 °
( ) Y ' Y <7r " l_xﬂi/xm'ﬂ)

2.4. Maximal Symmetrizers

The operators D,, corresponding to the maximal permutation w are
fundamental.

In fact, they all come from the projector onto the alternating 1-
dimensional representation of &,,, already used by Cauchy and Jacobi :

f= Y (pf@gr.

(TEGn

Indeed, writing A for the Vandermonde [[,;_;<,(ai — a;), and a”
n—1_n—-2 RPN

for a7 ~'ay™*---ad, one has the following proposition.
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PROPOSITION 2.4.1. Given A of cardinality n, the divided differ-
ences 0, T, and T, verify :

1
_ 1)) g
(2.4.1) s > (-1 oX
o€G(A)
(2.4.2) T, = a E:QJYWU%,
oe6(A)
p\w
(2.4.3) foo= > (1)1 (“A)
o€G(A)

Proof.  From the determinantal expression of monomials, one sees
that (cf. Ex ?) the monomials 2% : u < p are a generating set of
Zlay,...,a,] as a 6,(A,) module. For degree reasons, the two sides
of 2.4.1 sends all these monomials to 0, except a” which is sent to
So..0(A,) = 1 by the LHS, and to ) +(a”)’/A = 1 by the RHS. The
two operators coincide.
Writing
Tw =Tp-1,.,1nTn-1"""T1 = Tp-1,..1n Ap—10p_1 - - 202 a10;

= Tnp-1,.,1,n Ap—1" " A201 an—l 0 = Qp—1°°0201 Tp—1,...,1,n an—l 0 )
and iterating, one sees that one can factor out on the left a” and thus

prove the second identity.
The third one is similarly obtained through the factorization

~ -~

Ty =Tp—1"°"T1T1p...2 -

2.5. Yang-Baxter elements and Orthogonality

Back again to the group algebra of G,,, we introduce a quadratic
form. Denote by ¢ — ¢ the linear morphism on Q[&,,| induced by

o — o', 0 € 6, and by g Nw the coefficient of w in ¢g. For any

f,9 € Q[Gn], let
(2.5.1) (f,9)=fgnw.

The linear basis of permutations is self-adjoint with respect to this
form :

(2.5.2) (o,wa)zl & (a,l/)zO,l/;éwo.

The next proposition, due to [14], shows that the Yang-Baxter basis
is also compatible with this quadratic form. Let ), be a Yang-Baxter
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basis for the parameters [z1, ..., z,], and j)\g be the Yang-Baxter basis

for the reversed parameters [z, ..

PrOPOSITION 2.5.1. The Yang-Baxter basis {Y,} of Qxy, . ..

.,.Tl].

> @n][Sn]

is adjoint to the Yang-Bagter basis {V,o}, i-e. one has

(2.5.3)

(yaaj}\wa)zl & (yg,j;,,):(),l/#wa.

Proof. The proposition is true for 57\1, because only ), has a term in
w. Suppose it is true for }J,. We shall prove it for YV, l(vs;) > (v).
Indeed, YV,s, = Vo (s; + «) for some «. Therefore

Vs (si + a)i

(BYs +1Y5s) Do

for some constants 3, y. Therefore, one has just to consider the cases
where 0 = wv or os; = wr, and this is where one sees that one had to

take reversed parameters for the second Yang-Baxter basis.

U

For example, let us check that (Y31, Vio1) = 0, taking the pa-
rameters [0, a,y = o + []. Then there exists some constants 0, ¢ such

that

~ 1
Vos1Vso1 = (s1+ &) (

1

n 1)( 1

So —)\{S2 — —

gl B
6(527%)4»6

)(s1— ;)(82 -=).

1
Q

The factor of € cannot contain w, and we can eliminate it. The triple

1

(s1+3)(s2— 3

)(s1— %) can be transformed into (

1
S _—
27y

)(s1=3)(s2+75),

but since (s 4+ +)(s2 — =) is a scalar, the remaining expression cannot

either contain w.

The explicit matrix of change of basis for G3, between the Yang-
Baxter basis and the basis of permutations, choosing the vector of
parameters [0,a,a + b], is (each row gives the expansion of a Yang

element) :

ACE> MatYang2Perm(3, [0,a,a+b]),

1 0 0 0 0O
L1 0 000
L 0 1 000
1 1 1

(a+b)a a atb 100
1 1 1

Wait) as 5 0 10

abtl 111 1 4

| (a+b)ba ab ab b a i

inverse (%) ;

[ 1 0 0 0 0 0
-1 1 0 0 0
—1 0 1 0 0 0
) 1 1 1
% — E — a_+b ]_ 0 O
1 1 1

- — 15 7 0 1 0
__abtl 1 1 _1 _1 9

L (a+b)ba  (a+b)a  b(a+b) b a
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Apart from signs, these two matrices have the same entries, but dis-
tributed differently ! This is the visualization of the preceding propo-
sition.

2.6. Special Yang-Baxter elements

Many interesting elements of the group algebra of G,, can be written
in terms of Yang-Baxter elements, for different choices of parameters.

We shall specially use the two cases where [z1,...,z,] =[1,...,n]
or [xy,...,2,] = [n,..., 1], denoting

O, =Y,(1,...,n) & V,:=Y,(n,...,1), c€6,.
Let us notice that proposition 2.5.1 implies :
LEMMA 2.6.1. {{0,} and {V,,} are two adjoint bases.

The elements [, and V, allow to write idempotents in the group
algebra. Let us check for example that the sum of all permutations of
S, is equal to O, = Y, (1,...,n), with w = maximal permutation =
n,...,1].

Because we can start a path from the identity to w by any simple
transposition s;, then [, is such that it has at least one expression
with a left factor (s; +1). The two canonical reduced decompositions
that we have encountered extends to two expressions of [],,, which are :

0= (s ) (6 B+ ) (04 0)
1 1

_ ((8n1+%) - (31+n_)) ((3n1+%)(8n2+%)> ((sn71+1)>

Suppose that we have noticed that

|:|321 - ZO’EG g
3

We want to prove that the similar property holds for

|:|4321 = |:|321(83 + %)(82 + %)(81 + 1) .
We use the fact that (3 ce, )V = Y pce, 0 if ¥ € G3. In other
words, when multiplying } s o by an expression involving only per-
mutations in G,,, one can replace in this expression each permutation
by 1.
Therefore

1 1 1 1
|:|321 g (82 + 5)(81 + 1) = |:|321 g (]. + 5)(1 + 1) = |:|321 .
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Similarly

1 1
Uso1 53 B (s1+1) = a0 83 5(1 +1) = Oso1 53

Finally

1 1
D321 (53 + g)(SQ + 5)(51 + 1) = [1321(1 —+ S3 + 5359 + 538281) .

The right hand side is indeed equal to the sum of all permutations of
&4, because it describes how they are obtained from permutations of
G;3 by inserting 4 in all possible manners.

Such computations can be extended to symmetric groups of higher
order, but clearly cost too much efforts to characterize the spaces of
dimension 1 that are > o or > +o.

First, we should use that [J, and V, commute with symmetric
functions in A. Secondly, we should test our statements on finite sets
of polynomials. In the present case, we should use that there exists a
basis of Pol(A), as a Sym(A)-module, which consists of polynomials®
having a least one partial symmetry in a;, a;11, except for a polynomial
in degree n(n-1)/2.

THEOREM 2.6.2. The elements O, /n! and V,/n! in Q[&,] are the
two 1-dimensional idempotents of this algebra :

— _1\(ow) . _ ( _1\n(n=1)/2
(26.1) V, = desn( 1)@ 5 = (-1) 9, A(A)
(26.2) 0O, = degna: A(A) 9, .

Proof. V,, as well as > +0 send a function invariant under s; onto
0, because on can factor s; — 1 on the left of both operators. There
remain to check their action on the Vandermonde, for example. But
each s; acts by -1 on A(A), therefore V, acts by multiplication by the
scalar

1 1 1 1 1
1= =1=(=-1=- (=1 = (=1 =Y ==+n!
(1= D)1= (L= 1) (= )1 1) =
as well as Y 0. Therefore, (2.6.1) is verified. We leave it to the reader
to adapt the reasoning to the proof of (2.6.2). O

50ne can take Schubert polynomials, but they will be introduced later. Oth-
erwise, from the basis % : u < p, one easily generates another basis, triangularly
equivalent, which have the required property.
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2.7. Young Idempotents

We shall not prove statements in this section, but just illustrate
how to reformulate Young’s constructions® in terms of Yang-Baxter
elements.

Given a composition of n (i.e. an integral vector v which sums to
n), let &, be the Young subgroup of type v, i.e. the diagonal subgroup

G, =6, X6, Xx G, X ---

On denotes by w, the maximal element of G,.

Two compositions are called conjugate if the partitions obtained by
reordering them are so.

Pairs of conjugate compositions (I,.J) are in bijection” with 0-1
matrices, with row-sums I and column-sums J. Such a matrix gives rise
to a permutation ((/,.J) obtained by numbering the non-zero entries
from left to right and top to bottom, and reading columnwise . For
example, for I = [3,5,2,3] and J = [1,4,3,1,4], the matrix and the
permutation are :

sums‘l 4 3 1 4

3]- 11 - 1

501111 1,

2 1 - -1

3 11 -1
-1 2 - 3

‘_1 g (.3 ?180 — C(I,J) =[4,1,5,9,11,2,6,12,3,8,10,13] .

11 12 - 13

Then, the lemma from which Young obtains his natural idempotents
can be rewritten in the following way.

PropoOsITION 2.7.1. Let I, J be two conjugate compositions. Then
O, QS,] V., is a 1-dimensional module, and

O, -0V, 20 0c=0"-((,J)-0", ' €6, c" €&, ,

5Young first steps was to write relations in the group algebra, from which he
deduced facts about representations. Using Yang-Baxter relations, we have for our
part just to handle products of elements of the type s; + 1/k. Young was using
more general factors (sums of transpositions + a constant).

"The fact given u,v conjugate, there exists only one such matrix can also be
interpreted as the fact that the scalar product (ey, €y, -+ 5 Ay o, -+ +) is equal to
1, or, equivalently, that there exists only one Schur function in common, with
multiplicity 1, in the expansion of the two functions.
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where the permutation ((I,.J) associated to a pair of conjugate compo-
sitions has been defined above.

From this, Young deduces

COROLLARY 2.7.2. Given two conjugate compositions I,.J, there
exists non-zero constants ¢, such that

e:=c0,,C(I,J)Vy, ¢, )"
be an idempotent, and
d Z cgeo !

be the central tdempotent corresponding to the shape obtained by re-
ordering I.

The proof of proposition 2.7.1 mostly relies on the existence and
unicity of a 0-1 matrix with row and column sums I, .J. However, it
can be adapted to furnish the seemingly much more elaborate result :

PROPOSITION 2.7.3. Let X be a partition. Fill the successive columns
of the diagram of \ (in the S-W corner) (resp. of the conjugate par-
tition X, in the N-E corner) with 1,...,n. Let w' and w" the column
readings of these two tableaux, and v, n their row-reading. Let J be the
increasing reordering of of X\, and I = X" .

Then, for every permutation o greater® than w' in the permutohe-
dron, one has that O, V, # 0 iff o and v belongs to the same double
coset SrvS;.

Moreover O,y Q[S, ]V is 1-dimensional, with basis O3, V, and
0,V is a quasi-idempotent, i.e.

o.v,0,v,=c4,V, , for somece€Z,c#0.

For example, for A\ = [3, 2, 2], the objects appearing in the proposi-
tion are

— v = [3625147], w' = [3216547] ,

=W
Ut

7
?éé — = [2471365), w" = [2143765] .

We shall only need, in the next chapter , the following related prop-
erty :

LEMMA 2.7.4. Let X be a partition of n, Vy be the irreducible repre-
sentation of &,, of type A\, and I be a composition of n. Then the space
Va0, is of dimension the multiplicity of the Schur function Sy in the

8That is, o = w'n, with £(0) = ((w') + £().
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product of complete functions S*. In particular, Vy O, is of dimension
1 if I reorders into .

It is remarkable that one needs only Yang-Baxter relations, together
with the nullity (s; + 1)(s; — 1) = 0 to prove all the statements in
this section. Instead of playing with reduced decompositions, we shall
rather use the coinvariant ring of the symmetric group, to describe
representations.

We obtain in Proposition 2.7.3 idempotents by taking Yang-Baxter
elements corresponding to two systems of spectral parameters. As
shown by Jucys [9], and developed by Cherednik, one can do better,
and use a single system (the modified contents of a diagram), though
it requires introducing some €’s and taking limits. Otherwise, one has
to replace the Yang-Baxter relation

e (o) (o0 )= (o 29 () s

by the new relation
(s14+1)(s9s1 — 82— 1) = (s251 — 81— 1) (s2+ 1) .
For example, for A\ = [2, 2],

(s3+1) (8281 — 51 — 1) (s3 — %)(82 —1)(s3+1)

=(s3+1)(s1+1) <8251 — 89 — 1) (s3 — %)(32 —1)(s3+1)

is a Young idempotent.

2.8. Lagrange Interpolation

In the case of functions already presenting partial symmetries, one
can reduce summations over the symmetric group to summations on
cosets. The simplest case corresponds to the Lagrange interpolation,
where the input function of n variables is symmetrical in the last n-1
ones’.

Given n',n" : n' +n" = n, write Gym(n'|n") for the ring of poly-
nomials in x1, ..., x, which are symmetrical in z;, z;.1, i #n'.

Given A of cardinality n, let the Lagrange operator L, be

Gym(1n-1) > f — Y f(a,A-a)/R(a, A-a) € Sym(A,) .

a€A

9Even, in the original case of Lagrange, the input function depends on a single
variable only, i.e. is of degree 0 in the other variables, which is an easy way of
respecting symmetry.
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THEOREM 2.8.1. Let A = {ay,...,a,}, and let 0,...,0, 1 be the
divided differences relative to A. Then for any f € SGym(1|n-1), one
has

(281) LA(f) = f(a,l, ag, .. .,an) 81 v 'an_l .

Proof.  Both members of (2.8.1) commute with multiplication with
symmetric functions in n variables. Since any symmetric function of
A—a; can be expanded into powers of a; (with coefficients in Sym(4A,,),
one has to check the theorem only on powers of a variable!, say f = .

Rewriting
= (Z +A(A —a) ak> JA(A)

one recognizes the expression (2.2.2) of Sy _ox—n+1(A), but this is also
the function that one obtains as a¥d; - -+ 0,_1. O
Notice that, for functions of one variable only, we obtain by linearity

: ) . al ap - a7 fla)
(2.8.2) La(f(1)) = 5 |0 : :
AW e aa fa)

There are several ways of interpreting the Lagrange operator. For
example, decomposing a rational fraction with simple poles is one of
these ways. Indeed, in the case where all the elements of A are distinct,
given a polynomial f(z), one usually writes

(28.3) RJ(czz(c A) +Z (x — a)R(a, A— a)’

where g(z) is the quotient in the division of f(z) by R(z,A). The sum
coincides with Ly (f(z1)/(x — z1)).
Multiplying both members by R(z, A), this becomes

(2.8.4) f(2) = g(z) R(z, A) +Zf axAAa; a)

Since the sum is a polynomial in x of degree < m-1, and since it
specializes into f(a) for = a, then Eq.2.8.4 is one way of writing the
division of f(x) by R(z,A). But one can also introduce B := A + z, in
which case Eq.2.8.2 becomes

(2.8.5) > % = g()

101 fact powers < n—1.
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and this implies that the quotient can be written (identifying x with
an+1) :

(2.8.6) g(x) = f(a1) 01 -9, ,

expression which has the advantage to show that g(x) be a symmetric
function ( of x,ay,...,a,). In more details, if f(z) = SV (z — C), then
(2.8.7) g(x) =S"""(z+A-B) .

2.9. Newton Interpolation

Everybody knows Taylor’s formula to recover a function in one
variable, say a polynomial, knowing its successive derivatives in a point.
Newton, in the Principia, had a harder problem to solve. How to
reconstruct a function (the position of a planet) knowing its values at
different times ? He had the idea of normalizing differences of positions
by the interval of time to which they correspond. That is, he computes

ivi 1= () = F(ti) ) /(= ti)
then
[i,i +2] = <[7j,i+ —[i+1,i+ 2])/(ti — tiva) ,

and so on. The reader recognizes, of course, the divided differences
f(t:)0;0i410i42 - - -

Having done so, Newton can write

(2.9.1) f(t) = flto) + fO(t —to) + fO2(t —to)(t — t1)
+ O (t = to)(t = t1)(t — o) + -

using the symbol f999 := f(t;)0,0505 - - - to stress the fact that New-
ton’s formula is a discrete extension of Taylors’s formula (without di-
vision by factorials!).

Newton’s formula is linear in f(x). To prove it, it is sufficient to
test it on powers of z, or equivalently, to test it on the single function
(z —x)~'. Let us go back to an alphabet A, instead of ty,y, .. ..

Since fO,-+-0, 1 = (z-ay)~'---(2-a,)™", one has to check that

1 1 T-ay (x—ay)(z-as)

(2.9.2) P oy + (z—ay)(z-as) + (z—a1)(z-az)(z—as3) I

As we did for Lagrange interpolation, we include z in the set of
interpolating points to see what happens. Let us do it twice, in con-
secutive places, i.e. let us look at the case where a,, = z, or a,,.1 = x.
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The equation becomes

11 - (@ar) - (w-ap)

zr oz T (z—ay_1)(z—x)
1 N (x-ay) - (x-a, 1)  (x-ay)---(z-a,)
 z-m Tt (z=an_1)(z-ay) e (z-ay)(z-x)

The difference is
(x-ay) -+ (x-a,_1) (v-a1) - (v-an1) (x-0a1) - (x-a,)

- (z-ay 1) (2-x) e (z-ap 1) (2-ay) e (z-ay)(2-2)
which, indeed is null, and this proves (2.9.2), and therefore the Newton
formula in general, by induction on n.

Interpolating (1 — zz) ™!, instead of (z — z)~
equivalent to (2.9.2) :

?

L one gets a formula

1 1 T-ay Rz, Ag)
293 = —+ + -4 NS
( ) l-zx  1-zay z(l—zal)(l—zag) ‘ R(1,2A;11)
that one often encounters with A specialized. For example, one has
1 1 r-1 r-1) - (x—¢" !
. RS B I

l-zz  1-z * Z(l—z)(l—zq) (1-2) - - - (1-2q)

R A A AR R R
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Exercises

Ex. 2.1. Extend Leibnitz formula to the following two cases (any
i,n € N, any functions f;):

fooeefnli & fgOi--- 0y

Ex. 2.2. Given constants «, 3, show that the operators D, :=
m; + ad; + Ps; satisfy the braid relations.
Solution. Expanding a product D;D,D; would imply 3% terms in-
volving non trivial relations between 7;, 0; and s;.

One reduces the amount of computations by noticing that the im-
ages of isobaric divided differences under the uniform shift: a; — a;41+

a still verify the braid relations. In other terms, m; = a_fg_ﬂ (1+s;)
becomes
a; + «
7ri+ = 17(14—80 =7 + ao; ,
A; — Qi1

and therefore, after change of variables, one has just to check that
the operators D; := m; + [s; satisfy the braid relations. To check
D, DyD, = DyD, D,, one can choose an appropriate basis of the ring of
polynomials in ay, as, az as a module over &Gym(ay, as, az). Let us take
the basis a¥, with v = [v1, v9,v3] < [0, 1, 2], and compute the image of
a’? as an example:

012 &) ﬂaom ﬂ) B2a201 . 5a111 &) [33a210 . (ﬁ+ﬂ2)a111.

The image under Dy Dy D5 is seen to be identical, the checking for the
other monomials is not more complicated !

Ex. 2.3. Let A = {ay,...,a,}, x,y be two indeterminates. After
Scott, Muir III p. 493, show that the following determinant

ap, * - x 1
y g - €T 1
y y ... a/Tl, 1
1 1 --- 1 0

is equal to (R(aj, A) — R(y, A)) /(z — y). Take the oportunity of com-
puting the minor obtained by suppressing the last row and column.
Solution. The minor is equal to

(-1)" Sppo1(x+y; x+y — A) .
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Ex. 2.4. Let A ={ay,...,a,}. Define ¢;,i =1,...,n-1, to be the
operator

f — fél = (f(...ai,aiﬂ...) — f(qalﬂ,al/q)) (CLZ' —qai+1)_1

Show that the operators d; satisfy the braid relations.

Therefore, for any permutation o € &,,, there is an operator ¢,.
Give the image of any monomial under 9.
Solution. Taking the alphabet B = {a,qas,...,q" ta,}, one sees
that ¢; is a divided difference relative to B, and there is nothing new to
prove. Since d, sends any monomial to a Schur function, then d,, sends
any monomial in B (or A, up to a power of ¢) to a Schur function in B.

Ex. 2.5. Let p, q be two parameters. Show that the operators

qa; +p

% = (1 * Si) a; — Qi1

satisfy the braid relations, then explicit the maximal operator d,,.
Solution. Rewriting
q(ai+aiy) +2p

(Si = —(qai+1 + p)@l + y
a; — Qi1

one can check 610207 = 820,05.

Beware that these operators do not preserve polynomials.

A better proof is to use conjugation by the Vandermonde A(A).
One has

A(A)il 51 A(A) = (ai—aiﬂ)’léi(ai—ai“) = Bz(qal +p) .

Now, both A(A)716;10:6;A(A) and A(A)16,6,0,A(A) are equal to
021 (qa1+p)*(qag+p).

More generally, with n = |A|, w = [n, ..., 1], one has
AA)T0,AMB) =0, ] (qait+p)" .
1<i<j<n

For example, the image of the monomial a?ay under 39 is

(ga1 +p)*(qaz + p)
(a1-az)(a1-a3)(az—asz)

\Iflg(A)

’

where Wy, is the monomial function of index [1, 2].
Ex. 2.6. Let A ={ay,...,a,},  be an indeterminate. Compute

(z—a)(z+az) - (x+a,) (a1 +az) - (a1 +ay) 01 Opq .
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Solution. The answer is

{(w—al)---(x—an) n odd

=257 2?2 IN\UHHA) poeven
and this is a special case of computation of Fuler-Poincaré character-
istic.
To be more precise, let y be the Euler-Poincaré morphism :
Sym(ay [ag, ... a,) 3 f —— (a1+az) -+ (a1+a,) f Oy -+ Oy € Gym(A)
One finds that x(1) =1 when n is odd, and = 0 otherwise, that

x(ai(l-ar)™") = Z 1flsz'j((l—z)A) = Z Su(A)

jz1

sum over all hook partitions H, and that

w (1) o (14a,)) = (1) (1402) - (L) x((1+01) )
) A% (A) if n odd
- STAFTLHA) if noeven
Writing
(x—ay)(z+ag) - - (x4 ay) = (x+ay) (z+az) - - (x + ay,) (21‘(:L"+a1)_1 _ 1) 7
one concludes.

Ex. 2.7. Let A,B be of the same cardinality n. Show that

bj*ai
1 — Q- Qy = Z](l _a])sz?f]W ‘

Solution. To recognize the Lagrange interpolation, one replaces the
pair (A, B) by the pair (X ={a1by, ..., a,b,}, ]B) . The sum to compute
is

> b7 R(b;, X) R(b;, B —b;) ™" .
J

In other words, one has to compute Lg(z"), for -1 < ¢ < n-1. Only the
two extreme terms contribute, (—1)"~!(b; ---b,)~" for the first one, 1
for the second.

Ex. 2.8. Let A,B be of the same cardinality n, and 0,,...,0,_1 be
the divided differences relative to B.
Show that

(l—al)(1+an+anan,1+. . .+an . CLQ) = (bl—blal) te (bl—bnan)bfl 81 te 87171 .
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Solution. Writing 0y = 0y ---0,,_1, one decomposes the right hand
side into

(bl—b1a1) T (bl_bnflanfl)aﬂﬁ+_1/bl(bl_blal) T (bl_bnflanfl)(bnan)alﬂﬁ .

The contribution of the first part is (b} ' — b} 'a;)0s = 1 — ay.
For what concerns the second, define B = {by,...,b, 1}. Using 05 =
Ow 05,1, and showing by induction that

1/51(51 - blal) T (b1 - bn—lan—l)aIB%’
is independent of B, one gets in total
(]_ —al) +an(1 —al)(1+an,1 +...+an,1---a2) s

which is the required identity.

Ex. 2.9. Let A be a totally ordered set of n+1 distinct complex
numbers, and 0y, ..., d, be the divided differences associated to A. Let
[ be a simple curve enclosing A, f(z) be a function analytic in a disk

containing A.
Show, after Hermite, that

f(al)al <0,

[,

" 2ry/ 1 Jr Rz, A)

Solution. It suffices to test both sides of the equation on the basis
of polynomials

{S"(x 4+ a-A), a € A} U{S"™ T (z — A), k >0}

For the first polynomials, both members are equal to 1 (we assume
known the residue of 1/(z —a)). For the second family, one has indeed

S (A — A) = 0= residue of 2* .

Hermite’s expression may be used for Lagrange’s or Newton’s interpo-
lation formulas.

Ex. 2.10. For any positive integer p, let N =: {0,1,...,p}. Define
the Stirling numbers (of the second kind) to be the complete func-
tions in N, the (positive) Stirling numbers of the first kind to be the
elementary symmetric functions of N,.

Show that, for any n € N, one has

" = S"IN)z+ SNy w(z-1) + S" P (Ng) w(z-1)(2-2) + - -,
= > (1)@ (N)A (N )
1,J
1 1 T z(x-1) SP(x-Ny_1)

2-T - z(z-1) * 2(z-1)(z-2) SPt1(z-N,)
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Solution. This is the Newton interpolation at integral points.

Ex. 2.11. Let x be an element of binomial type, n a positive integer.

Following Naszadi, write 2™ as a linear combination of A™(x), A™(z+
1),...,A"(z +n-1).
Solution. The required decomposition is not given by the Newton
interpolation at integral points (called Stirling interpolation), because
the polynomials that we are given have the same degree in .

One notices that the determinant

" AMz) -+ A"z +n-1)
n®™ A"(n) ---  A™(2n-1)
1:” A":(l) e A”(n)

is null, because the space of polynomials in z, which are divisible by
x and of degree < n, is of dimension n. One rewrites the binomial
coefficients in the determinant as complete functions of n + 1. For
example, for n = 4, the determinant becomes

ot AYx) A*(z+l) A*(z+2) A*(z+3)
4t S%5)  SY(5) S2%(5) S3(5)

3 . S5 S'(5)  S%(5)
2t . - So5)  S'(5)
IR : - S°(5)

The expansion along the first column and the first row produces the
required expression:

> EA"(@+j) (n-i)"A I (n+1) = 0 .

0<i,j<n—1

Ex. 2.12. Let f(z) be a polynomial of degree n. After Carlitz,

compute the determinant ‘ flg )‘ :
0<i,j<n

Solution. Write f(z) = S™(x — B) (supposing the polynomial to be

exactly of degree n, we may normalize it). Using in each row of the

determinant the Newton interpolation for the function f(¢‘x) at points

q°,q¢', ¢%, ..., one transforms it into

¢IS" (g + -+ ¢ — B)

0<ij<n
up to the factor A(¢?, . '

With g-integers [i] +q+ -+ ¢, the determinant may be
rewritten‘q”isn_j([j +1] - B/q")

ceyq
=1

. Multiplying it by the inverse of the
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g-Pascal matrix [Snfjfi([j+1])] , which is no other than [S"’i’j(—[n—
z])], one transforms the determinant into

¢S (—B/q")

qiS”_j(—]B)‘ :
In the end, one gets
+5"(~B)--- S°(-B) (Ale", -, q"))

Ex. 2.13. Let n € N, By = {b1,...,b,}, 0 < k < n. Write the
interpolation of polynomials in = in the basis
{2" = S"(x — By), 2" (z-by) = S"(z-By),...,S"(x-B,)},

knowing f(0) and the values ¢; = f(b;), 1 <i < n.

Solution. This is the Newton interpolation for the function f(z)z~"
of the variable z = 1/x at the points 1/b;, completing with the value
f(0). For example, for n = 3, and g(z) of degree < 2, one has

f@)a® = g(z) = g(1/b1)+g01(x " =b; ") +90102(x ' —b; ) (' =by 1) ,
and therefore, for f of degree < 3,
fx) = g(b1)a® + g0 by a? (bi—x) + 90102 by by " (bi—x) (by )

+ £(0) b7 by 05 (bi—a) (be=) (bs—2)

the last term being obtained by identification in x = 0.

(A RA R EEEEEEEEEE
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CHAPTER 3

The Ring of Polynomials modulo Gym_

A A A A

As a linear space on which acts &, the group algebra H = Q[&,,]
is isomorphic to the linear span of 2 := 2" '257%... 2% the correspon-
dence exchanging o and (x”)7.

If instead of p, one takes another weight A = [A1, Aa, ..., A,], then
the linear span V* of the orbit of 2* is of dimension n!/dim(Stab()\)) =
nl/ajlay!-- -, instead of n!, denoting by Gtab()\) the subgroup of §,
leaving A invariant, and writing A = 191292 ...,

The H-spaces V* are called permutation representations. They are
the easier to describe. However, these spaces can be in general de-
composed into smaller spaces, and this is rather these smaller spaces
of representations of the symmetric group that one wants to describe.
This was first done by Alfred Young, using relations in the group alge-
bra Q[&,].

Let us just assume from Young’s theory the existence of central
idempotents indexed by partitions, and decomposing the identity in

Q&,]
(3.0.4) 1= > ex,

A |A|=n

each e, being obtained, as mentioned in Cor. 2.7.2, by taking any pair
of conjugate compositions I, J, with I reordering to I, and generating
a central element :

ex=cry Y, o0 C(1,T)V,07,

with ¢ 7 such that €3 = e,.

We refer to the relevant two pages in Macdonald’s book for what
concerns the representations of the symmetric group. We shall show
that, modulo the ideal generated by symmetric polynomials without
constant term, some permutation modules become irreducible, and that
conversely, every irreducible representation of &, can be described in

43
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this manner. Orthonormal bases will be provided by Yang-Baxter re-
lations. As a by-product, “straightening elements” or giving matrices
of representation will be easy.

3.1. The Coinvariant Ring of G,

Given n indeterminates 1, ..., Z,, let Gym__ be the ideal generated
by symmetric polynomials without constant term, and let

Codnd := Qz1,...,z,]/Gym, .

This ring is called the coinvariant ring of G,,. As a G,-space, it is iso-
morphic to the group algebra of &,,, as well as to the space of harmonic
polynomials which appears in Haiman’s lectures.

Given any decomposition of x into two disjoint subsets x’, x”, and
any symmetric function f, then

(3.1.1) f(x) = f(=x"),

because in the expansion of f(x — x"), there remains, modulo Gym_,
only the term of degree 0 in x.

As a consequence, z} = 0, S,_1,-1(x; + ;) = 0 when ¢ # j, or
more generally

(3.1.2) Sgr(x1++-4+x,)=0 when k>n—r1,

because Sgr(—x,41 — -+ — xy,) = 0.
Writing monomials as Schur functions in flags of alphabets, and
using nullities (3.1.2), one sees that €oJnv is generated by the mono-

mials 2% : v < p:=[n-1,...,1,0], as well as the monomials 2V : v <
0,1,...,n1].
Let us define a scalar product (, ) :
(3.1.3) (f,9):="F g0, ,
r1=0=x0="-+
using the maximal divided difference on z, ..., x,, followed by special-

ization in 0.

Since the target of 0, is Gym, the scalar product consists in evalu-
ating the image of the product of fg under 9, in €oJnv. Two homoge-
neous polynomials can have a non-zero scalar product only if they are of
complementary degrees (i.e. the degree of their product is n(n-1)/2).

Explicitly, the scalar product of two monomials %, 2" is

(D)%) if 3o : utv =][...210]"
0 otherwise

(3.1.4) (2%, 2") = (2", 1) = {
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In words, to evaluate the scalar product of two monomials, one has to
test whether the vector u + v is a permutation of p, and if so, to keep
the sign of the permutation.

The subspace of €odnv of degree d being dual to the subspace of
degree n(n-1)/2, one has the following test for the vanishing of a class
modulo Gym, .

LeEmMA 3.1.1. Let f be an homogeneous polynomaial of degree d, and
d =n(n-1)/2 —d. Then

(3.1.5) f=0 modGym, & (f,2")=0Vv: |v]=4d".
In the preceding lemma, one can of course restrict the test to the

vectors v such that v < p, or v < p¥.

3.2. Young’s Natural Representations

Let us look at orbits of monomials under the symmetric group.

For example, let us start with &5 and %0033,

With s,, s3, 54, we generate the five monomials written on the fol-
lowing graph :

[00033]
[00303]
(3.2.1) / NN
[03003] [00330]
AN /
[03030]

I claim that relations (3.1.2) allow to express all other monomials
in the orbit of 2°°9%3 in terms of these five monomials.

For example, the image of 2%3°% under s, is 23°°°3, and one has
(3.2.2) 30003 4 ;08003 | ;00303 | 00033 — _, 0000300003 _ _ ;00006 — ()

More complicated seems to reduce the image of the bottom element
under s3. However, one has
03300 | 03030 | 03003 4 ;00830 | 00303 | 00033 — )

because the left-hand side is a symmetric function of zs,..., x5 and
therefore, congruent to a function of degree 6 of x;.

These type of relations results in fact from relations written by
Young in the group algebra of &,. For example, instead of (3.2.2),
Young’s relations would give

3330003<1 + T2 + 713 +Tl4) =0,
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where 7;; is the transposition of ¢, j.

Another way of describing representations is through “straighten-
ing” of tableaux to render them standard by successive improvements
[2, 3, 6], but it also results from Young’s computations.

We shall bypass straightening totally by using the scalar product
on CoJny.

Let us eliminate tableaux as well.

Instead of starting from [00033], we start from the vector [01201]
and we sort it (increasingly), using successive transpositions. This time
we obtain :

[01201]
01021
(00121] (01012]
AN /
[00112]

and we have to stop because no other sorting is possible.
Evaluating the scalar products between the vertices of the two
graphs, we get the matrix (0 are replaced by dots) :

which happens to be triangular, with a diagonal of £1.

Since we knew that x03030, 03003 00330 15,0030 00033 gonerates the
space Vpoos3, then this proves that these five elements are linearly in-
dependent, and moreover this gives a dual space! in complementary
degree.

Instead of starting with a partition, one can take any composition
and the corresponding monomials. For example, to the composition
2,2, 3], one associates the monomials 2% 22 44 and 20t 1 %12 and gen-

erate a graph with 21 vertices, the matrix of scalar products being

which is not closed under the action of the symmetric group; z°'2! Q[&,,] is
of dimension 20, which is the dimension of the full space in degree 4.
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+ ...................
_|_ ..................
_|_ ..... _|_ ..............
....... _|_
........ _|_
......... _|_
__|_ ........... + ......
+ ............. + .....
_|_ ............. _|_
................. _|_
..... __|__
L _|_+ .............. +_

the rows being indexed by the monomials with the following expo-
nents :

(0022444, 0024244, 0202444, 0024424, 0042244, 0204244, 0042424, 0402244,
0204424, 0240244, 0402424, 4002244, 0240424, 0420244, 4002424, 0244024,
0420424, 4020244, 0424024, 4020424, 4024024]

For a general weight, we could proceed in the same way, but with
the tools that we have introduced up to now, it is not too easy to handle
relations modulo Gym_, and to express any monomial in a chosen basis.

Let us see how to restrict relations to straightforward vanishing
properties.

Given a composition A = [Ay,..., \], let

(3.2.4) () =02, A2 (A+X), (A )]
using exponents for repetitions, and
(3.2.5) C(A):=1[(0,1,...,A1-1), (0,1,...,A9-1), ..., (0,1,..., A\p—1)]

(parentheses have to be erased, they have been added to facilitate the
comprehension).

For example, if A = [4,2,2, 1], then p = [0, 42,62, 8!] = [000044668],
and ¢ = [012301010].
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We define the graph ') to be the graph with top element (), and
edges the simple transpositions which allow to sort ((\) recursively.
For example, for A = [3,2, 1], the graph '3y is

012.01.0
e R
012.001 01.02.1.0
//// \\\\\\\

01.02.01 S 01.012.0 _— 0012.1.0
~ T Tl N
01.002.1 _ - 01.01.02 _ - 0012.01 00112.0
N T T
01.0012 _ - (101.02 1 0011.02

h :/;/: S § /
00012.1 001.012
O
00112

S5 S4 53 $2
) ) )

LEMMA 3.2.1. Given a partition X\, two conjugate compositions I, J
such that \ be different from the reordering of I, given any permutations
o, o', then

:L‘ﬂ()‘) o VM(J) O" Dw([) =0.

Proof. The statement is equivalent to the nullities
(2" V) o' Ouy, ) =0,

for all monomials z* in the orbit of z#M), all monomials z¥ of com-
plementary degree. Transferring [, ;) on the right, it becomes V).
However, the two conditions that 2 V) #Z 0 and 2" V(1) #Z 0 cannot
be simultaneously realized? and (z* V() 0, 2°Vp)) = 0. O

Denote W, the linear span (in €oJnv) of the monomials in the orbit
of #N . The preceding lemma proves that there is no component of
type # A in W,.

2Let n be the partition obtained by reordering I. Then the non vanishing of
"V, () implies that n™~ > A~, with respect to the natural order on partitions.
But the non vanishing of z°V,,(;) implies that |v| > £(w(I)) = £(w(n) and this last
condition means that n > A.
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To prove that W, is irreducible (in char. 0), according to Lemma
2.7.4 we have to check that the subspace invariant under &(\) be 1-
dimensional, which the same as requiring that the space W, U, be
1-dimensional. In fact, one will show that the span of z*Ol,ny @ |u| =
|(A)] is 1-dimensional, by proving the equivalent statement in com-
plementary degree :

(3.2.6) (2" Vo o o] =|C(N)]) is 1-dimensional.

Indeed, the image of any polynomial under V) is divisible by the
product of Vandermonde determinants xC(’\)Vw(A), the image of this
element in CoJnv is # 0 and this proves (3.2.6).

Given a composition .J, and the two copies I';(p(J)) and T';(¢(J))
of the graph T';, with top element pu(J), or ((J) respectively, let Q)
be the matrix of scalar products (z*,z"), u being a vertex of the first
graph, v of the second one.

Taking a total order compatible with the graph, it is easy to check
that @ is triangular, with a diagonal of +1. This means that the
two sets of monomials are “almost adjoint” bases of two spaces, and
expressing an element in the first space is obtained by evaluating scalar
products with the second basis.

In particular, to represent a permutation o, one needs only evalu-
ate the scalar products ((x“)”, x"). The representation that one thus
obtain is in fact Young’s natural representation®

We summarize this construction in the next theorem.

THEOREM 3.2.2. Let J be a composition of weight n, {u} the ver-

tices of U'y(pu(J)), {v} the vertices of T ;(((J)).
Let Q5 be the matrix [(:v“, x”)], and for any permutation o € Sy,

Q9 be the matriz [((«*)7, z")].
Then

-1
oc—Q; -Qf

s an irreducible representation of &, of type the reordering of J.

For example, for J = [2, 4], then u(J) = [002222], ((J) = [01 0123],
the images of the basis {u} under the permutation o = [2,3,4,5,6, 1] is
022220], [202220], [220220], [002222], [222020], [020222], [022022], [200222], [202022]
giving the following matrix of scalar products:

30ne can recognize that the restriction of the scalar product to the monomi-
als having exponents a permutation of u(J), ((J) respectively, coincides with the
bilinear form on tableaux resulting from Young’s construction.
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1 -1 1 0 -1 0 0 0 07
o o o0 1 0 -1 1 0 O
o o o0 O o 0 0 1 -1
-1 0 0 O O 0 0 0 O
Q™M —-10 0o 0 0 1 0 -10 1
o 1 0 o0 0o 0 0 0 O
o 0 -1 0 0 0 0 0 O
o 0o 0 -1 0 0 0 0 O
0o 0 0 O o0 1 0 0 0.
from which follows the representation matrix
—1 1 -1 01 0 0 0 0]
0o 0 o 10 -1 1 0 0
0o 0 o oo 0 0 -11
1 0 0 00 O O 0 O
QrE™ =10 0 0 01 0 -1 0 1
0O 1. 0 060 0 0 0 O
-11 0 01 O O 0 O
0o 0 0o 10 0 0 0 O
-1 0 0 1.0 O 1 0 O]
ACE> Perm2RepNatural([4,2],[2,3,4,5,6,1]1,[4,2]):
# the sixth-power must be the identity
ACE> subs(0=°.°,evalm(%°6));
[1 . -]
L. 1 . -]
[. 1 . -]
[. 1 -]
L. 1 -]
L. 1 . ]
L. 1 . -]
[. 1 ]
L. 1]

3.3. Yang-Baxter Bases

We have written graphs, but only used simple transpositions to
label the edges. In chapter 2, we saw that Yang-Baxter relations are a
more powerful tool than pure braid relations without parameters.
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Let us take the graph ' corresponding to a (decreasing) partition,
but this time we label the vertices differently, starting with

€)= [(0,1, . A1), (1,0, A -2), oo (L, Ay — )]

(we have written extra parentheses only to facilitate the comprehen-
sion).

We perform the same simple transpositions as for I'y, but this time
we record the differences of values of the two components exchanged,
as we proceeded® in (2.3.5) :

[---;Uiavi-i—l;---] —>[...,’Ui+1,1)i,...] = label s; + L .
Ui — Uit
[01201] 01210
H53+%
[01021] 01120
/ NN _52+§/ N\ sf%
[00121] [01012] 01120 01102
AN / s\ / 52t}
[00112] 01102
Initial Graph Yang-Baxter Graph

Given A, the Yang-Bazter graph of type A is the graph isomorphic to
'y, with edges labelled by elements s; + 1/« determined by the initial
vector of parameters £(\), and with vertices labelled by permutations,
starting with the identity permutation :

12345
H53+%
12435
(331) S2+%/ \\\ saty
14235 12453
S4+%\\\ /52+%
14253

The Yang-Baxter polynomials 0, are the images of the monomial
2*™) under this graph (from top to bottom), indexed by the vertices
of the first graph (3.2.1). The adjoint Yang-Bazter polynomials 0, are
the images of ¢ under the same graph, from bottom to top.

4The only difference is that now the labels of vertices of our Yang-Bazter graphs
can be more general than permutations. In fact, for the same graph, we have to
use several labellings, and one of them is with permutations. As for signs, either
one chooses v; — v;+1 Or v;4+1 — v;, but of course uniformly!
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For example, for A = [3,2], these two families of polynomials are

obtained as images of x°9%33 or 20129! respectively :

ACE> gg:=GrapheYB([3,2]):
ACE> op(3,gg);

3 3 3 3 3 3 3 3 3 3 3 3
[x4 x5 , x3 xb +1/3 x4 x5 , x3 x4 +1/2 x4 x5 +1/2 x3 x5 ,
3 3 3 3 3 3
x2 xb +1/2 x4 x5 + 1/2 x3 x5 ,
3 3 3 3 3 3 3 3 3 3

x2 x4 + 3/4 x4 x5 + 1/2 x2 x5 +1/2 x3 x4 +1/4 x3 x5 ]

# To get the adjoint basis, one has to take the conjugate
# partition or read the graph from bottom to top
ACE> op(4,GrapheYB([2,2,1]);
2 2 2 2 2
[x3 x4 x5 , x3 x5 x4 +1/2 x3 x4 x5 , x2 x4 x5 +1/2 x3 x4 x5 ,
2 2 2 2 2
x2 x5 x4 +1/2 x2 x4 x5 +1/2 x3 x5 x4 +1/4 x3 x4 x5 , x2 x5 x3
2 2 2 2
+ 1/2 x2 x3 x5 + 1/2 x4 x5 x3 + 1/3 x3 x4 x5 + 1/3 x2 x5 x4
2 2
+ 1/6 x2 x4 x5 + 1/6 x3 x5 x4 ]

# The polynomials have been obtained by using the following

# operators (acting on their left)

ACE> op(2,gg);

[[], s3 + 1/3, (s3 +1/3)(s4 +1/2), (s3 + 1/3)(s2 + 1/2),
(83 +1/3) (s4 +1/2)(s2 +1/2)]

There are many equivalent ways of labelling the vertices of "), what
is fundamental is the choice of parameters on the edges. Here are some
other possible labels, with tableaux, with permutations constituting
a final interval in the permutohedron, with products of Vandermonde
determinants, writing A(123) for (z1 — z2) (21 — x3)(v2 — 3).

55 53142 A(123)A(45)
14
35 53412 A(124)A(35)
13
% 5 ? 4 54312 53421 A(134)A(25) A(125)A(34)
5
25 54321 A(135)A(24)
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Each time, it suffices to define the top element, the graph finishes
the job. The representation on products of Vandermonde determinants
is called Specht representation is in fact due to Young.

THEOREM 3.3.1. Given a partition X, then the Yang-Bazter poly-
nomials 0, (indexed by the vertices of (3.2.1)) constitute a basis of an
irreducible representation of type A of the symmetric group. The Yang-
Bazter polynomials 0, (indexed by the vertices of (3.2.3)) are adjoint
to it, up to signs.

Proof. Let us give the proof for A = [3, 2], to avoid having to introduce
too many notations to name the objects.
The Yang-Baxter polynomials are

foooss = 2°°0%

Bo0303 = $00033(%+83)

/ AN
Oozoos = 7% (3+53) (5+52) Ooozz0 = 2273 (5+53) (5+54)
AN /
03030 = $00033(%+83)
(%+32)(%+34)
The adjoint polynomials are
x00112(%+s4)
(%+32)(§+33)
x00112(%+84)(%+82)
AN
x00112(%+54) x00112(%+32)
AN /
00112

X

First, the bottom monomial fyg;12 = 2112 is orthogonal to 200033, 200303

203003 00330 “therefore to all the elements of the Yang-Baxter basis, ex-
cept Boz030. Moreover, one has
00112 03030 00112
(Po30303 , @ )= (z » T )=1.

Owing to this starting point, one pushes the orthogonality properties
to all other #, by induction on length, exactly as in the proof of Propo-
sition 2.5.1. O

# one checks that the two bases are adjoint by printing
# all pairs of polynomials with a non-zero scalar product

Y
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ACE> Flag(5): # Fix the order the symmetric group
yangl:=op(3,GrapheYB([3,2])): yang2:=op(4,GrapheYB([2,2,1])):
ACE> for poll in yangl do for pol2 in yang2 do
scal:=SpScalarPol(poll,pol2);if scal<>0 then print(poll,pol2) fi

od: lprint(‘-—--—--—-—————————————— - “); od:
3 3 2 2 2 2
x4 x5, 1/2 x4 x5 x3 +1/3 x3 x4 x5 +x2 x5 x3 +1/2 x2 x3 x5
2 2 2

+ 1/6 x3 xb x4 + 1/3 x2 x5 x4 + 1/6 x2 x4 x5

x3 x5 + 1/3 x4 x5 ,
2 2 2 2
1/2 x3 xb x4 + 1/4 x3 x4 xb + x2 xb x4 + 1/2 x2 x4 x5

3 3 3 3 3 3 2 2
x3 x4 + 1/2 x4 x5 + 1/2 x3 x5 , 1/2 x3 x4 x5 + x2 x4 x5

3 3 3 3 3 3 2 2
1/2 x3 x5 +1/2 x4 x5 + x2 xb6 , x3 xb x4 + 1/2 x3 x4 x5

3 3 3 3 3 3 3 3 3 3 2
1/2 x3 x4 +3/4 x4 x5 +1/4 x3 x5 +x2 x4 +1/2 x2 x5 , x3x4x5

(A AR EAEEREEE LR LR LR
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Exercises

Ex. 3.1. Given n, find the basis of €oJnv adjoint to the basis of
monomials {z%: v <[0,1,2....,n-1]}.

Ex. 3.2. Let n be a positive integer, w be the maximum element
of &(xy,...,x,). Compute the image of

Todd = ((n-1)z; + -+ 0z, ()

under 0,,.
Solution. The only monomials in the expansion of T'odd which give
a non-zero contribution are (z*)?, p = [n-1,...,0], 0 € &,,. Since the

image of z” under 0, is 1, the image of T'odd is the same as the image

of i
Z (n—1)" OZ”'(Qixl :
(I,6):0€6n, I=0p boeetin
On the other hand,

> (1) (n-1) 0" = A(n-1,...,0) = (n-1)!--- 1!,

Therefore the image of Todd is (3) !.

Ex. 3.3. Knowing that, for n = 5, the graded characteristic of the
space CoJny, in degree 4, is :
ACE> coeff(CharacterCoInv(5),q,4);
s[3, 21 + s[4, 11 + s[2, 2, 1] + s[3, 1, 1]

show that the subspace generated by the permuted of the monomial
299922 is the sum of two irreducible representations of &5 of respective
shapes [2, 3] and [1, 4].
As a check, the dimension of the space is indeed 5 + 4:
ACE> rank(WeightSpace([0,0,0,2,2]));
9
ACE> rank(WeightSpace([0,0,0,1,1]));
9
ACE> rank(WeightSpace([0,0,0,3,31));
5

Ex. 3.4. To the composition [3, 2], we have associated a graph I'sy
with top element 2°0933 :
ACE> op(3,GrapheYB([3,2],vecteur));
tfo,o0,0,3,31,[0,0,3,0,31,[0,0,3,3,01, [0,3,0,0,3]1,[0,3,0,3,0]]
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Keeping the same edges, but taking the top element 22220

the monomials of exponents

2,2,2,0,0],[2,2,0,2,0],[2,2,0,0,2],[2,0,2,2,0],[2,0,2,0, 2]

, we get

as new labels of the vertices. Show that these monomials are still a basis
of the same space as when starting with 2°°%3 and find the matrix of
change of basis.

Solution. Thanks to (3.1.1), one has

.CL'22200 = 5222(.@1 + X9 + l‘g) = S33(.T4 + ZC5) = .CL'00033

This congruence is preserved by the action of the symmetric group,
and therefore the two sets of monomials coincide modulo &Gym_ and
are both bases of the same space.

We could have taken the graph with top element °9?%2) but in that
case the edges are not labelled by the same transpositions.

EX. 3.5. Define the Jucys-Murphy elements §; to be
é‘j =Ty + T2; +---+ Tj—1,j

(sum over all transpositions 7;;, i < j, putting §& = 0.

Write the commutation rules between the simple transpositions and
the Jucys-Murphy elements.

Show that £%99%3 (evaluated in €oJnp) is an eigenvector for &y, . . ., &;.

ACE> SgaJucis(4,5);
Al4,2,3,1,5]+A[1,4,3,2,5]+A[1,2,4,3,5]

Using the above commutation rules, show that the other Yang-
Baxter polynomials labelling the vertices of I'35 are also eigenvectors
of &,...,&;, with the following eigenvalues :

JucysOnPol:=proc(n,pol) local i,polX;

Flag(n);

polX:=ToX(pol);
# one has to reduce modulo the ideal, this is done by evaluating
# in the Schubert basis
[seq(simplify(ToX(SgaOnPol(SgaJucis(i),pol))/polX), i=1..n)]
end:

ACE> for pol in op(3,GrapheYB([3,2])) do
print ( JucysOnPol(5,pol),pol)  od:
3 3
[0,1,2, -1,0], x4 x5
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3 3 3 3
(0,1, -1, 2, 01, 1/3 x4 x5 + x3 x5

3 3 3 3 3 3
(0,1, -1,0,2], 1/2 x4 x5 + 1/2 x3 x5 + x3 x4

3 3 3 3 3 3
[0,-1,1,2,0], 1/2 x4 x5 + x2 x5 + 1/2 x3 x5

o, -1, 1, 0, 2],

3 3 3 3 3 3 3 3 3 3
1/2 x2 x5 +3/4 x4 x5 +x2 x4 +1/4 x3 xb +1/2 x3 x4
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CHAPTER 4
Pol(A) as a free Sym(A)-module

A A R R AR R

4.1. Quadratic Form on ‘Lol

This time, we do not evaluate polynomials modulo the ideal Gym,,
we do not kill any symmetric function. We already saw in the second
chapter that taking the “scalars” to be the symmetric functions in A
was a convenient way of computing with divided differences.

Our aim is to be able to manipulate polynomials in several variables
as easily as symmetric polynomials. Many properties of symmetric
functions come from the existence of a Cauchy kernel giving rise to
a scalar product on &Gym(A), and to the distinguished basis of Schur
functions.

This approach can be extended to the ring Z[A] of polynomials in
n indeterminates : A = {ai,as,..., a,}. We shall consider Z[A] as

a module over Gym(A), and to have more flexibility, we introduce a
second alphabet B = {by,bs, ..., b,}, and denote by Pol(A) the ring

Pol(A) = Q[A, B]/(Sym(4) = Sym(B)) ,
where the ideal (Sym(A) = Gym(B)) is the ideal generated by all
f(A)—f(B), f symmetrical. We shall consider Pol(A) as a module over
GSym(A), which is now defined to be the ring of symmetric functions
in A with coefficients in B.

We have already used that Pol(A) is a free Sym(A)-module, with
basis the monomials a’, I < p := [n-1,...,1,0]. We shall now give a
more precise description of this free module.

We still use the maximal divided difference of G(A) to define a
quadratic form :

(4.1.1)  Pol(A) > f,g=(f, 9) =(fg, 1) := fg0, € Gym(A)
# scalar product compatible with product of polynomials
ACE> SpScalarPol(x176%*x3,x273, 3),
SpScalarPol (x1°6*x3*x27°3,1, 3);
s[4, 2, 11, s[4, 2, 1]

59
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ACE> ToY(NcaOnPol(A[3,2,1], x176%x3*x273));
Y[1, 2, 4, 0, 0, 0, O] # increasing partitions

Divided differences are compatible with this quadratic form :

LeEmMA 4.1.1. The diwvided differences 0;, 1 = 1,...,n—1, are self-
adjoint with respect to ( , ). Therefore, for o € &(A), 0, is adjoint to
Op-1.

Moreover o is adjoint to (—1)4“) g1

Proof.  Given any ¢ < n, factorize w = s;0. Then (f0;,9) =
(fai g Bi)d,. Because f 0; is a scalar for 9;, the preceding expression is
equal to

(791 (99)) &,

and the symmetry between f and ¢ implies that it is also equal to
(f, g0:). By product, one gets the assertion for every 0,.
Similarly
(fo,9)=f"90. =g 00,=(-1)"fg" 0= (-1)(f, go7").
O

ACE> SpScalarPol(NcaOnPol(A[3,1,2], x176%x372), x274, 3);
s[4, 3] + s[4, 2, 1] + s[5, 21 + s[5, 1, 1] + s[6, 1]

ACE> SpScalarPol(x176*x3"2, NcaOnPol(A[2,3,1],x274), 3);
s[4, 3] + s[4, 2, 1] + s[5, 2] + s[5, 1, 1] + s[6, 1]

4.2. Kernel
Let
(4.2.1) K,(AB):= [ (bi—a).
1<i<j<n

This function has fundamental and evident vanishing properties:

LeMMA 4.2.1. For any permutation o € &, the specialization
K, (A%, B) vanishes, except the case K,(B,B) = A(B).

Proof. To avoid vanishing, the letter a, can only be specialized to b,
because K,,(A”,B) has the factor (a,-by) --- (a,-b,_1). Now the situ-

ation to examine is the same, but with a,...,a,_1, and by,...,b,_1.
This proves by induction on n that the only non-zero specialization is
alzbl,...,an:bn. [

The following proposition shows that K,(A, B) is a reproducing
kernel, i.e. that it allows to obtain f(B) from f(A) by scalar product.
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PROPOSITION 4.2.2. For any f € Pol(A), one has
(12.2) (/(A), Ku(A,B) = /(B)

(we have written = instead of an equality to point out that we are
identifying symmetric functions in A with those of B).
Proof. Any polynomial in A can be written as a linear combination
of al, I < p=1[n—1,...,1,0], with coefficients in Gym(A). However,
a' K,(A,B) is a linear combination of monomials a’*7, I < p, J <
[0,1,...n-1], that is, of monomials having an exponent I+.J < (n—1)".
The image of such a monomial under 0, is 0, except if all its exponents
are different, and this is precisely the case where [+ .J is a permutation
of p. In that case a!™/ 0, = £S5, = £1.

Therefore, the image of each monomial a’™/ is independent of A,
and one can specialize A to B in the expression

f(A)Kn (A, IB) Oy = Z (_l)l(g)f(AU)Kn(AGJ]B)m
ceBG(A)

However K,,(B”,B) is 0 if o is not the identity permutation, and the
summation reduces to a single term

f(B)K, (B,B)/A(B) = f(B) .

O
The next natural step, when one has a quadratic form, is to look for
an orthonormal basis. We shall find one which is “almost” orthonormal:
the matrix of scalar products is a ‘signed’ permutation matrix.
This basis is called the basis of Schubert polynomials. Schubert
polynomials indexed by permutations in &,,, defined as follows, starting
from a top element X, (A /B) :

1<2,j<n,i+j<n
X,(AB) = X,(AB)d,,

Notice that K,(A,B) = (1)) X, (A%, B).

In fact, we have decomposed the resultant R(A, B) into the three
factors X, (A, B), £K, (A, B), and the diagonal [ [,(a;—b;). Graphically,
a box in position [¢, j] standing for a factor (a;~b;), this decomposition
is

O i TR

Y

oosm
ocmnm
SEEn

v
R({ai, a2, a3}, {b1,bs,b3,b4}) = B
0

3

the three factors being represented by [J, B and © respectively.
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The preceding definition implies the recursions
(4.2.4) X, (AB)0; = X5, (A, B) if U(os;) < l(0) .

(because 97 = 0, then X, (A, B)d; = 0 if £(os;) > L(0)).
For &3, the Schubert polynomials are

(a1-b1)(a1—b2)(az—b1)
O Oy
V4 AN
(a1-b1)(az—b1) (a1-b1)(a1-b2)

0o ‘ 0,
(a1-b1) a1taz—b1—b2

01 \\ /Oy

1

and can be obtained with the ACE-function TableX(n), the variables
being now ;,y; :
ACE> TableXX(3);

table([
[3, 2, 11 = (-x2 + y1) (x1 - y2) (-x1 + y1)
(1, 2, 3] =1
[1, 3, 2] = x2 - y2 + x1 - y1
(3, 1, 2] = =(x1 - y2) (-x1 + yi1)
[2, 1, 3] = x1 - y1
[2, 3, 11 = (-x2 + y1) (-x1 + y1)
D

One can also index Schubert polynomials by codes of permuta-
tions, instead of permutations. We write Y, = X, if J = [j1,...,Jn] =
code(o). The recursion on Schubert polynomials is now written, start-

ing from YP (A, B) = Xw(Aa ]B) = ngz’,jgn,ngn(ai - bj):
(4.2.5) Y, (AB)O; =Y. iy, i Ji > Jiga

ACE> map(factor, TableYY(4));# computed with a different algorithm
table([

[1,1,1,0] = -(-x3 + y1) (-x2 + y1) (-x1 + y1)

[1,0,1,0] = (-x1 + y1) (y1 + y3 - x3 - x1 - x2 + y2)

[2,2,1,0] = -(-x3 + y1) (-x2 + y2) (-x2 + y1) (-x1 + y2) (-x1 + y1)

[1,2,1,0] (-x3 + y1) (-x2 + y1) (-x1 + y1) (-x2 + y3 - x1 + y2)

2
x3 x2 -x3 y2 +x3 x1 -x3 yl -x2 y2 +y2 -y2 x1 +y2 yl+x2 x1
2

[0,1,1,0]
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-x2yl -ylx1l+yl
[2,0,0,0] = (-x1 + y2) (-x1 + y1)
2

[0,2,0,0] = x2 -x2 y2 +x2 x1 -x2 y1 -y3 x2 +y3 y2 -y3 x1 +y3 yl +x1

-ylxl-y2x1+y2yl
[3,0,1,0] = (-x1 + y2) (-x1 + y1) (y1 - x3 + y2 - x2) (-x1 + y3)
[2,0,1,0] = -(-x1 + y2) (-x1 + y1) (y1 - x3 + y2 - x2)
[0,1,0,0] = x2 - y2 + x1 - y1
[1,0,0,0] = x1 - y1
[0,0,1,0] = x3 - y3 + x2 - y2 + x1 -yl

[3,2,1,0] = (-x3 +y1) (-x2 +y2) (-x2 +yl) (-x1 +y3) (-x1+y2) (-x1+y1l)

[3,1,0,0] = (-x2 + y1) (-x1 + y3) (-x1 + y2) (-x1 + y1)
[2,2,0,0] = (-x2 + y2) (-x2 + y1) (-x1 + y2) (-x1 + y1)
[3,0,0,0] = -(=x1 + y3) (-x1 + y2) (-x1 + yi1)
[3,2,0,0] = -(-x2 + y2) (-x2 + y1) (-x1 + y3) (-x1 + y2) (-x1 + y1)
[2,1,1,0] = (-x3 + y1) (-x2 + y1) (-x1 + y2) (-x1 + y1)
[0,2,1,0] = -x3 x2 y1 -y2 y3 yl +y3 x2 yl -x3 x1 y2 -y3x2x1 +y3ylxl
-2 x2 y2 x1 +2 x2 y2 y1 -2 x2 y1 x1 +2 y2 y1 x1 +x3y3y2 +y3y2x1
2 2 2
+y3 x2 y2 +x3 x1 -y2 x1 +y2 x1 -x3 x2 y2 +x3x2x1 -x3y3x2+x3y3yl
2 2 2 2 2 2
+x3 x2 -y2 x2 +x2 y2 -x3 y3 x1 -y2 yl -y2 y3 -y2 yl -x3xlyl
2 2 2 2 2 2 2

+X - +x2 x1 -x +X +x2 x1 -yl x1 + X
3 y2 yl -y3 y1 2 1 —=x2 yl1 +x2 y1 2 x1 -yl x1 +y1 1

[1,2,0,0] = -(-x2 + y1) (-x1 + y1) (-x2 + y3 - x1 + y2)

[2,1,0,0] = -(-x2 + y1) (-x1 + y2) (-x1 + y1)

[1,1,0,0] = (-x2 + y1) (-x1 + y1)

[3,1,1,0] = -(-x3 + y1) (-x2 + y1) (-x1 + y3) (-x1 + y2) (-x1 +yl)
[0,0,0,0] =1 1)

Proposition (4.2.2) can be now be generalized, divided differences
themselves can be evaluated with scalar products.

THEOREM 4.2.3. For any f € Pol(A), any permutation o € &(n),
one has

(4.2.6) (F(A), (-1)"IX,, (A%, B)) = f 9,1 (B) .
Proof. One has

X‘TW (AUJ ’ IB) = Xw (Aa IB) awaw w
= Xu (A B)w (w0 w) = X, (A, B)w (~1)1@3,

2
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and one can shift the divided difference 0, to the left of (, ) thanks to
Lemma (4.1.1). Now the formula results from proposition 4.2.2 for the
function f 0,-1. U

The theorem shows a symmetry property of Schubert polynomials
which is not evident from their definition with operators acting on A
only. Introducing C, a third alphabet of cardinality n, take f(A) =
Xu (A, C). Then (4.2.6) implies

(X, (A, C), (1)K, (A, B)w) = X,-1 (B,C) .

On the other hand, putting w on the left,
(DX, (4,0, (-1)"Xy (A, B)w) = X,,,(C,B)

because (~1)*“)X,, (A¥, C) is a reproducing kernel. Therefore, one has
the symmetry :

(4.2.7) X, (A,B) = (-1)“9X, 1 (B, A) .

COROLLARY 4.2.4. The quadratic form (, ) is non-degenerate. The
space Pol(A) is a free module over Sym, with the two adjoint bases

{X;(AB)} and {(-1)""X,, (A%, B) : 0 € G(A)}.

More precisely
(X, (A, B), (-1)""X,, (A”,B)) = d,, .

Any element of Pol(A) expands into the basis of Schubert polyno-
mials Xy, 0 € &(A), as follows :

F8) = SO(F, ()X, (A%, B) X, (A, B)
(4.2.8)

> [0e-1(B) X, (A B)

One can view Schubert polynomials as a basis of Pol(A) depending
on parameters by,..., b,, and let the parameters vary. Indeed, let
C ={c,..., ¢u}. Then the following theorem shows that the matrix
of change of bases has Schubert polynomials as entries :

THEOREM 4.2.5. Let A, B, C be three alphabets of cardinality > n,
and let ¢ € &(n). Then

(4.2.9) X:(A,C) =) X,(B,C)X,(A,B) ,

sum over all reduced factorizations ( = no (i.e. factorizations such

that £(o) + £(n) = £(C) ).



4.2. KERNEL 65

Proof. One applies corollary(4.2.4) to the function f(A) = X, (A, C).

Since f(A) belongs to the span of monomials in A of degree < p, = is

in fact an equality. Moreover, to require non nullity of X.0,-1 is the

same as to require that the product ((n=')(n) be reduced. O
For example, for ¢ = [2,4,1, 3], the expansion is

Xo413(B, C)X 234 (A, B)
—Xo143 (B, C) X324 (A, B)

+ X243 (B, C) X314 (A B) + X134 (B, C) X493 (A, B)
—Xi234 (B, C) X413 (A, B)

The special case ( = w is worth of interest. It states that Hi+j<n(ai_
¢;) is the sum of all products X,,-1 (B, C) X, (A, B), where B has been
chosen arbitrarily.

The Cauchy formula for symmetric functions gives the decompo-
sition of R(A,C) in to a sum of product of Schur functions of com-
plementary shapes. Thus, the case ( = w, B = 0 of (4.2.9) is the
non-symmetric version of it (Cauchy formula for Schubert polynomials
10))

X, (A,C) =[] (ai—c)) = D X.0om1(0,C) X, (A,0)

i+j<n

X2413 (A7 C) =

(4.2.10) = ) (-D"X,(C,0) X, (4, 0) .

In fact, in the case where the code of € is [y*, 0" %], and B = 0, then
one recovers the usual Cauchy formula for two alphabets of respective
cardinalities a7y :

(4211)  X(4,0) = [T[](a - ) = 3_%,(0.0) X, (4,0).

sum over all reduced factorizations ( = no. Taking the codes of n*

and o, one recognizes them to be (increasing) conjugate partitions.

# one expands the maximal Schubert polynomial (in x,b)
in the basis of Schubert polynomials (in x,y)
#
ACE> ToXX( (x1-b2)*(x1-b1)*(x2-b1)):
# one puts the result in a table indexed by XX[],
# and one substitutes in the entries bl=x1,b2=x2
# to be able to use ToXX
ACE> subs(bl=x1,b2=x2,%)
ACE> map(ToXX,%, collect);
table(sparse, [
[3, 2, 11 = XX[1]
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(2, 3, 11 = -XX[1, 3, 2]
[3, 1, 2] = -XX[2, 1]
[1, 3, 2] = XX[2, 3, 1]

[2, 1] = XX[3, 1, 2]
[1] = -XXI[3, 2, 1]
D
Many properties of symmetric functions can be obtained using Schu-
bert polynomials. In fact, the Schur function in ay,...,a,, indexed

by the increasing partition J € N", coincides with the specialization
Y, (A, 0). This is clear from its definition as

YJ (A, 0) _ a{n-l-n—l L a%l‘H) anl _ Z (a{n-i-n—l L azer))o‘/A(An) .

(TEGn

4.3. Schubert by Isobaric Divided Differences

In this section and the next one, we shall specialize B to 0 and write
XU, YJ for XU(A, 0), YJ(A, 0)

The divided differences 7; and 7; can be lifted to the free algebra,
in a way compatible to the projection on Plac. Finding a way to de-
fine Schubert polynomials with these operators, instead of 0; almost
certainly ensures to find easily a non-commutative version of Schubert
polynomials.

In fact such a construction results easily from the commutation
relations between m; and z;, j # ¢,i+1. Magyar [26] gave a geometrical
construction which generalizes Bott-Samelson varieties and implies the
following theorem.

In this section we specialize the second alphabet to 0, and index
Schubert polynomials by codes.

THEOREM 4.3.1. Giwven J € N*, let k be minimum such that j, =0
(if it does not exist, replace J by JO). Let I = [j; — 1,...,jk 1 —

17jk+17 s 7]71]
Then

(4.3.1) Yy=Yrmp 1o o1

Proof. xp_y---x; commutes with m,_; -7, and therefore, because
Tpo1** Tk = Tp_1-*TkOp_1--- Ok, one can factor on the right the
divided differences :

Y Ty gy -y = Yi(xpo1 - wg) (T v - - @1) Op—y - - - O

'He does not use the same products of 7;, reducing them to take into account
partial symmetries.
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— Vi1 OO =Yy

O

For example, the Schubert polynomial Y3300 is obtained by the

following sequence of operations (image under products of m; followed
by multiplication by a factor xy - - - xy).

Yo T1X2
Y T
Youu T1T2x3
Yio 3 12
Yo302 | 43T T
Y30302

# The program can print the intermediate steps

ACE> RecY([3,0,3,0,2],see):

Y[2,3,0,2] Pi [4, 3, 2, x1]

Y[1,2,21 Pi [3, x1*x2]

Y[0,1,1]*x1*x2%x3

Y[1,1]  Pi [2, 1]

Y[0,0] *x1*x2

ACE> ToY(x2X(%)); # faster algorithm with x2X
Y[(3, 0, 3, 0, 2, 0, 0]

4.4. Action of G,, on Schubert Polynomials
The divided difference 9; is equal to (1—s;)(x; —z;41) . Conversely

(441) S; = 8z (ZL‘Z'+1 — ZL‘Z) +1.

Since the action of divided differences is straightforward, the action
simple transpositions is a consequence of the formula (Monk formula)
describing the product of a Schubert polynomial by a single variable :

(442) -Xo' Tk = ZX(TTkj - ZX(TTM )
j>k i<k

sum over transpositions 7x;, 7, such that ((o7g;) = (o) + 1 = l(oTy).
As a consequence, one has the following description of the action of
a simple transposition on the Schubert basis.
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ProrosITION 4.4.1. Let 0 € G, and k < n. If op < 0k41, then
X, is invariant under s;. Otherwise, let n = o s,. Then

(443) Xose=-Xo+ > Xynws = > Xy,

G>k+1 i<k

- Z X777'kj +ZX777'ik )

>kl i<k
sum restricted to permutations of the same length as o.

#simple transposition s_3 ; eta= [5,1,3,6,8,2,4,7]
ACE> SgaOnX(A[1,2,4,3],X[5,1,6,3,8,2,4,7]);

- X[5,1,6,3,8,2,4,7] - X[6,1,3,5,8,2,4,7]
+ X[5,1,3,8,6,2,4,7] + X[5,1,3,7,8,2,4,6]
+ X[5,3,1,6,8,2,4,7] - X[5,1,4,6,8,2,3,7]
The properties of the representation of the symmetric group on the
Schubert polynomials of a given degree have not yet been studied.
I shall just mention that it is easy to describe the subspace of €oJnp
invariant under some [,, that we needed to check that some repre-
sentation was without multiplicity.

LEMMA 4.4.2. o Let k < n. Then the subspace of the ele-
ments of Codnv invariant under si has basis the Schubert poly-
nomials X, such that o < op4q.

e Let J be a composition of n. The subspace of elements invari-
ant under Sy has basis the Schubert polynomials X, such that
o be of minimal length in its coset 0 S.

Proof. Let f =) ¢, X,. Requiring that f be invariant under sy, is the
same as requiring that f d, = 0. However f 0y = Za:e(ask)d(a) CoXoy
and this sum can be null only if it is void. 0

The second statement is a direct consequence of the first.

For example, for n = 5, we needed the subspace of polynomials of
degree 6 invariant under G3;. We have to find the codes v such that
v1 < vy < w3, vy < ws = 0. There is only [2,2,2,0,0], as is confirmed
by the computer.

# degree 6 is given by the 6+1-th element of the list.

ACE> map(Perm2Code,op(7,ListPerm(5,level)));

[ [4,0,2,0,0],(83,3,0,0,0],[0,3,2,1,0],[4,0,1,1,0],
(3,o0,2,1,01,[4,2,0,0,0],[2,2,2,0,0],[2,3,0,1,0],
(3,2,0,1,01,I1,3,2,0,01,[4,1,0,1,0],[3,1,2,0,0],

(4,1,1,0,01,[1,2,2,1,01,(1,3,1,1,0],[3,1,1,1,0],

(2,3,1,0,01,[2,2,1,1,0],[2,1,2,1,0],[3,2,1,0,01]

b b
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COROLLARY 4.4.3. Let J be a composition of n. Then the subspace
of €odnv of elements fized by O, /|G| is generated by the Schubert
X, such that o be of minimal length in its coset 0 S ;. In particular,
the subspace in degree |u(J)| is 1-dimensional, and generated by Y,
where (1(J) has been defined in (3.2.4).

Proof. Let f =5 ¢, X, befixed by O, /|&,|. Then f is annihilated by
all 0; with s; € &/, and all the Schubert polynomials in the expansion
of f have the same property. This means that they are all invariant
under & ;. OJ

From the enumeration of permutations of minimal length in their
coset, one could deduce recursively the multiplicities? of irreducible
representations in CoJno.

For example, for G5, the subspace of degree 5 of €oJnv is isomorphic
to Voo @ 2V31; @ V. Since Vaoi Uaiazs, Vain Uaiass, Vao Doigss, are of
respective dimensions 1, 1,2, because S?! = Si95 + Si13 + 2593 + -+ -,
then one must have 142 x 141 x2 = 5 Schubert polynomials invariant
under D21435/4. Indeed,

ACE> select(IsInvariant,op(6,ListPerm(5,level)),[2,2,1]);
[(1,5,3,4,21,13,5,1,2,4]1,[3,4,1,5,2]1,[2,5,1,4,3]1,[2,4,3,5,11]

4.5. Newton Interpolation in Several Variables

We have seen in (4.2.8) that, for A B of cardinality n, and any
polynomial f of n variables, one has

fA) = D f0,-1(B) X, (AB) ,
€6,
modulo Gym(A) = Sym(B).
Letting n tends towards infinity, one gets rid of the ideal, and one

obtains the generalization of Newton’s formula to polynomials of sev-
eral variables :

(4.5.1) FA) = D> f0,1(B)X,(AB) .

€6

Erasing f, this should be interpreted as the decomposition of the
identity in terms of divided differences, rather than an interpolation
formula.

2But it is simpler to obtain them from the cocharge of tableaux, or by special-
izing a complete function in 1, ¢, ¢>, ...
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More generally, for any permutation ¢, changing A to A¢, and spe-
cializing B to A, in (4.5.1), one obtains

(4.5.2) (=D 01 X, (AS A) .

Conversely, given n and a sum D = Zceen ¢ c¢, the coefficients ¢,
being rational functions of A, then it is easy to determine these coef-
ficients by letting D act on K,,(A, B). Indeed the vanishing properties
of the kernel (4.2.1) imply that

(4.5.3) (1)K, (A, ]B%)D‘B:AJ = ¢ A(A) .

This applies to divided differences :

(4.5.4) (-1)“K, (A, B) 0, =ccA(A) .

B=A"

However, Eq. 4.2.9 implies that the inverse of the matrix with
entries X, (A¢, A) has the same entries, up to sign and multiplication
by A(A).

This gives another expression of the expansion of divided differences
in the basis of permutations :

PROPOSITION 4.5.1. Leto € &,,. Let 0, = >, C ¢ be the expression
of 0, in terms of permutations. Then

(4.5.5)
L1)O o7 — (L1)lw0) W Ay wey_L
( 1) C¢ _( 1) Xa—lw(A 7A)A(A) _Xwa(AaA )A(A) :
Proof. Let us replace, in formula (4.2.6):
(f(A), ()X, 1, (A, B)) = [0, (B)

the scalar product by its expression (f,g) = > £(fg)7A(A)~!. It
becomes

1
> E(A)Xo-1, (A, A)) T = F(A)D; ;
¢
erasing f, which is irrelevant, one gets the proposition. O

Since K, (A, B) = (-1)/“) X, (A%, B) and since wd,w = 9,5, the
two expressions of 0, involve specializations of Schubert polynomials,
but not the same polynomials, as mentioned in [22]. One has in fact,
for any pair of permutations,

(456) (71)6(0)}{0(1&7 AC) = Xoow (AWJAWC) .
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4.6. Yang-Baxter Bases of #%°

Given n independent parameters x = {x1,...,2,}, invariant un-
der G(A), we have defined in (2.3.6) a Yang-Baxter basis of H’?,
which is adjoint to the basis corresponding to the reversed parame-
ters T, ..., T1.

Let us give the expansion of this basis in terms of the natural basis
basis {9, } of H"°.

To avoid denominators, we change definition (2.3.6), and take now,
with Y =1,

(4.6.1) Vos; = Vo (1 + (To,,~0,) 05) , L(05;) > L(0).

Let o and 7 be such that ¢(0) < £(os;). Suppose known the expan-

sion

Vo= 0%, (X7, %) + Oy, X, (x7, %)
with v : €(v) < £(vs;). Then its product by 1+(z,,,,~24,)0; is
Z al/ Xl/ (XU; X) + al/si (Xl/sz (XUJ X) + XV (XUJ X) (x0i+1 7‘,1’101')) )

and the identities
X, (x7%, x) & Xos; (x77, %) = Xp, (x7, %) + X, (x7, %) (xcn+1 ~Tg;)
give a similar expansion for ), and prove the following theorem.

THEOREM 4.6.1. The matriz of change of basis between {),} and
{0,A(x)}, and its inverse, have entries which are specializations of
Schubert polynomials :

(4.6.2) Vo = D 0,%,(x%,x),
(4.6.3) 0, A(x) = i:ngw,,(x,xw).

Notice that recursions on Schubert polynomials provided by divided
differences are easier to understand than recursions on Yang-Baxter
coefficients, because two sets of variables are easier to handle than one
set!

ACE> NcaYang([3,2,1]);
Af1,2,3] +(-x2+x1) (-x3+x1)A[2,3,1] +(x3-x1)A[1,3,2]
-(—x2+x1) (-x3+x2) (-x3+x1)A[3,2,1]+(x3-x1)A[2,1,3]
+(—x3+x1) (-x3+x2)A[3,1,2]
# The coefficients are all the specializations of Schubert
# polynomials in yl=x3, y2=x2, y3=xl
ACE> TableXX(3,[3,2,11);



72 4. Pol(A) AS A FREE &ym(A)-MODULE

# specializes the y.i into a permutation of the x.i
table([

(1, 2, 3] =1

[2, 3, 1] = (-x3 + x1) (-x3 + x2)

[1, 3, 2] = -x3 + x1

[3, 2, 11 = (-x2 + x1) (-x3 + x2) (—x3 + x1)
[2, 1, 3] = -x3 + x1

[3, 1, 2] = (-x2 + x1) (-x3 + x1)

ip;

4.7. Yang-Baxter Elements as Permutations

We have obtained Schubert polynomials in the expression of di-
vided differences in the basis of permutations (4.5.5), or, conversely, of
permutations in the basis of divided differences.

We obtained them again in Theorem 4.6.1, this time while devel-
oping Yang-Baxter elements. In fact, one passes from the expression
of a permutation o to the expression of ), by just changing formally
x into A in Eq. (4.6.2).

The rules were different in the two cases, the symmetric group act-
ing on the variables a;, but not on the variables ;.

This formal change between the two formulas may be interpreted
as developing products like
(1401 (ag-a1))(1+02(az—ay)) - - -, ignoring the fact that the 9;’s act on
the variables a;.

Let us show one way why Yang-Baxter elements can be identified
as permutations.

Sums of permutations in &G(A), or of divided differences, can be
characterized by their action on the single element K (A, B).

For what concerns Yang-Baxter elements, one has to make them
act on

K(Ax) = H (a; — z;) = X(A,x¥) ,
1<i<j<n
the z; being the spectral parameters, and the a; being the variables on
which act divided differences.

Let us see an example of the action of successive Yang-Baxter ele-
ments in the case n = 4, indicating the successive images of K (A, x),
and below the permutation of spectral parameters.

a1—x2 a1 —IT2 a1 —T2

a1—r1 a2—T
a1—T4 2—T4 A3—T] ? a1—wa as—x4 az3—aa > 0104 az*“

[331,332,5103,334] [5101,333,552,554] [333,5101,5102,334]
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a1— o2 a1 —T2
G1—T1 2772 a1—21 az—T2

WQ a1 —T4q a3—xTq WQ a1—T4 A3 —T1 A3—T4
[3;37;1;'17;1;47;1;'2] [l‘3,$1,l‘4,l‘2]

We notice that, at each step involving 0;, the polynomial to trans-
form is the product of a polynomial symmetrical in a;,a;.; by a lin-
ear factor (a;-x), that we indicate by a double box. Its image under
(1+(2'-2")0;) is (a;—x"), because, by chance, one also has that x = 2.
Therefore, all the images are products of factors (a—xz). More precisely,
they are equal to X, (A, x¥7), the Yang-Baxter elements (in A) act as
permutations on X.

It is not difficult to extend the computation to any &,,, The combi-
natorial property to observe, and prove by induction on length, is the
following one.

LEMMA 4.7.1. For any o, the diagram representing X, (A, x) Y, (x)
s such that for any 7 :1 < 7 <n-1, its j-th column is equal to

a; — T .
er{trj+1,...,an} ( J k)

The preceding result translates into the following algebraic state-
ment, which states that the Yang-Baxter elements act by permutation.

THEOREM 4.7.2. The image of X, (A, x¥) under the Yang-Bazter
element Y,(x) is

Xo (A x79) .
R A R R R R
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Exercises

Ex. 4.1. Let A = {ay,...,a,}. Write the Vandermonde A(A) :=
[lic;(ai — a;) in terms of simple Schubert polynomials X, (A) and
X, (A¥) (with w maximal element of G(A)). Write in a similar manner
the product [];_;(a; + a;).

Solution. A(A) =X, (A, A¥), and therefore, according to (4.2.9), it
expands into

A(A) = Z (_I)Z(U)Xaw(A)XU(Aw) :

oeB(A)
Similarly,
Sl...n—l(A) = H a; + a] Z Xaw ) .
1<J cES(A

Thus, the sum [[;_;(a; — a;) + [];;(a; + aj) involves permutations
of even length, and the difference involves permutations of odd length.
These expressions may be used to describe invariants of the alternating
group.

Ex. 4.2. Let A = {ay,...,a4}. For any 0 € &(A), compute the
image under 9, of (x — as) 'z — az) %(z — aq) >,
Solution. Multiplying by the symmetrical factor [],_,(z—a)?, one
has to compute the image of

(z-a1)*(z-a2)*(v-a3) = Xyz21 (A, B) |
with B = {z,z,z,z}, and therefore one gets X,, (A, B)R(z,A) 3
Ex. 4.3. Let AT be the shifted alphabet
AT ={a;+1, ap+1, az+1,...}

Expand the Schubert polynomials X,(A") in the basis X,(A). Com-
ment the case where o is a Grassmannian permutation, i.e. a permu-
tation with only one descent.

EX. 4.4. Given A finite, B infinite, given a partition .J, expand the
Schur function S;(A) in terms of the Schubert polynomials X, (A, B).

ACE> CLG_n(3);
#one fixes the number of variables x_i when expanding symm functions
ACE> NewtonInterp(Tox_n(s[2,1]),5): # Newton, using the group S_b5
ACE> map(factor,%);
XX[1, 3, 5, 2, 4] + (y2+yl1) (y3+yl) (y3+y2) XX[1, 2, 3, 4, 5]

+ (y2 + y1) XX[1, 2, 5, 3, 4]

+ (y2 + y1) (y3 + y1 + y4 + y2) XX[1, 2, 4, 3, 5]

+ (y3 + y1 + y4 + y2) XX[1, 3, 4, 2, 5]
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EX. 4.5. Denote [i] the g-integer [i] :== 1+ ¢+ ---+ ¢! Fix two
parameters «, 5 and for any indeterminate z, any k € N, define its
modified k-power <F> by

<k = (2 —a)(z —qa—[1]B) - (z — ¢ T — [k-1]B) .
Given K = [ky,...,k,] € N*, and x4, ..., z,, compute the quotient of

the determinant

<kj> .
x; ‘ by the Vandermonde in x4, ..., z,.

Solution. Each factor x—q¢*a— (k]S may be rewritten (z—v)—¢*(a-v),
with v = 3(1 — q)~'. Therefore, the required quotient is obtained from
a g-factorial Schur function under an easy modification.

EX. 4.6. Denote by Y,;* a Schubert polynomial
Y ({a1k, azi, ..}, B) .

. . . +i—1
For any n,k € N, factorize the triangular matrix [Yoj_i’kfj]osl.,an_l
into a product of matrices, each depending only upon a single b; € B
(and upon A; one puts Yyj-i, = 0 when j < 7).

Solution. The matrix is the commutative product of
a-b 1 0
0 o | et
an,—b
as can be checked by induction on k, using the relations
Yom-1j = Yom-2j + (@m — bjym-—1) Yom-15_1 -

Ex. 4.7. Let m,n € N. Let Z be the family of partitions contained
in n", S be set of permutations ¢ such that Yym ,»0, # 0. For each
increasing partition I < n", denote by Y[ the Schubert polynomial in
A B of index [0™, i1, .., iy].

Compute the inverse of the matrix [Y[I]ag]leﬁ res
Solution. The required inverse is the matrix obtained by replacing
each Schubert polynomial Y, by +Y,-1, each entry of the product of
the two matrices being obtained by the Cauchy formula (4.2.9).

For example, for m= 0, n = 2, the following two matrices are inverse
from each other :

(1 Yor Yoo Yiu Yoo Y]l [1 —Yu Yo Yoo —Yoor Yoo
0

YE)OI Yi )/101 )/201 0 1 _YE)OI _Yi YiOl _)/12

1
0 O 1 0 Yi Y, 0 0 1 0 -Y; Y11
0 0 0 1 Yo You| [0 O 0 I —Yoor Yoo
0 0 0 0 1 Yo1 0 0 0 0 1 —Yo
0 O 0 0 0 1 0 0 0 0 0 1
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Of course, the same method gives the inverse of a matrix where, instead
of using the family Y}, I € Z, one takes a permutation ¢ and all the
Schubert polynomials X,, where n runs over all permutations lower
than ¢ in the permutohedron.

Notice also that the above pair of matrices looks more mysterious
when specializing B to {1,q,¢?% ...} (factorial skew Schur functions),
or even when B = 0. This exercise generalizes Ex. 77, where we used
only complete functions.

Ex. 4.8. Develop X, (A, {b,0,0,...}) in terms of powers of b. Com-
ment the case where o is a Grassmannian permutation.
Solution.

For general A, B, we have X, (A,B) = > (—1)"" X, (B)X, (A), sum
over reduced factorizations v 'n of o. But

> (D)X, ({6,0,0,.. Py = (1= butp_y) -+ (1 = buy) .

I/EGn

Taking ¢ = 0!, the two functions above may be written in terms of
divided differences:

(=1 =X ({6,0,0,...},A) =X (1 — 0,D) - - - (1 — Dp_1b)

the right-hand side being evaluated in (0, A).
In the Grassmannian case, J being the code of o, one has

X, (A, {5,0,0,...}) = S;(A —b) ,

and the expansion of S;(A — b) produces a sum over all partitions

obtained from J by removal of a vertical strip. This property is more

generally true for a vexillary permutation, though defining vertical and

horizontal strips require some work, compared to the case of a partition.
For example, X1475236 (A, ]B) = Y0242 (A, ]B) = Y033011 (IB, A), and

Yos3011
—bYo30211  — bYp33010
+0*Yoso111 + b*Yos0210

—b*Yos0110

Yo33011 (1 — 010) - - - (1 — Ogb) =

which by inversion of permutation, gives

Y0242
_bY0142 - bY0232

+0* Y11+ b*Yoi32
—b*Yo131

Ex. 4.9. Given a positive integer n, and A of cardinality n, write
the linear morphism on the ring of polynomials in A, as a free-module
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over Sym(A), induced by X;(A,0) — X,-:1(A,0), 0 € &, without
using the Schubert basis.

Adding a second alphabet B, do the same for the linear morphism
induced by X, (A, 0) — X, (A, B).
Solution.

It is better to introduce another alphabet {z,...,z,}, apart from
A ={ay,...,a,}, B = {by,...,b,}. Let us assume that divided dif-
ferences act on the z;’s only, and write © for the specialization of
Ti,.-.,Ty to 0.

Then, a direct consequence of the Cauchy kernel is that

1+ 0shy
Xg(l‘l,...,l‘4;0) 1—|—82b1 1—|—83b2 @:XG—I(B,O) y
1+ 81[)1 1+ 82b2 1+ 83[)3

where the array is a product of divided differences acting on its left,
which is read by successive rows, from top to bottom (it could also be
read by columns downwards, from left to right). The reader will agree
that n = 4 be general enough.

Similarly, and more generally,

1 + 83(@3—[)1)
Xo (21, ...,24;0) 14 0z(az=b1) 1+ 03(az-by) 0 =X,(AB).
1+ 81(a1—b1) 1+ ag(al—bg) 1+ 83(@1—[)3)
Therefore, the two triangles of operators, followed by the special-
ization ©, constitute an answer.

(A AR EAERREEE LR LR LR
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