
OPERATORS ON

POLYNOMIALS

Alain Las
oux





Contents

Chapter 1. Symmetri
 Fun
tions 1

1.1. Elementary symmetri
 fun
tions 1

1.2. Matrix Generating Fun
tions 2

1.3. S
hur Fun
tions 3

1.4. Resultant 6

1.5. Pad�e Approximants 7

1.6. Cau
hy Formulas 9

1.7. �-rings 10

Exer
ises 13

Chapter 2. Symmetrization Operators 19

2.1. Divided Di�eren
es 19

2.2. Braid Relations 21

2.3. Yang-Baxter Graphs 23

2.4. Maximal Symmetrizers 26

2.5. Yang-Baxter elements and Orthogonality 27

2.6. Spe
ial Yang-Baxter elements 29

2.7. Young Idempotents 31

2.8. Lagrange Interpolation 33

2.9. Newton Interpolation 35

Exer
ises 37

Chapter 3. The Ring of Polynomials modulo Sym

+

43

3.1. The Coinvariant Ring of S

n

44

3.2. Young's Natural Representations 45

3.3. Yang-Baxter Bases 50

Exer
ises 55

Chapter 4. Pol(A ) as a free Sym(A )-module 59

4.1. Quadrati
 Form on Pol 59

4.2. Kernel 60

4.3. S
hubert by Isobari
 Divided Di�eren
es 66

4.4. A
tion of S

n

on S
hubert Polynomials 67

4.5. Newton Interpolation in Several Variables 69

4.6. Yang-Baxter Bases of H

0;0

71

iii



iv CONTENTS

4.7. Yang-Baxter Elements as Permutations 72

Exer
ises 74

Bibliography 79

Index 81



CHAPTER 1

Symmetri
 Fun
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1.1. Elementary symmetri
 fun
tions

An alphabet A = fa

1

; a

2

; : : :g is a totally ordered set of indetermi-

nates. One writes A + B for the disjoint union of two alphabets.

Taking an extra indeterminate z, one has three fundamental series

(1.1.1)

�

z

(A ) :=

Y

a2A

(1 + za) ; �

z

(A ) :=

Y

a2A

1

1� za

; 	

z

(A ) :=

1

X

i=1

X

a2A

z

i

a

i

=i ;

the expansion of whi
h gives the elementary symmetri
 fun
tions �

i

(A ),

the 
omplete fun
tions S

i

(A ), and the power sums 	

i

(A ) :

(1.1.2)

�

z

(A ) =

X

z

i

�

i

(A ) ; �

z

(A ) =

X

z

i

S

i

(A ) ; 	

z

(A ) =

1

X

i=1

z

i

	

i

(A )=i :

Sin
e log(1=(1� a)) =

P

i>0

a

i

=i, one has

(1.1.3) �

z

(A ) = exp (	

z

(A )) ; 	

z

(A ) = log (�

z

(A )) :

Addition of alphabets implies produ
t of generating series

(1.1.4) �

z

(A + B ) = �

z

(A )�

z

(B ) ; �

z

(A + B ) = �

z

(A ) �

z

(B ) :

At the level of the individual symmetri
 fun
tions, (1.1.4) gives

�

n

(A + B ) =

X

i+j=n

�

i

(A )�

j

(B ) ;(1.1.5)

S

n

(A + B ) =

X

i+j=n

S

i

(A )S

j

(B ) :(1.1.6)

Sin
e one 
an invert formal series beginning by 1, or take any power

of them, one 
an extend (1.1.1) by setting :

(1.1.7) �

z

(A � B ) :=

Q

b2B

(1� zb)

Q

a2A

(1� za)

; �

z

(
 A ) = (�

z

(A ))




; 
 2 C :

1



2 1. SYMMETRIC FUNCTIONS

When B = 0, or A = 0, one re
overs the two series �

z

(A ) and

�

z

(�B ) = �

�z

(B ).

Noti
e that the addition of alphabets satis�es the usual properties

of addition : �

z

(�A ) is the inverse of �

z

(A ) be
ause A � A = 0 and

�

z

(0) = 1. Similarly, the identity (A +C )� (B +C ) = A �B translates,

at the level of generating series, the fa
t that

Q

b

(1� zb)

Q




(1� z
)

Q

a

(1� za)

Q




(1� z
)

=

Q

b

(1� zb)

Q

a

(1� za)

;

and nobody will deny that one may simplify a fa
tor 
ommon to the

numerator and denominator of a rational fun
tion !

Writing A + B for the disjoint union of alphabets for
es us to 
on-

sider a �nite alphabet as the sum of its sub-alphabets of 
ardinality 1,

i.e to identify A and

P

a2A

a, and write

S

k

(a

1

+ a

2

+ � � �+ a

n

� b

1

� � � � � b

m

)

instead of S

k

(A � B ), when we shall need the letters 
omposing the

�nite alphabets A and B .

In parti
ular, an indeterminate x has to be 
onsidered as an alpha-

bet of 
ardinality 1. Very often, we shall use symmetri
 fun
tions in

A + x or A � x.

1.2. Matrix Generating Fun
tions

Let z stand now for the in�nite matrix with diagonal j� i = 1 �lled

with 1's, all other entries being 0's.

Sin
e z

k

, k 2 N , is the matrix with 1's in the k-th diagonal above the

main diagonal, and 0 outside of it, we see that now �

z

(A ) is a Toeplitz

matrix (i.e. a matrix with 
onstant values in ea
h diagonal), that we

shall denote by S(A ); similarly �

z

(A ) is a matrix denoted L(A ) :

(1.2.1) S(A ) =

h

S

j�i

(A )

i

i;j�0

& L(A ) =

h

�

j�i

(A )

i

i;j�0

:

S(A ) =

2

6

6

4

S

0

(A ) S

1

(A ) S

2

(A ) S

3

(A ) � � �

S

�1

(A ) S

0

(A ) S

1

(A ) S

2

(A ) � � �

S

�2

(A ) S

�1

(A ) S

0

(A ) S

1

(A ) � � �

.

.

.

.

.

.

.

.

.

3

7

7

5

L(A ) =

2

6

6

4

�

0

(A ) �

1

(A ) �

2

(A ) �

3

(A ) � � �

�

�1

(A ) �

0

(A ) �

1

(A ) �

2

(A ) � � �

�

�2

(A ) �

�1

(A ) �

0

(A ) �

1

(A ) � � �

.

.

.

.

.

.

.

.

.

3

7

7

5

:



1.3. SCHUR FUNCTIONS 3

These matri
es are upper triangular, but it is wiser to write entries S

�k

rather than their value 0.

Addition or subtra
tion of alphabets still 
orrespond to produ
t of

generating fun
tions, whether z is an indeterminate or a matrix makes

no di�eren
e :

(1.2.2) S(A � B ) = S(A )S(B )

�1

& L(A � B ) = L(A ) L(B )

�1

:

Indeed, formulas (1.1.5) and (1.1.6) exa
tly tells that an entry of the

matrix S(A � B ) (resp. L(A � B )) is a sum of produ
ts of entries of

S(A and S(�B) (resp. L(A and L(�B )) of appropriate indi
es.

1.3. S
hur Fun
tions

The advantage of matri
es, 
ompared to formal series, is that they

have minors, that we shall index by (in
reasing) partitions, or more

generally, by ve
tors with 
omponents in Z. More pre
isely, given

I = (i

1

; : : : ; i

n

) 2 Z

n

, J = (j

1

; : : : ; j

n

) 2 Z

n

one de�nes the skew S
hur

fun
tion S

J=I

(A ) to be the minor of S(A ) taken on rows i

1

+ 1; i

2

+

2; : : : ; i

n

+ n and 
olumns j

1

+1; : : : ; j

n

+ n (we de�ne the minor to be

0 if one of these numbers is < 0). When I = 0

n

, the minor is 
alled a

S
hur fun
tion and one writes S

J

(A ) instead of S

J=0

n

(A ).

In other words,

(1.3.1) S

J=I

(A ) =

�

�

S

j

k

�i

h

+k�h

(A )

�

�

1�h;k�n

:

The expression of a S
hur fun
tion as a determinant of 
omplete

fun
tions is 
alled the Ja
obi-Trudi determinant (we shall see that there

is also another expression in terms of elementary symmetri
 fun
tions).

One 
an enter a (de
reasing) partition or a skew partition.

Matri
es are transposed along the antidiagonal,


ompared to the 
onventions in the 
ourse.

ACE> SfJtMat([5,4,1℄), SfJtMat([ [5,4,1℄,[2,1℄ ℄);

[h5 h6 h7℄ [h3 h5 h7℄

[h3 h4 h5℄, [h1 h3 h5℄

[0 1 h1℄ [0 0 h1℄

One 
an visualize the S
hur fun
tion S

J=I

as being obtained from

the initial minor of the same order, by shifting the 
olumns by J , and

the rows by I :

0 1 2 �i

1

�

1 0 1 �i

2

�

2

�

1 0 �i

3

j

1

j

2

j

3

)

0 + j

1

� i

1

1 + j

2

� i

1

2 + j

3

� i

1

�1 + j

1

� i

2

0 + j

2

� i

2

1 + j

3

� i

2

�2 + j

1

� i

3

�1 + j

2

� i

3

0 + j

3

� i

3

:



4 1. SYMMETRIC FUNCTIONS

It is 
onvenient to also use determinants in elementary symmetri


fun
tions :

(1.3.2) �

J=I

(A ) =

�

�

�

j

k

�i

h

+k�h

(A )

�

�

1�h;k�n

:

Of 
ourse, one must not forget that �

i

(A ) = (�1)

i

S

i

(�A ), i 2 Z,

and thus the �

J=I

(A ) are also skew S
hur fun
tions in

�

A (we shall

see that they also are S
hur fun
tions in A , but indexed by \
olumn

lengths").

To write easily a S
hur fun
tion S

J

(A ), one �rst writes the diagonal,

then 
omplete the 
olumns, in
reasing or de
reasing indi
es by 1 when

moving up or down :

J = [1; 2; 4℄)

�

�

�

�

�

�

S

1

(A )

S

2

(A )

S

4

(A )

�

�

�

�

�

�

)

�

�

�

�

�

�

S

1

(A ) S

3

(A ) S

6

(A )

S

0

(A ) S

2

(A ) S

5

(A )

S

�1

(A ) S

1

(A ) S

4

(A )

�

�

�

�

�

�

= S

124

(A )

One needs to enlarge the de�nition of a S
hur fun
tion to be able

to play with di�erent alphabets at the same time.

Given n, two sets of alphabets fA

1

; A

2

; : : : ; A

n

g, fB

1

; B

2

; : : : ; B

n

g,

and J 2 N

n

, we de�ne the multi-S
hur fun
tion

(1.3.3) S

J

(A

1

� B

1

; : : : ; A

n

� B

n

) :=

�

�

S

j

k

+k�h

(A

k

� B

k

)

�

�

1�h;k�n

:

In the 
ase where the alphabets are repeated, we indi
ate by a

semi
olon the 
orresponding blo
k separation : given H 2 Z

p

, K 2 Z

q

,

then S

H;K

(A �B ; C �D ) stands for the multi-S
hur fun
tion with index

the 
on
atenation of H and K, and alphabets A

1

= � � � = A

p

= A ,

B

1

= � � � = B

p

= B , A

p+1

= � � � = A

p+q

= C , B

p+1

= � � � = B

p+q

= D .

To write a multi-S
hur fun
tion easily, one �rst �lls the diagonal,

then 
ompletes 
olumns by keeping the same alphabet in ea
h 
olumn :

S

12; 4

(A ; B ) )

�

�

�

�

�

�

S

1

(A )

S

2

(A )

S

4

(B )

�

�

�

�

�

�

)

�

�

�

�

�

�

S

1

(A ) S

3

(A ) S

6

(B )

S

0

(A ) S

2

(A ) S

5

(B )

S

�1

(A ) S

1

(A ) S

4

(B )

�

�

�

�

�

�

:

Enter an in
reasing partition, and a list of alphabets

S
hurDrap:=pro
(pa,lA) lo
al n,i,j,ma; n:=nops(pa);

transpose(array([seq(

map(pro
(x,i,ll) if (x>0) then s[x℄(op(i,ll)) elif (x=0)

then 1 else 0 fi end,[seq(pa[i℄-j+i,j=1..n)℄,i,lA),i=1..n)℄ ));

end:

ACE> S
hurDrap([1,3,5℄, [A1,A1, A2-A3℄);

[s[1℄(A1) s[4℄(A1) s[7℄(A2 - A3)℄

[ 1 s[3℄(A1) s[6℄(A2 - A3)℄

[ 0 s[2℄(A1) s[5℄(A2 - A3)℄
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Far from being a 
ompli
ation 
ompared to usual symmetri
 fun
tions

in an alphabet only, multi-S
hur fun
tions allow easier indu
tion, be-


ause they 
an be easily transformed.

Noti
e that for any k 2 N , any A , any x, one has

S

k

(A � x) = S

k

(A ) � xS

k�1

(A ) :

Now, if in the determinant expressing a multi-S
hur fun
tion of order

n, one repla
es in row i, i < n, (denote it r

i

) all the alphabets A

k

� B

k

by A

k

� B

k

� x, then r

i

is transformed into r

i

� xr

i+1

, and the value of

the determinant is un
hanged.

Iterating the reasoning, given two indeterminates x; y, one 
an


hange in row i, i < n�1, all the alphabets A

k

�B

k

by A

k

�B

k

�x�y,

and the value of the determinant is 
onstant be
ause the transforma-

tion has 
hanged r

i

into r

i

� (x

+

y) r

i+1

+ xy r

i+2

. It is not diÆ
ult to

give the general law, transforming rows by linear 
ombination of rows

below it

1

. In �nal, the following \transformation lemma" tells whi
h

subtra
tion are possible in a multi-S
hur fun
tion :

Lemma 1.3.1. Let S

J

(A

1

� B

1

; : : : ; A

n

� B

n

) be a multi-S
hur fun
-

tion, and D

1

; D

2

; : : : ; D

n�1

be a family of �nite alphabets su
h that


ard(D

i

) � n � i, 1 � i � n � 1. Then S

J

(A

1

� B

1

; : : : ; A

n

� B

n

)

is equal to the determinant

�

�

S

j

k

+k�i

(A

k

� B

k

� D

i

)

�

�

1�i;k�n

Proof. Indeed the transformation has 
onsisted in 
hanging row i into

the linear 
ombination

r

i

+ r

i+1

S

1

(

�

D

i

) + r

i+2

S

2

(

�

D

i

) + � � �+ r

n

S

n�i

(

�

D

i

)

be
ause, for any A ; B , any j 2 Z, one has

S

j

(A

�

B�D

i

) = S

j

(A

�

B )+S

j�1

(A

�

B )S

1

(

�

D

i

)+� � �+S

j�n+i

(A

�

B )S

n�i

(

�

D

i

) :

�

Thanks to the lemma, we 
an transform the expression of S

J

(A

�

x).

Lemma 1.3.2. Let J 2 N

n

, k 2 N, A ; B be arbitrary and x be an

indeterminate. Then

(1.3.4) S

J

(A

�

B � x) x

k

= S

j;k

(A

�

B ; x) :

Proof. In the determinant on the right, subtra
t x to all rows ex
ept

the bottom one. Then the last 
olumn be
omes

S

k+n

(0) = 0; : : : ; S

k+1

(0) = 0; S

k

(x) = x

k

;

1

but remembering that the row index must not be greater than n. This is why

one 
annot subtra
t x in the last row, nor x+ y in row r

n�1

.
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and the 
ofa
tor of the entry x

k

is indeed S

J

(A

�

B � x). �

1.4. Resultant

S
hur fun
tions indexed by re
tangular partitions

2

play a spe
ial

role. They appear in many 
lassi
al topi
s of 19th 
entury mathemat-

i
s: elimination theory, 
ontinued fra
tions, et
. In parti
ular, they

allow to express the resultant of two polynomials in x, and we shall

give many appli
ations of this fa
t.

Given two �nite alphabets A = fag, B = fbg, of respe
tive 
ardi-

nalities �; �, let the resultant of A ; B be

R(A ; B ) :=

Y

a2A

Y

b2B

(a� b) :

Proposition 1.4.1. The resultant of two alphabets A ; B is equal to

the S
hur fun
tion

(1.4.1) S

�

�

(A � B ) = (

�

1)

��

S

�

�
(B � A ) :

Proof. Choose a letter a 2 A and subtra
t (A �a) from the top row of

the determinant expressing S

�

�

(A � B ). The determinant obtained is

equal to the S
hur fun
tion S

�

��1

;�

(A

�

B ; a

�

B ) (up to symmetry with

respe
t to the middle, 
ompared to the usual 
onventions). Now, one


an subtra
t a from all the 
olumns, ex
ept the �rst one. The �rst row

has be
ome

S

�

(a

�

B ); S

�+1

(

�

B ) = 0; : : : ; S

�+��1

(

�

B ) = 0 ;

the zeroes being due to the fa
t

3

that S

k

(

�

B ) = 0 for k > �. Therefore

the new determinant fa
torizes into

S

�

(a

�

B )S

�

��1

((A

�

a)� B ) =

Y

b2B

(a� b)S

�

��1

�

(A

�

a)� B

�

;

and the result follows by indu
tion on �.

2

partitions with equal parts; we shall write m

n

, or � when m;n have been

�xed.

3

The elementary symmetri
 fun
tions of a �nite alphabet of degree higher than

the 
ardinality are null.
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For example, for � = 3, � = 5, one has

S

555

(A

�

B ) =

�

�

�

�

�

�

S

5

(A

�

B ) S

6

(A

�

B ) S

7

(A

�

B )

S

4

(A

�

B ) S

5

(A

�

B ) S

6

(A

�

B )

S

3

(A

�

B ) S

4

(A

�

B ) S

5

(A

�

B )

�

�

�

�

�

�

=

�

�

�

�

�

�

S

5

(a

�

B ) S

6

(a

�

B ) S

7

(a

�

B )

S

4

(A

�

B ) S

5

(A

�

B ) S

6

(A

�

B )

S

3

(A

�

B ) S

4

(A

�

B ) S

5

(A

�

B )

�

�

�

�

�

�

=

�

�

�

�

�

�

S

5

(a

�

B ) S

6

(

�

B ) S

7

(

�

B )

S

4

(A

�

B ) S

5

(A

�

a

�

B ) S

6

(A

�

a

�

B )

S

3

(A

�

B ) S

4

(A

�

a

�

B ) S

5

(A

�

a

�

B )

�

�

�

�

�

�

:

The simplest 
ase of a resultant is when A has only one letter:

R(a; B ) =

Y

b2B

(a� b) = S

�

(a� B ) :

Note that

S

�+i

(a� B ) = a

i

; S

�

(a� B ) ; i � 0 :

This is given by the generating fun
tion �

z

(a � B ), but more simply,

one 
an add i letters to B , and spe
ialize them to 0.

1.5. Pad�e Approximants

Let us just give one appli
ation of re
tangular S
hur fun
tions, the

interpolation of fun
tions in one variable f(z) by rational fun
tions

N(z)=D(z) of �xed degrees.

By \fun
tion", we mean, following Lagrange, a formal series in z

whi
h is supposed to be the Taylor expansion of a fun
tion in the

neighbourhood of 0, and hopefully, even farther.

Forgetting the word \interpolation", and using alphabets, the prob-

lem we have to solve is the following :

given an alphabet E , and two positive integers �; �, �nd two �nite

alphabets A , B : jA j = �, jB j = �, su
h that

(1.5.1) �

z

(E ) �

N(z)

D(z)

= �

z

(A � B ) mod z

�+�+1

:

In other words, we require that the two Taylor series 
oin
ide up to

the highest possible degree, having � + � parameters at our disposal.

We 
ould also say that we want to extra
t A , then B from the �rst


omplete fun
tions of A

�

B (whi
h are equal to those of E ).

This problem was solved by Cau
hy, Ja
obi, &
., but this is Pad�e

who made a systemati
 study of it and took the patent.

Having promised an appli
ation of resultants, I must for
e them to

appear. Instead of writing

�

z

(A � B ) =

Y

b2B

(1� zb)=

Y

a2A

(1� za)
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let us take x = 1=z and multiply numerator and denominator by

R(A ; B ). Then

N(z)

D(z)

= �x

���

R(x; B )R(A ; B )

R(x; A )R(B ; A )

= �x

���

R(x+ A ; B ))

R(x+ B ; A )

:

But now, our rational fra
tion has be
ome the quotient of two re-

sultants, and we 
an write it :

[�=�℄ =

N(z)

D(z)

= �x

���

S

�

�+1

(A + x� B )S

(�+1)

�

(A � B � x)

�1

:

The two determinants involve only, apart from x, the 
omplete

fun
tions S

1

(A

�

B ); : : : ; S

�+�

(A

�

B ), that is, exa
tly those whi
h 
oin-


ide with the 
oeÆ
ients of the series.

Therefore, we have solved the problem, and obtained

(1.5.2)

N(z)

D(z)

= �x

���

S

�

�+1

(E + x)S

(�+1)

�

(E � x)

�1

;

Thanks to to the di�erent expressions of the resultant, the Pad�e

approximant 
an be written :

(1.5.3) (

�

1)

��+�+�

z

�

S

(�+1)

� (B

�

A �

1

z

)

z

�

S

(�+1)

�

(A

�

B �

1

z

)

= (

�

1)

�

z

�

S

�

�+1

(A

�

B +

1

z

)

z

�

S

(�+1)

�

(A

�

B �

1

z

)

= (

�

1)

��

z

�

�

(�+1)

�
(A

�

B +

1

z

)

z

�

�

(�+1)

�

(B

�

A +

1

z

)

Do not forget that, for any A , any x of rank 1, on has the de-


ompositions S

k

(A

+

x) =

P

i

x

i

S

k�i

(A ), S

k

(A

�

x) = S

k

(A )�xS

k�1

(A ),

�

k

(A

+

x) = �

k

(A )�x�

k�1

(A ). This shows how to expand the pre
eding

fun
tions in terms of x.

In fa
t, using our favorite transformations on S
hur fun
tions, we


an restri
t 1=z to only one 
olumn and write :

(1.5.4) [�=�℄ = (

�

1)

�

z

���

S

�;�

�

(A

�

B +

1

z

; A

�

B ) = S

(�+1)

�

; 0

(A

�

B ;

1

z

)

These expressions 
an be found in the literature: (1.5.4) is due to

Ja
obi [7℄, while Sylvester [30, I n 57℄ gave the se
ond expression of

(1.5.3).

The expli
it expansion of the numerator and the denominator of

the Pad�e approximant, in terms of the S
hur fun
tions of A � B , is

(1.5.5)

[�=�℄ =

S

�

�

+ zS

1�

�

+ z

2

S

2�

�

+ � � �+ z

�

S

��

�

S

�

�

� zS

�

��1

;�+1

+ z

2

S

�

��2

;(�+1)

2

+ � � �+ (�z)

�

S

(�+1)

�

:
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For example, for � = 1; � = 1, one gets

[1=1℄ =

S

1

+ zS

11

S

1

� zS

2

= 1 + zS

1

+ z

2

S

2

+ z

3

S

22

=S

1

+ z

4

S

222

=S

11

+ � � � ;

for � = 1; � = 2,

[1=2℄ =

S

11

+ zS

111

S

11

� zS

12

+ z

2

S

22

= 1

+

zS

1

+

z

2

S

2

+

z

3

S

3

+

z

4

S

114

+

S

15

�

S

222

S

11

+� � � ;

for � = 2; � = 1,

[2=1℄ =

S

2

+ zS

12

+ z

2

S

22

S

2

� zS

3

= 1 + zS

1

+ z

2

S

2

+ z

3

S

3

+ z

4

S

33

S

2

+ � � �

and for � = 2; � = 2,

S

22

+ zS

122

+ z

2

S

222

S

22

� zS

23

+ z

2

S

33

= 1+zS

1

+z

2

S

2

+z

3

S

3

+z

4

S

4

+

S

144

� 2S

234

+ S

333

S

22

+� � �

1.6. Cau
hy Formulas

The resultant is a S
hur fun
tion in a di�eren
e of alphabets, and


onsequently, a minor of a produ
t of two matri
es.

The Binet-Cau
hy theorem for minors of the produ
t of two matri-


es implies, in the 
ase of the produ
t

S(A � B ) = S(A )S(

�

B ) = S(A )S(B )

�1

the following expansion of skew-S
hur fun
tions:

(1.6.1) S

J=I

(A + B ) =

X

K

S

J=K

(A )S

K=I

(

�

B )

=

X

K

(

�

1)

jK=Ij

S

J=K

(A )S

K

�

=I

�

(B ) ;

sum over all partitions K.

Applying it to the resultant, one gets

R(A ; B ) :=

Y

a2A ; b2B

(a� b) =

X

I

S

I

(A )S

�=I

(�B )

=

X

I

(�1)

j�=Ij

S

I

(A )S

� �=I �

(B ) ;(1.6.2)

where � = �

�

, � = 
ard(A ), � = 
ard(B ).

Taking inverse variables, and using the 
orresponden
e between the

S
hur fun
tions in a

1

; a

2

; : : :, and those of 1=a

1

; 1=a

2

; : : :, one 
an give

the following se
ond form of Cau
hy formula :

(1.6.3)

Y

a2A ; b2B

(1� ab) = �

1

(�A B ) =

X

I

(�1)

jIj

S

I

(A )S

I

�

(B ) :
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Now, the 
ardinalities have disappeared, the formula is valid for

any in�nite A ; B , i.e. for two formal series, and one 
an repla
e B by

�

B , thus obtaining the most 
ommon form of Cau
hy formula :

(1.6.4)

Y

a2A ; b2B

(1� ab)

�1

= �

1

(A B ) =

X

I

S

I

(A )S

I

(B ) :

Coding S
hur fun
tions by diagrams of partitions, one 
an visualize

(1.6.2) and (1.6.4) by pairs of 
omplementary diagrams

4

, or pairs of

identi
al diagrams, white diagrams 
oding S
hur fun
tions in A , bla
k

ones in B :

Y

a;b

(a

�

b) =

� �

� �

� �

�

�

� �

� �

�

+

�

�

� �

� �

+

� �

� �

�

�

�

�

�

�

� � �

�

�

� �

�

� �

+

� �

� �

� �

+

�

�

�

� � �

�

�

� �

� � �

+

� � �

� � �

;

Y

a;b

(1�ab)

�1

= 1+

� �

+

� � � �

+

�

�

�

�

+

� � � � � �

+

�

� �

�

� �

+

�

�

�

�

�

�

+� � �

1.7. �-rings

S
hur fun
tions are 
alled S
hur fun
tions not be
ause they were

de�ned by S
hur, but be
ause it is 
onsidered that their true meaning

appears in relation with representations of the linear group

5

.

What we have already used in fa
t, is that S
hur fun
tions are fun
-

tors, be
ause we took as an argument formal expressions in alphabets

like A � B , (A

�

B )(C

+

D ) instead of only sets of variables.

In fa
t, what we really want is to 
onsider symmetri
 polynomials as

operators. On what ? For the present, operating on polynomials will be

enough. And sin
e symmetri
 fun
tions 
an be expressed as fun
tions

of power sums, it will be suÆ
ient to de�ne the fun
tor power-sum 	

i

,

a
ting on polynomials in the following way :.

(1.7.1) P =

X

�;u

� u ) 	

i

(P ) =

X

�;u

� u

i

;

4

we have taken A ; B of 
ardinalities 3; 2; the enumeration involves all pairs of

partitions of 
omplementary shape in the re
tangle 3� 2.

5

But they also 
an be interpreted as S
hubert 
y
les in the 
ohomology ring

of Grassmann varieties, and it is a matter of taste to rate representation theory

higher than geometry. In fa
t these two interpretations are 
losely related. As for


on
erns S
hubert polynomials, the 
ohomologi
al interpretation 
ame also before

representation 
onsiderations.
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where � 2 C , and u is monom.

It is a little surprising that su
h a simple rule 
an be of interest at

all, but in fa
t it really implies the full theory of symmetri
 polynomi-

als. The non-trivial point is that 	

i

a
ts di�erently on 
onstants and

variables.

Using the generating fun
tions of 
omplete fun
tions or elementary

symmetri
 fun
tions in terms of power sums, one 
an rewrite :

P =

X

�;u

�u 7! �

z

(P ) =

Y

(1 + zu)

�

;(1.7.2)

P =

X

�;u

� u 7! �

z

(P ) =

Y

(1� zu)

��

:(1.7.3)

Expli
itly, the a
tion of the elementary fun
tors on 
onstants � and

variables x is :

(1.7.4)

�

	

i

(�) = � ; S

i

(�) =

�

�+i�1

i

�

; �

i

(�) =

�

�

i

�

	

i

(x) = x

i

; S

i

(x) = x

i

; �

i

(x) = 0; i > 1; �

1

(x) = x

Of 
ourse, a 
onstant 
an be variable, and a variable 
an be spe-


ialized to a 
onstant. Thus, in the present 
ase, the terminology \
on-

stant" and \variable" or \indeterminate" is 
onfusing. What we have

in our ring, on whi
h operate 	

i

; S

i

; �

i

, are two basi
 obje
ts: the ele-

ments of binomial type �, whi
h are invariant under all the 	

i

, and the

elements of rank 1 whi
h are annihilated by all �

i

, i > 1 (and di�erent

from 0).

Noti
e that an element whi
h is of binomial type and of rank 1 must

be equal to 1. This has the 
onsequen
e that one 
annot spe
ialize

\variables" in a way 
ompatible with the a
tion of power sums, apart

from spe
ializing to 1, or 0.

Of 
ourse, one 
an use �-rings to prove an algebrai
 identity A = B,

and then use any spe
ialization of both members A;B.

For example, given the rank-1 elements x; y; �; �; �; 
, the n-th Le-

gendre polynomial P

n

(x) is the spe
ialization of the following di�erent

elements :

P

n

(x) = S

n

�

(y + y

�1

)=2

�

= S

n

�

(n

+

1)x� n(�

+

1)

�

2

�n

= S

n

�

(n

+

1)b� n�)

= �

n

�

n� (n

+

1)


�

= �

n

(na + nb) ;
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in

y = x +

p

x

2

�

1 ; � =

�

1 ; a =

x

+

1

2

; b =

x

�

1

2

; 
 =

1

�

x

2

:

Let us just write the di�erent expressions for n = 2, leaving as an

exer
ise the general 
ase.

S

2

((y + y

�1

)=2) expands, thanks to Cau
hy formula, into

S

2

(1=2)S

2

(y + y

�1

) + S

1

1(1=2)S

1

1(y + y

�1

)

= 3=8(y

2

+ 1 + 1=y

2

)� 1=8y=y ;

S

2

(3x� 2(� + 1)) = S

2

(3x)� (3x)(2� + 2) + �

2

(2� + 2)

= 1� 6x+ 4� + �

2

� 6x� + 6x

2

;

S

2

(3b� 2�) = b

2

S

2

(3)� 6b� + �

2

= 6b

2

� 6b� + �

2

;

�

2

(2� 3
) = �

2

(2)� 6
+ 


2

�

2

(�3) = 1� 6
+ 6


2

;

�

2

(2a+ 2b) = a

2

�

2

(2) + 4ab + b

2

�

2

(2) = a

2

+ 4ab+ b

2

;

and all these fun
tions spe
ialize to

P

2

(x) = 3x

2

=2� x=2 :

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o
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Exer
ises

Ex. 1.1. Let A be arbitrary, k be a positive integer. Express the

produ
t S

k

(1� zA ) �

z

(A ) in the basis of S
hur fun
tions.

Solution. The produ
t to de
ompose is made of two fa
tors of dif-

ferent types. To make it more uniform, and easier to interpret, one

introdu
es an alphabet B of 
ardinality k, su
h that S

i

(�B ) = S

i

(�A ),

i = 0; : : : ; k. Then

S

k

(1

�

zB ) �

z

(A ) = �

z

(

�

B ) �

z

(A ) = �

z

(A

�

B )

=

X

z

n

S

n

(A

�

B ) =

X

z

n

S

n; 0

k(A ; B ) ;

using our favourite transformation of S
hur fun
tions.

The determinants S

n; 0

k(A ; B ) involve, as for 
on
erns B , only 
om-

plete fun
tions of degree � k, but for those degrees, one 
an repla
e B

by A , and therefore the sum is

X

z

n

S

n;0

k(A ) = (

�

1)

k

X

j

z

j

S

1

k

; j�k

(A ) :

Ex1:=pro
(k,n) lo
al i,pol;

pol:=1+
onvert([seq((-z)^i*e.i,i=1..k)℄,`+`);

map(Tos,taylor(pol*(1+
onvert([seq(z^i*h.i,i=1..n)℄,`+`)),

z, n+1),
olle
t); end:

ACE> Ex1(3,6);

s[℄ -s[1,1,1,1℄z^4 -s[2,1,1,1℄ z^5 -s[3,1,1,1℄ z^6 +s[℄O(1)z^7

Ex. 1.2. Let I = [i

1

; : : : ; i

r

℄ be a partition, n an integer : n � i

r

.

Che
k that

S

I; 0

n

(A ; B ) = S

I

(A � B ) :

Solution. Sin
e B is of arbitrary 
ardinality, one 
annot dire
tly

apply the transformation lemma of multi-S
hur fun
tions given in the


ourse.

# in
r=in
reasing partition, lA=list of alphabets

MultiS
hur:=pro
(in
r,lA) lo
al n,i,j,ma;

n:=nops(in
r);

transpose(array([seq(

map(pro
(k,i,ll) if (k>0) then s[k℄(op(i,ll)) elif (k=0)

then 1 else 0 fi end,[seq(in
r[i℄-j+i,j=1..n)℄,i,lA),i=1..n)℄));

end;

ExS
hur2:=pro
(pa,n) lo
al i,v; # pa=de
reasing partition

v:=[seq(pa[nops(pa)-i℄,i=0..nops(pa)-1) ,0$n℄;

MultiS
hur(v, [A1$nops(pa), A2$n℄)
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end:

ACE> aa:=ExS
hur2([2,1℄, 3);

[s[1℄(A1) s[3℄(A1) s[2℄(A2) s[3℄(A2) s[4℄(A2)℄

[ 1 s[2℄(A1) s[1℄(A2) s[2℄(A2) s[3℄(A2)℄

aa := [ 0 s[1℄(A1) 1 s[1℄(A2) s[2℄(A2)℄

[ 0 1 0 1 s[1℄(A2)℄

[ 0 0 0 0 1 ℄

ACE> SfAExpand(det(aa));

s[2,1℄(A1)-s[1℄(A2)s[1,1℄(A1)-s[1℄(A2)s[2℄(A1)+s[1℄(A1)s[1,1℄(A2)

+ s[1℄(A1) s[2℄(A2) - s[2,1℄(A2)

ACE> SfAExpand(s[2,1℄(A1-A2));

s[2,1℄(A1)-s[1℄(A2)s[1,1℄(A1)-s[1℄(A2)s[2℄(A1)+s[1℄(A1)s[1,1℄(A2)

+ s[1℄(A1) s[2℄(A2) - s[2,1℄(A2)

However, the Lapla
e expansion of the determinant S

I; 0

n

(A ; B )

along the last n 
olumns shows that, as a fun
tion of B , it belongs

to the linear span of the produ
ts S

j

1

(B ) � � � S

j

n

(B ), whi
h is also the

linear span of S
hur fun
tions S

J

(B ), J 2 N

n

. Similarly, S

I

(A � B ) =

P

�S

I=J

�

(A )S

J

(B ), with the same limit on the number of parts of J

be
ause n � i

r

.

Now, a symmetri
 fun
tion whi
h belongs to the linear span of S

J

,

J 2 N

n

, is null (as a fun
tion of an arbitrary alphabet) i� it is null on

alphabets of 
ardinality n.

We therefore have only to 
he
k the required identity for B of 
ar-

dinality n, in whi
h 
ase it is given by subtra
ting B to the top rows

of S

I; 0

n

(A ; B ).

Ex. 1.3. Let A be arbitrary, x be a rank-1 element, m;n 2 N .

De
ompose the polynomial S

m

n

(A + x) in the basis of polynomials

fS

k

(A +x) : k = 0; 1; 2; : : :g (all polynomials 
onsidered as polynomials

in x with 
oeÆ
ients in Sym(A )).

Solution. Subtra
t x to all the rows, ex
ept the last one. The entries

of the last row are 
omplete fun
tions of A + x, and the other rows are

independent of x. Therefore, the expansion of this new determinant

along its last row is the required de
omposition.

Ex. 1.4. Express the 
oeÆ
ients of the Taylor expansion (in z) of

the rational fun
tion

Y

b2B

(1� zb)=

Y

a2A

(1� za)

in terms of the 
oeÆ
ients of the numerator and denominator.
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Solution. The fun
tion is �

z

(A

�

B ) =

P

z

n

S

n

(A

�

B ), but we want

only to see the S

i

(

�

A ), S

j

(

�

B ). We have just to write

S

n

(A

�

B ) = (

�

1)

n

S

1

n

(

�

B + A ) = (

�

1)

n

S

1

n

; 0

(

�

B ;

�

A ) ;

thanks to Ex. 1.2.

Ex. 1.5. Let A be arbitrary, x be rank-1 element, and B of 
ardi-

nality 4 be su
h that

S

4444

(A + x) = S

444

(A )S

4

(B + x) :

Show that S

4

(B � A ) = 0.

Solution. With the fun
tion S

4

(A � B ), one 
ould have thought of

writing it as S

4;0000

(A ; B ), but this is not the fun
tion that one has to

study, and moreover the hypothesis that B be of 
ardinality 4 is not

ne
essary as we shall see.

The hypothesis is that

x

4

S

444

(A )+x

3

S

1444

(A )+x

2

S

2444

(A )+xS

3444

(A )+S

4444

(A ) = S

4444

(A+x)

= S

444

(A )S

4

(B+x) = S

444

(A )

�

x

4

+x

3

S

1

(B )+x

2

S

2

(B )+xS

3

(B )+S

4

(B )

�

:

Expanding S

4

(B � A ) = S

4

(B ) � S

3

(B )S

1

(A ) + � � � + S

1111

(A ), and

repla
ing the 
omplete fun
tions of B by their values in terms of A ,

one is asked to 
he
k the nullity of

S

4444

(A )�S

3444

(A )S

1

(A )+S

2444

(A )S

11

(A )�S

1444

(A )S

111

(A )+S

444

(A )S

1111

(A )

but it easier to interpret this sum writing the S
hur fun
tions as deter-

minants in �

i

(A ) (this just involves taking 
onjugate partitions) :

�

4444

(A )��

3444

(A )�

1

(A )+�

3344

(A )�

2

(A )��

3334

(A )�

3

(A )+�

3333

(A )�

4

(A )

Now, one sees that the sum is the Lapla
e expansion of the deter-

minant �

44440

(A ) = 0 along its last 
olumn.

Ex. 1.6. Given two �nite alphabets A ; B , and a partition I, write

S

I

(A + B )

Q

a2A ;b2B

(a� b) as a multi-S
hur fun
tion.

Solution. Let A , B be of respe
tive 
ardinality �; �, and let � = �

�

.

Then, from Lemma (1.3.1), one gets

S

I

(A + B )

Y

(a� b) = S

I e ;�

(

�

B ; A

�

B ) = S

I

�

;�

�

(

�

A ; B

�

A ) :

Ex. 1.7. Let A be of 
ardinality n, and I; J 2 N

n

. Show that the

determinant

�

�

S

j

k

+k�h+i

n�h+1

(A )

�

�

fa
torizes into S

J

(A )S

I

(A ). What 
an be said if n is not the 
ardinality

of A ?
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For example, for n = 3, I = [1; 3; 3℄, J = [2; 4; 6℄, one has

0 1 2 3

�1 0 1 3

�2 �1 0 1

2 4 6

=

�

�

�

�

�

�

S

5

S

8

S

11

S

4

S

7

S

10

S

1

S

4

S

7

�

�

�

�

�

�

= S

133

(A )S

246

(A ) :

Solution.

ACE> aa:= ProdS
hur([2,6℄, [0,2℄);

[h4 h9℄

[h1 h6℄

ACE> fa
tor(Toe_n(det(aa));

e2^2 (- e2 + e1^2 ) (e1^4 - 3 e2 e1^2 + e2^2 )

# Pre
eding determinant is s[ 84/20 ℄. Take 
onjugate partitions

ACE> map(Toe_n, SfJtMat([[2$4,1$4℄,[1,1℄℄, 'e'));

[e1 e2 e4 e5 0 0 0 0 ℄

[1 e1 e3 e4 e5 0 0 0 ℄

[0 1 e2 e3 e4 e5 0 0 ℄

[0 0 e1 e2 e3 e4 e5 0 ℄

[0 0 0 1 e1 e2 e3 e4℄

[0 0 0 0 1 e1 e2 e3℄

[0 0 0 0 0 1 e1 e2℄

[0 0 0 0 0 0 1 e1℄

Ex. 1.8. Compute the adjoint matrix of a Ja
obi-Trudi matrix.

For example

ACE> SfJtMat([5,4,1℄), map(Tos, adj(SfJtMat([5,4,1℄)));

[h5 h6 h7℄ [ s[4,1℄ -s[6, 1℄ s[6,5℄ ℄

[h3 h4 h5℄, [-s[3,1℄-s[4℄ s[5,1℄ +s[6℄ -s[5,5℄-s[6,4℄℄

[0 1 h1℄ [ s[3℄ -s[5℄ s[5,4℄ ℄

Solution. The entries of the adjoint matrix are minors of the original

matrix. In our 
ase, they are minors of the Toeplitz matrix

�

S

j�i

�

,

sin
e the Ja
obi-Trudi matrix itself is so.

The required entries are therefore skew S
hur fun
tions, up to sign.

The example should be written

2

4

S

56=11

�

S

56=1

S

56

S

16=11

�

S

16=1

S

16

S

14=11

�

S

14=1

S

14

3

5

and this gives the general pattern.
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Ex. 1.9. Let A be any alphabet, m;n be two integers. Che
k

that the adjoint matrix of S

m

n

(A ) is the matrix of the quadrati
 form

Q(x; y) := S

(m+1)

n�1

(A � x� y).

Solution. Minors of S

m

n

(A ) are skew S
hur fun
tions. The expansion

of Q(x; y) also produ
es skew S
hur fun
tions that one has to 
he
k to

be the same.

For example, the adjoint to S

6666

(A ) is

2

6

4

S

666

�

S

667

S

677

�

S

777

S

666=001

�

S

667=001

S

677=001

�

S

777=001

S

666=011

�

S

667=011

S

677=011

�

S

777=011

S

666=111

�

S

667=111

S

677=111

�

S

777=111

3

7

5

=

2

6

4

S

666

�

S

667

S

677

�

S

777

�

S

566

S

567

+

S

666

�

S

667

�

S

577

S

677

S

556

�

S

566

�

S

557

S

567

+

S

666

�

S

667

�

S

555

S

556

�

S

566

S

666

3

7

5

Ex. 1.10. Let x

1

; : : : ; x

n

; y be rank 1 elements. Compute

P

i

1=(y�

x

i

).

Solution. The sum is the logarithmi
 derivative of S

n

(y � X) with

respe
t to y (with X = x

1

+ � � � + x

n

). Therefore

P

i

1=(y � x

i

) =

S

n�1

(2y � X)=S

n

(y � X).

Ex. 1.11. Let A be arbitrary, x of rank 1, n; p 2 N . Show that

S

n

(A )�

�

k

1

�

S

n

(A�x)+

�

k

2

�

S

n

(A�2x)+� � �+(�1)

k

�

k

k

�

S

n

(A�kx) = x

k

S

n�k

(A ) :

Solution. Both sides are linear in S

j

(A ); one may take A = a of rank

1, in whi
h 
ase the identity is a

n

�

�

k

1

�

a

n�1

(a� x)+

�

k

2

�

a

n�2

(a� x)

2

+

� � � = a

n�k

(a� (a� x))

k

Ex. 1.12. Let A be arbitrary, k; r; p be three integers, k < r. Show

the nullity

(?)

S

k

(pA )�

�

r

1

�

S

k

�

(p

�

1)A

�

+

�

r

2

�

S

k

�

(p

�

2)A

�

�� � ��

�

r

r

�

S

k

�

(p

�

r)A

�

= 0 :

Solution. Take the matrix M =

�

S

j�i

(A )

�

1�i;j�r

. It is triangular,

with a diagonal of 1's. Cayley-Hamilton theorem implies, for any p,

the nullity of the matrix

P

i

(�M)

p�i

�

i

(r), be
ause the binomials�

i

(r)

are the elementary symmetri
 fun
tions in the eigenvalues of M .

The fun
tions S

k

(iA ), 8i 2 A , are entries of M

i

whenever k < r,

and therefore the LHS of (?) are entries of the above null matrix.

Ex. 1.13. Let A be an alphabet. Grothendie
k de�ned fun
tions




i

(A ) by the generating fun
tion




z

(A ) =

X

z

i




i

(A ) := �

z=(1�z)

(A ) :

De�ne a

ordingly the alphabet A

�

by �

i

(A

�

) = 


i

(A ), i � 0.
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Show that

�

i

(A

�

) = �

i

(A + i� 1)

S

i

(A

�

) = S

i

(A + 1� i)

	

i

(A

�

) =

i�1

X

j=0

(�1)

j

�

i

j

�

	

i�j

(A ) :

Show that the transformation A 7! A

�

satis�es (�A )

�

= �A

�

, (A +

B )

�

= A

�

+ B

�

, but that in general, (A B )

�

6= A

�

B

�

.

Solution. The 
ompatibility of 


i

(A ) with the involution A !

�

A

is seen on the expression of S

i

(A

�

). The 
ompatibility with addition


omes from the fa
t that generating fun
tions multiply: 


z

(A

+

B ) =




z

(A )


z

(B ).

For what 
on
erns multipli
ation, one has for example the inequal-

ity

	

2

(A

�

B

�

) = 	

2

(A B )�2	

1

(A B ) 6=

�

	

2

(A )�2	

1

(A )

��

	

2

(B )�2	

1

(B )

�

:

Ex. 1.14. Let � be su
h S

n

(�) = 1=n!, n 2 N, and let x; y be

rank-1 elements. The polynomials S

n

(x� � (n

+

1)y), n 2 N are a basis

a polynomials in x.

Express the powers of x in this basis.

Solution. The formulas of 
hange of basis are linear in S

n

(�), and

one may take any element A instead of �, as long as the S

n

(A ) are

linearly independent. For example, with z of rank 1, then one has

S

n

(z � ny) = (z � y)

n

and

S

n

(z) = ((z

�

y) + y

�

n

=

X

j

�

n

n� j

�

y

n�j

S

j

(z

�

jy) :

Repla
ing z by x� � y, one gets

x

n

n!

�

yx

n�1

(n

�

1)!

= S

n

(x�

�

y) =

X

j

�

n

n� j

�

y

n�j

S

j

(z � (j

+

1)y) ;

and therefore

x

n

n!

=

n

X

j=0

�

n+ 1

n� j

�

y

n�j

S

j

(z � (j

+

1)y) :

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o
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'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

2.1. Divided Di�eren
es

Divided di�eren
es �

�

were introdu
ed by Newton to solve the in-

terpolation problem in one variable. Apart from them, we shall also

need isobari
 divided di�eren
es �

�

and b�

i

.

In the 
ase where � is a simple transposition s

i

ex
hanging a

i

and

a

i+1

, writing then �

i

; �

i

, b�

i

, the operators (a
ting on their left) are :

(2.1.1)

8

<

:

�

i

= (a

i

� a

i+1

)

�1

(1 + s

i

) = (1� s

i

) (a

i

� a

i+1

)

�1

�

i

= (1� a

i+1

=a

i

)

�1

(1 + s

i

) = a

i

�

i

b�

i

= (1� s

i

) (a

i

=a

i+1

� 1)

�1

= �

i

� 1

More expli
itly, �

i

, �

i

and b�

i

are the operators on fun
tions f(a

1

; : : : ; a

n

)

of several variables, a
ting only on the pair (a

i

; a

i+1)

:

(2.1.2)

8

>

>

>

<

>

>

>

:

f �

i

=

�

f(: : : a

i

; a

i+1

: : :)� f(: : : a

i+1

; a

i

: : :)

�

(a

i

� a

i+1

)

�1

f �

i

=

�

a

i

f(: : : a

i

; a

i+1

: : :)� a

i+1

f(: : : a

i+1

; a

i

: : :)

�

(a

i

� a

i+1

)

�1

f b�

i

=

�

f(: : : a

i

; a

i+1

: : :)� f(: : : a

i+1

; a

i

: : :)

�

a

i+1

(a

i

� a

i+1

)

�1

In a more 
ompa
t manner, we 
an write:

(2.1.3)

�

i

: f ! f �

i

:=

f � f

s

i

a

i

� a

i+1

& �

i

: f ! f �

i

:=

a

i

f � a

i+1

f

s

i

a

i

� a

i+1

:

We shall 
he
k below that ea
h of the families of operators fs

i

g,

f�

i

g, f�

i

g, fb�

i

g separately satis�es the Moore/Coxeter braid relations

(writing fD

i

g in ea
h of these three 
ases) :

(2.1.4) D

i

D

j

= D

j

D

i

if ji� jj � 2 ; D

i

D

i+1

D

i

= D

i+1

D

i

D

i+1

:

Noti
e that, as 
on
erns squares, one has

(2.1.5) �

i

�

i

= 0 ; �

i

�

i

= �

i

; b�

i

b�

i

= �b�

i

; s

i

s

i

= 1 :

19
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All these divided di�eren
es �

i

, �

i

, b�

i

are spe
ial 
ases of lo
al

rational operators of the type

(2.1.6) D

i

= P (a

i

; a

i+1

)1+Q(a

i

; a

i+1

) s

i

;

that is, of a linear 
ombination of the two permutations 1, s

i

, the


oeÆ
ients P (x; y) and Q(x; y) being two rational fun
tions of two

variables independent of i.

In [17℄ [20℄, one determines the 
onditions on P andQ whi
h ensure

that the D

i

's satisfy braid relations and preserve polynomials. These

operators happen to satisfy anHe
ke relation, i.e. there exists 
onstants

q

1

; q

2

su
h that

(2.1.7) (D

i

� q

1

)(D

i

� q

2

) = 0 ; 8i � 1 :

To represent the He
ke algebra, one usually takes

(2.1.8) T

i

= �

i

(q

1

+ q

2

)� q

2

s

i

; i � 1:

It is 
onvenient to display the symmetri
 group as its Cayley graph,


alled permutohedron, whi
h des
ribes how permutations are su

es-

sively generated by produ
ts of simple transpositions, starting from the

identity permutation. Paths in this oriented graph, starting from the

identity, are 
alled redu
ed de
ompositions, i.e. de
ompositions of per-

mutations into produ
ts of simple transpositions of minimum length.

One 
an use the same graph to des
ribe operators, the edges now

being interpreted as simple divided di�eren
es, or isobari
 divided dif-

feren
es instead of simple transpositions.

Here we show S

3

, the edges being divided di�eren
es; on the �gure

on the right, we have written the images of a

2

1

a

2

under the operators

displayed on the left permutohedron, to illustrate that the �gure 
odes

a family of operators on polynomials:

123

�

1

�� �

�

2

213 132

�

2

�

�

�

�













�

1

231 312

�

1

�� � �

2

321

a

2

1

a

2

�

1

�� �

�

2

a

1

a

2

a

2

1

�

2

�

�

�

�













�

1

a

1

a

1

+

a

2

�

1

�� � �

2

1
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Divided di�eren
es satisfy Leibnitz formulas

1

, as easily seen from

the de�nition:

(2.1.9) fg�

i

= f (g�

i

) + f�

i

g

s

i

= g (f�

i

) + g�

i

f

s

i

:

In parti
ular, symmetri
 fun
tions in a

i

; a

i+1

are s
alars for �

i

, �

i

and b�

i

:

(2.1.10) g = g

�

i

) fg �

i

= f�

i

g and fg �

i

= f�

i

g :

When a

i+1

tends towards a

i

, the divided di�eren
e �

i

be
omes the

usual derivative with respe
t to a

i

. However, in that limit one loses the

fa
t that symmetri
 fun
tions in a

i

; a

i+1


ommute with the operator,

a property whi
h greatly simplify 
omputations. Indeed, to 
ompute

the image of a fun
tion under �

i

, one will try to write it as a fun
tion

in a

i

; a

i+1

as simple as possible, the 
ompli
ations being pushed to the


oeÆ
ients (whi
h are symmetri
al in a

i

; a

i+1

and involve the other

variables). Finite di�eren
es also give a dis
rete version of di�erential


al
ulus on fun
tions of one variable, but there is no invariant sub-

ring playing the role of symmetri
 fun
tions. We shall illustrate in the

sequel how the use of the symmetri
 group simpli�es the 
omputations

with divided di�eren
es, and renders this dis
rete di�erential 
al
ulus

simpler than the usual one

2

.

2.2. Braid Relations

Let A

i

= fa

1

; : : : ; a

i

g, and let B be a se
ond alphabet invariant

under the simple transposition s

i

= (a

i

; a

i+1

).

Then one has

(2.2.1) �

z

(A

i

� B ) �

i

= �

z

(A

i+1

� B ) ;

be
ause �

z

(A

i

� B ) = (1� za

i+1

) �

z

(A

i+1

� B ), and �

z

(A

i+1

� B ) being

invariant under s

i

, 
ommutes with �

i

, and one is left with the 
ompu-

tation of (1� za

i+1

) �

i

.

The braid relations

D

i

D

i+1

D

i

= D

i+1

D

i

D

i+1

involves only three 
onse
utive variables, whi
h 
an be taken to be

a

1

; a

2

; a

3

and thus, are statements about operators a
ting on the ring

Pol(A

3

) := Z[a

1

; a

2

; a

3

℄. However, D

1

; D

2


ommutes with symmetri


fun
tions in Sym(A

3

), and Pol(A

3

) must be seen as a module over

1

Noti
e that the two formulas are disymmetri
al in f; g, and one has two ex-

pressions for the image of a produ
t.

2

Unfortunately, it was almost forgotten during three hundred years, its only

appli
ation being more or less the original appli
ation of Newton to the interpolation

of fun
tions of one variable.



22 2. SYMMETRIZATION OPERATORS

Sym(A

3

). It is easy to see that it is generated by the monomials a

i

1

a

j

2

,

with i = 0; 1; 2 and j = 0; 1.

Now, �

1

�

2

�

1

and �

2

�

1

�

2

are operators on polynomials whi
h de-


rease the degree by 3. They send all the elements of the generating

set

3

onto 0, ex
ept a

2

1

a

2

whi
h is sent to a 
onstant

4

. One would have

to 
he
k that the 
onstant is the same (it is equal to 1) for �

1

�

2

�

1

and

�

2

�

1

�

2

, to 
on
lude that these operators be equal.

In fa
t, it is not more 
ompli
ated to 
ompute the image of any

monomial. For example, take a

5

1

a

9

2

a

2

3

, and write it as the S
hur fun
tion

S

2;9;5

(A

3

; A

2

; A

1

) :

The images of this determinant by the sequen
e �

2

; �

1

; �

2

are easy to

write, be
ause at ea
h step �

i

, only one 
olumn is not invariant under

s

i

. In that 
ase, the operation 
onsists in in
reasing A

i

to A

i+1

and

de
reasing degrees in this 
olumn, thanks to (2.2.1). In the present


ase, one gets the sequen
e

S

2;9;5

(A

3

; A

2

; A

1

)

�

2

�! S

2;8;5

(A

3

; A

3

; A

1

)

�

1

�! S

2;8;4

(A

3

; A

3

; A

2

)

�

2

�! S

2;8;3

(A

3

; A

3

; A

3

) = S

283

(A

3

) = �S

247

(A

3

) :

Starting with

S

5;9;2

(A

3

; a

3

+ a

2

; a

3

) ;

and using �

1

; �

2

; �

1

, one gets �S

5;8;0

(A

3

; A

3

; A

3

), whi
h is the same

fun
tion.

The braid relations 
an be similarly 
he
ked for �

i

, b�

i

, the 
ommu-

tations of D

i

and D

j

when ji� jj 6= 1 being, of 
ourse, trivial.

In the 
ourse of proving the braid relations, we have obtained the


lassi
al expression of a S
hur fun
tion as a quotient of two \alter-

nants" :

Lemma 2.2.1. Let A be of 
ardinality n, u = [u

1

; : : : ; u

n

℄ 2 N

n

,

v = u

�

:= [u

n

; : : : ; u

1

℄. Then

(2.2.2) x

u+�

�

!

= S

v

(A ) =

�

�

�

a

n�1+u

1

; � � � ; a

0+u

n

�

�

�

a2A

�

�

�

a

n�1

; � � � ; a

0

�

�

�

a2A

3

In fa
t a Sym(A

3

)-basis, the module is free.

4

Di�erent from 0, be
ause both operators are not identi
ally null.
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2.3. Yang-Baxter Graphs

Let us �rst go ba
k to the group algebra of S

n

.

Instead of handling redu
ed de
ompositions, it is not mu
h more


ompli
ated to take produ
ts of fa
tors of the type s

i

+ 
, with 
 2 Q .

However our fundamental braid relation s

1

s

2

s

1

= s

2

s

1

s

2

is not 
om-

patible with a uniform shift :

(1 + s

1

)(1 + s

2

)(1 + s

1

) = 2 + 2s

1

+ s

2

+ s

1

s

2

+ s

2

s

1

+ s

1

s

2

s

1

6= (1 + s

2

)(1 + s

1

)(1 + s

2

) :

Indeed 2s

1

+ s

2

is not symmetri
al in s

1

; s

2

, and this implies that the

elements (1+s

1

)(1+s

2

)(1+s

1

) and (1+s

2

)(1+s

1

)(1+s

2

) be di�erent.

To re
over equality, one must use non 
onstant shifts. For example,

(1 + s

1

)(

1

2

+ s

2

)(1 + s

1

) = (1 + s

2

)(

1

2

+ s

1

)(1 + s

2

) :

The general rule to ensure equality is due to Yang and Baxter. More

pre
isely, we want to �nd the 
onstraints on the 
onstants �; : : : ; 


0

whi
h ensure the following identity :

(s

1

+

1

�

) (s

2

+

1




) (s

1

+

1

�

) = (s

2

+

1

�

0

) (s

2

+

1




0

) (s

1

+

1

�

0

) :

We �nd that we must have � = �

0

, � = �

0

to have equality for the

terms of length 2. Now, to re
over symmetry in the terms of length 1 :

1




�

1

�

+

1

�

�

s

1

+

1

��

s

2

;

one must have


 = � + � :

Of 
ourse, one 
an introdu
e parameters in the relation s

i

s

j

= s

j

s

i

,

ji � jj 6= 1, without destroying the 
ommutation: (s

i

+

1

�

)(s

j

+

1

�

) =

(s

j

+

1

�

)(s

i

+

1

�

).

Finally, the braid relations have be
ome the Yang-Baxter relations

(s

i

+

1

�

) (s

i+1

+

1

� + �

) (s

i

+

1

�

) = (s

i+1

+

1

�

) (s

i

+

1

� + �

) (s

i+1

+

1

�

)

(2.3.1)

(s

i

+

1

�

) (s

j

+

1

�

) = (s

j

+

1

�

) (s

i

+

1

�

) ; ji� jj 6= 1(2.3.2)



24 2. SYMMETRIZATION OPERATORS

Their graphi
al representation is easy to remember (taking i = 1) :

[1 2 3℄

s

1

+

1

�

�� �

s

2

+

1

�

[2 1 3℄ [1 3 2℄

s

2

+

1

�+�

�

�

�

�













s

1

+

1

�+�

[2 3 1℄ [3 1 2℄

s

1

+

1

�

�� � s

2

+

1

�

[3 2 1℄

[1 2 3 4℄

s

1

+

1

�

�� �

s

3

+

1

�

[2 1 3 4℄ [1 2 4 3℄

s

3

+

1

�

� �� s

1

+

1

�

[2 1 4 3℄

Verti
al edges wear a parameter whi
h is the sum of the two on the

opposite sides, other pairs of parallel edges have the same parameter.

In short, forgetting about the labelling of verti
es, the index of the

simple transpositions s

i

being spe
i�ed by the 
olor of edges, one needs

only write the parameters � used in the fa
tors s

i

+ 1=� (beware that

usually we are writing on edges the inverses of the parameters) :

(2.3.3)

�

�

�� �

�

� �

� + �

�

�

�

�













�+ �

� �

� �� � �

�

�

�

�� �

�

� �

� � �� �

�

The important 
onstraint is that the parameter on a verti
al edge

is the sum of the parameters on the two opposite edges. Thus, instead

of two parameters, one 
an take for S

3

four independent parameters,
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keeping the trivial 
ommutation relations for lozenges :

�

�

�� �




� �


 + Æ

�

�

�

�













� + �

� �

� �� � Æ

�

�

�

�� �

Æ

� �

Æ � �� �

�

With M.P. S
h�utzenberger, in our last joint work, we 
alled this relation

Yin relation, and we solved the problem of labelling the edges of the

permutohedron in su
h a way that all sub-hexagons satisfy the Yin

relation, and that all lozenges 
ommute [12℄.

Sin
e braid relations 
onne
t any two redu
ed de
ompositions of

the same permutation, if we 
an label edges of a permutohedron with

parameters in su
h a way as to satisfy relations (2.3.1), (2.3.2), then

all paths from the origin to a given permutation will give the same

element in Q [S

n

℄.

To get a 
oherent 
hoi
e of parameters for S

n

, Yang [32℄ gave the

following re
ipe, that we 
an interpret as enri
hing the permutohedron

with a se
ond labelling of verti
es, and of edges, a

ording to the fol-

lowing rule :

� 
hoose an arbitrary system of \spe
tral parameters" [x

1

; : : : ; x

n

℄.

� label ea
h vertex, say �, with [x

�

1

; : : : ; x

�

n

℄

� label the edge of 
olor s

i


onne
ting � and � s

i

with x

�

i+1

�x

�

i

An edge s

i

with parameter � must be interpreted as a fa
tor (s

i

+

1

�

)

and a path must be interpreted as the produ
t of its edges.

In summary, given parameters [x

1

; : : : ; x

n

℄ all di�erent, then all

paths in the labelled permutohedron, starting from the origin to a

permutation �, give in Q [S

n

℄ the same Yang-Baxter element that we

shall denote Y

�

or Y

�

(x

1

; : : : ; x

n

). We 
an formulate the pre
eding


onstru
tion as follows :

Proposition 2.3.1. For any 
hoi
e of distin
t spe
tral parameters

[x

1

; : : : ; x

n

℄, there exists a Yang-Baxter basis whi
h is a linear basis of

Q [x

1

; : : : ; x

n

℄(S

n

), satisfying the following relations whi
h 
hara
terize

it (together with normalization Y

1

= 1) :

(2.3.4) Y

� s

i

= Y

�

�

s

i

+

1

x

�

i+1

� x

�

i

�

when `(�s

i

) > `(�) :
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(2.3.5)

[x

1

x

2

x

3

℄

s

1

+

1

x

2

�x

1

�� �

s

2

+

1

x

3

�x

2

[x

2

x

1

x

3

℄ [x

1

x

3

x

2

℄

s

2

+

1

x

3

�x

1

�

�

�

�













s

1

+

1

x

3

�x

1

[x

2

x

3

x

1

℄ [x

3

x

1

x

2

℄

s

1

+

1

x

3

�x

2

�� � s

2

+

1

x

2

�x

1

[x

3

x

2

x

1

℄

Instead of labelling the edges with elements in the group algebra

of S

n

, one 
an use the di�erent He
ke algebras generated by divided

di�eren
es (we do not need the general He
ke algebra, but only the

ones generated by �

i

(resp. �

i

, resp. b�

i

). A similar 
omputation as for

Q [S

n

℄ = H

1;�1

gives :

Proposition 2.3.2. For any 
hoi
e of distin
t spe
tral parameters

[x

1

; : : : ; x

n

℄, there exists linear bases of H

0;0

, of H

1;0

, of H

�1;0

whi
h

respe
tively satisfy, when `(�s

i

) > `(�) (starting with Y

1

= 1) :

Y

� s

i

= Y

�

�

�

i

+

1

x

�

i+1

� x

�

i

�

(2.3.6)

Y

� s

i

= Y

�

�

�

i

+

1

x

�

i+1

=x

�

i

� 1

�

(2.3.7)

Y

� s

i

= Y

�

�

b�

i

+

1

1� x

�

i

=x

�

i+1

�

:(2.3.8)

2.4. Maximal Symmetrizers

The operators D

!


orresponding to the maximal permutation ! are

fundamental.

In fa
t, they all 
ome from the proje
tor onto the alternating 1-

dimensional representation of S

n

, already used by Cau
hy and Ja
obi :

f !

X

�2S

n

(

�

1)

`(�)

f

�

:

Indeed, writing � for the Vandermonde

Q

1�i<j�n

(a

i

� a

j

), and a

�

for a

n�1

1

a

n�2

2

� � �a

0

n

, one has the following proposition.
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Proposition 2.4.1. Given A of 
ardinality n, the divided di�er-

en
es �

!

, �

!

and b�

!

verify :

�

!

=

X

�2S(A )

(�1)

`(�)

�

1

�

;(2.4.1)

�

!

= a

�

X

�2S(A )

(�1)

`(�)

�

1

�

;(2.4.2)

b�

!

=

X

�2S(A )

(�1)

`(�)

�

(a

�

)

!

�

:(2.4.3)

Proof. From the determinantal expression of monomials, one sees

that (
f. Ex ?) the monomials x

u

: u � � are a generating set of

Z[a

1

; : : : ; a

n

℄ as a S

n

(A

n

) module. For degree reasons, the two sides

of 2.4.1 sends all these monomials to 0, ex
ept a

�

whi
h is sent to

S

0:::0

(A

n

) = 1 by the LHS, and to

P

�(a

�

)

�

=� = 1 by the RHS. The

two operators 
oin
ide.

Writing

�

!

= �

n�1;:::;1;n

�

n�1

� � ��

1

= �

n�1;:::;1;n

a

n�1

�

n�1

� � � a

2

�

2

a

1

�

1

= �

n�1;:::;1;n

a

n�1

� � �a

2

a

1

�

n�1

� � ��

1

= a

n�1

� � �a

2

a

1

�

n�1;:::;1;n

�

n�1

� � ��

1

;

and iterating, one sees that one 
an fa
tor out on the left a

�

and thus

prove the se
ond identity.

The third one is similarly obtained through the fa
torization

b�

!

= b�

n�1

� � � b�

1

b�

1n:::2

:

�

2.5. Yang-Baxter elements and Orthogonality

Ba
k again to the group algebra of S

n

, we introdu
e a quadrati


form. Denote by g ! eg the linear morphism on Q [S

n

℄ indu
ed by

� ! �

�1

; � 2 S

n

, and by g \ ! the 
oeÆ
ient of ! in g. For any

f; g 2 Q[S

n

℄, let

(2.5.1)

�

f ; g

�

:= f eg \ ! :

The linear basis of permutations is self-adjoint with respe
t to this

form :

(2.5.2)

�

� ; !�

�

= 1 &

�

� ; �

�

= 0; � 6= !� :

The next proposition, due to [14℄, shows that the Yang-Baxter basis

is also 
ompatible with this quadrati
 form. Let Y

�

be a Yang-Baxter
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basis for the parameters [x

1

; : : : ; x

n

℄, and

b

Y

�

be the Yang-Baxter basis

for the reversed parameters [x

n

; : : : ; x

1

℄.

Proposition 2.5.1. The Yang-Baxter basis fY

�

g of Q [x

1

; : : : ; x

n

℄[S

n

℄

is adjoint to the Yang-Baxter basis f

b

Y

!�

g, i.e. one has

(2.5.3)

�

Y

�

;

b

Y

!�

�

= 1 &

�

Y

�

;

b

Y

�

�

= 0; � 6= !� :

Proof. The proposition is true for

b

Y

1

, be
ause only Y

!

has a term in

!. Suppose it is true for

b

Y

�

. We shall prove it for

b

Y

�s

i

, `(�s

i

) > `(�).

Indeed,

b

Y

�s

i

=

b

Y

�

(s

i

+ �) for some �. Therefore

Y

�

(s

i

+ �)

f

b

Y

�

=

�

�Y

�

+ 
Y

�s

i

�

f

b

Y

�

;

for some 
onstants �; 
. Therefore, one has just to 
onsider the 
ases

where � = !� or �s

i

= !�, and this is where one sees that one had to

take reversed parameters for the se
ond Yang-Baxter basis. �

For example, let us 
he
k that (Y

231

;

b

Y

321

) = 0, taking the pa-

rameters [0; �; 
 = � + �℄. Then there exists some 
onstants Æ; � su
h

that

Y

231

b

Y

321

= (s

1

+

1

�

) (s

2

+

1




) (s

2

�

1

�

)

| {z }

Æ(s

2

�

1

�

)+�

(s

1

�

1




)(s

2

�

1

�

) :

The fa
tor of � 
annot 
ontain !, and we 
an eliminate it. The triple

(s

1

+

1

�

)(s

2

�

1

�

)(s

1

�

1




) 
an be transformed into (s

2

�

1




)(s

1

�

1

�

)(s

2

+

1

�

),

but sin
e (s

2

+

1

�

)(s

2

�

1

�

) is a s
alar, the remaining expression 
annot

either 
ontain !.

The expli
it matrix of 
hange of basis for S

3

, between the Yang-

Baxter basis and the basis of permutations, 
hoosing the ve
tor of

parameters [0; a; a + b℄, is (ea
h row gives the expansion of a Yang

element) :

ACE> MatYang2Perm(3,[0,a,a+b℄), inverse(%);

2

6

6

6

6

6

6

6

6

6

6

4

1 0 0 0 0 0

1

b

1 0 0 0 0

1

a

0 1 0 0 0

1

(a+b)a

1

a

1

a+b

1 0 0

1

b(a+b)

1

a+b

1

b

0 1 0

ab+1

(a+b)ba

1

ab

1

ab

1

b

1

a

1

3

7

7

7

7

7

7

7

7

7

7

5

;

2

6

6

6

6

6

6

6

6

6

4

1 0 0 0 0 0

�

1

b

1 0 0 0 0

�

1

a

0 1 0 0 0

1

ab

�

1

a

�

1

a+b

1 0 0

1

ab

�

1

a+b

1

b

0 1 0

�

ab+1

(a+b)ba

1

(a+b)a

1

b(a+b)

�

1

b

�

1

a

1

3

7

7

7

7

7

7

7

7

7

5
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Apart from signs, these two matri
es have the same entries, but dis-

tributed di�erently ! This is the visualization of the pre
eding propo-

sition.

2.6. Spe
ial Yang-Baxter elements

Many interesting elements of the group algebra ofS

n


an be written

in terms of Yang-Baxter elements, for di�erent 
hoi
es of parameters.

We shall spe
ially use the two 
ases where [x

1

; : : : ; x

n

℄ = [1; : : : ; n℄

or [x

1

; : : : ; x

n

℄ = [n; : : : ; 1℄, denoting

�

�

:= Y

�

(1; : : : ; n) & r

�

:= Y

�

(n; : : : ; 1) ; � 2 S

n

:

Let us noti
e that proposition 2.5.1 implies :

Lemma 2.6.1. f�

�

g and fr

!�

g are two adjoint bases.

The elements �

�

and r

�

allow to write idempotents in the group

algebra. Let us 
he
k for example that the sum of all permutations of

S

n

is equal to �

!

= Y

!

(1; : : : ; n), with ! = maximal permutation =

[n; : : : ; 1℄.

Be
ause we 
an start a path from the identity to ! by any simple

transposition s

i

, then �

!

is su
h that it has at least one expression

with a left fa
tor (s

i

+ 1). The two 
anoni
al redu
ed de
ompositions

that we have en
ountered extends to two expressions of �

!

, whi
h are :

�

!

=

�

(s

1

+

1

1

)

��

(s

2

+

1

2

)(s

1

+

1

1

)

�

� � �

�

(s

n�1

+

1

n� 1

) � � � (s

1

+ 1)

�

=

�

(s

n�1

+

1

1

) � � � (s

1

+

1

n� 1

)

�

� � �

�

(s

n�1

+

1

1

)(s

n�2

+

1

2

)

��

(s

n�1

+

1

1

)

�

Suppose that we have noti
ed that

�

321

=

X

�2S

3

�

We want to prove that the similar property holds for

�

4321

= �

321

(s

3

+

1

3

)(s

2

+

1

2

)(s

1

+ 1) :

We use the fa
t that

�

P

�2S

3

�

�

� =

P

�2S

3

� if � 2 S

3

. In other

words, when multiplying

P

�2S

n

� by an expression involving only per-

mutations in S

n

, one 
an repla
e in this expression ea
h permutation

by 1.

Therefore

�

321

1

3

(s

2

+

1

2

)(s

1

+ 1) = �

321

1

3

(1 +

1

2

)(1 + 1) = �

321

:
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Similarly

�

321

s

3

1

2

(s

1

+ 1) = �

321

s

3

1

2

(1 + 1) = �

321

s

3

Finally

�

321

(s

3

+

1

3

)(s

2

+

1

2

)(s

1

+ 1) = �

321

(1 + s

3

+ s

3

s

2

+ s

3

s

2

s

1

) :

The right hand side is indeed equal to the sum of all permutations of

S

4

, be
ause it des
ribes how they are obtained from permutations of

S

3

by inserting 4 in all possible manners.

Su
h 
omputations 
an be extended to symmetri
 groups of higher

order, but 
learly 
ost too mu
h e�orts to 
hara
terize the spa
es of

dimension 1 that are

P

� or

P

��.

First, we should use that �

!

and r

!


ommute with symmetri


fun
tions in A . Se
ondly, we should test our statements on �nite sets

of polynomials. In the present 
ase, we should use that there exists a

basis of Pol(A ), as a Sym(A )-module, whi
h 
onsists of polynomials

5

having a least one partial symmetry in a

i

; a

i+1

, ex
ept for a polynomial

in degree n(n

�

1)=2.

Theorem 2.6.2. The elements �

!

=n! and r

!

=n! in Q [S

n

℄ are the

two 1-dimensional idempotents of this algebra :

r

!

=

X

�2S

n

(�1)

`(�!)

� = (

�

1)

n(n�1)=2

�

!

�(A )(2.6.1)

�

!

=

X

�2S

n

� = �(A ) �

!

:(2.6.2)

Proof. r

!

, as well as

P

�� send a fun
tion invariant under s

i

onto

0, be
ause on 
an fa
tor s

i

� 1 on the left of both operators. There

remain to 
he
k their a
tion on the Vandermonde, for example. But

ea
h s

i

a
ts by

�

1 on �(A ), therefore r

!

a
ts by multipli
ation by the

s
alar

(�1�

1

1

)(�1�

1

2

)(�1�

1

1

) � � � (�1�

1

n

) � � � (�1�

1

1

) = �n! ;

as well as

P

��. Therefore, (2.6.1) is veri�ed. We leave it to the reader

to adapt the reasoning to the proof of (2.6.2). �

5

One 
an take S
hubert polynomials, but they will be introdu
ed later. Oth-

erwise, from the basis x

u

: u � �, one easily generates another basis, triangularly

equivalent, whi
h have the required property.
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2.7. Young Idempotents

We shall not prove statements in this se
tion, but just illustrate

how to reformulate Young's 
onstru
tions

6

in terms of Yang-Baxter

elements.

Given a 
omposition of n (i.e. an integral ve
tor v whi
h sums to

n), let S

v

be the Young subgroup of type v, i.e. the diagonal subgroup

S

v

= S

v

1

�S

v

2

�S

v

3

� � � �

On denotes by !

v

the maximal element of S

v

.

Two 
ompositions are 
alled 
onjugate if the partitions obtained by

reordering them are so.

Pairs of 
onjugate 
ompositions (I; J) are in bije
tion

7

with 0

�

1

matri
es, with row-sums I and 
olumn-sums J . Su
h a matrix gives rise

to a permutation �(I; J) obtained by numbering the non-zero entries

from left to right and top to bottom, and reading 
olumnwise . For

example, for I = [3; 5; 2; 3℄ and J = [1; 4; 3; 1; 4℄, the matrix and the

permutation are :

sums 1 4 3 1 4

3 � 1 1 � 1

5 1 1 1 1 1

2 � 1 � � 1

3 � 1 1 � 1

;

2

6

6

4

� 1 2 � 3

4 5 6 7 8

� 9 � � 10

� 11 12 � 13

3

7

7

5

7! �(I; J) = [4; 1; 5; 9; 11; 2; 6; 12; 3; 8; 10; 13℄ :

Then, the lemma from whi
h Young obtains his natural idempotents


an be rewritten in the following way.

Proposition 2.7.1. Let I, J be two 
onjugate 
ompositions. Then

�

!

I

Q [S

n

℄r

!

J

is a 1-dimensional module, and

�

!

I

� � � r

!

J

6= 0, � = �

0

� �(I; J) � �

00

; �

0

2 S

I

; �

00

2 S

J

;

6

Young �rst steps was to write relations in the group algebra, from whi
h he

dedu
ed fa
ts about representations. Using Yang-Baxter relations, we have for our

part just to handle produ
ts of elements of the type s

i

+ 1=k. Young was using

more general fa
tors (sums of transpositions + a 
onstant).

7

The fa
t given u; v 
onjugate, there exists only one su
h matrix 
an also be

interpreted as the fa
t that the s
alar produ
t (e

u

1

e

u

2

� � � ; h

v

1

h

v

2

� � � ) is equal to

1, or, equivalently, that there exists only one S
hur fun
tion in 
ommon, with

multipli
ity 1, in the expansion of the two fun
tions.
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where the permutation �(I; J) asso
iated to a pair of 
onjugate 
ompo-

sitions has been de�ned above.

From this, Young dedu
es

Corollary 2.7.2. Given two 
onjugate 
ompositions I; J , there

exists non-zero 
onstants 
; 


0

su
h that

e := 
�

!

I

�(I; J)r

!

J

�(I; J)

�1

be an idempotent, and




0

X

�

� e �

�1

be the 
entral idempotent 
orresponding to the shape obtained by re-

ordering I.

The proof of proposition 2.7.1 mostly relies on the existen
e and

uni
ity of a 0

�

1 matrix with row and 
olumn sums I; J . However, it


an be adapted to furnish the seemingly mu
h more elaborate result :

Proposition 2.7.3. Let � be a partition. Fill the su

essive 
olumns

of the diagram of � (in the S-W 
orner) (resp. of the 
onjugate par-

tition �e, in the N-E 
orner) with 1; : : : ; n. Let !

0

and !

00

the 
olumn

readings of these two tableaux, and �, � their row-reading. Let J be the

in
reasing reordering of of �, and I = �e .

Then, for every permutation � greater

8

than !

0

in the permutohe-

dron, one has that �

�

r

�

6= 0 i� � and � belongs to the same double


oset S

I

�S

J

.

Moreover �

!

0

Q [S

n

℄r

!

00

is 1-dimensional, with basis �

�

r

!

00

, and

�

�

r

�

is a quasi-idempotent, i.e.

�

�

r

�

�

�

r

�

= 
 �

�

r

�

; for some 
 2 Z; 
 6= 0 :

For example, for � = [3; 2; 2℄, the obje
ts appearing in the proposi-

tion are

3 6

2 5

1 4 7

! � = [3625147℄; !

0

= [3216547℄ ;

2 4 7

1 3 6

5

! � := [2471365℄; !

00

= [2143765℄ :

We shall only need, in the next 
hapter , the following related prop-

erty :

Lemma 2.7.4. Let � be a partition of n, V

�

be the irredu
ible repre-

sentation of S

n

of type �, and I be a 
omposition of n. Then the spa
e

V

�

�

!

I

is of dimension the multipli
ity of the S
hur fun
tion S

�

in the

8

That is, � = !

0

�, with `(�) = `(!

0

) + `(�).
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produ
t of 
omplete fun
tions S

I

. In parti
ular, V

�

�

!

I

is of dimension

1 if I reorders into �.

It is remarkable that one needs only Yang-Baxter relations, together

with the nullity (s

i

+ 1)(s

i

� 1) = 0 to prove all the statements in

this se
tion. Instead of playing with redu
ed de
ompositions, we shall

rather use the 
oinvariant ring of the symmetri
 group, to des
ribe

representations.

We obtain in Proposition 2.7.3 idempotents by taking Yang-Baxter

elements 
orresponding to two systems of spe
tral parameters. As

shown by Ju
ys [9℄, and developed by Cherednik, one 
an do better,

and use a single system (the modi�ed 
ontents of a diagram), though

it requires introdu
ing some �'s and taking limits. Otherwise, one has

to repla
e the Yang-Baxter relation

(s

1

+ 1)

�

s

2

+

1

�

� �

s

1

+

1

�� 1

�

=

�

s

2

+

1

�� 1

� �

s

1

+

1

�

�

(s

2

+ 1)

by the new relation

(s

1

+ 1) (s

2

s

1

� s

2

� 1) = (s

2

s

1

� s

1

� 1) (s

2

+ 1) :

For example, for � = [2; 2℄,

(s

3

+ 1)

�

s

2

s

1

� s

1

� 1

�

(s

3

�

1

2

)(s

2

� 1)(s

3

+ 1)

= (s

3

+ 1)(s

1

+ 1)

�

s

2

s

1

� s

2

� 1

�

(s

3

�

1

2

)(s

2

� 1)(s

3

+ 1)

is a Young idempotent.

2.8. Lagrange Interpolation

In the 
ase of fun
tions already presenting partial symmetries, one


an redu
e summations over the symmetri
 group to summations on


osets. The simplest 
ase 
orresponds to the Lagrange interpolation,

where the input fun
tion of n variables is symmetri
al in the last n

�

1

ones

9

.

Given n

0

; n

00

: n

0

+ n

00

= n, write Sym(n

0

jn

00

) for the ring of poly-

nomials in x

1

; : : : ; x

n

whi
h are symmetri
al in x

i

; x

i+1

, i 6= n

0

.

Given A of 
ardinality n, let the Lagrange operator L

A

be

Sym(1jn

�

1) 3 f �!

X

a2A

f(a; A

�

a)=R(a; A

�

a) 2 Sym(A

n

) :

9

Even, in the original 
ase of Lagrange, the input fun
tion depends on a single

variable only, i.e. is of degree 0 in the other variables, whi
h is an easy way of

respe
ting symmetry.
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Theorem 2.8.1. Let A = fa

1

; : : : ; a

n

g, and let �

1

; : : : ; �

n�1

be the

divided di�eren
es relative to A . Then for any f 2 Sym(1jn

�

1), one

has

(2.8.1) L

A

(f) = f(a

1

; a

2

; : : : ; a

n

) �

1

� � ��

n�1

:

Proof. Both members of (2.8.1) 
ommute with multipli
ation with

symmetri
 fun
tions in n variables. Sin
e any symmetri
 fun
tion of

A �a

1


an be expanded into powers of a

1

(with 
oeÆ
ients inSym(A

n

),

one has to 
he
k the theorem only on powers of a variable

10

, say f = x

k

1

.

Rewriting

L

A

(x

k

1

) =

 

X

a

��(A � a) a

k

!

=�(A ) ;

one re
ognizes the expression (2.2.2) of S

0:::0;k�n+1

(A ), but this is also

the fun
tion that one obtains as a

k

1

�

1

� � ��

n�1

. �

Noti
e that, for fun
tions of one variable only, we obtain by linearity

(2.8.2) L

A

�

f(x

1

)

�

=

1

�(A )

�

�

�

�

�

�

a

0

1

a

1

1

� � � a

n�2

1

f(a

1

)

.

.

.

.

.

.

.

.

.

.

.

.

a

0

n

a

1

n

� � � a

n�2

n

f(a

n

)

�

�

�

�

�

�

:

There are several ways of interpreting the Lagrange operator. For

example, de
omposing a rational fra
tion with simple poles is one of

these ways. Indeed, in the 
ase where all the elements of A are distin
t,

given a polynomial f(x), one usually writes

(2.8.3)

f(x)

R(x; A )

= g(x) +

X

a

f(a)

(x� a)R(a; A

�

a)

;

where g(x) is the quotient in the division of f(x) by R(x; A ). The sum


oin
ides with L

A

(f(x

1

)=(x� x

1

)).

Multiplying both members by R(x; A ), this be
omes

(2.8.4) f(x) = g(x)R(x; A ) +

X

a

f(a)R(x; A � a)

R(a; A

�

a)

:

Sin
e the sum is a polynomial in x of degree � m

�

1, and sin
e it

spe
ializes into f(a) for x = a, then Eq.2.8.4 is one way of writing the

division of f(x) by R(x; A ). But one 
an also introdu
e B := A + x, in

whi
h 
ase Eq.2.8.2 be
omes

(2.8.5)

X

b

f(b)

R(b; B � b)

= g(x)

10

In fa
t powers � n

�

1.
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and this implies that the quotient 
an be written (identifying x with

a

n+1

) :

(2.8.6) g(x) = f(a

1

) �

1

� � ��

n

;

expression whi
h has the advantage to show that g(x) be a symmetri


fun
tion ( of x; a

1

; : : : ; a

n

). In more details, if f(x) = S

N

(x� C ), then

(2.8.7) g(x) = S

N�n

(x + A � B ) :

2.9. Newton Interpolation

Everybody knows Taylor's formula to re
over a fun
tion in one

variable, say a polynomial, knowing its su

essive derivatives in a point.

Newton, in the Prin
ipia, had a harder problem to solve. How to

re
onstru
t a fun
tion (the position of a planet) knowing its values at

di�erent times ? He had the idea of normalizing di�eren
es of positions

by the interval of time to whi
h they 
orrespond. That is, he 
omputes

[i; i + 1℄ :=

�

f(t

i

)� f(t

i+1

)

�

=(t

i

� t

i+1

) ;

then

[i; i + 2℄ :=

�

[i; i+ 1℄� [i+ 1; i+ 2℄

�

=(t

i

� t

i+2

) ;

and so on. The reader re
ognizes, of 
ourse, the divided di�eren
es

f(t

i

)�

i

�

i+1

�

i+2

� � � .

Having done so, Newton 
an write

(2.9.1) f(t) = f(t

0

) + f

�

(t� t

0

) + f

��

(t� t

0

)(t� t

1

)

+ f

���

(t� t

0

)(t� t

1

)(t� t

2

) + � � �

using the symbol f

���:::

:= f(t

0

)�

1

�

2

�

3

� � � to stress the fa
t that New-

ton's formula is a dis
rete extension of Taylors's formula (without di-

vision by fa
torials!).

Newton's formula is linear in f(x). To prove it, it is suÆ
ient to

test it on powers of x, or equivalently, to test it on the single fun
tion

(z � x)

�1

. Let us go ba
k to an alphabet A , instead of t

0

; t

1

; : : :.

Sin
e f�

1

� � ��

n�1

= (z

�

a

1

)

�1

� � � (z

�

a

n

)

�1

, one has to 
he
k that

(2.9.2)

1

z

�

x

=

1

z

�

a

1

+

x

�

a

1

(z

�

a

1

)(z

�

a

2

)

+

(x

�

a

1

)(x

�

a

2

)

(z

�

a

1

)(z

�

a

2

)(z

�

a

3

)

+ � � �

As we did for Lagrange interpolation, we in
lude x in the set of

interpolating points to see what happens. Let us do it twi
e, in 
on-

se
utive pla
es, i.e. let us look at the 
ase where a

n

= x, or a

n+1

= x.
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The equation be
omes

1

z

�

x

=

1

z

�

a

1

+ � � �+

(x

�

a

1

) � � � (x

�

a

n�1

)

� � � (z

�

a

n�1

)(z

�

x)

=

1

z

�

a

1

+ � � �+

(x

�

a

1

) � � � (x

�

a

n�1

)

� � � (z

�

a

n�1

)(z

�

a

n

)

+

(x

�

a

1

) � � � (x

�

a

n

)

� � � (z

�

a

n

)(z

�

x)

:

The di�eren
e is

(x

�

a

1

) � � � (x

�

a

n�1

)

� � � (z

�

a

n�1

)(z

�

x)

�

(x

�

a

1

) � � � (x

�

a

n�1

)

� � � (z

�

a

n�1

)(z

�

a

n

)

�

(x

�

a

1

) � � � (x

�

a

n

)

� � � (z

�

a

n

)(z

�

x)

;

whi
h, indeed is null, and this proves (2.9.2), and therefore the Newton

formula in general, by indu
tion on n.

Interpolating (1 � zx)

�1

, instead of (z � x)

�1

, one gets a formula

equivalent to (2.9.2) :

(2.9.3)

1

1

�

zx

=

1

1

�

za

1

+ z

x

�

a

1

(1

�

za

1

)(1

�

za

2

)

+ � � �+ z

k

R(x; A

k

)

R(1; zA

k+1

)

+ � � �

that one often en
ounters with A spe
ialized. For example, one has

1

1

�

zx

=

1

1

�

z

+ z

x

�

1

(1

�

z)(1

�

zq)

+ � � �+ z

(x

�

1) � � � (x

�

q

n�1

)

(1

�

z) � � � (1

�

zq

n

)

+ � � �

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o



EXERCISES 37

Exer
ises

Ex. 2.1. Extend Leibnitz formula to the following two 
ases (any

i; n 2 N , any fun
tions f

j

):

f

1

� � � f

n

�

i

& fg �

1

� � ��

n

:

Ex. 2.2. Given 
onstants �; �, show that the operators D

i

:=

�

i

+ ��

i

+ �s

i

satisfy the braid relations.

Solution. Expanding a produ
t D

1

D

2

D

1

would imply 3

3

terms in-

volving non trivial relations between �

i

; �

i

and s

i

.

One redu
es the amount of 
omputations by noti
ing that the im-

ages of isobari
 divided di�eren
es under the uniform shift: a

i

! a

i+1

+

� still verify the braid relations. In other terms, �

i

=

a

i

a

i

�a

i+1

(1 + s

i

)

be
omes

�

+

i

=

a

i

+ �

a

i

� a

i+1

(1 + s

i

) = �

i

+ ��

i

;

and therefore, after 
hange of variables, one has just to 
he
k that

the operators D

i

:= �

i

+ �s

i

satisfy the braid relations. To 
he
k

D

1

D

2

D

1

= D

2

D

1

D

2

, one 
an 
hoose an appropriate basis of the ring of

polynomials in a

1

; a

2

; a

3

as a module over Sym(a

1

; a

2

; a

3

). Let us take

the basis a

v

, with v = [v

1

; v

2

; v

3

℄ � [0; 1; 2℄, and 
ompute the image of

a

012

as an example:

a

012

D

2

�! �a

021

D

1

�! �

2

a

201

� �a

111

D

2

�! �

3

a

210

� (� + �

2

)a

111

:

The image under D

2

D

1

D

2

is seen to be identi
al, the 
he
king for the

other monomials is not more 
ompli
ated !

Ex. 2.3. Let A = fa

1

; : : : ; a

n

g, x; y be two indeterminates. After

S
ott, Muir III p. 493, show that the following determinant

�

�

�

�

�

�

�

�

�

�

a

1

x � � � x 1

y a

2

� � � x 1

.

.

.

.

.

.

.

.

.

.

.

.

y y � � � a

n

1

1 1 � � � 1 0

�

�

�

�

�

�

�

�

�

�

is equal to

�

R(x; A ) � R(y; A )

�

=(x� y). Take the oportunity of 
om-

puting the minor obtained by suppressing the last row and 
olumn.

Solution. The minor is equal to

(

�

1)

n

S

1;n�1

(x

+

y; x

+

y � A ) :
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Ex. 2.4. Let A = fa

1

; : : : ; a

n

g. De�ne Æ

i

, i = 1; : : : ; n

�

1, to be the

operator

f ! f Æ

i

=

�

f(: : : a

i

; a

i+1

: : :)� f(: : : qa

i+1

; a

i

=q : : :)

�

(a

i

� qa

i+1

)

�1

:

Show that the operators Æ

i

satisfy the braid relations.

Therefore, for any permutation � 2 S

n

, there is an operator Æ

�

.

Give the image of any monomial under Æ

!

.

Solution. Taking the alphabet B = fa

1

; qa

2

; : : : ; q

n�1

a

n

g, one sees

that Æ

i

is a divided di�eren
e relative to B , and there is nothing new to

prove. Sin
e �

!

sends any monomial to a S
hur fun
tion, then Æ

!

sends

any monomial in B (or A , up to a power of q) to a S
hur fun
tion in B .

Ex. 2.5. Let p; q be two parameters. Show that the operators

Æ

i

:=

�

1 + s

i

�

qa

i

+ p

a

i

� a

i+1

satisfy the braid relations, then expli
it the maximal operator Æ

!

.

Solution. Rewriting

Æ

i

= �(qa

i+1

+ p)�

i

+

q(a

i

+

a

i+1

) + 2p

a

i

� a

i+1

;

one 
an 
he
k Æ

1

Æ

2

Æ

1

= Æ

2

Æ

1

Æ

2

.

Beware that these operators do not preserve polynomials.

A better proof is to use 
onjugation by the Vandermonde �(A ).

One has

�(A )

�1

Æ

i

�(A ) = (a

i

�

a

i+1

)

�1

Æ

i

(a

i

�

a

i+1

) = �

i

(qa

i

+ p) :

Now, both �(A )

�1

Æ

1

Æ

2

Æ

1

�(A ) and �(A )

�1

Æ

2

Æ

1

Æ

2

�(A ) are equal to

�

321

(qa

1

+

p)

2

(qa

2

+

p).

More generally, with n = jA j, ! = [n; : : : ; 1℄, one has

�(A )

�1

Æ

!

�(A ) = �

!

Y

1�i<j�n

(qa

i

+ p)

n�i

:

For example, the image of the monomial a

2

1

a

2

under Æ

321

is

	

12

(A )

(qa

1

+ p)

2

(qa

2

+ p)

(a

1

�

a

2

)(a

1

�

a

3

)(a

2

�

a

3

)

;

where 	

12

is the monomial fun
tion of index [1; 2℄.

Ex. 2.6. Let A = fa

1

; : : : ; a

n

g, x be an indeterminate. Compute

(x� a

1

)(x+ a

2

) � � � (x + a

n

)(a

1

+ a

2

) � � � (a

1

+ a

n

) �

1

� � ��

n�1

:
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Solution. The answer is

(

(x� a

1

) � � � (x� a

n

) n odd

�2

P

x

2n�2j�1

�

2j+1

(A ) n even

;

and this is a spe
ial 
ase of 
omputation of Euler-Poin
ar�e 
hara
ter-

isti
.

To be more pre
ise, let � be the Euler-Poin
ar�e morphism :

Sym(a

1

j a

2

; : : : ; a

n

) 3 f

�

���!
(a

1

+

a

2

) � � � (a

1

+

a

n

) f �

1

� � ��

n�1

2 Sym(A ) :

One �nds that �(1) = 1 when n is odd, and = 0 otherwise, that

�

�

a

1

(1

�

a

1

)

�1

�

=

X

j�1

1

1

�

z

S

j

�

(1

�

z)A

�

�

�

�

z=

�

1

=

X

H

S

H

(A )

sum over all hook partitions H, and that

�

�

(1

+

a

2

) � � � (1

+

a

n

)

�

= (1

+

a

1

)(1

+

a

2

) � � � (1

+

a

n

)�

�

(1

+

a

1

)

�1

�

=

(

P

�

2j

(A ) if n odd

�

P

�

2j+1

(A ) if n even

:

Writing

(x

�

a

1

)(x

+

a

2

) � � � (x+a

n

) = (x

+

a

1

)(x

+

a

2

) � � � (x+a

n

)

�

2x(x

+

a

1

)

�1

� 1

�

;

one 
on
ludes.

Ex. 2.7. Let A ; B be of the same 
ardinality n. Show that

1� a

1

� � �a

n

=

X

j

(1� a

j

)

Y

i:i 6=j

b

j

�

a

i

b

j

�

b

i

:

Solution. To re
ognize the Lagrange interpolation, one repla
es the

pair (A ; B ) by the pair

�

X = fa

1

b

1

; : : : ; a

n

b

n

g; B

�

. The sum to 
ompute

is

X

j

b

�1

j

R(b

j

;X)R(b

j

; B � b

j

)

�1

:

In other words, one has to 
ompute L

B

(x

i

), for

�

1 � i � n

�

1. Only the

two extreme terms 
ontribute, (�1)

n�1

(b

1

� � � b

n

)

�1

for the �rst one, 1

for the se
ond.

Ex. 2.8. Let A ; B be of the same 
ardinality n, and �

1

; : : : ; �

n�1

be

the divided di�eren
es relative to B .

Show that

(1

�

a

1

)(1+a

n

+a

n

a

n�1

+: : :+a

n

� � �a

2

) = (b

1

�b

1

a

1

) � � � (b

1

�b

n

a

n

)b

�1

1

�

1

� � ��

n�1

:
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Solution. Writing �

B

= �

1

� � ��

n�1

, one de
omposes the right hand

side into

(b

1

�b

1

a

1

) � � � (b

1

�b

n�1

a

n�1

)�

B

+�1=b

1

(b

1

�b

1

a

1

) � � � (b

1

�b

n�1

a

n�1

)(b

n

a

n

)�

B

:

The 
ontribution of the �rst part is (b

n�1

1

� b

n�1

1

a

1

)�

B

= 1 � a

1

.

For what 
on
erns the se
ond, de�ne B

0

= fb

1

; : : : ; b

n�1

g. Using �

B

=

�

B

0

�

n�1

, and showing by indu
tion that

1=b

1

(b

1

� b

1

a

1

) � � � (b

1

� b

n�1

a

n�1

)�

B

0

is independent of B , one gets in total

(1� a

1

) + a

n

(1� a

1

)(1 + a

n�1

+ : : :+ a

n�1

� � �a

2

) ;

whi
h is the required identity.

Ex. 2.9. Let A be a totally ordered set of n

+

1 distin
t 
omplex

numbers, and �

1

; : : : ; �

n

be the divided di�eren
es asso
iated to A . Let

� be a simple 
urve en
losing A , f(z) be a fun
tion analyti
 in a disk


ontaining A .

Show, after Hermite, that

f(a

1

)�

1

� � ��

n

=

1

2�

p

�

1

Z

�

f(x)

R(x; A )

dx :

Solution. It suÆ
es to test both sides of the equation on the basis

of polynomials

fS

n

(x + a

�

A ); a 2 A g [ fS

n+k+1

(x� A ); k � 0g

For the �rst polynomials, both members are equal to 1 (we assume

known the residue of 1=(x� a)). For the se
ond family, one has indeed

S

k+1

(A � A ) = 0 = residue of x

k

:

Hermite's expression may be used for Lagrange's or Newton's interpo-

lation formulas.

Ex. 2.10. For any positive integer p, let N =: f0; 1; : : : ; pg. De�ne

the Stirling numbers (of the se
ond kind) to be the 
omplete fun
-

tions in N

p

, the (positive) Stirling numbers of the �rst kind to be the

elementary symmetri
 fun
tions of N

p

.

Show that, for any n 2 N , one has

x

n

= S

n�1

(N

1

) x+ S

n�2

(N

2

) x(x

�

1) + S

n�3

(N

3

) x(x

�

1)(x

�

2) + � � � ;

=

X

i;j

(

�

1)

i

x

j�i

S

n�j

(N

j

)�

i

(N

i�1

) ;

1

z

�

x

=

1

z

+

x

z(z

�

1)

+

x(x

�

1)

z(z

�

1)(z

�

2)

+ � � �+

S

p

(x

�

N

p�1

)

S

p+1

(z

�

N

p

)

+ � � �
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Solution. This is the Newton interpolation at integral points.

Ex. 2.11. Let x be an element of binomial type, n a positive integer.

Following Naszadi, write x

n

as a linear 
ombination of �

n

(x); �

n

(x+

1); : : : ;�

n

(x + n

�

1).

Solution. The required de
omposition is not given by the Newton

interpolation at integral points (
alled Stirling interpolation), be
ause

the polynomials that we are given have the same degree in x.

One noti
es that the determinant

�

�

�

�

�

�

�

�

x

n

�

n

(x) � � � �

n

(x+ n

�

1)

n

n

�

n

(n) � � � �

n

(2n

�

1)

.

.

.

.

.

.

.

.

.

1

n

�

n

(1) � � � �

n

(n)

�

�

�

�

�

�

�

�

is null, be
ause the spa
e of polynomials in x, whi
h are divisible by

x and of degree � n, is of dimension n. One rewrites the binomial


oeÆ
ients in the determinant as 
omplete fun
tions of n + 1. For

example, for n = 4, the determinant be
omes

�

�

�

�

�

�

�

�

�

�

x

4

�

4

(x) �

4

(x

+

1) �

4

(x

+

2) �

4

(x

+

3)

4

4

S

0

(5) S

1

(5) S

2

(5) S

3

(5)

3

4

� S

0

(5) S

1

(5) S

2

(5)

2

4

� � S

0

(5) S

1

(5)

1

4

� � � S

0

(5)

�

�

�

�

�

�

�

�

�

�

The expansion along the �rst 
olumn and the �rst row produ
es the

required expression:

X

0�i;j�n�1

��

n

(x+ j) (n

�

i)

n

�

i�j

(n

+

1) = 0 :

Ex. 2.12. Let f(x) be a polynomial of degree n. After Carlitz,


ompute the determinant

�

�

�

f(q

i+j

)

�

�

�

0�i;j�n

.

Solution. Write f(x) = S

n

(x� B ) (supposing the polynomial to be

exa
tly of degree n, we may normalize it). Using in ea
h row of the

determinant the Newton interpolation for the fun
tion f(q

i

x) at points

q

0

; q

1

; q

2

; : : :, one transforms it into

�

�

�

q

ij

S

n�j

(q

i

+ � � �+ q

i+j

� B )

�

�

�

0�i;j�n

;

up to the fa
tor �(q

0

; : : : ; q

n

).

With q-integers [i℄ := 1 + q + � � � + q

i�1

, the determinant may be

rewritten

�

�

�

q

ni

S

n�j

([j + 1℄� B =q

i

)

�

�

�

. Multiplying it by the inverse of the
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q-Pas
al matrix

h

S

n�j�i

([j+1℄)

i

, whi
h is no other than

h

S

n�i�j

(�[n�

i℄)

i

, one transforms the determinant into

�

�

�

q

ni

S

n�j

(�B =q

i

)

�

�

�

=

�

�

�

q

i

S

n�j

(�B )

�

�

�

:

In the end, one gets

�S

n

(�B ) � � � S

0

(�B )

�

�(q

0

; : : : ; q

n

)

�

2

:

Ex. 2.13. Let n 2 N , B

k

= fb

1

; : : : ; b

n

g, 0 � k � n. Write the

interpolation of polynomials in x in the basis

fx

n

= S

n

(x� B

0

); x

n�1

(x

�

b

1

) = S

n

(x

�

B

1

); : : : ; S

n

(x

�

B

n

)g ;

knowing f(0) and the values 


i

= f(b

i

), 1 � i � n.

Solution. This is the Newton interpolation for the fun
tion f(x)x

�n

of the variable z = 1=x at the points 1=b

i

, 
ompleting with the value

f(0). For example, for n = 3, and g(x) of degree � 2, one has

f(x)x

�3

= g(x) = g(1=b

1

)+g�

1

(x

�1

�b

�1

1

)+g�

1

�

2

(x

�1

�b

�1

1

)(x

�1

�b

�1

2

) ;

and therefore, for f of degree � 3,

f(x) = g(b

1

)x

3

+ g�

1

b

�1

1

x

2

(b

1

�

x) + g�

1

�

2

b

�1

1

b

�1

2

x(b

1

�

x)(b

2

�

x)

+ f(0) b

�1

1

b

�1

2

b

�1

3

(b

1

�

x)(b

2

�

x)(b

3

�

x) ;

the last term being obtained by identi�
ation in x = 0.
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As a linear spa
e on whi
h a
ts S

n

, the group algebra H = Q [S

n

℄

is isomorphi
 to the linear span of x

�

:= x

n�1

1

x

n�2

2

� � �x

0

n

, the 
orrespon-

den
e ex
hanging � and (x

�

)

�

.

If instead of �, one takes another weight � = [�

1

; �

2

; : : : ; �

n

℄, then

the linear span V

�

of the orbit of x

�

is of dimension n!=dim(Stab(�)) =

n!=�

1

!�

2

! � � � , instead of n!, denoting by Stab(�) the subgroup of x

n

leaving � invariant, and writing � = 1

�

1

2

�

2

� � � .

The H-spa
es V

�

are 
alled permutation representations. They are

the easier to des
ribe. However, these spa
es 
an be in general de-


omposed into smaller spa
es, and this is rather these smaller spa
es

of representations of the symmetri
 group that one wants to des
ribe.

This was �rst done by Alfred Young, using relations in the group alge-

bra Q [S

n

℄.

Let us just assume from Young's theory the existen
e of 
entral

idempotents indexed by partitions, and de
omposing the identity in

Q [S

n

℄ :

(3.0.4) 1 =

X

�: j�j=n

e

�

;

ea
h e

�

being obtained, as mentioned in Cor. 2.7.2, by taking any pair

of 
onjugate 
ompositions I; J , with I reordering to I, and generating

a 
entral element :

e

�

= 


I;J

X

�

��

I

�(I; J)r

J

�

�1

;

with 


I;J

su
h that e

2

�

= e

�

.

We refer to the relevant two pages in Ma
donald's book for what


on
erns the representations of the symmetri
 group. We shall show

that, modulo the ideal generated by symmetri
 polynomials without


onstant term, some permutation modules be
ome irredu
ible, and that


onversely, every irredu
ible representation of S

n


an be des
ribed in

43



44 3. THE RING OF POLYNOMIALS MODULO Sym

+

this manner. Orthonormal bases will be provided by Yang-Baxter re-

lations. As a by-produ
t, \straightening elements" or giving matri
es

of representation will be easy.

3.1. The Coinvariant Ring of S

n

Given n indeterminates x

1

; : : : ; x

n

, let Sym

+

be the ideal generated

by symmetri
 polynomials without 
onstant term, and let

CoInv := Q [x

1

; : : : ; x

n

℄=Sym

+

:

This ring is 
alled the 
oinvariant ring of S

n

. As a S

n

-spa
e, it is iso-

morphi
 to the group algebra of S

n

, as well as to the spa
e of harmoni


polynomials whi
h appears in Haiman's le
tures.

Given any de
omposition of x into two disjoint subsets x

0

, x

00

, and

any symmetri
 fun
tion f , then

(3.1.1) f(x

0

) � f(�x

00

) ;

be
ause in the expansion of f(x� x

00

), there remains, modulo Sym

+

,

only the term of degree 0 in x.

As a 
onsequen
e, x

n

i

� 0, S

n�1;n�1

(x

i

+ x

j

) � 0 when i 6= j, or

more generally

(3.1.2) S

k

r

(x

1

+ � � �+ x

r

) � 0 when k > n� r ;

be
ause S

k

r

(�x

r+1

� � � � � x

n

) = 0.

Writing monomials as S
hur fun
tions in 
ags of alphabets, and

using nullities (3.1.2), one sees that CoInv is generated by the mono-

mials x

u

: u � � := [n

�

1; : : : ; 1; 0℄, as well as the monomials x

v

: v �

[0; 1; : : : ; n

�

1℄.

Let us de�ne a s
alar produ
t ( ; ) :

(3.1.3) (f ; g) := fg �

!

�

�

�

x

1

=0=x

2

=���

;

using the maximal divided di�eren
e on x

1

; : : : ; x

n

, followed by spe
ial-

ization in 0.

Sin
e the target of �

!

is Sym, the s
alar produ
t 
onsists in evalu-

ating the image of the produ
t of fg under �

!

in CoInv. Two homoge-

neous polynomials 
an have a non-zero s
alar produ
t only if they are of


omplementary degrees (i.e. the degree of their produ
t is n(n

�

1)=2).

Expli
itly, the s
alar produ
t of two monomials x

u

; x

v

is

(3.1.4) (x

u

; x

v

) = (x

u+v

; 1) =

�

(�1)

`(�)

if 9 � : u

+

v = [: : : 210℄

�

0 otherwise
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In words, to evaluate the s
alar produ
t of two monomials, one has to

test whether the ve
tor u+ v is a permutation of �, and if so, to keep

the sign of the permutation.

The subspa
e of CoInv of degree d being dual to the subspa
e of

degree n(n

�

1)=2, one has the following test for the vanishing of a 
lass

modulo Sym

+

.

Lemma 3.1.1. Let f be an homogeneous polynomial of degree d, and

d

0

= n(n

�

1)=2� d. Then

(3.1.5) f � 0 mod Sym

+

, (f; x

v

) = 0 8v : jvj = d

0

:

In the pre
eding lemma, one 
an of 
ourse restri
t the test to the

ve
tors v su
h that v � �, or v � �

!

.

3.2. Young's Natural Representations

Let us look at orbits of monomials under the symmetri
 group.

For example, let us start with S

5

and x

00033

.

With s

2

; s

3

; s

4

, we generate the �ve monomials written on the fol-

lowing graph :

(3.2.1)

[00033℄










[00303℄

� ���

[03003℄ [00330℄

��� �

[03030℄

I 
laim that relations (3.1.2) allow to express all other monomials

in the orbit of x

00033

in terms of these �ve monomials.

For example, the image of x

03003

under s

1

is x

30003

, and one has

(3.2.2) x

30003

+x

03003

+x

00303

+x

00033

� �x

00003

x

00003

= �x

00006

� 0 :

More 
ompli
ated seems to redu
e the image of the bottom element

under s

3

. However, one has

x

03300

+ x

03030

+ x

03003

+ x

00330

+ x

00303

+ x

00033

� 0 ;

be
ause the left-hand side is a symmetri
 fun
tion of x

2

; : : : ; x

5

and

therefore, 
ongruent to a fun
tion of degree 6 of x

1

.

These type of relations results in fa
t from relations written by

Young in the group algebra of S

n

. For example, instead of (3.2.2),

Young's relations would give

x

30003

�

1 + �

12

+ �

13

+ �

14

�

= 0 ;
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where �

ij

is the transposition of i; j.

Another way of des
ribing representations is through \straighten-

ing" of tableaux to render them standard by su

essive improvements

[2, 3, 6℄, but it also results from Young's 
omputations.

We shall bypass straightening totally by using the s
alar produ
t

on CoInv.

Let us eliminate tableaux as well.

Instead of starting from [00033℄, we start from the ve
tor [01201℄

and we sort it (in
reasingly), using su

essive transpositions. This time

we obtain :

(3.2.3) �

32

:=

[01201℄










[01021℄

� ���

[00121℄ [01012℄

��� �

[00112℄

and we have to stop be
ause no other sorting is possible.

Evaluating the s
alar produ
ts between the verti
es of the two

graphs, we get the matrix (0 are repla
ed by dots) :

"

1 � � � �

� �1 � � �

� � 1 � �

� � � 1 �

�1 � � � �1

#

;

whi
h happens to be triangular, with a diagonal of �1.

Sin
e we knew that x

03030

; x

03003

; x

00330

; x

00303

; x

00033

generates the

spa
e V

00033

, then this proves that these �ve elements are linearly in-

dependent, and moreover this gives a dual spa
e

1

in 
omplementary

degree.

Instead of starting with a partition, one 
an take any 
omposition

and the 
orresponding monomials. For example, to the 
omposition

[2; 2; 3℄, one asso
iates the monomials x

00 22 444

and x

01 01 012

, and gen-

erate a graph with 21 verti
es, the matrix of s
alar produ
ts being

1

whi
h is not 
losed under the a
tion of the symmetri
 group; x

01201

Q[S

n

℄ is

of dimension 20, whi
h is the dimension of the full spa
e in degree 4.
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2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

� � � � � � � � � � � � � � � � � � � � �

� + � � � � � � � � � � � � � � � � � � �

� � + � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � �

+ � � � � � + � � � � � � � � � � � � � �

� � � � � � � + � � � � � � � � � � � � �

� � � � � � � � + � � � � � � � � � � � �

� � � � � � � � � + � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � �

� � + � � � � � � � � � � � + � � � � � �

� + � � � � � � � � � � � � � + � � � � �

� � + � � � � � � � � � � � � � + � � � �

� � � � � � � � � � � � � � � � � + � � �

� � � � � � � + � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � �

� � � + � + � � � � � � � � � � � � � � +

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

the rows being indexed by the monomials with the following expo-

nents :

[0022444, 0024244, 0202444, 0024424, 0042244, 0204244, 0042424, 0402244,

0204424, 0240244, 0402424, 4002244, 0240424, 0420244, 4002424, 0244024,

0420424, 4020244, 0424024, 4020424, 4024024℄

For a general weight, we 
ould pro
eed in the same way, but with

the tools that we have introdu
ed up to now, it is not too easy to handle

relations moduloSym

+

, and to express any monomial in a 
hosen basis.

Let us see how to restri
t relations to straightforward vanishing

properties.

Given a 
omposition � = [�

1

; : : : ; �

r

℄, let

(3.2.4) �(�) := [0

�

1

; �

�

2

1

; (�

1

+

�

2

)

�

3

; : : : ; (�

1

+

+ � � �

+

�

r�1

)

�

r

℄ ;

using exponents for repetitions, and

(3.2.5) �(�) := [(0; 1; : : : ; �

1

�

1); (0; 1; : : : ; �

2

�

1); : : : ; (0; 1; : : : ; �

r

�

1)℄

(parentheses have to be erased, they have been added to fa
ilitate the


omprehension).

For example, if � = [4; 2; 2; 1℄, then � = [0

4

; 4

2

; 6

2

; 8

1

℄ = [000044668℄,

and � = [012301010℄.
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We de�ne the graph �

�

to be the graph with top element �(�), and

edges the simple transpositions whi
h allow to sort �(�) re
ursively.

For example, for � = [3; 2; 1℄, the graph �

321

is

012:01:0

tt
tt

tt
t

J
J

J
J

012:001

t
t

t
t

01:02:1:0

fffffffffffffffffffffff

tt
tt

tt
t

tt
tt

tt
t

J
J

J
J

J
J

J
J

01:02:01

tt
tt

tt
t

tt
tt

tt
t

XXXXXXXXXXXX

XXXXXXXXXXXX 01:012:0

tt
tt

tt
t

XXXXXXXXXXXX

XXXXXXXXXXXX 0012:1:0

tt
tt

tt
t

II
II

II
I

II
II

II
I

01:002:1

JJ
JJ

JJ
J

XXXXXXXXXXXX

XXXXXXXXXXXX 01:01:02

tt
tt

tt
t

tt
tt

tt
t

XXXXXXXXXXXX

XXXXXXXXXXXX 0012:01

tt
tt

tt
t

tt
tt

tt
t

00112:0

uuuuuu

01:0012

XXXXXXXXXXXX

XXXXXXXXXXXX 001:02:1

t
t

t
t

JJ
JJ

JJ
J

0011:02

tt
tt

tt
t

tt
tt

tt
t

00012:1

JJ
JJ

JJ
J

001:012

t
t

t
t

00112

s

5

;

s

4

==== ;

s

3

� � � ;

s

2

= = =

Lemma 3.2.1. Given a partition �, two 
onjugate 
ompositions I; J

su
h that � be di�erent from the reordering of I, given any permutations

�, �

0

, then

x

�(�)

�r

!(J)

�

0

�

!(I)

= 0 :

Proof. The statement is equivalent to the nullities

(x

u

r

!(J)

�

0

�

!(I)

; x

v

) = 0 ;

for all monomials x

u

in the orbit of x

�(�)

, all monomials x

v

of 
om-

plementary degree. Transferring �

!(I)

on the right, it be
omes r

!(I)

.

However, the two 
onditions that x

u

r

!(J)

6� 0 and x

v

r

!(I)

6� 0 
annot

be simultaneously realized

2

and (x

u

r

!(J)

�; x

v

r

!(I)

) = 0. �

DenoteW

�

the linear span (in CoInv) of the monomials in the orbit

of x

�(�)

. The pre
eding lemma proves that there is no 
omponent of

type 6= � in W

�

.

2

Let � be the partition obtained by reordering I . Then the non vanishing of

x

u

r

!(J)

implies that �

�

� �

�

, with respe
t to the natural order on partitions.

But the non vanishing of x

v

r

!(I)

implies that jvj � `(!(I)) = `(!(�) and this last


ondition means that � � �.
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To prove that W

�

is irredu
ible (in 
har. 0), a

ording to Lemma

2.7.4 we have to 
he
k that the subspa
e invariant under S(�) be 1-

dimensional, whi
h the same as requiring that the spa
e W

�

�

!(�)

be

1-dimensional. In fa
t, one will show that the span of x

u

�

!(�)

: juj =

j�(�)j is 1-dimensional, by proving the equivalent statement in 
om-

plementary degree :

(3.2.6) h x

v

r

!(�)

: jvj = j�(�)j i is 1-dimensional.

Indeed, the image of any polynomial under r

!(�)

is divisible by the

produ
t of Vandermonde determinants x

�(�)

r

!(�)

, the image of this

element in CoInv is 6= 0 and this proves (3.2.6).

Given a 
omposition J , and the two 
opies �

J

(�(J)) and �

J

(�(J))

of the graph �

J

, with top element �(J), or �(J) respe
tively, let Q

J

be the matrix of s
alar produ
ts (x

u

; x

v

), u being a vertex of the �rst

graph, v of the se
ond one.

Taking a total order 
ompatible with the graph, it is easy to 
he
k

that Q is triangular, with a diagonal of �1. This means that the

two sets of monomials are \almost adjoint" bases of two spa
es, and

expressing an element in the �rst spa
e is obtained by evaluating s
alar

produ
ts with the se
ond basis.

In parti
ular, to represent a permutation �, one needs only evalu-

ate the s
alar produ
ts

�

(x

u

)

�

; x

v

�

. The representation that one thus

obtain is in fa
t Young's natural representation

3

We summarize this 
onstru
tion in the next theorem.

Theorem 3.2.2. Let J be a 
omposition of weight n, fug the ver-

ti
es of �

J

(�(J)), fvg the verti
es of �

J

(�(J)).

Let Q

J

be the matrix

�

(x

u

; x

v

)

�

, and for any permutation � 2 S

N

,

Q

�

J

be the matrix

�

((x

u

)

�

; x

v

)

�

.

Then

� ! Q

�1

J

�Q

�

J

is an irredu
ible representation of S

n

, of type the reordering of J .

For example, for J = [2; 4℄, then �(J) = [00 2222℄, �(J) = [01 0123℄,

the images of the basis fug under the permutation � = [2; 3; 4; 5; 6; 1℄ is

[022220℄; [202220℄; [220220℄; [002222℄; [222020℄; [020222℄; [022022℄; [200222℄; [202022℄

giving the following matrix of s
alar produ
ts:

3

One 
an re
ognize that the restri
tion of the s
alar produ
t to the monomi-

als having exponents a permutation of �(J), �(J) respe
tively, 
oin
ides with the

bilinear form on tableaux resulting from Young's 
onstru
tion.
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Q

[234561℄

24

=

2

6

6

6

6

6

6

6

6

6

6

6

4

1 �1 1 0 �1 0 0 0 0

0 0 0 1 0 �1 1 0 0

0 0 0 0 0 0 0 1 �1

�1 0 0 0 0 0 0 0 0

0 0 0 0 1 0 �1 0 1

0 1 0 0 0 0 0 0 0

0 0 �1 0 0 0 0 0 0

0 0 0 �1 0 0 0 0 0

0 0 0 0 0 1 0 0 0

3

7

7

7

7

7

7

7

7

7

7

7

5

from whi
h follows the representation matrix

Q

�1

24

Q

[234561℄

24

=

2

6

6

6

6

6

6

6

6

6

6

6

4

�1 1 �1 0 1 0 0 0 0

0 0 0 1 0 �1 1 0 0

0 0 0 0 0 0 0 �1 1

1 0 0 0 0 0 0 0 0

0 0 0 0 1 0 �1 0 1

0 1 0 0 0 0 0 0 0

�1 1 0 0 1 0 0 0 0

0 0 0 1 0 0 0 0 0

�1 0 0 1 0 0 1 0 0

3

7

7

7

7

7

7

7

7

7

7

7

5

ACE> Perm2RepNatural([4,2℄,[2,3,4,5,6,1℄,[4,2℄):

# the sixth-power must be the identity

ACE> subs(0=`.`,evalm(%^6));

[1 . . . . . . . .℄

[. 1 . . . . . . .℄

[. . 1 . . . . . .℄

[. . . 1 . . . . .℄

[. . . . 1 . . . .℄

[. . . . . 1 . . .℄

[. . . . . . 1 . .℄

[. . . . . . . 1 .℄

[. . . . . . . . 1℄

3.3. Yang-Baxter Bases

We have written graphs, but only used simple transpositions to

label the edges. In 
hapter 2, we saw that Yang-Baxter relations are a

more powerful tool than pure braid relations without parameters.
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Let us take the graph �

�


orresponding to a (de
reasing) partition,

but this time we label the verti
es di�erently, starting with

�(�) := [(0; 1; : : : ; �

1

�

1); (

�

1; 0; : : : ; �

1

�

2); : : : ; (

�

r

+

1; : : : ; �

r

� r)℄

(we have written extra parentheses only to fa
ilitate the 
omprehen-

sion).

We perform the same simple transpositions as for �

�

, but this time

we re
ord the di�eren
es of values of the two 
omponents ex
hanged,

as we pro
eeded

4

in (2.3.5) :

[: : : ; v

i

; v

i+1

; : : :℄! [: : : ; v

i+1

; v

i

; : : :℄ ) label s

i

+

1

v

i

� v

i+1

:

[01201℄










[01021℄

� ���

[00121℄ [01012℄

��� �

[00112℄

0 1 2 1 0







s

3

+

1

3

0 1 1 2 0

s

2

+

1

2
� ���

s

4

+

1

2

0 1 1 2 0 0 1 1 0 2

s

4

+

1

2

��� �s

2

+

1

2

0 1 1 0 2

Initial Graph Yang-Baxter Graph

Given �, the Yang-Baxter graph of type � is the graph isomorphi
 to

�

�

, with edges labelled by elements s

i

+ 1=� determined by the initial

ve
tor of parameters �(�), and with verti
es labelled by permutations,

starting with the identity permutation :

(3.3.1)

12345







s

3

+

1

3

12435

s

2

+

1

2
� ���

s

4

+

1

2

14235 12453

s

4

+

1

2

��� �s

2

+

1

2

14253

The Yang-Baxter polynomials �

u

are the images of the monomial

x

�(�)

under this graph (from top to bottom), indexed by the verti
es

of the �rst graph (3.2.1). The adjoint Yang-Baxter polynomials

e

�

v

are

the images of x

�(�)

under the same graph, from bottom to top.

4

The only di�eren
e is that now the labels of verti
es of our Yang-Baxter graphs


an be more general than permutations. In fa
t, for the same graph, we have to

use several labellings, and one of them is with permutations. As for signs, either

one 
hooses v

i

� v

i+1

or v

i+1

� v

i

, but of 
ourse uniformly!
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For example, for � = [3; 2℄, these two families of polynomials are

obtained as images of x

00033

, or x

01201

respe
tively :

ACE> gg:=GrapheYB([3,2℄):

ACE> op(3,gg);

3 3 3 3 3 3 3 3 3 3 3 3

[x4 x5 , x3 x5 +1/3 x4 x5 , x3 x4 +1/2 x4 x5 +1/2 x3 x5 ,

3 3 3 3 3 3

x2 x5 + 1/2 x4 x5 + 1/2 x3 x5 ,

3 3 3 3 3 3 3 3 3 3

x2 x4 + 3/4 x4 x5 + 1/2 x2 x5 +1/2 x3 x4 +1/4 x3 x5 ℄

# To get the adjoint basis, one has to take the 
onjugate

# partition or read the graph from bottom to top

ACE> op(4,GrapheYB([2,2,1℄);

2 2 2 2 2

[x3 x4 x5 , x3 x5 x4 +1/2 x3 x4 x5 , x2 x4 x5 +1/2 x3 x4 x5 ,

2 2 2 2 2

x2 x5 x4 +1/2 x2 x4 x5 +1/2 x3 x5 x4 +1/4 x3 x4 x5 , x2 x5 x3

2 2 2 2

+ 1/2 x2 x3 x5 + 1/2 x4 x5 x3 + 1/3 x3 x4 x5 + 1/3 x2 x5 x4

2 2

+ 1/6 x2 x4 x5 + 1/6 x3 x5 x4 ℄

# The polynomials have been obtained by using the following

# operators (a
ting on their left)

ACE> op(2,gg);

[[℄, s3 + 1/3, (s3 +1/3)(s4 +1/2), (s3 + 1/3)(s2 + 1/2),

(s3 +1/3)(s4 +1/2)(s2 +1/2)℄

There are many equivalent ways of labelling the verti
es of �

�

, what

is fundamental is the 
hoi
e of parameters on the edges. Here are some

other possible labels, with tableaux, with permutations 
onstituting

a �nal interval in the permutohedron, with produ
ts of Vandermonde

determinants, writing �(123) for (x

1

� x

2

)(x

1

� x

3

)(x

2

� x

3

).

3

2 5

1 4

4

2 5

1 3

4

3 5

1 2

5

2 4

1 3

5

3 4

1 2

53142

53412

54312 53421

54321

�(123)�(45)

�(124)�(35)

�(134)�(25) �(125)�(34)

�(135)�(24)
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Ea
h time, it suÆ
es to de�ne the top element, the graph �nishes

the job. The representation on produ
ts of Vandermonde determinants

is 
alled Spe
ht representation is in fa
t due to Young.

Theorem 3.3.1. Given a partition �, then the Yang-Baxter poly-

nomials �

u

(indexed by the verti
es of (3.2.1)) 
onstitute a basis of an

irredu
ible representation of type � of the symmetri
 group. The Yang-

Baxter polynomials

e

�

v

(indexed by the verti
es of (3.2.3)) are adjoint

to it, up to signs.

Proof. Let us give the proof for � = [3; 2℄, to avoid having to introdu
e

too many notations to name the obje
ts.

The Yang-Baxter polynomials are

�

00033

= x

00033










�

00303

= x

00033

(

1

3

+

s

3

)

� ���

�

03003

= x

00033

(

1

3

+

s

3

)(

1

2

+

s

2

) �

00330

= x

00033

(

1

3

+

s

3

)(

1

2

+

s

4

)

��� �

�

03030

= x

00033

(

1

3

+

s

3

)

(

1

2

+

s

2

)(

1

2

+

s

4

)

The adjoint polynomials are

x

00112

(

1

2

+

s

4

)

(

1

2

+

s

2

)(

1

3

+

s

3

)










x

00112

(

1

2

+

s

4

)(

1

2

+

s

2

)

� ���

x

00112

(

1

2

+

s

4

) x

00112

(

1

2

+

s

2

)

��� �

x

00112

First, the bottommonomial

e

�

00112

= x

00112

is orthogonal to x

00033

; x

00303

;

x

03003

; x

00330

, therefore to all the elements of the Yang-Baxter basis, ex-


ept �

03030

. Moreover, one has

(�

030303

; x

00112

) = (x

03030

; x

00112

) = 1 :

Owing to this starting point, one pushes the orthogonality properties

to all other

e

�

v

by indu
tion on length, exa
tly as in the proof of Propo-

sition 2.5.1. �

# one 
he
ks that the two bases are adjoint by printing

# all pairs of polynomials with a non-zero s
alar produ
t
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ACE> Flag(5): # Fix the order the symmetri
 group

yang1:=op(3,GrapheYB([3,2℄)): yang2:=op(4,GrapheYB([2,2,1℄)):

ACE> for pol1 in yang1 do for pol2 in yang2 do

s
al:=SpS
alarPol(pol1,pol2);if s
al<>0 then print(pol1,pol2) fi

od: lprint(`-----------------------------------`); od:

3 3 2 2 2 2

x4 x5 , 1/2 x4 x5 x3 +1/3 x3 x4 x5 +x2 x5 x3 +1/2 x2 x3 x5

2 2 2

+ 1/6 x3 x5 x4 + 1/3 x2 x5 x4 + 1/6 x2 x4 x5

-----------------------------------

3 3 3 3

x3 x5 + 1/3 x4 x5 ,

2 2 2 2

1/2 x3 x5 x4 + 1/4 x3 x4 x5 + x2 x5 x4 + 1/2 x2 x4 x5

-----------------------------------

3 3 3 3 3 3 2 2

x3 x4 + 1/2 x4 x5 + 1/2 x3 x5 , 1/2 x3 x4 x5 + x2 x4 x5

-----------------------------------

3 3 3 3 3 3 2 2

1/2 x3 x5 + 1/2 x4 x5 + x2 x5 , x3 x5 x4 + 1/2 x3 x4 x5

-----------------------------------

3 3 3 3 3 3 3 3 3 3 2

1/2 x3 x4 +3/4 x4 x5 +1/4 x3 x5 +x2 x4 +1/2 x2 x5 , x3x4x5

-----------------------------------
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Exer
ises

Ex. 3.1. Given n, �nd the basis of CoInv adjoint to the basis of

monomials fx

u

: u � [0; 1; 2: : : : ; n

�

1℄g.

Ex. 3.2. Let n be a positive integer, ! be the maximum element

of S(x

1

; : : : ; x

n

). Compute the image of

Todd =

�

(n

�

1)x

1

+ � � �+ 0x

n

�

(

n

2

)

under �

!

.

Solution. The only monomials in the expansion of Todd whi
h give

a non-zero 
ontribution are (x

�

)

�

, � = [n

�

1; : : : ; 0℄, � 2 S

n

. Sin
e the

image of x

�

under �

!

is 1, the image of Todd is the same as the image

of

X

(I;�):�2S

n

; I=��

(n� 1)

i

1

� � � 0

i

n

�

n

2

�

!

i

1

! � � � i

n

!

x

I

:

On the other hand,

X

(�1)

`(�)

(n

�

1)

i

1

� � � 0

i

n

= �(n

�

1; : : : ; 0) = (n

�

1)! � � �1! :

Therefore the image of Todd is

�

n

2

�

!.

Ex. 3.3. Knowing that, for n = 5, the graded 
hara
teristi
 of the

spa
e CoInv, in degree 4, is :

ACE> 
oeff(Chara
terCoInv(5),q,4);

s[3, 2℄ + s[4, 1℄ + s[2, 2, 1℄ + s[3, 1, 1℄

show that the subspa
e generated by the permuted of the monomial

x

00022

is the sum of two irredu
ible representations of S

5

of respe
tive

shapes [2; 3℄ and [1; 4℄.

As a 
he
k, the dimension of the spa
e is indeed 5 + 4:

ACE> rank(WeightSpa
e([0,0,0,2,2℄));

9

ACE> rank(WeightSpa
e([0,0,0,1,1℄));

9

ACE> rank(WeightSpa
e([0,0,0,3,3℄));

5

Ex. 3.4. To the 
omposition [3; 2℄, we have asso
iated a graph �

32

with top element x

00033

:

ACE> op(3,GrapheYB([3,2℄,ve
teur));

[[0,0,0,3,3℄,[0,0,3,0,3℄,[0,0,3,3,0℄,[0,3,0,0,3℄,[0,3,0,3,0℄℄
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Keeping the same edges, but taking the top element x

22200

, we get

the monomials of exponents

[2; 2; 2; 0; 0℄; [2; 2; 0; 2; 0℄; [2; 2; 0; 0; 2℄; [2; 0; 2; 2; 0℄; [2; 0; 2; 0; 2℄

as new labels of the verti
es. Show that these monomials are still a basis

of the same spa
e as when starting with x

00033

, and �nd the matrix of


hange of basis.

Solution. Thanks to (3.1.1), one has

x

22200

= S

222

(x

1

+ x

2

+ x

3

) � S

33

(x

4

+ x

5

) = x

00033

.

This 
ongruen
e is preserved by the a
tion of the symmetri
 group,

and therefore the two sets of monomials 
oin
ide modulo Sym

+

and

are both bases of the same spa
e.

We 
ould have taken the graph with top element x

00222

, but in that


ase the edges are not labelled by the same transpositions.

Ex. 3.5. De�ne the Ju
ys-Murphy elements �

j

to be

�

j

:= �

1j

+ �

2j

+ � � �+ �

j�1;j

(sum over all transpositions �

ij

, i < j, putting �

1

= 0.

Write the 
ommutation rules between the simple transpositions and

the Ju
ys-Murphy elements.

Show that x

00033

(evaluated in CoInv) is an eigenve
tor for �

1

; : : : ; �

5

.

ACE> SgaJu
is(4,5);

A[4,2,3,1,5℄+A[1,4,3,2,5℄+A[1,2,4,3,5℄

Using the above 
ommutation rules, show that the other Yang-

Baxter polynomials labelling the verti
es of �

32

are also eigenve
tors

of �

1

; : : : ; �

5

, with the following eigenvalues :

Ju
ysOnPol:=pro
(n,pol) lo
al i,polX;

Flag(n);

polX:=ToX(pol);

# one has to redu
e modulo the ideal, this is done by evaluating

# in the S
hubert basis

[seq(simplify(ToX(SgaOnPol(SgaJu
is(i),pol))/polX), i=1..n)℄

end:

ACE> for pol in op(3,GrapheYB([3,2℄)) do

print( Ju
ysOnPol(5,pol),pol) od:

3 3

[0,1,2, -1,0℄, x4 x5
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3 3 3 3

[0,1, -1, 2, 0℄, 1/3 x4 x5 + x3 x5

3 3 3 3 3 3

[0,1, -1,0,2℄, 1/2 x4 x5 + 1/2 x3 x5 + x3 x4

3 3 3 3 3 3

[0,-1,1,2,0℄, 1/2 x4 x5 + x2 x5 + 1/2 x3 x5

[0, -1, 1, 0, 2℄,

3 3 3 3 3 3 3 3 3 3

1/2 x2 x5 +3/4 x4 x5 +x2 x4 +1/4 x3 x5 +1/2 x3 x4
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Pol(A ) as a free Sym(A )-module
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4.1. Quadrati
 Form on Pol

This time, we do not evaluate polynomials modulo the ideal Sym

+

,

we do not kill any symmetri
 fun
tion. We already saw in the se
ond


hapter that taking the \s
alars" to be the symmetri
 fun
tions in A

was a 
onvenient way of 
omputing with divided di�eren
es.

Our aim is to be able to manipulate polynomials in several variables

as easily as symmetri
 polynomials. Many properties of symmetri


fun
tions 
ome from the existen
e of a Cau
hy kernel giving rise to

a s
alar produ
t on Sym(A ), and to the distinguished basis of S
hur

fun
tions.

This approa
h 
an be extended to the ring Z[A ℄ of polynomials in

n indeterminates : A = fa

1

; a

2

; : : : ; a

n

g. We shall 
onsider Z[A ℄ as

a module over Sym(A ), and to have more 
exibility, we introdu
e a

se
ond alphabet B = fb

1

; b

2

; : : : ; b

n

g, and denote by Pol(A ) the ring

Pol(A ) = Q [A ; B ℄=

�

Sym(A ) = Sym(B )

�

;

where the ideal (Sym(A ) = Sym(B )) is the ideal generated by all

f(A )�f(B ), f symmetri
al. We shall 
onsider Pol(A ) as a module over

Sym(A ), whi
h is now de�ned to be the ring of symmetri
 fun
tions

in A with 
oeÆ
ients in B .

We have already used that Pol(A ) is a free Sym(A )-module, with

basis the monomials a

I

; I � � := [n

�

1; : : : ; 1; 0℄. We shall now give a

more pre
ise des
ription of this free module.

We still use the maximal divided di�eren
e of S(A ) to de�ne a

quadrati
 form :

(4.1.1) Pol(A ) 3 f; g ) (f ; g) = (fg ; 1) := fg �

!

2 Sym(A )

# s
alar produ
t 
ompatible with produ
t of polynomials

ACE> SpS
alarPol(x1^6*x3,x2^3, 3),

SpS
alarPol(x1^6*x3*x2^3,1, 3);

s[4, 2, 1℄, s[4, 2, 1℄

59
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ACE> ToY(N
aOnPol(A[3,2,1℄, x1^6*x3*x2^3));

Y[1, 2, 4, 0, 0, 0, 0℄ # in
reasing partitions

Divided di�eren
es are 
ompatible with this quadrati
 form :

Lemma 4.1.1. The divided di�eren
es �

i

, i = 1; : : : ; n� 1, are self-

adjoint with respe
t to ( ; ). Therefore, for � 2 S(A ), �

�

is adjoint to

�

�

�1

.

Moreover � is adjoint to (�1)

`(�)

�

�1

.

Proof. Given any i < n, fa
torize ! = s

i

�. Then (f �

i

; g) =

�

f�

i

g �

i

�

�

�

. Be
ause f �

i

is a s
alar for �

i

, the pre
eding expression is

equal to

�

(f�

i

) (g�

i

)

�

�

�

and the symmetry between f and g implies that it is also equal to

(f ; g�

i

). By produ
t, one gets the assertion for every �

�

.

Similarly

(f� ; g) = f

�

g �

!

= f g

�

�1

��

!

= (�1)

`(�)

f g

�

�1

�

!

= (�1)

`(�)

(f ; g�

�1

) :

�

ACE> SpS
alarPol(N
aOnPol(A[3,1,2℄, x1^6*x3^2), x2^4, 3);

s[4, 3℄ + s[4, 2, 1℄ + s[5, 2℄ + s[5, 1, 1℄ + s[6, 1℄

ACE> SpS
alarPol(x1^6*x3^2, N
aOnPol(A[2,3,1℄,x2^4), 3);

s[4, 3℄ + s[4, 2, 1℄ + s[5, 2℄ + s[5, 1, 1℄ + s[6, 1℄

4.2. Kernel

Let

(4.2.1) K

n

(A ; B ) :=

Y

1�i<j�n

(b

i

� a

j

) :

This fun
tion has fundamental and evident vanishing properties:

Lemma 4.2.1. For any permutation � 2 S

n

, the spe
ialization

K

n

(A

�

; B )

�

�

�

A=B

vanishes, ex
ept the 
ase K

n

(B ; B ) = �(B ).

Proof. To avoid vanishing, the letter a

n


an only be spe
ialized to b

n

,

be
ause K

n

(A

�

; B ) has the fa
tor (a

n

�

b

1

) � � � (a

n

�

b

n�1

). Now the situ-

ation to examine is the same, but with a

1

; : : : ; a

n�1

, and b

1

; : : : ; b

n�1

.

This proves by indu
tion on n that the only non-zero spe
ialization is

a

1

= b

1

; : : : ; a

n

= b

n

. �

The following proposition shows that K

n

(A ; B ) is a reprodu
ing

kernel, i.e. that it allows to obtain f(B ) from f(A ) by s
alar produ
t.
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Proposition 4.2.2. For any f 2 Pol(A ), one has

(4.2.2)

�

f(A ) ; K

n

(A ; B )

�

� f(B )

(we have written � instead of an equality to point out that we are

identifying symmetri
 fun
tions in A with those of B ).

Proof. Any polynomial in A 
an be written as a linear 
ombination

of a

I

; I � � = [n� 1; : : : ; 1; 0℄, with 
oeÆ
ients in Sym(A ). However,

a

I

K

n

(A ; B ) is a linear 
ombination of monomials a

I+J

; I � �; J �

[0; 1; : : : n

�

1℄, that is, of monomials having an exponent I+J � (n�1)

n

.

The image of su
h a monomial under �

!

is 0, ex
ept if all its exponents

are di�erent, and this is pre
isely the 
ase where I+J is a permutation

of �. In that 
ase a

I+J

�

!

= �S

0

= �1.

Therefore, the image of ea
h monomial a

I+J

is independent of A ,

and one 
an spe
ialize A to B in the expression

f(A )K

n

(A ; B ) �

!

=

X

�2S(A )

(�1)

`(�)

f(A

�

)K

n

(A

�

; B )

1

�(A )

However K

n

(B

�

; B ) is 0 if � is not the identity permutation, and the

summation redu
es to a single term

f(B )K

n

(B ; B )=�(B ) = f(B ) :

�

The next natural step, when one has a quadrati
 form, is to look for

an orthonormal basis. We shall �nd one whi
h is \almost" orthonormal:

the matrix of s
alar produ
ts is a `signed' permutation matrix.

This basis is 
alled the basis of S
hubert polynomials. S
hubert

polynomials indexed by permutations inS

n

, de�ned as follows, starting

from a top element X

!

(A ; B ) :

(4.2.3)

(

X

!

(A ; B ) :=

Y

1�i;j�n; i+j�n

(a

i

� b

j

)

X

�

(A ; B ) = X

!

(A ; B ) �

!�

Noti
e that K

n

(A ; B ) = (�1)

(

n

2

)

X

!

(A

!

; B ).

In fa
t, we have de
omposed the resultant R(A ; B ) into the three

fa
tors X

!

(A ; B ), �K

n

(A ; B ), and the diagonal

Q

i

(a

i

�b

i

). Graphi
ally,

a box in position [i; j℄ standing for a fa
tor (a

i

�

b

j

), this de
omposition

is

R(fa

1

; a

2

; a

3

g; fb

1

; b

2

; b

3

; b

4

g) =

~ � � �

� ~ � �

� � ~ �

� � � ~

;

the three fa
tors being represented by �, � and ~ respe
tively.
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The pre
eding de�nition implies the re
ursions

(4.2.4) X

�

(A ; B )�

i

= X

�s

i

(A ; B ) if `(�s

i

) < `(�) :

(be
ause �

2

i

= 0, then X

�

(A ; B )�

i

= 0 if `(�s

i

) > `(�)).

For S

3

, the S
hubert polynomials are

(a

1

�b

1

)(a

1

�b

2

)(a

2

�b

1

)

�

1

�� �

�

2

(a

1

�b

1

)(a

2

�b

1

) (a

1

�b

1

)(a

1

�b

2

)

�

2

�

�

�

�













�

1

(a

1

�b

1

) a

1

+a

2

�b

1

�b

2

�

1

�� � �

2

1

and 
an be obtained with the ACE-fun
tion TableX(n), the variables

being now x

i

; y

j

:

ACE> TableXX(3);

table([

[3, 2, 1℄ = (-x2 + y1) (x1 - y2) (-x1 + y1)

[1, 2, 3℄ = 1

[1, 3, 2℄ = x2 - y2 + x1 - y1

[3, 1, 2℄ = -(x1 - y2) (-x1 + y1)

[2, 1, 3℄ = x1 - y1

[2, 3, 1℄ = (-x2 + y1) (-x1 + y1)

℄)

One 
an also index S
hubert polynomials by 
odes of permuta-

tions, instead of permutations. We write Y

J

= X

�

if J = [j

1

; : : : ; j

n

℄ =


ode(�). The re
ursion on S
hubert polynomials is now written, start-

ing from Y

�

(A ; B ) = X

!

(A ; B ) =

Q

1�i;j�n; i+j�n

(a

i

� b

j

),

(4.2.5) Y

J

(A ; B ) �

i

= Y

:::;j

i+1

; j

i

�1;:::

if j

i

> j

i+1

:

ACE> map(fa
tor, TableYY(4));# 
omputed with a different algorithm

table([

[1,1,1,0℄ = -(-x3 + y1) (-x2 + y1) (-x1 + y1)

[1,0,1,0℄ = (-x1 + y1) (y1 + y3 - x3 - x1 - x2 + y2)

[2,2,1,0℄ = -(-x3 + y1) (-x2 + y2) (-x2 + y1) (-x1 + y2) (-x1 + y1)

[1,2,1,0℄ = (-x3 + y1) (-x2 + y1) (-x1 + y1) (-x2 + y3 - x1 + y2)

2

[0,1,1,0℄ = x3 x2 -x3 y2 +x3 x1 -x3 y1 -x2 y2 +y2 -y2 x1 +y2 y1+x2 x1

2
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- x2 y1 - y1 x1 + y1

[2,0,0,0℄ = (-x1 + y2) (-x1 + y1)

2 2

[0,2,0,0℄ = x2 -x2 y2 +x2 x1 -x2 y1 -y3 x2 +y3 y2 -y3 x1 +y3 y1 +x1

- y1 x1 - y2 x1 + y2 y1

[3,0,1,0℄ = (-x1 + y2) (-x1 + y1) (y1 - x3 + y2 - x2) (-x1 + y3)

[2,0,1,0℄ = -(-x1 + y2) (-x1 + y1) (y1 - x3 + y2 - x2)

[0,1,0,0℄ = x2 - y2 + x1 - y1

[1,0,0,0℄ = x1 - y1

[0,0,1,0℄ = x3 - y3 + x2 - y2 + x1 - y1

[3,2,1,0℄ = (-x3 +y1) (-x2 +y2) (-x2 +y1) (-x1 +y3)(-x1+y2)(-x1+y1)

[3,1,0,0℄ = (-x2 + y1) (-x1 + y3) (-x1 + y2) (-x1 + y1)

[2,2,0,0℄ = (-x2 + y2) (-x2 + y1) (-x1 + y2) (-x1 + y1)

[3,0,0,0℄ = -(-x1 + y3) (-x1 + y2) (-x1 + y1)

[3,2,0,0℄ = -(-x2 + y2) (-x2 + y1) (-x1 + y3) (-x1 + y2) (-x1 + y1)

[2,1,1,0℄ = (-x3 + y1) (-x2 + y1) (-x1 + y2) (-x1 + y1)

[0,2,1,0℄ = -x3 x2 y1 -y2 y3 y1 +y3 x2 y1 -x3 x1 y2 -y3x2x1 +y3y1x1

-2 x2 y2 x1 +2 x2 y2 y1 -2 x2 y1 x1 +2 y2 y1 x1 +x3y3y2 +y3y2x1

2 2 2

+y3 x2 y2 +x3 x1 -y2 x1 +y2 x1 -x3 x2 y2 +x3x2x1 -x3y3x2+x3y3y1

2 2 2 2 2 2

+x3 x2 -y2 x2 +x2 y2 -x3 y3 x1 -y2 y1 -y2 y3 -y2 y1 -x3x1y1

2 2 2 2 2 2 2

+x3 y2 y1 -y3 y1 +x2 x1 -x2 y1 +x2 y1 +x2 x1 -y1 x1 +y1 x1

[1,2,0,0℄ = -(-x2 + y1) (-x1 + y1) (-x2 + y3 - x1 + y2)

[2,1,0,0℄ = -(-x2 + y1) (-x1 + y2) (-x1 + y1)

[1,1,0,0℄ = (-x2 + y1) (-x1 + y1)

[3,1,1,0℄ = -(-x3 + y1) (-x2 + y1) (-x1 + y3) (-x1 + y2) (-x1 +y1)

[0,0,0,0℄ = 1 ℄)

Proposition (4.2.2) 
an be now be generalized, divided di�eren
es

themselves 
an be evaluated with s
alar produ
ts.

Theorem 4.2.3. For any f 2 Pol(A ), any permutation � 2 S(n),

one has

(4.2.6)

�

f(A ) ; (�1)

`(�!)

X

�!

(A

!

; B )

�

� f �

�

�1

(B ) :

Proof. One has

X

�!

(A

!

; B ) = X

!

(A ; B ) �

!�!

!

= X

!

(A ; B )!

�

!�

!�!

!

�

= X

!

(A ; B )! (�1)

`(�)

�

�

;
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and one 
an shift the divided di�eren
e �

�

to the left of ( ; ) thanks to

Lemma (4.1.1). Now the formula results from proposition 4.2.2 for the

fun
tion f �

�

�1

. �

The theorem shows a symmetry property of S
hubert polynomials

whi
h is not evident from their de�nition with operators a
ting on A

only. Introdu
ing C , a third alphabet of 
ardinality n, take f(A ) =

X

!

(A ; C ). Then (4.2.6) implies

�

X

!

(A ; C ) ; (�1)

`(�!)

X

�!

(A ; B )!

�

= X

!�

�1

(B ; C ) :

On the other hand, putting ! on the left,

�

(

�

1)

`(!)

X

!

(A

!

; C ) ; (�1)

`(�!)

X

�!

(A ; B )!

�

= X

�!

(C ; B ) ;

be
ause (

�

1)

`(!)

X

!

(A

!

; C ) is a reprodu
ing kernel. Therefore, one has

the symmetry :

(4.2.7) X

�

(A ; B ) = (

�

1)

`(�)

X

�

�1

(B ; A ) :

Corollary 4.2.4. The quadrati
 form ( ; ) is non-degenerate. The

spa
e Pol(A ) is a free module over Sym, with the two adjoint bases

fX

�

(A ; B )g and f(

�

1)

`(�!)

X

�!

(A

!

; B ) : � 2 S(A )g.

More pre
isely

�

X

�

(A ; B ) ; (

�

1)

`(�!)

X

�!

(A

!

; B )

�

= Æ

�;�

:

Any element of Pol(A ) expands into the basis of S
hubert polyno-

mials X

�

, � 2 S(A ), as follows :

f(A ) �

X

�

�

f ; (

�

1)

`(�!)

X

�!

(A

!

; B )

�

X

�

(A ; B )

�

X

�

f�

�

�1

(B )X

�

(A ; B )

(4.2.8)

One 
an view S
hubert polynomials as a basis of Pol(A ) depending

on parameters b

1

; : : : ; b

n

, and let the parameters vary. Indeed, let

C = f


1

; : : : ; 


n

g. Then the following theorem shows that the matrix

of 
hange of bases has S
hubert polynomials as entries :

Theorem 4.2.5. Let A ; B ; C be three alphabets of 
ardinality � n,

and let � 2 S(n). Then

(4.2.9) X

�

(A ; C ) =

X

�;�

X

�

(B ; C )X

�

(A ; B ) ;

sum over all redu
ed fa
torizations � = �� (i.e. fa
torizations su
h

that `(�) + `(�) = `(�)).
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Proof. One applies 
orollary(4.2.4) to the fun
tion f(A ) = X

�

(A ; C ).

Sin
e f(A ) belongs to the span of monomials in A of degree � �, � is

in fa
t an equality. Moreover, to require non nullity of X

�

�

�

�1

is the

same as to require that the produ
t (��

�1

)(�) be redu
ed. �

For example, for � = [2; 4; 1; 3℄, the expansion is

X

2413

(A ; C ) =

X

2413

(B ; C )X

1234

(A ; B )

�X

2143

(B ; C )X

1324

(A ; B )

+X

1243

(B ; C )X

2314

(A ; B ) + X

2134

(B ; C )X

1423

(A ; B )

�X

1234

(B ; C )X

2413

(A ; B )

:

The spe
ial 
ase � = ! is worth of interest. It states that

Q

i+j�n

(a

i

�




j

) is the sum of all produ
ts X

!�

�1

(B ; C )X

�

(A ; B ), where B has been


hosen arbitrarily.

The Cau
hy formula for symmetri
 fun
tions gives the de
ompo-

sition of R(A ; C ) in to a sum of produ
t of S
hur fun
tions of 
om-

plementary shapes. Thus, the 
ase � = !, B = 0 of (4.2.9) is the

non-symmetri
 version of it (Cau
hy formula for S
hubert polynomials

[10℄) :

X

!

(A ; C ) =

Y

i+j�n

(a

i

� 


j

) =

X

�

X

! �

�1

(0; C )X

�

(A ; 0)

=

X

�

(

�

1)

`(�)

X

�

(C ; 0)X

�!

(A ; 0) :(4.2.10)

In fa
t, in the 
ase where the 
ode of � is [


�

; 0

n��

℄, and B = 0, then

one re
overs the usual Cau
hy formula for two alphabets of respe
tive


ardinalities �; 
 :

(4.2.11) X

�

(A ; C ) =

Y

i��

Y

j�


(a

i

� 


j

) =

X

�

X

�

(0; C )X

�

(A ; 0) ;

sum over all redu
ed fa
torizations � = � �. Taking the 
odes of �

�1

and �, one re
ognizes them to be (in
reasing) 
onjugate partitions.

# one expands the maximal S
hubert polynomial (in x,b)

in the basis of S
hubert polynomials (in x,y)

#

ACE> ToXX( (x1-b2)*(x1-b1)*(x2-b1)):

# one puts the result in a table indexed by XX[℄,

# and one substitutes in the entries b1=x1,b2=x2

# to be able to use ToXX

ACE> subs(b1=x1,b2=x2,%)

ACE> map(ToXX,%, 
olle
t);

table(sparse, [

[3, 2, 1℄ = XX[1℄
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[2, 3, 1℄ = -XX[1, 3, 2℄

[3, 1, 2℄ = -XX[2, 1℄

[1, 3, 2℄ = XX[2, 3, 1℄

[2, 1℄ = XX[3, 1, 2℄

[1℄ = -XX[3, 2, 1℄

℄)

Many properties of symmetri
 fun
tions 
an be obtained using S
hu-

bert polynomials. In fa
t, the S
hur fun
tion in a

1

; : : : ; a

n

, indexed

by the in
reasing partition J 2 N

n

, 
oin
ides with the spe
ialization

Y

J

(A ; 0). This is 
lear from its de�nition as

Y

J

(A ; 0) = a

j

n

+n�1

1

� � �a

j

1

+0

n

�

n:::1

=

X

�2S

n

�

a

j

n

+n�1

1

� � �a

j

1

+0

n

�

�

=�(A

n

) :

4.3. S
hubert by Isobari
 Divided Di�eren
es

In this se
tion and the next one, we shall spe
ialize B to 0 and write

X

�

, Y

J

for X

�

(A ; 0), Y

J

(A ; 0).

The divided di�eren
es �

i

and b�

i


an be lifted to the free algebra,

in a way 
ompatible to the proje
tion on Pla
. Finding a way to de-

�ne S
hubert polynomials with these operators, instead of �

i

almost


ertainly ensures to �nd easily a non-
ommutative version of S
hubert

polynomials.

In fa
t su
h a 
onstru
tion results easily from the 
ommutation

relations between �

i

and x

j

, j 6= i; i

+

1. Magyar [26℄ gave a geometri
al


onstru
tion whi
h generalizes Bott-Samelson varieties and implies the

following theorem

1

.

In this se
tion we spe
ialize the se
ond alphabet to 0, and index

S
hubert polynomials by 
odes.

Theorem 4.3.1. Given J 2 N

n

, let k be minimum su
h that j

k

= 0

(if it does not exist, repla
e J by J0). Let I = [j

1

� 1; : : : ; j

k�1

�

1; j

k+1

; : : : ; j

n

℄.

Then

(4.3.1) Y

J

= Y

I

�

n�1

� � ��

k

x

k�1

� � �x

1

Proof. x

k�1

� � �x

1


ommutes with �

n�1

� � ��

k

, and therefore, be
ause

�

n�1

� � ��

k

= x

n�1

� � �x

k

�

n�1

� � ��

k

, one 
an fa
tor on the right the

divided di�eren
es :

Y

I

�

n�1

� � ��

k

x

k�1

� � �x

1

= Y

I

(x

n�1

� � �x

k

)(x

k�1

� � �x

1

)�

n�1

� � ��

k

1

He does not use the same produ
ts of �

i

, redu
ing them to take into a

ount

partial symmetries.
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= Y

I+1

n�1

�

n�1

� � ��

k

= Y

J

�

For example, the S
hubert polynomial Y

30302

is obtained by the

following sequen
e of operations (image under produ
ts of �

i

followed

by multipli
ation by a fa
tor x

1

� � �x

k

).

Y

0

x

1

x

2

Y

11

�

2

�

1

Y

011

x

1

x

2

x

3

Y

122

�

3

x

1

x

2

Y

2302

�

4

�

3

�

2

x

1

Y

30302

# The program 
an print the intermediate steps

ACE> Re
Y([3,0,3,0,2℄,see):

Y[2,3,0,2℄ Pi [4, 3, 2, x1℄

Y[1,2,2℄ Pi [3, x1*x2℄

Y[0,1,1℄*x1*x2*x3

Y[1,1℄ Pi [2, 1℄

Y[0,0℄*x1*x2

ACE> ToY(x2X(%)); # faster algorithm with x2X

Y[3, 0, 3, 0, 2, 0, 0℄

4.4. A
tion of S

n

on S
hubert Polynomials

The divided di�eren
e �

i

is equal to (1�s

i

)(x

i

�x

i+1

)

�1

. Conversely

(4.4.1) s

i

= �

i

(x

i+1

� x

i

) + 1 :

Sin
e the a
tion of divided di�eren
es is straightforward, the a
tion

simple transpositions is a 
onsequen
e of the formula (Monk formula)

des
ribing the produ
t of a S
hubert polynomial by a single variable :

(4.4.2) X

�

x

k

=

X

j>k

X

� �

kj

�

X

i<k

X

� �

ik

;

sum over transpositions �

kj

; �

ik

su
h that `(��

kj

) = `(�) + 1 = `(��

ik

).

As a 
onsequen
e, one has the following des
ription of the a
tion of

a simple transposition on the S
hubert basis.
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Proposition 4.4.1. Let � 2 S

n

, and k < n. If �

k

< �

k+1

, then

X

�

is invariant under s

i

. Otherwise, let � = � s

k

. Then

(4.4.3) X

�

s

k

= �X

�

+

X

j>k+1

X

� �

k+1;j

�

X

i<k

X

� �

i;k+1

�

X

j>k+1

X

� �

kj

+

X

i<k

X

� �

ik

;

sum restri
ted to permutations of the same length as �.

#simple transposition s_3 ; eta= [5,1,3,6,8,2,4,7℄

ACE> SgaOnX(A[1,2,4,3℄,X[5,1,6,3,8,2,4,7℄);

- X[5,1,6,3,8,2,4,7℄ - X[6,1,3,5,8,2,4,7℄

+ X[5,1,3,8,6,2,4,7℄ + X[5,1,3,7,8,2,4,6℄

+ X[5,3,1,6,8,2,4,7℄ - X[5,1,4,6,8,2,3,7℄

The properties of the representation of the symmetri
 group on the

S
hubert polynomials of a given degree have not yet been studied.

I shall just mention that it is easy to des
ribe the subspa
e of CoInv

invariant under some �

!(J)

, that we needed to 
he
k that some repre-

sentation was without multipli
ity.

Lemma 4.4.2. � Let k < n. Then the subspa
e of the ele-

ments of CoInv invariant under s

k

has basis the S
hubert poly-

nomials X

�

su
h that �

k

< �

k+1

.

� Let J be a 
omposition of n. The subspa
e of elements invari-

ant under S

J

has basis the S
hubert polynomials X

�

su
h that

� be of minimal length in its 
oset �S

J

.

Proof. Let f =

P




�

X

�

. Requiring that f be invariant under s

k

is the

same as requiring that f �

k

= 0. However f �

k

=

P

�: `(�s

k

)<`(�)




�

X

�

k

,

and this sum 
an be null only if it is void. �

The se
ond statement is a dire
t 
onsequen
e of the �rst.

For example, for n = 5, we needed the subspa
e of polynomials of

degree 6 invariant under S

32

. We have to �nd the 
odes v su
h that

v

1

� v

2

� v

3

, v

4

� v

5

= 0. There is only [2; 2; 2; 0; 0℄, as is 
on�rmed

by the 
omputer.

# degree 6 is given by the 6+1-th element of the list.

ACE> map(Perm2Code,op(7,ListPerm(5,level)));

[ [4,0,2,0,0℄,[3,3,0,0,0℄,[0,3,2,1,0℄,[4,0,1,1,0℄,

[3,0,2,1,0℄,[4,2,0,0,0℄,[2,2,2,0,0℄,[2,3,0,1,0℄,

[3,2,0,1,0℄,[1,3,2,0,0℄,[4,1,0,1,0℄,[3,1,2,0,0℄,

[4,1,1,0,0℄,[1,2,2,1,0℄,[1,3,1,1,0℄,[3,1,1,1,0℄,

[2,3,1,0,0℄,[2,2,1,1,0℄,[2,1,2,1,0℄,[3,2,1,0,0℄℄
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Corollary 4.4.3. Let J be a 
omposition of n. Then the subspa
e

of CoInv of elements �xed by �

!

J

=jS

J

j is generated by the S
hubert

X

�

su
h that � be of minimal length in its 
oset �S

J

. In parti
ular,

the subspa
e in degree j�(J)j is 1-dimensional, and generated by Y

�(J)

,

where �(J) has been de�ned in (3.2.4).

Proof. Let f =

P




�

X

�

be �xed by�

!

J

=jS

J

j. Then f is annihilated by

all �

i

with s

i

2 S

J

j, and all the S
hubert polynomials in the expansion

of f have the same property. This means that they are all invariant

under S

J

. �

From the enumeration of permutations of minimal length in their


oset, one 
ould dedu
e re
ursively the multipli
ities

2

of irredu
ible

representations in CoInv.

For example, for S

5

, the subspa
e of degree 5 of CoInv is isomorphi


to V

221

� 2V

311

� V

32

. Sin
e V

221

�

21435

, V

311

�

21435

, V

32

�

21435

, are of

respe
tive dimensions 1; 1; 2, be
ause S

221

= S

122

+ S

113

+ 2S

23

+ � � � ,

then one must have 1+2�1+1�2 = 5 S
hubert polynomials invariant

under �

21435

=4. Indeed,

ACE> sele
t(IsInvariant,op(6,ListPerm(5,level)),[2,2,1℄);

[[1,5,3,4,2℄,[3,5,1,2,4℄,[3,4,1,5,2℄,[2,5,1,4,3℄,[2,4,3,5,1℄℄

4.5. Newton Interpolation in Several Variables

We have seen in (4.2.8) that, for A ; B of 
ardinality n, and any

polynomial f of n variables, one has

f(A ) �

X

�2S

n

f�

�

�1

(B )X

�

(A ; B ) ;

modulo Sym(A ) = Sym(B ).

Letting n tends towards in�nity, one gets rid of the ideal, and one

obtains the generalization of Newton's formula to polynomials of sev-

eral variables :

(4.5.1) f(A ) =

X

�2S

1

f�

�

�1

(B )X

�

(A ; B ) :

Erasing f , this should be interpreted as the de
omposition of the

identity in terms of divided di�eren
es, rather than an interpolation

formula.

2

But it is simpler to obtain them from the 
o
harge of tableaux, or by spe
ial-

izing a 
omplete fun
tion in 1; q; q

2

; : : :
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More generally, for any permutation �, 
hanging A to A

�

, and spe-


ializing B to A , in (4.5.1), one obtains

(4.5.2) � =

X

�

�

�

�1

X

�

(A

�

; A ) :

Conversely, given n and a sum D =

P

�2S

n

� 


�

, the 
oeÆ
ients 


�

being rational fun
tions of A , then it is easy to determine these 
oef-

�
ients by letting D a
t on K

n

(A ; B ). Indeed the vanishing properties

of the kernel (4.2.1) imply that

(4.5.3) (

�

1)

`(�)

K

n

(A ; B )D

�

�

�

B=A

�

= 


�

�(A ) :

This applies to divided di�eren
es :

(4.5.4) (

�

1)

`(�)

K

n

(A ; B ) �

�

�

�

�

B=A

�

= 


�

�(A ) :

However, Eq. 4.2.9 implies that the inverse of the matrix with

entries X

�

(A

�

; A ) has the same entries, up to sign and multipli
ation

by �(A ).

This gives another expression of the expansion of divided di�eren
es

in the basis of permutations :

Proposition 4.5.1. Let � 2 S

n

. Let �

�

=

P

� 


�

�

be the expression

of �

�

in terms of permutations. Then

(4.5.5)

(

�

1)

`(�)




�

�

= (

�

1)

`(!�)

X

�

�1

!

(A

!�

; A )

1

�(A )

= X

!�

(A ; A

!�

)

1

�(A )

:

Proof. Let us repla
e, in formula (4.2.6):

�

f(A ) ; (

�

1)

`(!�)

X

�

�1

!

(A

!

; B )

�

� f �

�

(B )

the s
alar produ
t by its expression (f; g) =

P

�(fg)

�

�(A )

�1

. It

be
omes

X

�

�f(A

�

)X

�

�1

!

(A

!�

; A )

�

1

�

= f(A )�

�

;

erasing f , whi
h is irrelevant, one gets the proposition. �

Sin
e K

n

(A ; B ) = (

�

1)

`(!)

X

!

(A

!

; B ) and sin
e !�

�

! = �

!�!

, the

two expressions of �

�

involve spe
ializations of S
hubert polynomials,

but not the same polynomials, as mentioned in [22℄. One has in fa
t,

for any pair of permutations,

(4.5.6) (

�

1)

`(�)

X

�

(A ; A

�

) = X

!�!

(A

!

; A

!�

) :
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4.6. Yang-Baxter Bases of H

0;0

Given n independent parameters x = fx

1

; : : : ; x

n

g, invariant un-

der S(A ), we have de�ned in (2.3.6) a Yang-Baxter basis of H

0;0

,

whi
h is adjoint to the basis 
orresponding to the reversed parame-

ters x

n

; : : : ; x

1

.

Let us give the expansion of this basis in terms of the natural basis

basis f�

�

g of H

0;0

.

To avoid denominators, we 
hange de�nition (2.3.6), and take now,

with Y

1

= 1,

(4.6.1) Y

�s

i

= Y

�

�

1 + (x

�

i+1

�

x

�

i

) �

i

�

; `(�s

i

) > `(�):

Let � and i be su
h that `(�) < `(�s

i

). Suppose known the expan-

sion

Y

�

=

X

�

�

�

X

�

(x

�

;x) + �

�s

i

X

�s

i

(x

�

;x) ;

with � : `(�) < `(�s

i

). Then its produ
t by 1

+

(x

�

i+1

�

x

�

i

)�

i

is

X

�

�

�

X

�

(x

�

;x) + �

�s

i

�

X

�s

i

(x

�

;x) + X

�

(x

�

;x)(x

�

i+1

�

x

�

i

)

�

;

and the identities

X

�

(x

�s

i

;x) & X

�s

i

(x

�s

i

;x) = X

�s

i

(x

�

;x)+X

�

(x

�

;x)(x

�

i+1

�

x

�

i

)

give a similar expansion for Y

�s

i

and prove the following theorem.

Theorem 4.6.1. The matrix of 
hange of basis between fY

�

g and

f�

�

�(x)g, and its inverse, have entries whi
h are spe
ializations of

S
hubert polynomials :

Y

�

=

X

���

�

�

X

�

(x

�

;x) ;(4.6.2)

�

�

�(x) =

X

Y

�

X

!�

(x;x

!�

) :(4.6.3)

Noti
e that re
ursions on S
hubert polynomials provided by divided

di�eren
es are easier to understand than re
ursions on Yang-Baxter


oeÆ
ients, be
ause two sets of variables are easier to handle than one

set!

ACE> N
aYang([3,2,1℄);

A[1,2,3℄ +(-x2+x1)(-x3+x1)A[2,3,1℄ +(x3-x1)A[1,3,2℄

-(-x2+x1)(-x3+x2)(-x3+x1)A[3,2,1℄+(x3-x1)A[2,1,3℄

+(-x3+x1)(-x3+x2)A[3,1,2℄

# The 
oeffi
ients are all the spe
ializations of S
hubert

# polynomials in y1=x3, y2=x2, y3=x1

ACE> TableXX(3,[3,2,1℄);
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# spe
ializes the y.i into a permutation of the x.i

table([

[1, 2, 3℄ = 1

[2, 3, 1℄ = (-x3 + x1) (-x3 + x2)

[1, 3, 2℄ = -x3 + x1

[3, 2, 1℄ = (-x2 + x1) (-x3 + x2) (-x3 + x1)

[2, 1, 3℄ = -x3 + x1

[3, 1, 2℄ = (-x2 + x1) (-x3 + x1)

℄)

4.7. Yang-Baxter Elements as Permutations

We have obtained S
hubert polynomials in the expression of di-

vided di�eren
es in the basis of permutations (4.5.5), or, 
onversely, of

permutations in the basis of divided di�eren
es.

We obtained them again in Theorem 4.6.1, this time while devel-

oping Yang-Baxter elements. In fa
t, one passes from the expression

of a permutation � to the expression of Y

�

by just 
hanging formally

x into A in Eq. (4.6.2).

The rules were di�erent in the two 
ases, the symmetri
 group a
t-

ing on the variables a

i

, but not on the variables x

i

.

This formal 
hange between the two formulas may be interpreted

as developing produ
ts like

(1

+

�

1

(a

2

�

a

1

))(1

+

�

2

(a

3

�

a

1

)) � � � , ignoring the fa
t that the �

i

's a
t on

the variables a

j

.

Let us show one way why Yang-Baxter elements 
an be identi�ed

as permutations.

Sums of permutations in S(A ), or of divided di�eren
es, 
an be


hara
terized by their a
tion on the single element K(A ; B ).

For what 
on
erns Yang-Baxter elements, one has to make them

a
t on

K(A ; x) :=

Y

1�i<j�n

(a

i

� x

j

) = X(A ;x

!

) ;

the x

j

being the spe
tral parameters, and the a

i

being the variables on

whi
h a
t divided di�eren
es.

Let us see an example of the a
tion of su

essive Yang-Baxter ele-

ments in the 
ase n = 4, indi
ating the su

essive images of K(A ;x),

and below the permutation of spe
tral parameters.

a

1

�x

2

a

1

�x

3

a

2

�x

3

a

1

�x

4

a

2

�x

4

a

3

�x

4

[x

1

; x

2

; x

3

; x

4

℄

1+�

2

(x

3

�x

2

)

������!

a

1

�x

2

a

1

�x

3

a

2

�x

2

a

1

�x

4

a

2

�x

4

a

3

�x

4

[x

1

; x

3

; x

2

; x

4

℄

1+�

1

(x

3

�x

1

)

������!

a

1

�x

2

a

1

�x

1

a

2

�x

2

a

1

�x

4

a

2

�x

4

a

3

�x

4

[x

3

; x

1

; x

2

; x

4

℄
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1+�

3

(x

4

�x

2

)

������!

a

1

�x

2

a

1

�x

1

a

2

�x

2

a

1

�x

4

a

2

�x

4

a

3

�x

4

[x

3

; x

1

; x

4

; x

2

℄

1+�

2

(x

4

�x

1

)

������!

a

1

�x

2

a

1

�x

1

a

2

�x

2

a

1

�x

4

a

2

�x

1

a

3

�x

4

[x

3

; x

1

; x

4

; x

2

℄

We noti
e that, at ea
h step involving �

i

, the polynomial to trans-

form is the produ
t of a polynomial symmetri
al in a

i

; a

i+1

by a lin-

ear fa
tor (a

i

�

x), that we indi
ate by a double box. Its image under

(1

+

(x

0

�

x

00

)�

i

) is (a

i

�

x

00

), be
ause, by 
han
e, one also has that x = x

0

.

Therefore, all the images are produ
ts of fa
tors (a

�

x). More pre
isely,

they are equal to X

!

(A ;x

!�

), the Yang-Baxter elements (in A ) a
t as

permutations on x.

It is not diÆ
ult to extend the 
omputation to any S

n

, The 
ombi-

natorial property to observe, and prove by indu
tion on length, is the

following one.

Lemma 4.7.1. For any �, the diagram representing X

!

(A ;x

!

)Y

�

(x)

is su
h that for any j : 1 � j � n

�

1, its j-th 
olumn is equal to

Y

k2f�

j+1

;:::;�

n

g

(a

j

� x

k

) :

The pre
eding result translates into the following algebrai
 state-

ment, whi
h states that the Yang-Baxter elements a
t by permutation.

Theorem 4.7.2. The image of X

!

(A ;x

!

) under the Yang-Baxter

element Y

�

(x) is

X

!

(A ;x

�!

) :

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o
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Exer
ises

Ex. 4.1. Let A = fa

1

; : : : ; a

n

g. Write the Vandermonde �(A ) :=

Q

i<j

(a

i

� a

j

) in terms of simple S
hubert polynomials X

�

(A ) and

X

�

(A

!

) (with ! maximal element of S(A )). Write in a similar manner

the produ
t

Q

i<j

(a

i

+ a

j

).

Solution. �(A ) = X

!

(A ; A

!

), and therefore, a

ording to (4.2.9), it

expands into

�(A ) =

X

�2S(A )

(�1)

`(�)

X

�!

(A )X

�

(A

!

) :

Similarly,

S

1:::n�1

(A ) =

Y

i<j

(a

i

+ a

j

) =

X

�2S(A )

X

�!

(A )X

�

(A

!

) :

Thus, the sum

Q

i<j

(a

i

� a

j

) +

Q

i<j

(a

i

+ a

j

) involves permutations

of even length, and the di�eren
e involves permutations of odd length.

These expressions may be used to des
ribe invariants of the alternating

group.

Ex. 4.2. Let A = fa

1

; : : : ; a

4

g. For any � 2 S(A ), 
ompute the

image under �

�

of (x� a

2

)

�1

(x� a

3

)

�2

(x� a

4

)

�3

.

Solution. Multiplying by the symmetri
al fa
tor

Q

a2A

(x

�

a)

3

, one

has to 
ompute the image of

(x

�

a

1

)

3

(x

�

a

2

)

2

(x

�

a

3

) = X

4321

(A ; B ) ;

with B = fx; x; x; xg, and therefore one gets X

!�

(A ; B )R(x; A )

�3

.

Ex. 4.3. Let A

+

be the shifted alphabet

A

+

= fa

1

+

1; a

2

+

1; a

3

+

1; : : :g

Expand the S
hubert polynomials X

�

(A

+

) in the basis X

�

(A ). Com-

ment the 
ase where � is a Grassmannian permutation, i.e. a permu-

tation with only one des
ent.

Ex. 4.4. Given A �nite, B in�nite, given a partition J , expand the

S
hur fun
tion S

J

(A ) in terms of the S
hubert polynomials X

�

(A ; B ).

ACE> CLG_n(3);

#one fixes the number of variables x_i when expanding symm fun
tions

ACE> NewtonInterp(Tox_n(s[2,1℄),5): # Newton, using the group S_5

ACE> map(fa
tor,%);

XX[1, 3, 5, 2, 4℄ + (y2+y1) (y3+y1) (y3+y2) XX[1, 2, 3, 4, 5℄

+ (y2 + y1) XX[1, 2, 5, 3, 4℄

+ (y2 + y1) (y3 + y1 + y4 + y2) XX[1, 2, 4, 3, 5℄

+ (y3 + y1 + y4 + y2) XX[1, 3, 4, 2, 5℄
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Ex. 4.5. Denote [i℄ the q-integer [i℄ := 1 + q + � � �+ q

i�1

. Fix two

parameters �; � and for any indeterminate x, any k 2 N , de�ne its

modi�ed k-power x

<k>

by

x

<k>

:= (x� �)(x� q�� [1℄�) � � � (x� q

k�1

�� [k

�

1℄�) :

Given K = [k

1

; : : : ; k

n

℄ 2 N

n

, and x

1

; : : : ; x

n

, 
ompute the quotient of

the determinant

�

�

�

x

<k

j

>

i

�

�

�

by the Vandermonde in x

1

; : : : ; x

n

.

Solution. Ea
h fa
tor x�q

k

��[k℄� may be rewritten (x

�


)�q

k

(�

�


),

with 
 = �(1� q)

�1

. Therefore, the required quotient is obtained from

a q-fa
torial S
hur fun
tion under an easy modi�
ation.

Ex. 4.6. Denote by Y

+k

J

a S
hubert polynomial

Y

J

(fa

1+k

; a

2+k

; : : :g; B ) :

For any n; k 2 N , fa
torize the triangular matrix

�

Y

+i�1

0

j�i

; k�j

�

0�i;j�n�1

into a produ
t of matri
es, ea
h depending only upon a single b

i

2 B

(and upon A ; one puts Y

0

j�i

r

= 0 when j < i).

Solution. The matrix is the 
ommutative produ
t of

2

6

6

4

a

1

�

b 1 0

0

.

.

.

.

.

.

1

a

n

�

b

3

7

7

5

; b 2 fb

1

; : : : ; b

k

g ;

as 
an be 
he
ked by indu
tion on k, using the relations

Y

0

m�1

j

= Y

0

m�2

j

+ (a

m

� b

j+m�1

)Y

0

m�1

j�1

:

Ex. 4.7. Let m;n 2 N . Let I be the family of partitions 
ontained

in n

n

, S be set of permutations � su
h that Y

0

m

;n

n

�

�

6= 0. For ea
h

in
reasing partition I � n

n

, denote by Y

[I℄

the S
hubert polynomial in

A ; B of index [0

m

; i

1

; : : : ; i

n

℄.

Compute the inverse of the matrix

�

Y

[I℄

�

�

�

I2Ii;�2S

.

Solution. The required inverse is the matrix obtained by repla
ing

ea
h S
hubert polynomial Y

�

by �Y

�

�1

, ea
h entry of the produ
t of

the two matri
es being obtained by the Cau
hy formula (4.2.9).

For example, for m= 0, n = 2, the following two matri
es are inverse

from ea
h other :

2

6

6

6

6

6

4

1 Y

01

Y

02

Y

11

Y

12

Y

22

0 1 Y

001

Y

1

Y

101

Y

201

0 0 1 0 Y

1

Y

2

0 0 0 1 Y

001

Y

011

0 0 0 0 1 Y

01

0 0 0 0 0 1

3

7

7

7

7

7

5

;

2

6

6

6

6

6

4

1 �Y

01

Y

011

Y

200

�Y

201

Y

22

0 1 �Y

001

�Y

1

Y

101

�Y

12

0 0 1 0 �Y

1

Y

11

0 0 0 1 �Y

001

Y

02

0 0 0 0 1 �Y

01

0 0 0 0 0 1

3

7

7

7

7

7

5
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Of 
ourse, the same method gives the inverse of a matrix where, instead

of using the family Y

[I℄

, I 2 I, one takes a permutation � and all the

S
hubert polynomials X

�

, where � runs over all permutations lower

than � in the permutohedron.

Noti
e also that the above pair of matri
es looks more mysterious

when spe
ializing B to f1; q; q

2

; : : :g (fa
torial skew S
hur fun
tions),

or even when B = 0. This exer
ise generalizes Ex. ??, where we used

only 
omplete fun
tions.

Ex. 4.8. Develop X

�

(A ; fb; 0; 0; : : :g) in terms of powers of b. Com-

ment the 
ase where � is a Grassmannian permutation.

Solution.

For general A ; B , we have X

�

(A ; B ) =

P

(�1)

`(�)

X

�

(B )X

�

(A ), sum

over redu
ed fa
torizations �

�1

� of �. But

X

�2S

n

(�1)

`(�)

X

�

(fb; 0; 0; : : :g)u

�

= (1� bu

n�1

) � � � (1� bu

1

) :

Taking � = �

�1

, the two fun
tions above may be written in terms of

divided di�eren
es:

(�1)

`(�)

= X

�

(fb; 0; 0; : : :g; A ) = X

�

(1� �

1

b) � � � (1� �

n�1

b)

the right-hand side being evaluated in (0; A ).

In the Grassmannian 
ase, J being the 
ode of �, one has

X

�

(A ; fb; 0; 0; : : :g) = S

J

(A � b) ;

and the expansion of S

J

(A � b) produ
es a sum over all partitions

obtained from J by removal of a verti
al strip. This property is more

generally true for a vexillary permutation, though de�ning verti
al and

horizontal strips require some work, 
ompared to the 
ase of a partition.

For example, X

1475236

(A ; B ) = Y

0242

(A ; B ) = Y

033011

(B ; A ), and

Y

033011

(1� �

1

b) � � � (1� �

6

b) =

Y

033011

�bY

030211

� bY

033010

+b

2

Y

030111

+ b

2

Y

030210

�b

3

Y

030110

whi
h by inversion of permutation, gives

Y

0242

�bY

0142

� bY

0232

+b

2

Y

0141

+ b

2

Y

0132

�b

3

Y

0131

:

Ex. 4.9. Given a positive integer n, and A of 
ardinality n, write

the linear morphism on the ring of polynomials in A , as a free-module
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over Sym(A ), indu
ed by X

�

(A ; 0) ! X

�

�1

(A ; 0), � 2 S

n

, without

using the S
hubert basis.

Adding a se
ond alphabet B , do the same for the linear morphism

indu
ed by X

�

(A ; 0) ! X

�

(A ; B ).

Solution.

It is better to introdu
e another alphabet fx

1

; : : : ; x

n

g, apart from

A = fa

1

; : : : ; a

n

g, B = fb

1

; : : : ; b

n

g. Let us assume that divided dif-

feren
es a
t on the x

i

's only, and write � for the spe
ialization of

x

1

; : : : ; x

n

to 0.

Then, a dire
t 
onsequen
e of the Cau
hy kernel is that

X

�

(x

1

; : : : ; x

4

; 0)

1 + �

3

b

1

1 + �

2

b

1

1 + �

3

b

2

1 + �

1

b

1

1 + �

2

b

2

1 + �

3

b

3

� = X

�

�1

(B ; 0) ;

where the array is a produ
t of divided di�eren
es a
ting on its left,

whi
h is read by su

essive rows, from top to bottom (it 
ould also be

read by 
olumns downwards, from left to right). The reader will agree

that n = 4 be general enough.

Similarly, and more generally,

X

�

(x

1

; : : : ; x

4

; 0)

1 + �

3

(a

3

�

b

1

)

1 + �

2

(a

2

�

b

1

) 1 + �

3

(a

2

�

b

2

)

1 + �

1

(a

1

�

b

1

) 1 + �

2

(a

1

�

b

2

) 1 + �

3

(a

1

�

b

3

)

� = X

�

(A ; B ) :

Therefore, the two triangles of operators, followed by the spe
ial-

ization �, 
onstitute an answer.

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo
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o

'

ooo
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o

'
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