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Grothendieck polynomials represent Schubert varieties in the Grothendieck ring of
the flag manifold (for GI(n,C)). We describe how general Grothendieck polynomi-
als are related to those for Grasmann manifolds, which themselves are deformations
of Schur functions.

1 Introduction

Given a vector bundle V' of rank n, the Grothendieck ring of classes of vec-
tor bundles of the relative flag manifold F(V) is generated by the classes
ai,...,an of the so-called tautological line bundles on F(V).

The structure sheaf of a Schubert variety in F(V'), having a finite reso-
lution by vector bundles, can be expressed as a (Laurent) polynomial in the
a;, 1/a;. Explicit representatives G, o € &,, were defined in 16 17 yunder the
name “Grothendieck polynomials ” (we recall their definition in Eq. 16). We
shall also use codes of permutations rather than permutations, and in that
case, note G[J], J € N (codes are defined in section 2).

I gave in 2,13 two different expressions of the G[J], J partition, that I
recall in the last section. As usual in the theory of symmetric functions, it
is appropriate to let the number of indeterminates be infinite and to obtain
the finite case by specializing x,41 = 0 = 2,42 = ---. When using these
conventions, we shall write partitions decreasingly and write g, for the sym-
metric function in an infinite number of variables obtained from the symmetric
function G[J] (in x1,...,2y,), with J =[0<j1 <--- <jn], A = [Jns .-+, J1)-

In general, introducing some equivalence (taking the “stable part”) that
can be defined in four different manners which will be described in section 5,

and that we shall note ngb, one can decompose any Grothendieck polynomial
into a sum of Grasmannian ones

stab
GU ~ CAGA (1)

The similar decomposition for cohomology classes (represented by Schu-
bert polynomials) embeds into the tradition of “Schubert calculus” (for exam-
ple, intersection multiplicities of Schubert varieties, generalizing the so-called
Littlewood-Richardson rule).
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Buch ! studies the algebra generated by the gy, and the decomposition (1)
that he explicits for certain permutations. One motivation to write this text
was to answer his question about positivity of the coefficients in (1) (once
taking the correct normalization), and I thank him for having sent me his
preprint.

Adapting what has been done for Schubert polynomials X,, o € &,,, in
15 and 18, we shall give in Eq. (32) a formula which can be translated into a
tree which describes the multiplicities in (1). Moreover, this tree, as in the
case of cohomology, gives a way to explicit the multiplicative structure of the
Grothendieck ring of the Grassmannian, which is the problem considered by
Buch!.

To generate the tree, one needs only to describe the multiplication of
Grothendieck polynomials by 1—1/a;, i = 1,...,n, i.e. to describe the class of
hyperplane sections of Schubert varieties. The similar rule for the cohomology
ring is due to Monk (it was previously obtained by Chevalley) and leads to
the explicit expression of Schubert polynomials as (positive) polynomials in
the Chern classes of the tautological line bundles, as well as their stable part.

The cohomological computations can easily be extended to two sets of
indeterminates, due to the extension of Monk’s rule (cf.!?), or translated
into planar combinatorial constructions. The same is true for Grothendieck
polynomials , but for simplicity, we shall restrict here to only one set of
indeterminates.

Grothendieck polynomials are obtained from the action of the 0-Hecke
algebra on the ring of polynomials. Let us emphasize that this action is not
unique and depends upon several arbitrary parameters that we shall have to
put into use (the action of the Iwahori-Hecke algebra of the symmetric group
also depends upon several parameters, cf.!?).

There exists quantum analogues of Grothendieck polynomials and we refer
to the work of Kirillov® for their definition and properties.

The geometry of Grassmann varieties is well understood thanks to Schu-
bert, Giambelli and their successors®. It is hoped that relating the Schubert
subvarieties of a flag manifold to those of a Grassmannian will be of some help
to understand those varieties, the singularities of which we still do not know
how to describe 2.

In the present article, we do not consider Schubert varieties, but only the
classes of their structure sheaves. Much of the combinatorics of the symmetric
group that appear in my work with M.P. Schiitzenberger finds application to
Schubert calculus, and I mentionned in this text the connections with —22.

"lascoux - transitions on grothendieck polys - TransOnGroth”: submitted to W(#rld Scientific on July 1, 201.




2 0-Hecke algebra

The 0-Hecke algebra H of the symmetric group &,, is the algebra generated
by T1,...,T,—1 satisfying the braid relations

TTinTi = TinTiTivn & TT; =TT, |i—j| #1

together with T? = T;. Given arbitrary parameters a, 3,7, € C, such that

ad — By =1, one gets an action of # on the ring C[aT, ..., aF] by setting

r'n

(a; + B)(vaiy1 +90)f — (aaip1 + B)(ya; +6) f*

a; — 41

Ty f o S Tii=

where s; exchanges x;, ;11 (cf.'6,19 for a more general statement; operators
on polynomials will be denoted on the right).
Moreover, the elements 1 — T; also satisfy the braid relations together
with (1 - 111)2 =1- Ti-
The operators
f- g
[ 0= ———
G — Q41
are Newton’s divided differences.
The operators

aif — aip1 f*

A — Q41

f=frmi=fa;0; =

and the operators

Si
f= fmi= foiaipt = Gi1f = Qi1 J7

a; — Ai41
are due to Demazure ? and called isobaric divided differences in 16.

Let us also use the variables z; := 1 —1/a;, and the corresponding opera-
tors that we shall distinguish by superscripts (for example, 0 sends z; onto
1, and a1 = 1/(1 — x1) onto ajas).

Since braid relations are satisfied, to any permutation o are associated op-
erators T, &, w2, 0%, 0%, 7%, m2 which can be obtained by taking any reduced
decomposition of ¢ and evaluating the associated product of elementary op-
erators. In particular, the operators associated to the mazximal permutation
w € 6, w:=n,...,1] play a fundamental role.

We shall also need the isobaric divided differences corresponding to the
shifted variables a;—1,a2—1,...,a,—1 that we shall denote D1,...,D,_; to
avoid any confusion with the preceding ones.
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All these operators can be expressed in terms of Newton’s divided differ-
ences only, but it greatly simplify computations, and comprehension, to intro-
duce them instead of restricting to divided differences. Most of their properties
directly arise from the following relations, which can be easily checked from
their concrete action on polynomials or using the braid relations together with
Leibniz formula: fg0; = f (g0;) + (f ;) g%

For example, Eq. (2)—(7) are statements involving only two indices
{i,i+1}. The operators commuting with multiplication by a function invari-
ant under s;, it is sufficient to check their action on the two polynomials 1
and x;.

Lemma 1. Divided differences satisfy the following relations :

T =1 —2i1)0f 5w =0 (1— ) (2)

Of = (1= 2i)(1 = @is1) 07 = 07 (1 — xi)(1 — @is1) (3)

T = (ai —Dai+10; ; 77 = 0fai(aiy1 — 1) (4)

Of = a;a;41 08 = ajp1 7 =78 a; = 0fa;ai41 (5)

D; =xz;(1—xi41)0F = (a; — 1) 0¢ (6)

i =7 i+ (L= i) 5 (@ - D) =77 (i — 1) (7)
78Dy 1 Dy =Dy gDyl i<n—1 (8)

Ty Tl T = Mijp1 W1 Tpe1 , 4 <n—1 (9)

D, =(ap —1)" " (a, —1)°0% =t 20 12 (10)
= (1—a)t - (1 —m,)"t 0% (11)

Only the last two relations require a comment. Indeed 97, can be charater-

ized as the Sym(ay,...,ay)-linear operator which annihilates all monomials
a* :=aM---a), A\ < p:= [n—-1,...,0] and sends a” onto 1 (the preceding
monomials are a basis of C[ali, ...,ar] as a free module over the ring Gym:=

ring of symmetric functions in the a;’s or z;’s).
Using this fact, and the remark that all the operators that we have written
are Gym-linear, one checks that

%= N g ey 2 2

€S, "<J'(ai a;) ceG,
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1
=0y == o 13
HKj(l—aj/ai) UEZG,L ( )

and, by change of variables a; — a; — 1,

1
D= e ¥ o= 11
i<j

ai—1 o0ce6, 1<j

a”i_l n—1 0 qa
pp Z c=(a-1)"""(ap,-1)" 02

cES,

(14)
More generally, one has, for ad — 8y =1,

T.=]] (aa; + B)(va; +9) 3 o =[[laa + B)(ra; + 53 (15)

L — s
i<j v cEG, i<j

In the above factorization, we consider T, as an operator on polynomials,
not as an element of the Hecke algebra. Otherwise, we should have to work
in the affine Hecke algebra.

The Grothendieck polynomials G,, o € &, are defined as follows:

Go=ap a2l =1 —-2)y1...(1-2L)0
{G _ 1G Tra ( al) ( an) (16)

Since Schubert polynomials are defined as the images under the 02 of z*, and
since ¢ = (1 — x441) OF, one sees that the term of smallest degree of G, is
the Schubert polynomial (in the x;’s) of the same index.

Grothendieck polynomials , as well as Schubert polynomials, are a Sym-
basis of Claf,...,at] = ClzF,... o]

It is also convenient to index Grothendieck polynomials by codes of
permutations, instead of permutations. The code of a permutation o =
[0l,...,0"] € &, is the vector J = [j1,...,],] such that j; := #{k > i,0" <
o'}. We shall write G, or G[J] indifferently.

Grothendieck polynomials are stable with respect to the embeddings
G, = 6, x 6; — 6,41, and accordingly, one can freely add or suppress
terminal 0’s to codes without changing the polynomials : G[J] = G[JO...0].

Instead of starting from G[p] = z” for a given n, and letting n vary,
one can as well rewrite the preceding definition as follows. Say that a vector

A=[A1,..., ] is dominant if \y > --- > A\ > 0. Then

G\ = ? A dominant
Gl

. . . . . 17
"7]k7]k+17"'] 71',% = G["'a]k+1_17]k7"'] j] >jk)+1 ( )

This convention allows to have all n’s at the same time.

"lascoux - transitions on grothendieck polys - TransOnGroth”: submitted to W(#rld Scientific on July 1, 201.




3 Symmetric Grothendieck Polynomials

On the Grothendieck ring of classes of vector bundles over a manifold act
operators induced from the exterior powers and symmetric powers of vector
bundles, that we shall denote A? and S°.

Explicitely, taking an extra variable z, the generating function of the S
is such that

Zz S'B-B) =[] -=)/ ][ -2b) (18)

ifB=> 0B =5 b are finite sums of classes of line bundles.

More generally, given any partition K = [k1,...,k,], 0 < kg < -+ < Kk,
one has a Schur functor Sk, the action of which on sums B = Y7 | b; of line
bundles is

SK(B) = det |Skj+j7i(B)|1<ij<n — det ‘bf}j-i-n—j

/ det
1<i,j<n

b’?*j‘
v 1<i,j<n
(19)
Still a little more generally again '3, Schur functors indexed by partitions
in N” can be considered as morphisms from the n-th tensor power of a A-ring

into itself :

Sk(B',...,B") := det|S" i~ (B/ (20)

)|1Si,an

where B!, ... ,B" are arbitrary elements of the \-ring.

4  Stable part by restriction or symmetrization.

Let k,n € N, k > n, I € N¥. Then G[0*~'I] is symmetrical in x1,...,x) and
therefore the restriction

G011

Tpyp1=0=z) 3=

is a symmetric function F[I] of k variables.

Similarly to the case of Schubert polynomials (cf.'?,2) we shall adopt the
common terminology and call F[I] the stable part of G[I], writing also F, if
o is any permutation of code [I0 ...0].

One needs to check some stability with respect to k, since one has only
required k > n. This will be clarified by the following property.
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Theorem 2. 1) Let I € N*. Then
G[I|D,, --- D1 = G[0I] (21)
2) Let w be the mazimal permutation of &,. Then
G[I|D,, = F[I] € Gym(z1,...,%n) (22)

Proof. G[I] is the image of some G[J], J € N dominant, under some product
of 7, i < n — 1. However, G[J] can be written as a determinant (with
Api=ta1 4+ +a):

G[J} == G[JO] = (a1 c ~an+1)7" Snn+1 (AanO, An*jyu ey Alfjl) .

Since Vi,j,k € N, one has S*(A; — j) D; = S*(A;1 — j—1) (D; being the
isobaric divided difference with respect to the pair (a;—1,a;4+1-1)), each D; in
the product D, - - - D; operates in turn on a single column of the determinant,
the others being symmetrical in (a;—1, a;41—1). Therefore the image of G[.J0]
under D, --- D is

(a1 e an+1)7" Snn+1 (An+1 — 0, An+1 — jnfl, ey An+1 — jlfl)

i.e. is equal to the image of G[j1 + 1,...,7n + 1,0] under 7% - .- 7{ which by
definition is G[0J].
Now, if G[I] = G[J]x{7§ - -

Glo1] = G[0J] 7fy 178y, - = GJ]Dy -+~ Dymdyy @iy - = G[I|Dy - - D,

and this proves Eq. (21).

To simplify indices, let us take k = n = 4 to attack Eq. (22) The morphism
G[I} — C:[OOOH7 I € N*is D, = (D4 . Dl) (D5 i Dl) (D6 . Dl) The
specialization x5 = xg = x7 of G[000I] is the same as the specialization
of G[000I]D,,, with n = s¢s5s4s65556. However, vn = wy (= the maximal
element of &7), and thus is equal to w4 (waw7). Now, given any symmetric

, then the commutations (8) show that

function of z1,...,z4, applying to it any sequence of D; and specializing
x5 =0 =6 = --- does not change the function. Therefore G[I] D,,,, which
indeed is symmetrical in @1, ..., 24, coincides with G[I|D,, |~ =~ O

Notice that if I is the code of a vexillary permutation, then G[I0"1]
has a determinantal expression in terms of the S¥(A; — j), and the mor-
phism G[I0"!] — G[0"'I] consists in replacing in the determinantal ex-
pression of G[I0"!] each term S*(A; — j) by S*(A;1,_1 — j—n+1). Spe-
cializing p41,Tny2,... to 0, that is, any1,an42,... to 1, is obtained by
putting A; 1, = A, + 4, and thus the stable part of G[I] is a determinant in
the S¥(A,—j) (which is recognized to be the one expressing G[J], with J=
increasing reordering of I).
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In other words, if I € N™ is the code of a vexillary permutation, then
G[I] D, = G[J]. This leads to define, for a general I € N", a G-key polynomial
KGII] by

{ KGI[I = G[I] I dominant
KG[... jk, k1, -] D = KGLo o Gikgas Jis - -] Gk > et

Using that D;D,, = D, i < n, one gets that KG[I| D,, = G[J] , with J=

increasing reordering of I. Thus a decomposition of the type

Gl =) e KG[J] (24)

(23)

induces a decomposition
G D, = cr,KG[J] D, (25)

of the stable part of G[I] into Grassmannian Grothendieck polynomials.

In the case of Schubert polynomials, I gave with Schiitzenberger such a
decomposition in terms of “Demazure characters”, but it involves a combina-
torics of tableaux which will be avoided here (cf.2!,2%).

A Grothendieck polynomial indexed by a permutation ¢ = v xn belonging
to a Young subgroup S,, X &,, — &,,1, factorizes into two Grothendieck
polynomials (proposition 6.7 of 14). It is clear, on the definition by restriction,
that the stable part of G, factorizes into the product of the stable parts of
G, and G,. In particular, if v and 7 are vexillary, of respective codes J, K,
which reorders into the partitions A, u, then

G, "R QLI GIK] "%’ grg,
and therefore, as in the case of cohomology, any algorithm producing the sta-
ble part of a Grothendieck polynomial allows to describe products of Grass-
mannian Grothendieck polynomials. Instead of symmetrizing operators, or
restrictions, we shall prefer, in the next section, using transitions.

Grothendieck polynomials satisfy a recursion with respect to
Clz1,...,7,] = Clz1] ® Claa,...,2,] (cf.17) that Fomin and Kirillov®
have written as a generating function in the 0-Hecke algebra. This allows
them to define in the same fashion stable Grothendieck polynomials :

Let T; be the generators of the 0-Hecke algebra (with T2 = —T;), and for
any n,7: n >, let

Apr(x) =1 +2Tp—1) - (1+2T,)

Deﬁnigonﬁ. For any n, and any o € G,,, the stable Grothendieck polyno-
mials F, are the coefficients of the generating function

-An,l(xl) te An,l(xn) = Z ﬁa T, . (26)

ceS,
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On the other hand, the generating function® of Grothendieck polynomials

GO’) OIS 6271—17 is
Gon—1:= Agn—11(x1) A2n—1,2(x2) - - - Aop—1 2n—1(T2n-1) - (27)
Now, if T;T;---T) is equal to T,, ¢ € &,, o having code I, then
Titn-1Tjin—1 Tktn-1 is equal to T,,, o' having code [0"'I]. There-
fore, the coefficient of T, in the specialization T; = 0 = --- = T, _q;

Tpy1 = 0 = -+ = 29,1 of Gog,—1 is the same as the coefficient of T, in
Apa(z1) -+ Ap1(xy), that is, one has the identity

F, = G[0" ]

Tngp1=0==22n_1 Fo . (28)

In fact, Grothendieck polynomials already appear at the level of the
“twisted” group algebra of the symmetric group (i.e. the algebra generated
by the s;’s, x;’s), as coefficients in the expansion of isobaric divided differ-
ences m, T, in the basis of permutations (cf.??). Yang-Baxter equation in the

0-Hecke algebra also lead to similar expansions (¢, 11).

5 Transition on Grothendieck polynomials

Let o be a permutation J its code, and r be the length of J (ie. j. > 0,
ji = 0 Vi > r). Let v be the permutation of code [j1,...,jr-1,Jr — 1]
Recall that for what concerns Schubert polynomials in x1, zo, . .., one has the
equation

X, =2, X, + Zig«,) Xow s (29)

sum over all transpositions 7;; : j := v,,i € Z(0) (i.e. ¢ such that such that
Z(Tjil/) = 6(1/) —+ ].)

These equations, called transition in '°, refine the Ehresmann-Bruhat
order on the symmetric group and give the expression of Schubert polynomials
as a positive sum of monomials; they also furnish the stable part of them as
a sum of Schur functions, if one cancels the successive terms z,.X,, when
iterating Eq. (29).

One has similar transitions for Grothendieck polynomials . But first, one
needs to explicit products of G, by x,’s. In ', I described the G, /(a; - - - a,).
It requires a small adaptation to get products by 1/a, = 1 — z, instead. On
the other hand, I cannot relate products G, (1 — x,) to the products a*G,, A
dominant, considered in 7 under the name Pieri formula. Geometrically these
last products are classes of restriction of ample line bundles over Schubert
subvarieties, and not intersections as in our case.

1
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Let us keep the same hyptheses as in Eq. (29), ordering the values iy <
ig < -+ <1ig, 1 € Z(o), appearing in the summation. Given any o € &,,, and
any pair of integers j,i < n, we shall write 7;; xG, for G,,,, considering that
a transposition 7;; acts on indices of Grothendieck polynomials present on its

right.
Proposition 3. Let o be a permutation. With the hypothesis of Eq. (29),
one has

GUZGV—F(LET—1)(1—Tjik)*-“*(l—Tjil)*G,,. (30)
Proof. Suppose first that o7 > ---0,—1. If j._1 # 0, then G[j1,...,5,] =
x1--2:Glj1 — 1,...,4, — 1] and one is reduced to study a polynomial of
smaller degree. The fundamental case to study is J = [j1,...,Jr-2,0, ],
Jr—2 > 0.

By induction on r, we know that
G[jla s 7jr727j7‘ + ]-] = G[jla cee ajr727jr] +
(xT—l - 1)(1 - Tjik)*' Tk (1 - Tin) *G[jlv' <. aj’r—27j7‘]

(31)

the transpositions appearing in this formula being the same as in Eq. (30),

but for 7;; which is missing ( the hypothesis j,_o > 0 implies i1 = 1).
Taking the image of (31) under 7¢_; with the help of (7), one gets

G[jla cee 7j'r72707j7’] -

G[jla R aj7‘—27 07.7.7'71] + (liTjik) Kook (177-]@'2) * G[.jlv s a.jT'—27j7'7 O]%gfl(xT'il)
= G[jla cee 7j7’—2, Oyjr - 1] +oex (1 - Tjiz)
*(G[jlv s 7jr’72a Oaj?“ - ]-] - G[jlv s vjr72ajr7 0])
= G[jh e Jr—2,0, 0 — 1] + (1 - Tjik,) Tk (1 - Tji2) * (1 - le)
*G[jla v 7,7'7‘727 Oaj’r - 1] (‘rT - 1)

which is the required expression for those special J.

A general G[J'], J' € N”, will be obtained from a G[J], j1 > -+ > jr_1
by repeated use of the n¢, i <r — 2.

Suppose that Eq. (30) is true for a permutation o. Let p < r — 2 be an
integer such that v, > v, 1. Then, except when both v, and v,1; belong to
I(o), the image of (30) under 7y is a decomposition

fosp = GVSp + (xT - 1) (1 77]'%)*"’*(1 7Tji1)*Gusp

of the type required by the theorem. On the other hand, if v, = B,vp41 =
a € I(o), one writes the RHS of (30) as a summation

(@ =1 0 % (1= 78) (1 = Tja) x 1" % G,y
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sum over certain pairs of permutations n’, n””. Thus terms occur in four-tuples
(@r = 1)(G-paeji: = G e = G + Guipnan)

writing only the indices at places p,p 4+ 1,7. Now, the image of such a term
under 7 is

(Ir - 1)(Gaﬂj - G.‘.aj...g...)

and therefore the decomposition of G, is obtained from the one of G, by

replacing the double factor (1 —7;3)(1 — 7jo) by the single one (1 —7;3), and

exchanging v for vs,,. O
Specializing x,. to 0, one finally gets

Theorem 4. 1) Let o be a permutation, o1 = 1. Using conventions (29), the

stable part of G4 is equal to that of

(1= =) we w1 =750) ) %G (32)
2) There exists positive integers mG such that
stab o)— o

Go "% Y () mg Gl (33)

sum over all partitions J.
Proof. One gets 1) from a transition by specializing x, to 0. Instead of
having to embed &,, into &; x &,,, we have choosen the hypothesis o1 = 1.

From the theory of Schubert polynomials '®, one knows that all the permu-
tations appearing when iterating sufficiently many times a Schubert-transition
are vexillary. Now, in the case where o is vexillary, the set Z(o) is of cardi-
nality 1, and every long sequence of transitions starting from o encounter a
grassmannian permutation (with code obtained by reordering increasingly the
code of o).

There are more permutations appearing in Eq. (30) than Eq. (29). To
adapt the argument of '8, one has to modify the weight function (m —r)¢(o),
where m is the first index such o, > o,,4+1. Buch proposes the function
> i1 2% jitm, where [j1,7j2,..] is the code of o. This function vanishes for
grasmannian permutations, and strictly decreases in a transition o +— 7, n
being any permutation appearing on the RHS of (30).

In summary, the stable part of G, belongs to the space generated by
the stable parts of the G., v grassmannian. However, each product by a
transposition appearing in a transition increases length (of permutations) by

1, and signs are as stated, since ¢(o) = |code(o)| for any permutation o
(this positivity was conjectured by Buch !, as we already mentionned in the
introduction). O
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As an example of decomposition given by theorem 4, let us take o =
[1,5,2,4,3,9,6,7,8]; this implies J = [0,3,0,1,0, 3], » = 6. One has

X152439678 = $6X152438679 + X15248367 + X15283467 + X18243567 ’

and therefore 7 = {3,4, 5},

Gl52430678 = G1s2438679 + (€6 — 1) (1 — 785) * (1 — 784) * (1 — 783) * G152438679 -

Expression (32) develops in this case into

(1—785) % (1 —784) * (1 —783) * G152438679 = (1—7T85)* (1 —T84) (G152438679 —
Gis24s3679) = (1 —Tas) * (Gis2438679 — G152483670 — G1s2834670 + G152843670) =
G52438679 — G152483679 — G52834679 + G52843679 — G182435679 + G1s2453679 +
G182835679 — G'182543679-

Iterating transitions, and using codes now, one finally gets a sum
stab

([030103] “~" G[0601] + G[0502] 4+ G[034] — G[053] — G[0602] + G[05011] +
G[0412] + G[0331] — G[0431] — G[05021] — G[06011] — G[0512] — G[0341] +
G[0531] + G[06021]

of vexillary Grothendieck polynomials , which implies, by sorting indices,

tab
G[030103] "=” ge1 + g52 + g3 — g53 — o2 + G511 + Gaz1 + 9331 — 29431 — 20521 —
9611 + gs531 + ge21-

One has a similar decomposition of the stable part of Schubert polyno-
mials in terms of Schur functions (cf.!”,%). This decomposition is a direct by-
product (just sorting increasingly all indices) of the decomposition of Schubert
polynomials in terms of key polynomials (cf.2°,26), which involves finding all
Young tableaux (in the alphabet s, sa,...) which are reduced deompositions
of a given permutation.

Fomin and Greene® obtain a decomposition of the stable part of G, in
terms of Schur functions, by enumerating tableaux in the 7;’s which are de-
compositions, in the 0-Hecke algebra, of a given T,,. Reconstructing Eq. (33)
from their result, however, is not possible since many cancelations occur :
Schur functions are not the appropriate symmetric functions for what con-
cerns the Grothendieck ring.

We shall give elsewhere a decomposition of Grothendieck polynomials in
terms of G-key polynomials. Let us mention that Grothendieck polynomials
are given by a simple statistics on alternating sign matrices. This also will be
written elsewhere.

"lascoux - transitions on grothendieck polys - TransOnGroth”: submitted to W(#rld Scientific on July 1, 201.




6 Variations among determinantal expressions

There are many determinantal expressions of classes of Schubert subvarieties
of Grassmannians, that is, of g, A partition, or of G[J], J increasing.

Let us illustrate them on a concrete example, the case of a determinantal
variety defined by the vanishing of minors of order 2 of a matrix of order 4.
With the notations used in this text, the Grothendieck polynomial which is
to be explicited is G412 = G[0022].

By definition, it is

(1-1/a1)°(1 = 1/az)*(1 — 1/as)" w30 (34)
= (1—1/a1)*(1 — 1/as)* wisy, (35)
— (a1 — V(a2 — Vaad gy ———— (36)
(a1aza3a4)*
( i 1
= (a1 — 1>4(a2 - 1)4‘1%@3 a‘fa%aé 0301 m (37)
3 4 2 4 5 4 (a1azazay)™*
det|ai(a1—1) ,a;(ap —1) 7%7%"7 (38)

A(A)

with A(A) :=[[,;(a; — ay).

The equality between Eq. (34) and Eq. (35) comes from the fact that
(1 —1/a1)nf =1, and that msq; 1 = Tig0q-

Since 0f3,, is given by an alternating summation on the symmetric group,
(37) is the expansion of (38). The quotient is a multi-Schur function

SA(A —4) S5(A —4) SS(A —4) ST(A — 4)

S3(A —4) S4(A —4) S5(A —4) SO(A — 4) 1
SZ(A) SS(A) 54(A) 55(A) (a1a2a3a4)4
SUA)  SHA) SA) SYA)

(39)

and this the expression that is given in !? (specialized to the case one of the
vector bundles is trivial of rank 4).

In chapter 2 of my thesis '3, I used determinants with entries more general
than symmetric powers. In the case considered, it gives:

1——L a1 +as+ag+ag—4
ajasasa.
S e (4- PR 1) 1 (40)
aijasaszag al as as aq a1a2a3a4
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One can see, more easily than using Grothendieck polynomials , that this
last determinant is equal to the class of the complex resolving submaximal
minors (Eagon-Northcott complez).

Using now variables z;’s, and relation (11), one has:

G[0022] = 2525(1 — z2)z3(1 — 23)*(1 — 24)® Of301 (41)
) 1
= |2f 2} (1 —z) 2 (1 — 24)? (1 — 23)?] AX) (42)

S2(X)  S¥(X)  SYX)  SO(X)

n SHX —-1) S3(X —1) SH (X —1) S3(X —1) 43
T S0(X —2) SH(X - 2) S?(X —2) S3(X —2) (43)
SO(X —3) SY(X —3) S3(X —3) S3(X —3)
The equivalence of (38) and (42), or (39) and (43) is in fact a mere

change of variables z; — 1 — ai, using A(X) = [J((1 = ai) —-(1-21) =

a;

D) EAG) (a; - ay) !

The expression (43) is given by Lenart 24(th. 2.4).

Proposition 3.11 of ' states that, more generally, Grothendieck polyno-
mials are still given by determinants in the case of vexillary permutations.

Note, however, that when the partition J has repeated parts, then one can
slightly modify the determinant expressing G[J] without changing its value.
This is already seen at the level of the equality of (34) and (35).
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