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Abstract. We define new planar combinatorial objects that we call lattice
graphs. We generalize divided differences into operators, still satisfying braid
relations, and operating on the space of lattice graphs. This allows us to inter-
pret Schubert polynomials as sums of lattice graphs. By putting appropriate
weights on lattice graphs, we recover the usual Schubert polynomials in two
sets of variables.
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1. Introduction

Schubert polynomials, defined in [12, 10, 13], were motivated by the geometry
of flag manifolds, following the work of Bernstein-Gelfand-Gelfand [2] and
Demazure [5]. They have been extensively studied by many authors [1, 3, 4,
6, 7, 8, 9, 17, 19, 20, 21]. More details can be found in [11, 18].

Let v = [v1, v2, . . . , vn] be a permutation in the symmetric group Sn

on n elements {1, 2, . . . , n}. Let si denote the simple transposition that
interchanges i, i+ 1. It is well known that s1, s2, . . . , sn−1 generate Sn, and
satisfy the braid relations

sisj = sjsi for |i− j| > 1, (1.1)

sisi+1si = si+1sisi+1. (1.2)

together with s2i = 1. For v ∈ Sn, for i = 1, . . . , n, let ci(v) = #{j : i <

j and vi > vj}. Then c(v) = [c1(v), c2(v), . . . , cn(v)] is called the code of v,
and ℓ(v) =

∑n

i=1 ci(v) is the length of v, i.e., the number of inversions of v.
A decomposition v = sr1sr2 · · · srp is reduced iff p = ℓ(v). We rather use the
reduced word r1r2 · · · rp. Let R(v) denote the set of all reduced words of a
permutation v. The maximal permutation v0 of Sn is [n, n− 1, . . . , 1]. One
may check that

(sn−1 · · · s1)(sn−1 · · · s2) · · · (sn−1sn−2)(sn−1)

is a reduced decomposition of v0 (we add parentheses in order to distinguish
canonical factors). The following lemma is straightforward:

Lemma 1.1 Given a permutation v ∈ Sn, let c = [c1, c2, . . . , cn] be its code,
then the concatenation of right factors of the factors of

(sn−1 · · · s1)(sn−1 · · · s2) · · · (sn−1)( ) ,
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of respective lengths c1, c2, . . . , cn, is a reduced decomposition of v.

For example, v = [3, 1, 6, 2, 5, 4] has code c(v) = [2, 0, 3, 0, 1, 0], and the
above decomposition is v = (s2s1)( )(s5s4s3)( )(s5)( ).

Let Z[a1, a2, . . . , an] denote the ring of polynomials in n commutative
variables with coefficients in Z. For any 1 6 i 6 n − 1, the simple divided
difference ∂i is the operator:

∂if(a1, a2, . . . , an) =
f(. . . , ai, ai+1, . . . )− f(. . . , ai+1, ai, . . . )

ai − ai+1
=

f − f si

ai − ai+1
.

Divided differences satisfy the braid relations

∂i∂j = ∂j∂i for |i− j| > 1, (1.3)

∂i∂i+1∂i = ∂i+1∂i∂i+1. (1.4)

together with ∂2
i = 0. Thanks to these relations, one can define ∂v by taking

any reduced word r1r2 · · · rp and putting ∂v = ∂r1∂r2 · · ·∂rp . When r1r2 · · · rp
is not reduced, then ∂r1∂r2 · · ·∂rp = 0. We do not follow the conventions
of Lascoux-Schützenberger and write divided differences or permutations on
the left of the operand.

Divided differences satisfy Leibnitz formulas, as easily seen from the def-
inition:

∂i(fg) = (∂if)g + f si(∂ig) = (∂ig)f + gsi(∂if), (1.5)

where f and g are polynomials. In particular, symmetric functions in xi, xi+1

are scalars for ∂i, i.e.

g = gsi =⇒ ∂i(fg) = g(∂if).

Schubert polynomials in two sets of commutative variables A and B have
been defined in [10], starting from a top element Xv0(A,B), and using the
action of the symmetry group Sn on A only.

Definition 1.2
{

Xv0(A,B) =
∏

16i,j6n, i+j6n(ai − bj)

Xv(A,B) = ∂v−1v0Xv0(A,B)

The preceding definition implies the recursion

∂iXv(A,B) = Xvsi(A,B), if vi > vi+1. (1.6)

We also need the definition of compatible sequences [3]:
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Definition 1.3 For any sequence r = (r1 . . . rp), a p-tuple cp = (cp1, . . . , cpp)
of positive integers is r-compatible if

cp1 6 cp2 6 · · · 6 cpp,

cpj 6 rj , and if rj < rj+1, then cpj < cpj+1,

for any j : 1 6 j 6 p.

2. Lattice Graphs

Definition 2.1 A lattice graph is a collection of length 1 vertical edges in
the N×N lattice. The edge from (i, j) to (i, j+1) is denoted [i, j](we use the
South-East quadrant). Beware that, for us, i = 1, 2, . . . is the column index
and j is the row index; the origin is (1, 1).

q q q q q

q q q q q

q q q q q

q q q q q

q q q q q

q q q q q

q q q q q

[1,2]

[1,1]

[2,5]

[2,4]

[3,3]

[4,5]

Figure 2.1 A lattice graph restricting N × N to a domain where all edges
appear.

We shall also use three other equivalent representations of lattice graphs.

The first one is a sequence of strictly decreasing words on 1, 2, 3, . . . that
we call column word, by reading upwards the columns from left to right, and
replacing the edge [i, j] by j. Void columns must be written as [ ]. Figure
2.1 gives [[2, 1], [5, 4], [3], [5], [ ]].

The second one is a word in commutative biletters ij (we say biword),
replacing each edge [i, j] by (j− i+1)i. The number j− i+1 is called label of
the edge [i, j]. Our lattice graph, with edges [1, 1], [1, 2], [2, 4], [2, 5], [3, 3], [4, 5]
gives the biletters 11, 21, 32, 42, 13, 24. However, we shall write biwords using
the decreasing lexicographic order (ordering first the labels, then the expo-
nents) as a list of biletters. Figure 2.1 gives [42, 32, 24, 21, 13, 11].
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The third one is a 0-1 matrix A = (aij), where i, j ∈ N. aji = 1 if edge
[i, j] belongs to lattice graph otherwise aji = 0. Figure 2.1 gives a lower
triangular 0-1 matrix

















1 0 0 0 0
1 0 0 0 0
0 0 1 0 0
0 1 0 0 0
0 1 0 1 0
0 0 0 0 0

















(2.7)

We shall label diagonals downwards, the 1-diagonal being the main diag-
onal.

Given s, for any k we say that two edges [s, k] and [s + 1, k + 1] are
s-paired. Paired edges lie in the same diagonal.

We shall define new operators on lattice graphs, that we still call sim-
ple transpositions (denoted by σ) and divided differences (denoted by ∂) as
follows (formulating them in terms of biwords):

Definition 2.2 Given a biword w = [w1, w2, . . . , wm], where w1, w2, . . . , wm

are biletters, then its image under the simple transposition σr is

σr(w) = [wσr

1 , wσr

2 , . . . , wσr

m ],

where for ws = (j − i+ 1)i,

wσr

s =











(j − i+ 1)r+1, if i = r

(j − i+ 1)r, if i = r + 1

(j − i+ 1)i, otherwise

From the above definition, we see that σr acts only on exponents.

Equivalently, σr acts on a column word [ . . . , yr, yr+1, . . . ], where yr =
[a1, . . . , am] and yr+1 = [b1, . . . , bn], as follows:

σr[ . . . , yr, yr+1, . . . ] = [ . . . , [b1 − 1, . . . , bn − 1], [a1 + 1, . . . , am + 1], . . . ].

Definition 2.3 Given a biword lexicographic ordered w = [w1, w2, . . . , wm],
then the action of the divided difference ∂r on it is

∂r(w) =

m
∑

i=1

ǫr(wi)Wi, (2.8)
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where

ǫr(wi) =











1, if the exponent of wi is r

−1, if the exponent of wi is r + 1

0, otherwise,

and Wi = [w1, . . . , wi−1, w
σr

i+1, . . . , w
σr
m ].

Paired edges will give twice the same lattice graph with different signs,
so that we do not need to write them in summation (2.8).

Figure 2.2 shows an example of the action of ∂2 in terms of lattice graphs,
column words and biwords:
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q q q

q q q
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q q q
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q q q

q q q

q q q

q q

q

[2,6]
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[2,3]

[3,4] +

q q q

q q q

q q q

q q q

q q q

q q

q

[2,6]

[2,3]

[2,2]

[3,4] +

q q q

q q q

q q q

q q q

q q q

q q

q

[2,3]

[2,2]
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[3,6]

[[ ],[6,5,3],[4,3]] ∂2→ − [[ ],[6,5,3],[4]] + [[ ],[6,3,2],[4]] + [[ ],[3,2],[6,4]]

[52,42,23,22,13]
∂2→ − [52,42,23,22] + [52,23,22,12] + [43,23,22,12]

Figure 2.2 Action of a divided difference

Given a 0-1 matrix, choosing a submatrix made of 2 consecutive columns
and a finite number of adjacent diagonals, we read the diagonals downwards
and thus obtain a word in letters {00, 01, 10, 11}. For example the first two
columns and first five diagonals of the above matrix (2.7) give the word
10 10 01 01 00.

In this representation, we define a R-move to be a transformation of the
type

00 11 · · · 11 10 → 01 11 · · · 11 00,

with only occurrences of 11 in the middle block. This is clearly an invertible
operation.

Notice that one R-move involves three main elements i, θ and m, where
R-move acts on the i-th column and (i + 1)-th column, and shifts one edge
in the (θ + m)-diagonal to the θ-diagonal. We shall denote such a R-move
by Ri,θ,m. Explicitly, given a lattice graph D and i, θ,m > 1, if the word
obtained by restricting D to i, i+1 columns and θ, θ+1, . . . , θ+m diagonals
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is of type 00 11 · · · 11 10, then R-move moves the edge [i, i+ θ +m− 1] to
[i+ 1, θ + i], it can be rewritten as

Ri,θ,m(D) = D ∪ {[i+ 1, θ + i]} \ {[i, i+ θ +m− 1]};

otherwise, we set Ri,θ,m(D) = D.

3. Braid Relations

We will give some properties of transpositions and divided differences on
lattice graphs in this section.

Proposition 3.1 The operators σ satisfy the braid relations :

σ2
i = 1, (3.9)

σiσj = σjσi, if |i− j| 6= 1 (3.10)

σiσi+1σi = σi+1σiσi+1 (3.11)

Proof. It is easy to check the first two relations. As for the third relation,
the two operators σi, σi+1 act only on the columns i, i+ 1 and i+ 2 of the
lattice graph. We can take i = 1 and restrict to lattice graphs with columns
1, 2, 3. Let

y1 = [a1, . . . , ak], y2 = [b1, . . . , bm], y3 = [c1, . . . , cn].

We now compare σ1σ2σ1 and σ2σ1σ2:

σ1σ2σ1[y
1, y2, y3]

= σ1σ2[[b1 − 1, . . . , bm − 1], [a1 + 1, . . . , ak + 1], [c1, . . . , cn]]
= σ1[[b1 − 1, . . . , bm − 1], [c1 − 1, . . . , cn − 1], [a1 + 2, . . . , ak + 2]]
= [[c1 − 2, . . . , cn − 2], [b1, . . . , bm], [a1 + 2, . . . , ak + 2]]

In the same way,

σ2σ1σ2[y
1, y2, y3] = [[c1 − 2, . . . , cn − 2], [b1, . . . , bm], [a1 + 2, . . . , ak + 2]].

Therefore we have σ1σ2σ1 = σ2σ1σ2.

Proposition 3.2

∂2
i = 0, (3.12)

∂i∂j = ∂j∂i, if |i− j| 6= 1 (3.13)

∂i∂i+1∂i = ∂i+1∂i∂i+1 (3.14)
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Proof. We can take i = 1 as in Proposition 3.1 and a biword with three
columns lexicographic ordered is [w1, w2, . . . , wm]. We now check the first
relation:

∂2
1([w1, w2, . . . , wm]) = ∂1

(

m
∑

h=1

ǫ1(wh)[w1, . . . , wh−1, w
σ1
h+1, . . . , w

σ1
m ]

)

=

m
∑

h=1

ǫ1(wh)
∑

j>h

ǫ1(w
σ1
j )[w1, . . . , wh−1, w

σ1

h+1, . . . , w
σ1
j−1, w

σ2
1

j+1, . . . , w
σ2
1

m ] +

m
∑

h=1

ǫ1(wh)
∑

j<h

ǫ1(wj)[w1, . . . , wj−1, w
σ1
j+1, . . . , w

σ1
h−1, w

σ2
1

h+1, . . . , w
σ2
1

m ]

= 0.

The second relation is immediate.

Let us now compute the image of the biword under ∂1∂2∂1:

∂1∂2∂1([w1, . . . , wm]) = ∂1∂2

(

m
∑

h=1

ǫ1(wh)[w1, . . . , wh−1, w
σ1
h+1, . . . , w

σ1
m ]

)

= ∂1

(

m
∑

h=1

∑

j<h

ǫ1(wh)ǫ2(wj)[w1, . . . , wj−1, w
σ2
j+1, . . . , w

σ2
h−1, w

σ1σ2
h+1 , . . . , w

σ1σ2
m ]

)

+ ∂1

(

m
∑

h=1

∑

j>h

ǫ1(wh)ǫ2(w
σ1
j )[w1, . . . , wh−1, w

σ1
h+1, . . . , w

σ1
j−1, w

σ1σ2
j+1 , . . . , w

σ1σ2
m ]

)

.

Using (3.9), the sum decomposes into six summands:

M1 =

m
∑

h=1

∑

j<h

∑

j<k<h

ǫ1(wh)ǫ2(wj)ǫ1(w
σ2

k )

[w1, . . . , wj−1, w
σ2
j+1, . . . , w

σ2
k−1, w

σ2σ1
k+1 , . . . , w

σ2σ1
h−1 , w

σ1σ2σ1
h+1 , . . . , wσ1σ2σ1

m ],

M2 =

m
∑

h=1

∑

j<h

∑

j<h<k

ǫ1(wh)ǫ2(wj)ǫ1(w
σ1σ2

k )

[w1, . . . , wj−1, w
σ2
j+1, . . . , w

σ2
h−1, w

σ1σ2
h+1 , . . . , w

σ1σ2
k−1 , w

σ1σ2σ1
k+1 , . . . , wσ1σ2σ1

m ],

M3 =

m
∑

h=1

∑

j<h

∑

k<j<h

ǫ1(wh)ǫ2(wj)ǫ1(wk)

[w1, . . . , wk−1, w
σ1

k+1, . . . , w
σ1
j−1, w

σ2σ1
j+1 , . . . , w

σ2σ1

h−1 , w
σ1σ2σ1

h+1 , . . . , wσ1σ2σ1
m ],
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M4 =
m
∑

h=1

∑

j>h

∑

k>j

ǫ1(wh)ǫ2(w
σ1
j )ǫ1(w

σ1σ2
k )

[w1, . . . , wh−1, w
σ1

h+1, . . . , w
σ1
j−1, w

σ1σ2
j+1 , . . . , w

σ1σ2

k−1 , w
σ1σ2σ1

k+1 , . . . , wσ1σ2σ1
m ],

M5 =
m
∑

h=1

∑

j>h

∑

h<k<j

ǫ1(wh)ǫ2(w
σ1
j )ǫ1(w

σ1
k )

[w1, . . . , wh−1, w
σ1
h+1, . . . , w

σ1
k−1, wk+1, . . . , wj−1, w

σ1σ2σ1
j+1 , . . . , wσ1σ2σ1

m ],

M6 =

m
∑

h=1

∑

j>h

∑

k<h

ǫ1(wh)ǫ2(w
σ1
j )ǫ1(wk)

[w1, . . . , wk−1, w
σ1
k+1, . . . , w

σ1
h−1, wh+1, . . . , wj−1, w

σ1σ2σ1
j+1 , . . . , wσ1σ2σ1

m ].

The image under ∂2∂1∂2 gives also a sum of six summands:

N1 =
m
∑

h=1

∑

j>h

∑

k>j

ǫ2(wh)ǫ1(w
σ2
j )ǫ2(w

σ2σ1
k )

[w1, . . . , wh−1, w
σ2

h+1, . . . , w
σ2
j−1, w

σ2σ1
j+1 , . . . , w

σ2σ1

k−1 , w
σ2σ1σ2

k+1 , . . . , wσ2σ1σ2
m ],

N2 =
m
∑

h=1

∑

j<h

∑

k<j

ǫ2(wh)ǫ1(wj)ǫ2(wk)

[w1, . . . , wk−1, w
σ2
k+1, . . . , w

σ2
j−1, w

σ1σ2
j+1 , . . . , w

σ1σ2
h−1 , w

σ2σ1σ2
h+1 , . . . , wσ2σ1σ2

m ],

N3 =

m
∑

h=1

∑

j<h

∑

k>h

ǫ2(wh)ǫ1(wj)ǫ2(w
σ2σ1
k )

[w1, . . . , wj−1, w
σ1
j+1, . . . , w

σ1
h−1, w

σ2σ1
h+1 , . . . , w

σ2σ1
k−1 , w

σ2σ1σ2
k+1 , . . . , wσ2σ1σ2

m ],

N4 =

m
∑

h=1

∑

j<h

∑

j<k<h

ǫ2(wh)ǫ1(wj)ǫ2(w
σ1
k )

[w1, . . . , wj−1, w
σ1
j+1, . . . , w

σ1
k−1, w

σ1σ2
k+1 , . . . , w

σ2σ1
h−1 , w

σ2σ1σ2
h+1 , . . . , wσ2σ1σ2

m ],

N5 =

m
∑

h=1

∑

j>h

∑

h<k<j

ǫ2(wh)ǫ1(w
σ2
j )ǫ2(w

σ2

k )

[w1, . . . , wh−1, w
σ2

h+1, . . . , w
σ2

k−1, wk+1, . . . , wj−1, w
σ2σ1σ2
j+1 , . . . , wσ2σ1σ2

m ],
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N6 =
m
∑

h=1

∑

j>h

∑

k<h

ǫ2(wh)ǫ1(w
σ2
j )ǫ2(wk)

[w1, . . . , wk−1, w
σ2

k+1, . . . , w
σ2

h−1, wh+1, . . . , wj−1, w
σ2σ1σ2
j+1 , . . . , wσ2σ1σ2

m ].

Thanks to (3.10) and

ǫ1(w
σ1σ2) = ǫ2(w), ǫ2(w

σ2σ1) = ǫ1(w),

ǫ1(w
σ1) = −ǫ1(w), ǫ2(w

σ2) = −ǫ2(w),

we get Mk = Nk, for 1 6 k 6 4 and M5 +M6 = 0, N5 +N6 = 0. Therefore
∂1∂2∂1 = ∂2∂1∂2.

Similar computations give the following relations of the same type:

∂iσi + σi∂i = 0, (3.15)

∂iσi+1σi = σi+1σi∂i+1, ∂i+1σiσi+1 = σiσi+1∂i (3.16)

∂iσi+1∂i = ∂i+1∂iσi+1 + σi+1∂i∂i+1, (3.17)

∂i+1σi∂i+1 = ∂i∂i+1σi + σi∂i+1∂i. (3.18)

These relations, together with Proposition 3.1 and 3.2, allow to define a
“twisted action” of the symmetric group, lifting the action on polynomials
used by Lascoux-Leclerc-Thibon [16].

Proposition 3.3 Let q ∈ C, for any i, define Ti : σi + q∂i. Then

T 2
i = 1, (3.19)

TiTj = TjTi, if |i− j| 6= 1 (3.20)

TiTi+1Ti = Ti+1TiTi. (3.21)

Proof. (3.19) is an immediate result of (3.9), (3.12) and (3.15).

(3.20) is evident owing to (3.10), (3.13) and σi∂j = ∂jσi.

(3.21) comes from (3.11), (3.14), (3.16), (3.17), and (3.18).

4. Schubert Polynomials and Lattice Graphs

In this section, we define Schubert polynomials in terms of lattice graphs.
Our definition is different from the combinatorial description of Schubert
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polynomials in terms of tableaux ([14], [19]), of reduced decompositions ([3]),
of rc-graphs ([1]), though connected to the preceding descriptions.

Let L be the Z-module with basis the lattice graphs. Schubert polyno-
mials Lv, v ∈ Sn, will now be defined as elements of the space L as follows:

The top element Lv0 is the lattice graph corresponding to the column
word [[n− 1, . . . , 2, 1], · · · , [n− 1], [ ]], and for any v ∈ Sn,

Lv = ∂v−1v0Lv0 . (4.22)

Given a lattice graph, whose edges [i, j] are such that i 6 j, we say that
it is reduced if the underlying word obtained by erasing the brackets in the
column word is reduced. Denote by Lv the set of all the lattice graphs which
give a reduced decomposition of v.

Lemma 4.1 Given any permutation v, any reduced lattice graph D ∈ Lv,
and i, θ,m > 1, then Ri,θ,m(D) ∈ Lv.

Proof. If Ri,θ,m(D) = D, the lemma holds.

Otherwise, Ri,θ,m(D) = D ∪ {[i + 1, θ + i]} \ {[i, i + θ + m − 1]}. Let
η = i + θ + m. Restricting D to i, i + 1 two columns and the diagonals
between θ-diagonal and (θ +m)-diagonal, the column word is

[[η − 1, η − 2, . . . , η −m], [η − 1, η − 2, . . . , η −m+ 1]].

The corresponding column word for Ri,θ,m(D) is

[[η − 2, η − 3, . . . , η −m], [η − 1, η − 2, . . . , η −m+ 1, η −m]].

It is straightforward, thanks to the braid relations (1.1), that the underlying
permutations are the same.

Lemma 4.1 shows that R-moves , or their inverses, preserve the underlying
permutation.

Theorem 4.2 For each permutation v ∈ Sn, we have

Lv =
∑

D∈Lv

D. (4.23)

Proof. We use decreasing induction on the length of permutations. When
v = v0, L

v0 contains only the reduced lattice graph D0 = L̂(v0) = Lv0 and
the statement is evident.
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If v 6= v0, let π = vsr and ℓ(π) = ℓ(v) + 1. We know that Lv = ∂rLπ, and
by induction , that Theorem 4.2 holds for Lπ.

Given any reduced lattice graph D in Lπ, we denote the biword cor-
responding to the unpaired edges of r-th column and (r + 1)-th column by
[w1, w2, . . . , wn] (ignoring the other edges). Let Di be the lattice graph which
is obtained fromD by replacing [w1, w2, . . . , wn] with [w1, . . . , wi−1, w

σr

i+1, . . . , w
σr
n ].

(2.8) can be rewritten in terms of lattice graphs as

∂rD =
n
∑

i=1

ǫr(wi)Di. (4.24)

We shall also need the underlying set {∂rD} = {Di}.

We decompose Lπ into two sets Lπ
0 and Lπ

1 as follows:

Lπ
0 = {D ∈ Lπ : [r, r] 6∈ D}, Lπ

1 = Lπ − Lπ
0 . (4.25)

Given D ∈ Lπ
1 , let f(r,D) be the minimal integer such that [r, f(r,D)] ∈

D and [r, f(r,D) + 1] 6∈ D. Let tD be the maximal index such that all the
labels of wtD , . . . , wn are smaller than, or equal to, f(r,D)− r + 1.

Lemma 4.3 With Lπ
1 , t

D and Di defined as above, we have

Lv =
⋃

D∈Lπ
1

n
⋃

i=tD

Di. (4.26)

Proof. For i : tD 6 i 6 n, it’s clear that ǫr(wi) = 1, and that there exist
α, β1, . . . , βs satisfying

[wi, wi+1, . . . , wn] = [[α, α− 1, . . . , r], [βs, βs−1, . . . , β1]].

The subword [wσr

i+1, w
σr

i+2, . . . , w
σr
n ] must appear in Di, and in terms of the

definition 2.3,

[wσr

i+1, w
σr

i+2, . . . , w
σr

n ] = [[βs − 1, βs−1 − 1, . . . , β1 − 1], [α, α− 1, . . . , r + 1]].

The braid relations (1.1) entail

[wi, wi+1, . . . , wn] sr = [wσr

i+1, w
σr

i+2, . . . , w
σr

n ] .

Therefore, Di ∈ Lv.
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On the other hand, for every lattice graph D′ ∈ Lv, let h(r,D′) be the
minimal number such that neither [r, h(r,D′)] nor [r+1, h(r,D′)+1] belongs
to D′. Among those edges with labels less than h(r,D′) − r + 1, all the
unpaired edges constitute a set E which lie in column r + 1. Otherwise it
would contradict the fact that ℓ(v sr) = ℓ(v) + 1. Given D′, we define D by
replacing all the edges in E by their images under σr, and adding a new edge
[r, h(r,D′)]. Suppose that the biword corresponding to the unpaired edges of
r-th column and r + 1-column in D is [w1, w2, . . . , wn], and that the biletter
corresponding to the edge [r, h(r,D′)] is wi′ , then D′ = Di′.

Lemma 4.4 Given π, r and the decomposition (4.25) of Lπ, let Di and tD

be defined as above, then we have

∑

D∈Lπ
1

tD−1
∑

i=1

ǫr(wi)Di = 0, (4.27)

∂r
∑

D∈Lπ
0

D = 0. (4.28)

Proof. We shall show that if a lattice graph appears in (4.27) or (4.28), then
it appears twice, with different signs. Then we describe an involution which
allows us to eliminate these pairs.

Here we shall use 0-1 matrices instead of lattice graphs. Denote by ̥ the
flip operation on a word in the alphabet {00, 01, 10, 11} which exchanges 01
and 10, and fixes 00 and 11. We define now a transformation Θ on words.
Given any word w = xz1z2 · · · zky, its image under Θ is

Θ(w) = y̥z̥1 z
̥

2 · · · z̥k x
̥. (4.29)

It is clear that Θ is an involution on words in the alphabet {00, 01, 10, 11}.

We shall consider only words of the type

01 11 · · · 11 01 11 · · · 11 01 11 · · · 11 00, (4.30)

where only 11 and 01 appears in the middle block, and their images under Θ

00 11 · · · 11 10 11 · · · 11 10 11 · · · 11 10 . (4.31)

We apply the above involution to prove (4.27). Given D ∈ Lπ
1 , we restrict

D to r and r + 1 columns. For i, 1 6 i 6 tD − 1:

If wi corresponds to the edge [r, η], its diagonal number is η − r + 1 and
word is 10. By definition of tD, we can find upwards the first diagonal whose
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word is 00. Let ξ be its label. Reading the successive columns from the ξ-
diagonal to the (η− r+1)-diagonal, we get a word u which is of type (4.31),
because 01 can’t appear(otherwise D is not reduced). Then we apply Θ to
u, and obtain a new lattice graph D′. In fact, the action of Θ in that case
is a sequence of R-moves which changes [r, η] to [r + 1, r+ ξ], and it doesn’t
change the edge [r, r], so D′ ∈ Lπ

1 . The action of ∂r on the edge [r, η] of D
and on the edge [r + 1, r + ξ] of D′ give the same lattice graph, but with
different signs.

Otherwise, wi corresponds to the edge [r + 1, η′] which lies in the (η′ −
r)−diagonal and the diagonal word is 01. We can find downwards the first
diagonal whose word is 00. Let ξ′ be its label. Reading the successive columns
from the ξ′-diagonal to the (η′− r)-diagonal, we get a word u′ of type (4.30).
By applying Θ in a similar manner, we can find a pair of lattice graphs plus
the corresponding edges, and eliminate the two lattice graphs which appear
in (4.27).

Relation (4.28) is also proven by using Θ, which allows us to eliminate
lattice graphs by pairs.

The following lemma is an immediate consequence of the above two:

Lemma 4.5 Given two permutations π and v such that π = vsr and ℓ(π) =
ℓ(v) + 1, then

∂rL
π = Lv.

Thus we finish the proof of Theorem 4.2.

We weight each edge [i, j] in the lattice by ai − bj−i+1. Take the weight
of D as the product of the weight of all edges [i, j] ∈ D, denoted by ω(D).
Then the action of divided difference on lattice graphs is compatible with
the action of divided difference on monomials. The following theorem is
immediate:

Theorem 4.6 With the weight function ω, for any permutation v we have

Xv(A,B) =
∑

D∈Lv

ω(D). (4.32)

There is an obvious bijection between column words of lattice graphs Lv

and RC-words of permutation v. From this bijection one can deduce that:

Theorem 4.7

Xv(A,B) =
∑

r∈R(v)

∑

cp∈C(r)

p
∏

j=1

(acpj − brj−cpj+1). (4.33)
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The case of this theorem on the Schubert polynomials over one set of variables
has been studied by Bergeron-Billey [1] and Fomin-Stanley [6].

For the other combinatorial construction of Schubert polynomial, we refer
the reader to Lascoux-Schützenberger [15], Fomin-Kirillov [7], Kohnert [8, 9],
Lenart [17].
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