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Abstract

Classes dual to Schubert cycles constitute a basis on the cohomology ring of the
flag manifold F, self-adjoint up to indexation with respect to the intersection form.
Here, we study the bilinear form

(X,Y):=(X Y, c(F))

where X, Y are cocycles, ¢(F) is the total Chern class of F and ( , ) is the inter-
section form. This form is related to a twisted action of the symmetric group of
the cohomology ring, and to the degenerate affine Hecke algebra. We give a distin-
guished basis for this form, which is a deformation of the usual basis of Schubert
polynomials, and apply it to the computation of the Schubert cycle expansions of
Chern classes of flag manifolds.

*Supported by PRC Math-Info and EEC grant n® ERBCHRXCT930400.



1 Introduction and preliminaries

Let V' be a complex vector space of dimension n, and F = F(V) be the variety of
complete flags in V. Tt is well known that the cohomology ring H*(F, C) is the quotient

of the polynomial ring C[X] = C[xz, xa, ..., z,] by the ideal Z* of symmetric polynomials
without constant term.
Let 0;, = 1,...,n — 1 be the simple transposition exchanging z; and z;,,. Denote
by 0; the linear operator on C[zy, ..., z,] defined by
o.f = L= (1)
Ti — Ti41

(Newton’s divided difference). The operators 01, ..., 0, 1 induce operators on H*(F).

According to [1] and [4], the basis of Schubert cycles can be obtained from the class of a
point P = # [1i<;(zi — ;) by successive applications of divided difference operators. Tak-
ing as representative of P the polynomial X := 27 '272...29, one obtains polynomials
Xy, 1t € 6y, called Schubert polynomials, which represent the Schubert subvarieties in the
cohomology ring [11]. A detailed account of the algebraic theory of Schubert polynomials
can be found in Macdonald’s treatise [14].

Divided differences satisfy the braid relations

{ 0;0;410; = 0i110;0;41 (2)
aiaj = 8]81 for |Z — ]| >1
but the squares 97 are null. These relations allow to define operators 9, for any per-
mutation p € &S,: if p = 04,04, ---0;, is a reduced decomposition of p, one sets
Oy = 0;,0;,-+-0;,,. The result does not depend on the choice of a particular reduced
decomposition of p.

To recover an action of the symmetric group, one can take any ¢ € C and define

These operators still satisfy the braid relations

{ D;iD;i 1D = D1 DD 4 (4)
DiD; = D;D;  (li—j|>1)

together with

Dz2 =1, (5)
so that they generate a representation of the symmetric group &, on the polynomial
ring Clzy,...,z,], as well as on the cohomology ring H*(F, C). These operators have

been considered by Cherednik and Bernstein (cf. [2][3]). Similar operators, acting on the
equivariant K-theory of flag manifolds, have been used by Lusztig [13]. More general
operators satisfying braid relations have been given in [12].

As 0; decreases degrees by 1, all ¢ # 0 will give equivalent representations of &,,, and
by homogeneity, the general case can be recovered from the case ¢ = 1. For simplicity,

we set ¢ = 1, and write
s; =0, +0; . (6)

We denote as above by s, the product of operators s; corresponding to a permutation .
Remark that the operator algebra generated by the s, and the variables x; (interpreted
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as operators f — x;f) is isomorphic to the degenerate affine Hecke algebra considered in
[2].

Schubert calculus for other classical groups can be found in the work of Fulton [7] and
of Pragacz and Ratajski [15].

This paper is organized as follows. We first define certain elements (Yang-Baxter
operators) of the degenerate affine Hecke algebra. Then we use them to define a bilinear
form on the cohomology of a flag manifold. We exhibit a distinguished basis, called affine
Schubert polynomials, and compute its adjoint basis. We then apply this formalism to the
computation of the Schubert expansions of Chern classes.

Acknowledgements The preparation of this paper has been facilitated by the use of
the program system SYMMETRICA [9] and of the Maple package SP [16].

2 Yang-Baxter operators

We shall define inductively operators [], and V, associated with any permutation p in
Sn. Set [(Hi2..n =1, Vio.n = 1, and, if u = o;a with £(p) = l(a) + 1, and 8 = o™,

{D“:(Si-'-m)lja (7)
Vi = (5~ 577) Va

Using the braid relations (4), one can check that this definition is consistent, i.e. does
not depend on the chosen factorization (see [2, 3] and [6]). This follows in fact from a
classical solution of the Yang-Baxter equation. In [17], C.N. Yang observed that the oper-
ators defined by Y;(u) = u™' + 0y, where u is a scalar parameter and o; the transposition
(1,1 + 1) satisfy the “Quantum Yang-Baxter Equation with spectral parameter”:

Yi(u = 0)Yipa(u — w)Yi(v — w) = Yiga (v — w)Yi(u — w)Yipa (u — v) (8)

It follows that given a n-uple of parameters u = (uq, ..., u,), one can define for any per-
mutation 1 € &, an operator R,(u) by the following prescription: R,(u) = Y;(uggt1) —
ug(y)Ro(u), where, as above, Ris.,, = 1, pp = o0, £(p) = () + 1 and § = o '. Then,

our operators (7) are respectively R,(u) and R,(—u), where u = (1,2,...,n) and o; is
interpreted as s;.
For the maximal element w = (n,n—1,...,1) of &, one has the following factorization

property (given in [6] for the case of the Hecke algebra):

Proposition 2.1 Define polynomials = [[ (14+zi—=z;) and0* = [[ (1—zi+x;).
1<i<j<n 1<i<j<n
Then, for any polynomial f,

(i) Vof =00, f
(i) Ouf = 0. (0f).
Proof — Recall that the classes of the Schubert polynomials X, n € &,,, form a basis

of H*(F) = C[X]/Z". Given p and 7 such that ¢(puo;) > €(p), the polynomial X, is
symmetrical in z; and x;;1. As such, it is sent to 0 by the operator V,,, = o, + 0; — 1.



Now, for any permutation p # w, there exists an i such that ¢(po;) > (). If we
choose a reduced decomposition of w ending by o;, w = vo;, say, we see that X, is sent
to 0 by d,, = 0,05, and by V, =V ,V,..

Thus, V,, as well as 0, annihilate all Schubert polynomials X, for u # w. Finally,

X, =a7""1... 2% is sent to 1 by d,. To conclude, it remains to prove that

VQ,(XW) = H (1 — I; —|—:Uj) .

1<i<5<n
This formula can be proved by induction on n using the factorization
Wp = 0102 Op—1Wnp—-1 ,

which gives
Voo = (51— 1)+ (s —

3 Quadratic form

Recall that the intersection form of the cohomology ring H*(F, C) is induced by the form
on C[X]
(f+9)=0,(f9) lo=0,(/9 lew) (9)

where f |, denotes the homogeneous component of degree k of f (cf. [1], [5]). With
respect to this form, the Schubert polynomials satisfy

1 if v=wpu

(X, Xy) = {0 otherwise (10)

The tangent bundle T'F of the flag manifold has a composition sequence {LiLj_l}Kj
where Ly, Lo, ..., L, are the tautological line bundles on F. The total Chern class of L;
being ¢(L;) = 1 + x;, the total Chern class of the tangent bundle of F is

c(F) :H(l—l-:ri—a:j) (11)

1<j

(see e.g. [8], our convention is L; = & in the notation of [8]). Consider now the following
quadratic form on C[X]:

Definition 3.1
(fa g) :Dw(fg) |0 .

Thus, in the cohomology ring, we see from Proposition 2.1 that

(f,9)=(f,9c(F))y={(fc(F),g). (12)

Lemma 3.2 The operators []; are self-adjoint with respect to the quadratic form ( , ).



Proof — For any 1, [1,[1; = 2., since IZIZ2 = 2[; and since one can find a reduced
decomposition of w ending with ¢;. Now,

Oif,9)=0.03:if)9) lo

— 5 0.0 (@9 lo= 300 (@ Tio) |

since [];f is a scalar for [];, being symmetrical in x;, ;.. The last expression being
symmetrical in f, g, this proves that ((J;f, g) = (f, [1:9) O

4 Affine Schubert polynomials

Let H,, be the linear subspace of C[zy, . . ., x,| generated by the monomials z’ = il .. - gin

such that i, < n — k. Let II be the projector from C[X] onto #,, associating to a polyno-
mial P the unique representative in #,, of its class P € C[X]/Z.

Definition 4.1 Let i € G,,. The affine Schubert polynomial of indez 1 is defined by

Z, =10Ou-1wZw)

where Z, = X, = o} ol % 20,
Example 4.2 For n = 3,
2
Z31 = T\
2
Z312 = T}
Zoz1 = T1T
2213 = 1 — 1/2{1711’2 — SL’%
2
2132 = I + To — X1To — 1/2[1,’1
Ziz = 1

In general, one has Z, = X,,, Z, = X, +(terms of degree > (1)), and Z;4 = 1, the
last identity being due to the fact that [],(7Z,) is symmetrical with term of lowest degree
Xid =1.

Example 4.3 For n = 3,

Z321 X321
Z312 - X312
2231 - X231

2213 — X213 - 1/2)(231 - X312
Zl32 = X132 - X231 - 1/2X312
2123 = X123



Theorem 4.4 The polynomials Z,, 1 € &, form a basis of H,. The quadratic form
(1, ) is positive definite, and the adjoint basis of {Z,} is {Z)]} where Z)] = TI(V ,-1,X,,).

Proof — Z,, is a non-homogeneous polynomial with the Schubert polynomial X, as its
term of smallest degree. Since the classes of the Schubert polynomials form a basis of
H*(F), the same is true for the Z,,.

The polynomials Z)Z,0 (for  # id) have no component of degree ¢(w). Therefore,
their images under 0, are symmetric polynomials without constant term, which proves
that for all u # id, (2, Z,) = 0. On the other hand,

(Z:)/a Zl?---ﬂ) = (Z(Xa 1)
= 0, (X,0) lo= 0. ((Xu0)lw))
= anw =Xp.n=1.

For the general case of a Z/, one uses induction on the length of v. Let v and i be such
that ¢(vo;) < ¢(v). Then, for any pu,

(Zys 2)) = (Zy, (50 = K)Z,))
(where k is an appropriate constant)
= ((SZ - k)ZlM Zz\//) = k,(ZlM Zz\//) + k”(lei ) Zz\//)
(for some other scalars &', k”). By induction, one can suppose (Z,, Z)) = 0 for ur=" # w.
One is thus reduced to study the case
poiv™t =w , Huo;) > L(p) .
In that case,

1 1
Zuai = <Si + ;) Z# and Zl\t/Ui = <5i — ;> ZX

for a certain integer r. Then, we check

1 1
o+ Zia) = ((547) 20: (5-7) )

1
(- )2,

1 2
(le Zl\//cn) = <<Si+ ; - _> ZAH Z,Y)

r

and

= (Zuo 2) ~ 220 ) =1-0.
(|
Example 4.5 Again for n = 3,
Ziy = aimy
Zj, = af—2aim,
Zoyy = 1Ty — 22779
Zys = 11— 323175 — 375 + 37519
ZYyy = T+ Ty — 312y — 3/227 4 3xiwy
Zys = 1—4x — 235 + 63172 + 677 — 62772



5 Change of basis

The operators 0; are self-adjoint with respect to ( , ), but o; is adjoint to —o;. This
implies that —s; is adjgint to §; := o0; — 0;.
Let us define [],, V,, to be the images of [, and V,, under the replacement s; — §;.

We also define

Zy = (-1 (0,102

_\/ g—

Z, = (~1)!“"I1(V,-1,2,)
Then, (—1)“®Z, is obtained from Z, under the transformation x; — —x;, since signs in
the expansion of Z,, correspond to degree.

Lemma 5.1 {Z,,} is the adjoint basis of {Z,} with respect to ( , ), i.e. one has

(Zops Zy) =1 gr\r;d (Zwp s Zv)y =0 forv # p.
Similarly, {Z,,} is the adjoint basis of {Z)]} for (, ).

Proof — As in section 4, the lemma is proved by induction on the length of p, starting
from the case

(Zop, Zy) =0 if p#w.
Take i such that ¢(po;) > €(u). Then,

o 7= (4 2) 207) = 2, (5 )7

Since (—3;+ %)7,, is a linear combination of 7, and Z,,,., the nullity of the scalar products

Z Zopos » Zy) follows from those of (Z,,, Z,) for v # p and v # po;. In the special case

v = uo;, one has
_ _ 1 _ 1
7= (2, (5 2) (=) 20

which is null. O

Example 5.2

1

(Zazsia s Zarzs2) = <(82 + 5)225314, (—52 - %)743152>

= <(32 — %) (52 + %)225314, 743152>

= <(1 - 2)225314, 743152> =0.



Let {A,} and {B,} be two bases of H,. We denote by M(A, B) the transition matrix
from the basis {A4,} to the basis {B,}, with the convention

A, =S M(A,B).B, . (13)

For example, M(Z, X),, = (Z,, Xov) and M(X,Z),, = (X, Z),). These matrices
have a symmetry property , thanks to the following property of the scalar product:

(WP, wQ) = (-1)"“Y(P, Q) . (14)
Indeed, taking into account the two identities
W(Xu) = (_1)é(ﬂ)quw ) W(Zu) = (_1)e(ﬂ)7wuw (15)

we see that the four matrices
M(Z,X), M(X,Z), M(ZV,X) and M(X,ZV)

possess the symmetry
Muu = Mwuw,wllw . (16)

Furthermore, we have the following relation between these matrices and their inverses:
Theorem 5.3 The inverse of M(Z, X) is a matriz with nonnegative entries, given by

M(X,Z) = |M(Z, X)pwuwl -

Similarly,

M(Xa Zv)ull = |M(ZV7 X)Vw,;tw| )
where | - | denotes the absolute value.
Proof — The first matrix corresponds to the expansions

Z, = Z<Zw X)X, .

v

The inverse formulas are, according to Lemma 5.1,
X Z Wi

But now, (Z,,, X,) = |(Zu,, X,)|, whence the first part of the theorem. The second
part is similar. O

Thus, the inverse of the matrix M(Z, X) is obtained from M(Z, X) by reflection
through the antidiagonal (i, ) — (wv,wp) and supression of the signs.

Corollary 5.4 For any pair of permutations,

(XM’ Zr\]/) |< WHw 9 wnw>|

and
(X Zn) = [(Xopw » Zimo)| -

Indeed,
X, Z (X, ZV

but we have just seen that the Coefﬁments of the expansion of X, in the basis Z,, are the
(Zy, Xu)- 0



6 Schubert expansions of Chern classes

Let |I| be a composition of n, i.e. I € N with |I| := i, 4+ ...+ 1. =n, and let Jy, ..., J,
be the associated decomposition of the interval [1,n], that is

Ji=1[1i], =i+ 1i 4+, ..., Jr=l1+-+i,_1+1,n].
Let F; be the variety of flags
Ww={0cvicV,Cc...cV,=V
such that dimVj, =4, + -+ + 1. Let also &; denote the Young subgroup
S(J1) x &(Jy) x---x6(J,) C6G,

associated to the composition I. The Chern class 67 of the tangent bundle of F; is the
maximal G;-invariant factor of #:

0" =0/(0,0,,--0,.)

where

i<j
€T
A basis of the cohomology ring H*(F7) is the set of Schubert polynomials X,, with u
minimal in its right coset ©&;. In other words, one restricts the Schubert basis (X)) to
those g such that g < ... < iy, fhig11 < oo < Lhiytigs -« oy Migtotip_g 41 < - oo < fbp. SiNCE
pi < prir iff X, is symmetrical in z; and z;44, the Schubert basis of H*(F;) consists of
those Schubert polynomials which are invariant under &;.
Define the Chern coefficient c,[Fy] of the variety F; as the coefficient of (the class) of
X, in the expansion of §” on the Schubert basis of H*(Fy). In other words,

Cu[ff] = <017 qu> . (17)

As in the case of the full flag variety JF, these scalar products can be computed with the
help of the scalar product ( , ).
Let w; be the maximal element of &y, and (; := wyw. We have seen that

1, =0,0 = aclawelﬁjlﬁh -0y

r

The operator d,, factorizes

0,y = O, 0.y
so that
cul Fr) = 0. (0" X.)
= 0,0, (0" X)) = 0, (070, X ) (18)
- 8(1 (HIXUJMUJI) - 8Ci (eleuwz) (auzehgh o 'QJT/I!) (19)
1
= 7100 (0 Xuy) (20)



1

= 5 (1 Xop)

Equality (18) follows from the fact that #7 is invariant under &; and thus commutes with
O, Now, 0 is of degree (g), and 0, decreases degrees by ((w) = (;) Thus 0,(0) is
a scalar which is checked to be n!. More generally, by direct product, one has for the
maximal element of the Young subgroup G;

8“-’101]1"'0]7. :[' :Zl"zr'

and equality (19) follows from this identity.

Since 67 as well as Xuuw, are invariant under &y, they commute with 0,,,, which is
step (20).

Summarizing, we have the following expression for the components of the Chern class
of F; on the Schubert basis.

Theorem 6.1 Let I = (iy,...,i,) be a composition of n, & and F; the corresponding
Young subgroup and flag variety. Let u be a permutation which is minimum in its coset
puSy. Then, the Chern coefficient c,[Fr] is given by

Cﬂ[ff] = (17 quw;)/l! .
In particular, for the full flag variety (case I = (1,1,...,1)), one has
Cu[]:] = (17 qu) - Dw(qu) (21)

and these numbers constitute the first column of the matrix M(X,Z"). Equivalently,
they are equal to the absolute values of the entries of the last row of M(ZY, X).

In the case of a Grassmann manifold G(p,p + q) = F,q), the basis of H*(F, )
consists of those X, for which 1y < ... < p, and p,y1 < ... < pp+q (Grassmannian
permutations). In fact, for such a permutation, X, is equal to the Schur function indexed
by the partition (p —1, o —2, ..., i, — p) on the set of variables {zy,...,z,}. Thus, the
Chern coefficient ¢,[F, o] is

Cu[f(p,q)] = I:lw (X(n+17;¢p,...,n+17u1,n+17un,...,n+17up+1)) . (22)

For example, up to a factor (2!)?, the Chern coefficients of F5 ) are 4,16, 28,28, 48, 24.
They are given by the absolute values of the six entries of the bottom row of the matrix
M(ZY,X) corresponding to columns indexed by permutations wyu where p is Grassman-
nian.
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7 Tables for n =4

7.1 Affine Schubert polynomials

Zyzo1 = x‘;’x%xg

Zy312 = x‘i’x%

Zyz = «T‘;’xﬂ?,

Z4213 = 33:{’1'2 — ]_/2 fL’i’QEQ.’L’g — 33:{’1'%

Z4132 = 33:{’.’53 + IL':{’QSQ — fL’i’QEQ.’L’g —]_/2 IL'%,T%

Zy193 = :ri’

Z3ap1 = x%x%xg

Z312 = x%x%

23241 = x%xgﬂfg — ]_/2 QS%.’L’%.’L’g — fL’i’QEQ.’L’g

Z3o1s = 229 —2/3 2imowy —3/2 23wl +1/3 2ix3xy — 2 2379 +2/3 Thw0ws + i3
Zaup = Tiws + Timy — Timows —2/3 xiri — zirz — Tiws

Zaiog = o8 —1/2 2203 —1/2 2319 +1/2 2imyws —2 23 +1/2 2323 +1/2 237,
Zoyz1 = T1T3T3 + TiToTz — Toxawz — 1/2 237013

Zosiz = w5 —1/2 mizdes + viwg —1/2 2x9w3 — 2 2303 +1/2 222323 —1/2 232y +
1/4 aiwoxs +1/2 xiad

Zozq1 = T1ToT3

Zo314 = T1Ty — 2/3 21 ToT3 — T1T5 — Timy

Zorz = XT3 + 11Ty —3/2 31@9x3 —2/3 w125 +1/3 223w + 17 —2 2303 —8/3 279 +
7/3 xiwonwy +4/3 x3x3 —1/3 xixdxs —3/2 2% +2 w3 +7/3 x¥we —2/3 A3wows —1/3 2303
Zoiza = 11 —1/2mm9 +1/2 2025 — 22 +1/2 2229 + 23

Ziazs = X3x3 + T1xox3 + x5 — 2 madwy + rixs + 1wy — 2 aimows —3/2 2¥xd +
vizirs —2/3 23wy —2/3 x31y +2/3 Tdw0ws +1/3 2372

Zipzs = T2 + 1Ty — mTs + 10 — Timy —2/3 a3

Zl342 = Tox3 + X1T3 + T1Ty — 2 T1Tol3 — ]_/2 I.L'%Qfg — ]_/2 33%.’52 + ]./2 IL'%QSQ.’L':), +
1/2 2z +1/2 2ixy

Zigos = Ty —1/2 mox3 — 13 + xy —1/2 3913 — 5/2 3979 + T1T0T3 + 2 1175 —
3/2 22 +1/4 x3x3 +9/4 iy —1/4 2320wz —1/2 2325 + 23 —1/4 2323 —1/4 x3xy
Zigiz = T3 + Ty — Towz —1/222 + 21 — 313 —3/2 1179 + T1T0x3 +1/2 1172 —
1/2 23 +1/2 232y

Zigze = 1

11



7.2 Adjoint polynomials

+

+

+

+

Zisy = 212373

Zizi, = 1175 — 2 237373

Zlosy = Timoxs — 2 232373

Ziors = T3w9 —3/2 2¥mows — 3 2323 + 3 2323wy

Zhso = Tixs + 2wy — 3 2twoms — 3/2 2373 + 3 adxdxs

Zhoy = o8 =283 —4 afxwy +6 xiwoxy +6 2i23 — 6 xiadas

Zioy = 317503 — 2 27037,

Zhio = w3 —2xixivs — 2 x312 +4 23rins

Zdhosy = Timoxs — 3/2 23xiw3 — 3 Timows + 3 Thwiws

Zgois = 2319 —4/3 2379w3 —5/2 2303 +2 23x373 —4 1wy +4 237073 +6 TF2E —4 232375
Zho = T3z + 29 — 3 wlmomy — 4/3 xixi +8/3 xixdry — 3 xivy — 3 wlxy
8 wiwoxy +8/3 xir: — 16/3 wirizs

Zhos = 13 —3/2 233 — T/2 23wy +9/2 2iw9xs + 5 zixd — 4 x3xdry — 4 a3
9/2 z3x3 +25/2 23wy — 12 23703 — 12 2322 + 8 232373

Zhsn = 117373 + Timemy — 3 xixdwy — 3/2 alwoxy + 3 wlxdas

Zys = x1x5 —3/2 mxdns + viwg —3/2 2ixewy —4 xiwd +9/2 2ix3xy —3/2 2wy
9/4 z3wows +9/2 w375 —9/2 TiwiXs

oy = T1T9x3 — 2 212303 — 4 2imoxs + 6 pia3xs + 6 23w973 — 6 Tii03

Zohis = T1T9 —4)3 12913 —3 1125 +8/3 myx3ws —5 2279 +16/3 w273 + 10 2323
8 wix3xy + 8 wlwy — 8 wiwows — 12 zid + 8 xixia;

Zhus = T1w3 + 11T —5/2 T1T9w3 —4/3 11735 +2 mi2dws + 22 —4 wivy —16/3 231,

9 x2xoxy +16/3 2373 —6 1ix3xws —5/2 1} +7 1iw3 +9 239 —12 21973 —6 LT3 +6 T3Ti03

Zhze = o1 —2xm3 —T7/2 2105 +5 210073 +9/2 21205 — 4 17303 —5 0 +8 Tiws
31/2 23wy — 18 2iwoxy — 15 2222 +12 2222w +11 23 — 14 23x3 —26 2339 +24 33073
18 323 — 12 2323wy

ZVizo = T3x3 + mTomsz + mas —4 Tiwixs + 233 + viry —4 2ix9m3 —5/2 230l
6 rivirs —4/3 xiry —4/3 2ivy +4 2iwoxs +2 ias — 4 xiadas
ZV9s = T3 — 23313 + T1To — 2 T1ToT3 — 5 175 + 8 myTaws + T — 2 Tim

522y +8 x2woxy +10 2223 —12 xiwdws —4/3 23 +8/3 xiws +16/3 32y —8 wiwoxs
8 wixl + 8 wirjus

Zssn = Tor3 —2 3373 + T1w3 + T1T9 — 6 T Tow3 — 2 175 + 8 mxiny — 7/2 xius
T/2 2319 +25/2 2xox3 + 5 xias — 12 223wy +9/2 2313 +9/2 2¥ry — 12 237073
4 xtxs + 8 wirir;

Zlaos = To —3/2 x93 —3 72 +3x2w3 + 11 —3/2 1113 —15/2 1119 + 9 317973
13 xyx5 — 12 zyxdes —9/2 22 +21/4 3wy + 73/4 23wy — 75/4 2ixgxy — 22 wind
18 2222wy + 6 a7 —27/4 x3x3 — 75/4 x3wy + 18 2lwoxy + 18 2323 — 12 ziadzs
Doz = T3 + To —3 Towz —3/2 75 +3 2313 + 11 —5 1173 —13/2 2119 + 14 T1 1973
15/2 23 — 12 myxdes — 7/2 22 + 11 2iw3 + 31/2 2y — 26 xiwyws — 15 xixd
18 2x3wy +5 a3 — 14 23x3 — 18 2iwy + 24 2izomy + 12 2323 — 12 232313

Zlysy= 1 =233 —4 19 +67013 +623 —6 3303 — 61 + 10 7973 + 22 7179
28 T w93 — 26 1173 + 24 myxdws +16 17 —22 2213 — 48 X219 + 52 B29w3 +44 22
36 ziriry — 22 2} + 28 wir3 + 52 xtze — 48 wiwoxy — 36 wixd + 24 xtria;

12
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7.3 Transition matrices with Schubert polynomials

The following matrices give the decompositions of the polynomials Z, and Zl\f in the
basis of Schubert polynomials. Rows and columns are indexed by permutations in reverse
lexicographic order:

[4321, 4312, 4231, 4213, 4132, 4123, 3421, 3412, 3241, 3214, 3142, 3124,
2431, 2413, 2341, 2314, 2143, 2134, 1432, 1423, 1342, 1324, 1243, 1234]

The bar over a number is to be interpreted as a minus sign.

7.3.1 M(Z, X)

The entry in row g and column v of the following matrix is equal to the coefficient of X,
in Z,. This number is also the coefficient of Z, in X, .

10 0 0 0 0O 0O 0 00 0 0 0O 0 0 0000 0 000
01 0 0 0 0 0 0 0O 00 O 0O 0O O 0O 0000 0O 000
00 1 0 0 0 0 0 0O 00 O 0O O O 0O 0000 0O 000
01 I/21 0 0 0 0 0O 00 O 0O O O O 0000 O 000
01/2T 0 1 0 0 0 0O 00 O 0 O O 0O 0000 0O 000
00 0 0 0 1 0 0 0 00 O 0O 0O O 0O 0000 0O 000
00 0 0 0 0O 1 0 0 00 O 0 0O O 0O 0000 0O 000
00 0 0 0 0 01 0 00 0O 0 0 O 0 0000 0O 000
00 I 0 0 0 I/20 1 00 0O 0 0O O 0O 0000 O 000
01 2/32 0 0 1/33/22/310 0 0 0 0 0 0000 0 000
00 0 0 T 0 0 2/3T 01 0 0 0 0O 0 0000 0O 000
00 0 0 1/22 0 0 1/20T/21 0 0 0 0 0000 0 000
00 I/20 0 0 I 0 0 00 O 1 0 O 0 0000 0O 000
01/21/41/20 0 1/22 0 00 0 1I/21 0 0 0000 0 000
00 0 0 0 0 0 0 0O 00 O 0 O 1 0 0000 0O 000
00 0 0 0 0 0 0 0 00 O 0 T 2/31 0000 0 000
01/32/31/32 3/21/34/32 02 0 1/32/33/20 1000 0 000
00 0 0 0 1 0 0 0 00 I 0 1/20 1/20100 0 000
01/32/30 2/30 1 3/20 00 0 2 0 0 0 0010 0 000
00 0 0 0 2/30 0 0 00 0 0 I 0 0 0001 0 000
00 0 0 1/20 0 0 1/20T/20 0 0 2 0 0000 1 000
00 0 0 T/41 0 T/2T/401/4T/20 2 1 T 0001 T/2100
00 0 0 0 0 0 0 0 00 O 0 1/21 0 0001/2T 010
00 0 0 0 0 0 0 0O 00 O 0 0O O 0 0000 0O 001
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7.3.2 M(Z",X)

The entry in row g and column v of the following matrix is equal to the coefficient of X,

in ZIY. This number is also the coefficient of 7, in X,,,.

00
00
00
00
00
00
00
00
00
10
01
23/2
00
00
00
20
04
38
5/2 00
10 00
5 9/2 03/20
2 27/439/43/2
5 T 08 0
44 28 616 6
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