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Abstract. We give a Pieri formula for key polynomials (also called Demazure
characters). It implies an explicit decomposition of Schubert polynomials in terms
of key polynomials. The constructions extend to the non-commutative cases.

1. Motivation and background

2. Notation

Given a polynomial f in the variables xy, zo, ..., x,, the simple transposition s;
acts on f by exchanging the variables x; and x;,1, denoted by f*.

The divided difference 0; acts on f in the following way:

fo = L= 2.1)

Ti — Tit1

The isobaric divided differences m; and 7; are defined by:

Cmf —xa [T

Ty — Ti41

[ = fx;0; and f%i:fﬂ'i_f:fﬁixi—l—la (2-2)

where z; means “multiplication by z;”.

For any permutation o we define the operator d, as 0,, - - - 0, , where s, ---s,,
is a reduced decomposition of o. Since the operators J; satisfy the braid relations,
0, is well defined. Similarly we define the operators 7, and 7.

We now give the definition of Schubert polynomials and key polynomials.

For any J € N", we say that J is dominant if J is weakly decreasing. In the
dominant case, we define the Schubert polynomial Y}, the key polynomial K; and

K; as the same monomial 27"z - - - 7, namely,
YJ:KJ:KJ:ZJ;ZE%Q"'[L’%". (23)

If J is not dominant, then there must exist ¢ such that j; < j;.1. Let J =
[...,Ji+1,Jir---]- Then the Schubert polynomial Y, the key polynomial K; and
K ; are recursively defined as

YJ = YJ@,-, KJ = Kjlﬂ'i and [?J = [?J’%i- (24)



For any J € N", the polynomials Y, K, K 7 are well defined.

Suppose A is a weakly decreasing reordering of .J, then there exists a permutation
o such that J = \?. We have

Y, =Y\0,, K;=K, and K;=K\7,. (2.5)

Given two sets u, v of the same size, written increasingly, then v < v if and
only if uy < vy, us < vs.... Let XA and p be two partitions which are decreasing
reordering of v and v respectively. Graphically, v < v means that the diagram of A
is a subdiagram of u. The diagram of )\ is also called the diagram of wu.

Given two permutations ¢ and v, we say that ¢ < v if and only if for any k one
has {01, ..., ok} < {1, ..., v&}. This order is called the Ehresmann-Bruhat order
of the symmetric group. It can be used to define an order on vectors with repeated
components.

Given two vectors u, v of the same length, then u < v if and only if for any &,
{uy, . ur} < A{vy, ... v}

The Ehresmann-Bruhat order of the symmetric group also has another definition.
For ¢ € S,,, let 71 ---7r,, be a reduced expression of 0. For v € S,, v < ¢ if and
only if there exists a sequence of natural numbers 1 < j; < --- < j, < m such that
T, -+ -1, is one of the reduced decompositions of v.

3. Commutation rule on operators

From the definitions of 9;, m; and 7;, we directly get
T, = X4 82‘, /71\'1 == 82 Tit+1 (36)
that we can rewrite as commutation rules

T Ly = Ty Ty, Ty Ty = T Ljyq- (37)

The following relation is immediate from the definitions of divided differences
[L’Z‘aj = 0]-1',-, Xy = T4, xi%\j = %jl’i, for |Z — ]| > 1. (38)
Then for any k£ > 7 we have

T Tg—1 " Tj = xkﬁk xk_lﬁk_l ce :):J@j =T Tk—1""Tj 8k 8k_1 c -8]-, (39)

T T—1""Tj = 8k xk+18k—1$k cee 8j:cj+1 = 8k 8k_1 cee 8j Th41 T+ * - Tj41- (310)



The following commutation rules are needed in the following, for k > j

T Mj L1 Ljp1 = T XjTg T, (311)
Tjg1 L1 T T = Ty TpTj- - Tk (3.12)

Let 0 be a permutation with one reduced decomposition inscribed in the diagram
of a partition in the South-East corner of the rectangles

(3.13)

Sl PR Sk
Then applying the above commutation rules, we get
Lemma 3.1 For any k and o having the above reduced decomposition, the following
relations hold
ToXp 1 = (T 1) Ty,  Tolp - Tt = (Tp -+ Tha1) Tos (3.14)

where v = o~ 1.

For example we take n = 8, k = 3 and 0 = 545352 5756555453, the following planar
display implies a proof of the above lemma.
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Figure 3.1 Commutations between 7, and xgq-- -2,

We have a Leibniz formula

T = L4 1T + Z;. (315)
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For any j < k and m > 0, iterating the above formula we get

k+1

ﬂ-j”'ﬂ-kﬂ-k—‘rl”'ﬂ-k—i-mxj”'xk: E xj"'xi"'xk—i-lﬁj"'ﬁ'i—l"'7Tk7rk+1"'7rk+m7
i—j

(3.16)
where Z; and 7;_; means the missing in the product. For this formula we have the
following planar display reading the word by rows
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Figure 3.2 Basic process I

We call the above process the basic process I. We also need basic process II and
IIT in the following, Figure 3.3 and Figure 3.4 give their planar displays.
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Figure 3.3 Basic process II
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Figure 3.4 Basic process III



We still take a permutation o with one reduced decomposition inscribed in the
diagram (3.13). Let C(o,k) be the set of all the permutations which are smaller
than or equal to ¢ for the Ehresmann-Bruhat order with maximal length in the
coset class modulo Sj, x S,,_;. Then

Lemma 3.2 For any k > 0 and o defined as above,

Ty X1 T = Z (x1-~-xk)”717r,,. (3.17)
veC(o,k)
Moreover we have )
Y (wem)” =K1, (3.18)
veC(o,k)

To illustrate this Lemma, we take £ = 3 and 0 = s54555354515253. Using the
above three basic processes, we show the commutations between the 7; operators
and monomials by induction on rows. Figure 3.5 and Figure 3.6 show how to apply
the commutations inductively in a planar display.

Given u € N and i : 1 < i < n, define ¢;(u) as follows:

bi(u) = { ut, U > Uiy,
S(u) =

U, Ui < Uiy

For fixed £ : 1 < k < n let &/(u) be the set of all the distinct permutations of
u which are greater than or equal to w for the Ehresmann-Bruhat order and of
minimum length in their coset class modulo Sy X .S,,_,. Then we have the following
lemma

Lemma 3.3 For any i # k such that u; > u; 1, we have

Er(u™) = {gi(v) |v € E(u)}. (3.19)

Proof. Let X\ be the decreasing reordering of u, and let ¢ be the permutation such
that A = u. Taking another vector v, there exists a permutation v such that \¥ = v.
Then v > w if and only if ¥ < o by checking that every simple transposition in the
reduced decomposition decreases the number of inversions by 1.

Suppose 711 -+ -1, is one reduced decomposition of o, then ry---r,,s; is one re-
duced decomposition of o’ where A’ = u*. For any v = A € &(u), by the subword
property there exists a sequence 1 < jy,---,j, < m such that r; ---r;, = v. If
¢;(v) = v, we immediately get v < o', thus ¢;(v) > w®. If ¢;(v) = v, then
T, -+ 15,5 is one reduced decomposition of vs;, thus vs; < o', and one also gets

¢i(v) > u®.
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Figure 3.5 (I) Commutations between 7, and xq - - - xy

Since v is of minimum length in the coset class modulo Sy X S, _, then v must
have the maximum length among all the vectors smaller than ¢ in the coset class,
that is to say, for any t # k the permutation vs, with length increased by 1 is not
smaller than o. Let ¢;(v) = X" For the case of ¢;(v) = v if there exists an integer
t # k such that rj, ---7j,s; as a subword sequence of ry---7,s; is reduced. Then
t # 1, otherwise it is contrary to v; < v;11. Thus r;, - - - 7,5, is a subword sequence of
r1-- 7. This is a contrary to the minimum length of v. For the case of ¢;(v) = v*
if there exists an integer t # k such that r; ---r;s;s; as a subword sequence of
ri---Ty,s; is reduced. Then we must have a subword sequence of 7y ---r,, with
length greater than ¢ such that it is also reduced. This is also a contrary to the
minimum length of v. Thus we obtain ¢;(v) must have the minimum length among
all the vectors greater than »* in the coset class.



Conversely, following the above arguments, one can check that for any v’ €
Er(u®) there exists a vector v € & (u) such that v = ¢;(v). |

4. Pieri formula for key polynomials

In this section, we will prove the following two theorems:

Theorem 4.1 Given J € N", let k be such that j1 > -+ > jr, Jrke1 = =+ = Jn-
Then R
Kyag 21 = Kjironn (4.20)

and ~
KJ xn...xk_"_l = KJ—l—[Ok lnfkt]. (421>

Proof. K s and K 7 are the images of 2% = K, = K x (with A = decreasing reordering
of J), under some 7, or 7, respectively. These two operators can be realized as a
sequence of isobaric divided differences inscribed in the diagram of a partition in
the South-East corner of the rectangles

or

7L e T T e T
By Lemma 3.1, we have

ToXp 1 = (T 1) Toy,  Tolp -+ Tt = (Tp -+ Tha1) Toy (4.22)
where v = 0~!. One concludes by checking that multiplying z* by one of the two

monomials corresponds to adding [1% 0"*] or [0¥ 1"7¥] to J. ]

Theorem 4.2 Given J € N", then for any k we have

Kjapap= Y K[I+[1%07), (4.23)
Iegk(J)

sum over all I which are > J (for the Ehresmann-Bruhat order) and of minimum
length in their coset class modulo Sy X Sy,_.

Proof. Let w = (j1, ..., jx) and v = (Jg41, -- -, Jn)- First we prove the special
case where both v and v are decreasing. Let A be the decreasing reordering of J,
then there exists a permutation ¢ with one reduced decomposition inscribed in the



diagram (3.13) such that J = A\?. Now from the definition of key polynomials we
deduce that

Kyjay-ap = (2 a2 mp) xy - = ()2 o a) mp g - xp. (4.24)

By Lemma 3.2, we have

Krzy o, = (Ii\llé\zl’:;") Z (gjl...xk)’/71 T, = Z K[[‘l‘ []_k’on—k]]
veC(o,k) I€&(J)
(4.25)

For general J we don’t have u and v are decreasing. Let v/ and v" be decreasing
reordering of u and v respectively. Then K is obtained from K[u’,v’] by applying
a series of isobaric divided differences (where 7 is not a factor). Notice that K[.J]
is symmetric in x; and x;1 if j; < j;+1, which means that in this case we have
Kjm = K. By successively using Lemma 3.3, we get the desired theorem. 1

5. Decomposition of Schubert polynomials

The preceding Pieri formula allows us to give a generation of Schubert polynomials,
providing their decomposition in terms of key polynomials.

Theorem 5.1 Given J € N, let k be minimum such that j, = 0 (if it does not
exist, replace J by JO). Let I = [j1 — 1,...,jk—1 — 1, jks1,- -+ Jn). Then

YJ:}/}Wn—l"'Wk Lh—1""T1. (526)

Proof. Notice that xj_1 - --x; commutes with m,_; - - - 7, and therefore
Y My Tpr -1 = Yi(Tpo1 o ) (X1 - - 1) On—1 - - - O,
= Vi Oy O = Y.
|

Consequently the decomposition of Y7 in terms of key polynomials gives the
decomposition of Y;. Let

V=) c K, (5.27)
Then
Y = (O, culy) oy T Ty -+ 1
YoulCu Kuy) Ty - T gy -+ - 11
= Zu Cu (Ku’ Tp—1-- '551)
= DuCud Ko =2 cv Ky
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An immediate consequence of this theorem is that any Schubert polynomials
can be expressed as the image of 1 under the action of a product of isobaric divided
differences and monomials 2 - - - 2.

6. Noncommutative Pieri formula

Given an infinite totally ordered alphabet A with noncommutative letters, let A, =
{ai,...,a,}, and let Plaxr be the plactic algebra of A.

Let &ym(A,,) be the linear span of the Schur functions in A,. We denote the
elementary symmetric function of order k in A, by A*(A,).

Define the Schubert Module to be the subspace of PBlax :
Sehub = - - - ® Gym(A;) ® Sym(A4y) @ Sym(A4;)

linearly generated by finite products of symmetric polynomials ( respecting the order
ooy Asy Ao Ay).

It is known that Sym(A,,) has a basis {P; | J < [...,3,2,1,0]} [?] where for
JeN | |
Py =AN'Y(A, 1) N (Ap). (6.28)

Let ev be a map which sends a; to xz; for each 4, then {ev(Py)} is a basis of Pol.

Let A be a partition, then ---a?’)\?’a;‘zai\l is defined as the free key polynomials

corresponding to A, which belongs to Gehub. The operators 7¢ and 7 introduced
in [?] are the operators which act on Blax, and they preserve the module Schub.
Notice that they don’t satisfy the braid relations, i.e., there is no operator 7% or 7%
on the free algebra. However we can still define the free key polynomials recursively
as shown in [7]

K;=Kpn® and K; = K;79, (6.29)

where J; < J;41 and J' = J%. Thus the free key polynomials constitute another
basis of Gchub.

The following figure shows the relations between these several algebras.

Notice that Pieri formulas (4.20) and (4.23) are also true in the Schubert mod-
ule, because both the divided differences 7', 7 and the standard monomial ay, - - - a4
preserve the Schubert module. These corresponding formulas are called noncom-
mutative Pieri formulas. By Theorem 5.1, we also have the decomposition of free

Schubert polynomial in terms of free key polynomials.
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