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Abstra
t. We review several des
riptions of the aÆne symmetri
 group. We ex-

pli
it the basis of its Bruhat order.

1 Introdu
tion

For a group de�ned by generators, one has a notion of Cayley graph repre-

senting the su

esive generation of elements of the group by produ
t of gen-

erators. This is spe
ially interesting in the 
ase of a Coxeter group (W;S),

S being the set of generators, be
ause one has a length fun
tion whi
h �l-

ters the elements of W a

ording to the minimum length of the words in the

generators of W whi
h expresses them (words of minimum length are 
alled

redu
ed de
ompositions).

The Cayley graph of W naturally provides an ordering (the weak order)

of W : w

0

� w i� any redu
ed de
omposition of w

0

is the left fa
tor of at least

one redu
ed de
omposition of w, in other words, i� there is a path from w

0

to w in the Cayley graph of W .

However, if one takes the group algebra ofW instead ofW , and a redu
ed

de
omposition [i; j; : : : ; h℄ := s

i

s

j

� � � s

h

of an element w, then one wants the

order to be su
h that any expression of the type (1 + s

i

)(1 + s

j

) � � � (1 + s

h

)

has leading term (with respe
t to the order) w.

In that 
ase, it is 
lear that the expansion of (1 + s

i

) � � � (1 + s

h

) involves

only the elements obtained by evaluating in W the subwords of [i; j; : : : ; h℄.

One easily 
he
ks that the set of su
h elements is independent of the 
hoi
e

of a redu
ed de
omposition of w (though the set of subwords is not).

Let us write w

0

� w (for the Bruhat order) i� there exists a de
omposition

of w

0

whi
h is a subword of a redu
ed de
omposition of w. Let us also write

[1; w℄ for the interval fw

0

j 1 � w

0

� wg, 1 being the identity element of W .

The above de�nition of the Bruhat order [2℄ is not very eÆ
ient, sin
e one

has mu
h too many subwords of a redu
ed de
omposition of w 
ompared to

the 
ardinality of [1; w℄.

Ehresmann[4℄ found another de�nition, in the 
ase of the symmetri


group, by using all the proje
tions W

p

i

�!W=W

i

onto all the quotient spa
es

W=W

i

( W

i

= maximal paraboli
, i.e. group generated by the elements of

S n s

i

). Ehresmann's de�nition is

w

0

� w , p

i

(w

0

) � p

i

(w) ; i = 1; 2; : : : (1)



Now, it makes sense be
ause one has an easy des
ription of the Bruhat order

onW=W

i

and of the proje
tion. In the 
ase of the symmetri
 group,W=W

i

, as

an ordered set, 
an be identi�ed with the spa
e of all partitions, the diagram

of whi
h are in
luded in a �xed re
tangle (the order on partitions being

in
lusion of diagrams).

This des
ription has been generalized by Deodhar[3℄ to all Coxeter groups.

In [12℄, M.P. S
h�utzenberger and I gave another des
ription. It uses a

notion whi
h is valid for any ordered set X . One de�nes the basis B of X to

be the following subset:

b 2 B , 9x 2 X; b is minimum in the 
omplement of [1; x℄ : (2)

Given x 2 X , let furthermore B(x) denote the set fb 2 B; b � xg. We have

shown in [LS℄ that in the 
ase X is �nite, then

x � y , B(x) � B(y) : (3)

Now, it happens that in the 
ase of a Coxeter groupW the set B(w) is "small"


ompared to [1; w℄ or to the set of subwords of a redu
ed de
omposition of

w 2W .

The bases of the symmetri
 group and of the hypero
tahedral group,

as well as the map w 7! B(w) are given in [12℄. Ge
k and Kim [8℄ have

determined the bases of all �nite Coxeter groups.

The 
onstru
tion of bases passes to the quotient spa
es W=W

i

(and, as

we have said, it is suÆ
ient to treat only these spa
es, be
ause of (1)). For

example, for the symmetri
 group S

n

, its quotient S

n

=S

m

�S

r

, n = m+ r,


an be identi�ed with the set of partitions 
ontained in m

r

, and its basis


onsists of all (non void) re
tangular partitions i

j

: i � m, j � r. The elements

of the basis have in fa
t a geometri
al meaning, being in 
orresponden
e with

determinantal varieties [10℄.

Now, the notion of a basis 
an be extended to in�nite sets X , when X

satisfy some mild hypotheses.

Let us take an aÆne Coxeter group. Then one still has a length fun
tion,

whi
h allow to �lter the group a

ording to length. Let W

`

be the set of

elements of length � `. If `(w) � `, then the full interval [1; w℄ is 
ontained

in W

`

. Let B

`

be the basis of W

`

.

One has that B = [B

`

and one 
an 
he
k that

w

0

� w , B(w

0

) � B(w) : (4)

In the following, we shall des
ribe the basis of the aÆne symmetri
 group

e

S

n

and its Bruhat order.

2 The AÆne Symmetri
 Group

Let n be an integer and

e

S

n

be the quotient of the in�nite symmetri
 group

(generated by s

i

; i 2 Z under the relations s

i

= s

i+n

), i 2 Z. In other words,



e

S

n

is generated by s

0

; : : : s

n�1

satisfying the braid relations (with s

n

:= s

0

)

s

i

s

i+1

s

i

= s

i+1

s

i

s

i+1

; s

i

s

j

= s

j

s

i

; ji� jj 6

�

=

1 mod n ; 0 � i; j � n� 1:

(5)

The group

e

S

n


an be thought as a
ting on in�nite ve
tors v = [: : : ; v

i

; : : : ℄,

i 2 Z: the generator s

i

transposes in v 
omponents v

i+kn

; v

i+1+kn

for all k 2 Z

simultaneously. Usually, one takes ve
tors v su
h that v

i+n

= v

i

+ n; i 2 Z.

Asso
iating to the identity element the \va
uum ve
tor". : .

i

= i, 8i 2 Z,

then the orbit of . is in bije
tion with

e

S

n

and one 
an 
ode any element

� 2

e

S

n

by the image v = . � of . under �, or equivalently by the window

[v

1

; : : : ; v

n

℄.

In other words, elements of

e

S

n


an be 
oded by ve
tors in Z

n

, starting

from [1; 2; : : : ; n℄, with the a
tion

[� � � v

i

; v

i+1

� � � ℄ s

i

= [� � � v

i

; v

i+1

� � � ℄ ; 1 � i � n� 1

[v

1

; : : : ; v

n

℄ s

0

= [v

n

� n ; : : : ; v

1

+ n℄ :

(6)

One has in fa
t many other 
hoi
es to represent

e

S

n

by in�nite ve
tors

satisfying periodi
ity 
onditions. One 
an also modify the de�nition of \trans-

posing two adja
ent 
omponents".

For example, let 
(.) be the in�nite ve
tor with all 
omponents equal to

0, and let 
(�) be the image of 
(.) under the a
tion

[� � � 


j

; 


j+1

� � � ℄ s

i

= [� � � 


j+1

+ 1; 


j

� � � ℄ ; 1 � i � n� 1; 


i

� 


i+1

;8j

�

=

i mod n :

(7)

This a
tion preserves equalities 


j

= 


j+n

, and on
e more, one 
an restri
t

ve
tors to their 
omponents 1; : : : ; n. In that set-up, one has

[


1

; : : : ; 


n

℄ s

0

= [


n

; : : : ; 


1

+ 1℄ ; 


n

� 


1

: (8)

Now, it is easy to 
he
k that the mapping

e

S

n

3 � 7! [


1

; : : : ; 


n

℄ 2 N

n

is a bije
tion. It 
an be easily des
ribed without passing through a redu
ed

de
omposition of � (
f. [1℄).

By restri
tion, it indu
es a bije
tion from S

n

onto the set of ve
tors su
h

that 


1

� n � 1; : : : ; 


n

� 0. Su
h a ve
tor is 
alled the Lehmer 
ode of

the 
orresponding permutation � [9℄ and en
odes the \inversions"of �. This

is still true in the in�nite 
ase (
f. [1℄, [5℄). Let us 
all s
alar weight of 
(�)

the sum 


1

+ � � � + 


n

. Then the above a
tion shows that the s
alar weight

in
reases by 1 if length in
reases, and thus the s
alar weight of 
(�) is equal

to the length `(�). Shi [14℄ gives another des
ription of the length fun
tion,

dire
tly from the window of �.



3 Quotient of

e

S

n

modulo S

n

Sin
e all s

i

's play a symmetri
al rôle, all quotient spa
es of

e

S

n

modulo a

maximal paraboli
 are isomorphi
. Let us 
hoose the �nite symmetri
 group

S

n

, generated by s

1

; : : : ; s

n�1

, as a maximal paraboli
.

The unique element of minimum length of a 
lass �S

n

is the unique

element � of the 
lass su
h that

`(� s

i

) < `(�) , i = 0 :

Therefore, minimum elements are exa
tly those elements with (stri
tly) in-


reasing window [v

1

; : : : ; v

n

℄ : v

1

< v

1

< � � � < v

n

.

From (2.3) one dedu
es that 
odes of su
h elements are (weakly) in
reas-

ing ve
tors [


1

; 


2

; : : : ; 


n

℄ su
h that 


1

= 0, that is, are partitions of length

� n� 1.

Now, there is a third 
oding of

e

S

n

=S

n

by in�nite ve
tors u, with peri-

odi
ity u

j+n

= u

j

� 1, 8j 2 Z. It amounts to take origin ve
tor su
h that

[u

1

; : : : ; u

n

℄ = [ 0; : : : ; 0 ℄, and a
t by

[� � �u

i

; u

i+1

� � � ℄

s

i

�! [� � �u

i+1

; u

i

� � � ℄ ; 1 � i � n� 1 ;

[u

1

; : : : ; u

n

℄

s

0

�! [u

n

+ 1; : : : ; u

1

� 1℄ :

(9)

From a ve
tor u in Z

n

su
h that u

1

+ � � � + u

n

= 0 (
all weight su
h a

ve
tor), one 
an re
over an element of S

n

n

e

S

n

as follows (the quotient is now

on the left): one has to sort in
reasingly the ve
tor [1 + nu

1

; : : : ; n+ nu

n

℄.

For example, n = 3, u = [7;�4;�3℄ gives the ve
tor [22;�10;�6℄ =

[1 + 3 � 7; 2 � 3 � 4; 3� 3 � 3℄ whi
h is sorted into [�10;�6; 22℄, and is an

element of

e

S

3

of minimum length (of 
ode [0; 1; 19℄) in its 
oset modulo S

3

.

B. Le
ler
 has shown me that it is more 
onvenient, in the theory of

roots of aÆne Weyl groups, to add an \imaginary root"and use \extended

weights"whi
h are ve
tors in Z

n+1

: one takes for origin [0; : : : ; 0℄ 2 Z

n+1

and the a
tion is

[� � �w

i

; w

i+1

� � � ℄

s

i

�! [� � �w

i+1

; w

i

� � � ℄ ; 1 � i � n� 1 ;

[w

1

; : : : ; w

n

; w

n+1

℄

s

0

�! [w

n

+ 1; : : : ; w

1

� 1; w

1

� w

n

+ w

n+1

� 1℄ :

(10)

A weight u 2 Z

n

already has an unne
essary 
omponent, sin
e the sum of


omponents is zero : one 
an write u = x

1

�

1

+ � � �+ x

n�1

�

n�1

, the �

i

being

the simple roots [1;�1; 0; : : : ; 0℄; : : : ; [0; : : : ; 0; 1;�1℄.

However, it happens that going to Z

n+1

simpli�es some 
onstru
tions, the

extra 
omponent having 
ombinatorial interpretations.

4 n-Cores and Bruhat order

None of these three 
odings furnishes a des
ription of the Bruhat order. For-

tunately, Fo
k spa
es and 
rystal graphs indi
ate a fourth one ([13℄, [11℄, [6℄).



Now one will represent elements of

e

S

n

=S

n

by partitions whi
h are n-
ores,

that is partitions su
h that one 
annot erase a border strip (also 
alled outer

ribbon) of length n from their diagram (
f. [7℄).

One numbers diagonals of diagrams with the numbers (whi
h are 
alled


olours) 0; 1; : : : ; n� 1 periodi
ally, the main diagonal being of 
olour 0.

Now, take the diagram of a an n-
ore su
h that no 
orner box is of 
olour

i. Then the a
tion of s

i

, i = 0; : : : ; n�1 on this diagram is to add all possible

boxes whi
h are of 
olour i, in su
h a way that the resulting obje
t is still the

diagram of a partition. If there is at least one 
orner box of 
olour i, then the

a
tion 
onsists in erasing all peripheal boxes of 
olour i su
h that one still

gets a diagram of a partition.

It is an easy 
ombinatori
s to 
he
k that from an n-
ore one still gets an

n-
ore, and that the operation is involutive. Now, one does not try to 
he
k

the braid relations, be
ause one takes the 
lassi
s again ([7℄ p.78) and one

sees that one 
an use, instead of an n-
ore, still another obje
t whi
h is 
alled

aba
us.

Let } be a (de
reasing) partition extended to in�nity on the right by 0's:

} = [}

1

;}

2

; : : : ;}

k

; 0; 0; : : : ℄. Let A be the set of numbers f}

1

� 0;}

2

�

1;}

3

� 2; : : : g interpreted as balls in an aba
us of width n and bi-in�nite

height, with pla
es numbered 
onse
utively as follows:

.

.

. � � �

.

.

.

.

.

. level

1� 2n � � � �n� 1 �n �1

1� n � � � 1 0 0

1 � � � n� 1 n 1

n+ 1 � � � 2n� 1 2n 2

.

.

. � � �

.

.

.

.

.

.

.

.

.

:

Putting balls in positions belonging to A gives by de�nition the n-aba
us of

the partition }.

That } be an n-
ore is equivalent to the fa
t that balls are verti
ally

pa
ked upwards ([7℄ p.80).

Reading levels of bottom balls, one gets a ve
tor in u 2 Z

n

su
h that

u

1

+ � � � + u

n

= 0, that is, one gets a weight. This 
onstru
tion is, indeed,

a bije
tion between weights in Z

n

and n-
ores or elements of S

n

n

e

S

n

or of

e

S

n

=S

n

.

For example, the 5-
ore [4; 2

3

; 1

4

℄ gives by substra
tion the in�nite ve
tor

[4; 1; 0;�1;�3;�4;�5;�6;�8;�9; : : : ℄



and the aba
us

level

�14 �13 �12 �11 �10 �2

�9 �8 � �6 �5 �1

�4 �3 � �1 0 0

1 � � 4 � 1

the weight [1; 0;�2; 1; 0℄, the 
ode [0; 1; 2; 2; 4℄ and the element [�7; 2; 5; 6; 9℄

of

e

S

5

=S

5

.

For ea
h of the di�erent obje
ts that have been given, the des
ription of

the a
tion of the simple generators s

i

allows to prove that the above 
on-

stru
tions are indeed bije
tions and that the elementary operations represent

the generators of

e

S

n

.

Now ea
h of the obje
ts that we have displayed will provide informations

about the 
orresponding element of the aÆne group, information whi
h would

sometimes not have been easy to get in another des
ription, though all bije
-

tions here are elementary. For example, it is amusing to look at what be
omes

the addition of weights (plain addition of ve
tors) in terms of n-
ores, or of


odes.

Here is some example 
omputed with ACE [15℄, where we give a 
hain

of elements of

e

S

4

=S

4

, with their 
ode, the 
orresponding extended weight

in Z

5

and the 4-
ore with its 
olours. The reader should beware that simple

transpositions a
t from the left on 
odes and on group elements, and from

the right on weights and 
ores.

Code

Group element

Ext:weight

Core

Diagram

[0; 1; 2; 7℄

[�6; 1; 4; 11℄

[0;�2; 2; 0;�4℄

[7; 4; 2; 2; 1; 1; 1℄

2

3

0

1 2

2 3

3 0 1 2

0 1 2 3 0 1 2

s

1

�!

[0; 2; 2; 7℄

[�7; 2; 4; 11℄

[�2; 0; 2; 0;�4℄

[7; 4; 2; 2; 2; 1; 1; 1℄

1

2

3

0 1

1 2

2 3

3 0 1 2

0 1 2 3 0 1 2

s

3

�!



[0; 2; 2; 8℄

[�7; 2; 3; 12℄

[�2; 0; 0; 2;�4℄

[8; 5; 2; 2; 2; 1; 1; 1℄

1

2

3

0 1

1 2

2 3

3 0 1 2 3

0 1 2 3 0 1 2 3

s

0

�!

[0; 2; 2; 9℄

[�8; 2; 3; 13℄

[3; 0; 0;�3;�9℄

[9; 6; 3; 2; 2; 2; 1; 1; 1℄

0

1

2

3 0

0 1

1 2

2 3 0

3 0 1 2 3 0

0 1 2 3 0 1 2 3 0

s

3

�!

[0; 2; 3; 9℄

[�9; 2; 4; 13℄

[3; 0;�3; 0;�9℄

[9; 6; 3; 3; 2; 2; 2; 1; 1; 1℄

3

0

1

2 3

3 0

0 1

1 2 3

2 3 0

3 0 1 2 3 0

0 1 2 3 0 1 2 3 0

For what 
on
erns the Bruhat order, we shall see that we need n-
ores.

Codes, whi
h are also (in
reasing) partitions for minimum elements in their


oset modulo S

n

, would not give (by in
lusion) the proper order, but only

a sub-order. Bj�orner and Brenti ([1℄, th 6.3 and th.6.5) obtained a 
riterium

des
ribing the Bruhat order in terms of monotonous fun
tions; it is equivalent

to the following proposition.

Let us denote by C the morphism from

e

S

n

=S

n

(identi�ed with the set of

elements of

e

S

n

whi
ht are of minimum length in their 
oset) onto n-
ores.

Proposition 1. Let �; ! 2

e

S

n

=S

n

. Then � � ! i� the diagram of C(�) is


ontained in the diagram of C(!).

Proof. Take any 
orner of the diagram of C(!) and let i be its 
olour. Then

s

i

! < ! and one knows that ([2℄, [3℄)

� � ! , min(s

i

�; �) � s

i

!

Now, we have to 
ompare two n-
ores with less boxes, and as in the �nite


ase, we are �nally redu
ed to know how to 
ompare two elements of length

di�ering by 1.

5 Basis of the Bruhat order

When one needs to store huge sets of elements of the aÆne group, together

with the information about the Bruhat order, then it is not eÆ
ient to also

store the asso
iated partitions ( for an element in

e

S

n

, we need n partitions,

be
ause we have n di�erent proje
tions

e

S

n

7!

e

S

n

=S

n

). It is well illustrated

by Ge
k and Kim [8℄, in the �nite 
ase, that one has instead to use the basis

of the order, as de�ned above. In this se
tion we shall determine the basis of

e

S

n

=S

n

.



Let us �rst introdu
e some spe
ial n-
ores.

Given two stri
tly positive numbers p; q su
h that p + q = n, a (p; q)-

stair
ase is a partition E su
h that the stairs of its diagram are all of heigth

p and width q, ex
ept for the top stair whi
h is of width � q and the bottom

stair whi
h is of heigth � p.

In other words, E = [E

1

; E

2

; : : : ; E

k

; 0; : : : ℄, the non zero di�eren
es E

i

�

E

i+1

are all equal to q, ex
ept possibly for the last one E

k

� 0 whi
h is su
h

that 1 � E

k

� q, and the partition 
onjugate to E (obtained by transposing

the axes) satis�es the same 
onditions with p instead of q.

Let us noti
e that all the 
orners of a stair
ase have the same 
olour, and

that, given (p,q) and a point in the Cartesian quadrant N � N, there existis

one and only one (p; q)-stair
ase having this point as a 
orner.

Let D be the diagram of an n-
ore, and 4 one of its 
orners. 5 the

maximal box of D on the �rst diagonal of the same 
olour above (resp. below)

the diagonal 
ontaining 4 (if it exists). De�ne the left-re
trix (resp. right-

re
trix) of D of pivot 4 to be the stair
ase having 4 and 5 as 
orners.

n-Cores whi
h are too small to have two diagonals of the same 
olour are in

fa
t stair
ases. Let us say in that 
ase that they have only one re
trix whi
h


oin
ide with themselves.

For the 4-
ore [5; 4; 3; 2; 1; 1; 1℄, here is an example of a left-re
trix (�gured

by ~'s):

2

3

0

1 2

2 3 0

3 0 1 2

0 1 2 3 0

7!

2

3

5

1 2

2 3 4

3 0 1 2

0 1 2 3 0

7!

2

3

~

~ 2

~ ~ ~

~ ~ ~ 2

~ ~ ~ ~ ~

Re
alll that in the �nite symmetri
 group 
ase, 
osets representatives are

diagrams 
ontained in a re
tangle; re
tri
es of a diagram D are the maximal

re
tangular partitions 
ontained in it [12℄. Des
ribing Bruhat order on a �nite

symmetri
 group essentially redu
es to de
omposing partitions into maximal

re
tangles.

Lemma 2. Let D be the diagram of an n-
ore. Then D is the supremum

(with respe
t to in
lusion of diagrams) of its re
tri
es.

Proof. Sin
e D is 
ontained in the supremum of any family of diagrams su
h

that ea
h 
orner of D is 
ontained into at least one of them, it is suÆ
ient

(and immediate) to 
he
k that ea
h re
trix of D is 
ontained entirely in D.

In order to determine the basis of

e

S

n

=S

n

, we need some more properties

of stair
ases.



Lemma 3. Let D and F be diagrams of n-
ores su
h that D is not a stair
ase

and D is not in
luded into F . Then there exists at least one stair
ase E in

D su
h that E 6� F .

Proof. Take any 
orner | of D whi
h does not belong to F . Then any stair-


ase with 
orner | and in
luded into D will do.

Lemma 4. Let E be (p; q)-stair
ase, having at least one internal 
orner |

(i.e. a 
orner whi
h is not on the �rst 
olumn, nor on the bottom row). Let 5,

4 be the east and south neighbour boxes of |, and let E

5

be the (n � 1; 1)-

stair
ase of 
orner 5 and E

4

be the (1; n � 1)-stair
ase of 
orner 4. Let

moreover F be the partition whi
h is the supremum of E

5

and of E

4

(it is

an n-
ore).

Then E is minimum in the 
omplementary of the interval [; � F ℄.

Proof. Suppose that an n-
ore E

0

is stri
tly 
ontained in E and not in F .

Take a box of E

0

whi
h does not belong to F and a stair
ase E" 
ontained in

E

0

of 
orner this box. Then E" is not in
luded in F . Therefore it is suÆ
ient

to prove that ea
h stair
ase E" stri
tly 
ontained in E is also 
ontained in

F . If E" � E 
ontains a box whi
h is an internal 
orner of E, then this box

is a 
orner of E" and E" = E. Therefore E" avoids all internal 
orners of

E, in parti
ular |. But is is 
lear that the part of E" whi
h is right of | is


ontained in E

4

, and that the part whi
h is left of | is 
ontained in E

5

.

This implies that E" � F .

For example, take the (2; 2)-stair
ase

'

ooo

oo

o := [7; 5; 5; 3; 3; 1; 1℄, 
hoosing

the 
orner pointed by |, its diagonal being �gured by �'s:

2

3

0 1 2

1 2 3

2 3 0 1 2

3 0 1 2 3

0 1 2 3 0 1 2

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o 5 |

'

ooo

oo

o � 4

�

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

'

ooo

oo

o

Then any 4-
ore stri
tly 
ontained in

'

ooo

oo

o is also 
ontained in the 4-
ore

F = [12; 9; 6; 3; 2; 1; 1; 1℄ =

5

5

5

55

5� 4

� 44444

444444444

444444444444



We have left aside the 
ores having no internal 
orner, that is hook-

partitions. A 
ase-by-
ase analysis whi
h o�ers no diÆ
ulty gives the fol-

lowing 
lassi�
ation.

Lemma 5. Partitions

[1℄; [2℄; : : : [n� 1℄; [1

2

℄; : : : ; [1

n�1

℄; [n; 1℄; [2; 1

n�1

℄

belong to the basis, but not the other hooks with n+1 boxes: [3; 1

n�2

℄; : : : ; [n�

1; 1

2

℄, though they are (p; q)-stair
ases.

For example, for n = 5, the basis 
ontains the hooks [1℄; [2℄; [3℄; [4℄;

[1

2

℄; [1

3

℄; [1

4

℄; [5; 1℄; [2; 1

3

℄, but not [3; 1

3

℄ nor [4; 1

2

℄. Indeed, [3; 1; 1; 1℄ is the

supremum of [3℄ and [1; 1; 1; 1℄, and [4; 1; 1℄ is the supremum of [4℄ and [1; 1; 1℄.

In summary, one has the following 
hara
terization of the basis of

e

S

n

=S

n

.

Theorem 6. The basis of

e

S

n

=S

n

for the Bruhat order 
onsists in all (p; q)-

stair
ases, p+ q = n, ex
epted the hooks [3 1

n�2

℄; : : : ; [n� 1; 1; 1℄.

We have now all the ne
essary tools to handle the aÆne symmetri
 group

together with its Bruhat order. In parti
ular, elements will be represented by

the de
omposition of their asso
iated 
ores into maximal sub-stair
ases.

For example, the 5-
ore

'

ooo

oo

o = [6; 6; 5; 4; 3

4

; 2

4

; 1

4

℄, 
orresponding to the

group element [�15; 2; 4; 11; 13℄, with 
ode [0; 3; 3; 7; 8℄ and length 21, is de-


omposed into the following three stair
ases

0

1

2

3

4 0

0 1

1 2

2 3

3 4 0

4 0 1

0 1 2

1 2 3

2 3 4 0

3 4 0 1 2

4 0 1 2 3 4

0 1 2 3 4 0

=

0

1

2

3

4 0

0 1

1 2

2 3

3 4 0

4 0 1

0 1 2

1 2 3

2 3 4 0

3 4 0 1

4 0 1 2

0 1 2 3

[

0 1 2

1 2 3

2 3 4

3 4 0 1 2

4 0 1 2 3

0 1 2 3 4

[

2 3 4

3 4 0

4 0 1 2 3 4

0 1 2 3 4 0

For a 5-
ore to be bigger than

'

ooo

oo

o with respe
t to the Bruhat order, it is

ne
essary and suÆ
ient to be bigger than ea
h of the above three stair
ases.

As in the 
ase of a �nite symmetri
 group, one has to redu
e the numbers

of proje
tions

e

S

n

7!

e

S

n

=S

n

or

e

S

n

7! S

n

n

e

S

n

=S

n

to get an eÆ
ient 
oding

[12℄. We shall not go into these te
hni
alities here. Let us just mention that in

the 
ase of a �nite symmetri
 group, we have used su
h a \de
omposition"of

a permutation into re
tangular partitions to 
ompute Kazhdan-Lusztig poly-

nomials [10℄.
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�
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rrrrrr
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�
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�

�
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�
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�

�
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�
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�
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�

19

�

318

�

437

�

�

�

�

�

556

�

3

�

1X

�

419

�

538

�

657

Cosets representatives for n=3
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�
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101 020

120

qqqqqq

�

�

�

�

�

�
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�

�

qqqqqq

qqqqqq

MMMMMM

022 310 004
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�

�
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�

qqqqqq

qqqqqq

MMMMMM
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�
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�

�

MMMMMM

MMMMMM
050

qqqqqq

�

�

�

�

�

�

033 204 051

�

�

�

�

600

034 250 601 007

Codes
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�

1
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�
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3 02
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�
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�
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�
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1

�
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�

7 0

�
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�
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�
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�

4 21

�

3

�
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Extended Weights

0

1

�

�
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�
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�
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2 11
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3-Cores
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