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Abstra
t

Given two univariate polynomials of the same degree, or of 
onse
-

utive degrees, we interpret their Bezoutiant as a Christo�el-Darboux

kernel for a �nite family of orthogonal polynomials arising from their

Eu
lidean division. This is based on a quadrati
 expression of the

Bezoutiant in terms of the remainders. As a 
onsequen
e, we give

orthogonality properties of remainders, and reprodu
ing properties of

the Bezoutiant.

1 Introdu
tion

In the 
lassi
al theory of elimination, or of Sturm sequen
es, one en
ounters

relations whi
h are better understood when translated in terms of orthog-

onal polynomials. Conversely, one may safely asso
iate to the Christo�el-

Darboux kernel the names of B�ezout [1℄, Cayley [6℄, Sylvester [12℄, Hermite

[7℄, Brios
hi [4℄, [5℄, and re
ognize that these mathemati
ians treated the


ase of a �nite dis
rete measure, with the help of the Eu
lidean algorithm.

�
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The main goal of the present paper is to study the Bezoutiants asso-


iated with a pair of univariate polynomials, and dis
uss their relations to

Eu
lidean division and orthogonal polynomials.

A basi
 formula for our approa
h is a quadrati
 expression of the Be-

zoutiant in terms of remainders, given in Theorem 3. We shall treat the 
ase

where the two polynomials are generi
, of the same degree, or of 
onse
utive

degrees.

This formula allows us to give simple proofs of two 
lassi
al formulas

related to pairs of polynomials. On one hand, this expression leads to a

short proof of 
lassi
al formulas of Sylvester [12℄ and Brios
hi [4℄, [5℄ related

to the theory of Sturm; this is dis
ussed in Se
tion 4. On the other hand,

in a 
ertain limit 
ase, our quadrati
 expression for the Bezoutiant gives the

Sylvester formula [12℄ for the Ja
obian; this is the 
ontent of Se
tion 5.

Also, for general pairs of polynomials of degrees (n

+

1; n) and (n; n) our

formula leads to expressions presenting the Bezoutiants solely in terms of

the roots of the polynomials (Theorems 14 and 15).

Comparing with the expression of orthogonal polynomials given in Propo-

sition 16, we 
an relate Bezoutiants and Christo�el-Darboux kernels. Con-

sequently Bezoutiants have some reprodu
ing properties (Propositions 21

and 24) whi
h were not noti
ed up to now. In Se
tion 7, we also interpret,

in terms of orthogonal polynomials, some identities of Brios
hi [4℄.

We use only te
hniques of symmetri
 fun
tions. In Se
tion 2 we re
all

the notions asso
iated with the Eu
lidean division of polynomials in one

variable, and the 
orresponding 
ontinued fra
tions.

2 Eu
lidean division and 
ontinued fra
tions

Let f = f(x) and ' = '(x) be two moni
 polynomials in C [x℄

1

, of degrees

m � n respe
tively. Performing the algorithm of Eu
lidean division, one

gets

f = Q

0

'�R

1

; ' = Q

1

R

1

�R

2

; R

1

= Q

2

R

2

�R

3

; :::

:::;R

n�2

= Q

n�1

R

n�1

�R

n

; R

n�1

= R

n

Q

n

(we use here nonstandard signs that are motivated by Sturm theory). The

Q

i

are the su

essive quotients of degree degR

i�1

�

degR

i

. In the generi



ase, degQ

i

= 1 for i = 1; :::; n. In this situation, we shall say that (f; ')

is a general pair. The R

j

, j = 1; : : : ; n, are su

essive remainders with

degR

i

= n � i , in the generi
 
ase. It is 
onvenient to put R

�1

= f ,

R

0

= ', and R

n

+

1

= 0. Then the above sequen
e of equations is given


ompa
tly by

R

i�1

= Q

i

R

i

�R

i

+

1

; i = 0; : : : ; n: (1)

1

All polynomials in the present paper will have 
omplex 
oeÆ
ients.
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If one represents by

N

1

D

1

;

N

2

D

2

; :::;

N

n

+

1

D

n

+

1

=

'

f

(2)

the su

essive 
onvergents of the 
ontinued fra
tion

1

Q

0

�

1

Q

1

�

1

.

.

.

1

Q

n

then one has

R

i

= 'D

i

� fN

i

; i = 1; : : : ; n : (3)

The denominators D

i

(resp. the numerators N

i

) of the 
onvergents are, in

the generi
 
ase, of degrees m� n+ i� 1 and i� 1, respe
tively. It follows

from (3) that

R

i

� 'D

i

mod f; i = 0; : : : ; n : (4)

Alternatively, one re
overs this fa
t by noti
ing that the denominators satisfy

the re
ursions

D

i�1

= Q

i

D

i

�D

i

+

1

; i = 0; : : : ; n ; (5)

with initial 
onditions D

�1

= 0, D

0

= 1. These are the same equations

as for the remainders, the initial 
onditions (1) for the remainders being

multiplied by ', 
ompared with those (5) for the D

i

's.

3 A quadrati
 expression for the Bezoutiant

If g = g(x; y) is a polynomial in x,y, let

�

xy

(g) :=

g(x; y)� g(y; x)

x� y

: (6)

Given two arbitrary moni
 polynomials f and ', B�ezout [1℄ (see also [10℄,

I, p.41{52), 
onsidered quadrati
 expressions in the 
oeÆ
ients of f; ', that

he 
alled

�

Equations d�eriv�ees. Following Cayley [6℄ (see also [10℄, II, p.138),

one 
an reinterpret B�ezout's system of equations as the bivariate polynomial

Bez(f; ') := �

xy

�

f(x)'(y)

�

; (7)


alled the Bezoutiant (of f; '). We have the following two relations :

Bez(f; ') = �Bez('; f) ; (8)

Bez(�f + �g; ') = �Bez(f; ') + �Bez(g; ') ; (9)
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where � and � do not depend on x; y. For more on Bezoutiants, see 
hapter

3 of [8℄.

Assume m = deg f � n = deg' and use the notation of Se
tion 2. We

re
ord �rst the following lemma whi
h is basi
 for the present paper.

Lemma 1 For i = 0; 1; : : : ; n, one has

Bez(R

i�1

;R

i

) = p

i

R

i

(x)R

i

(y) +Bez(R

i

;R

i

+

1

) ; (10)

where p

i

= p

i

(x; y) = �

xy

(Q

i

(x)).

Proof. We have

R

i�1

(x)R

i

(y)�R

i�1

(y)R

i

(x)

R

i

(x)R

i

(y)

=

R

i�1

(x)

R

i

(x)

�

R

i�1

(y)

R

i

(y)

: (11)

Sin
e

R

i�1

(x)=R

i

(x) = Q

i

(x)�R

i

+

1

(x)=R

i

(x) ;

we 
an rewrite the RHS of (11) as

(x

�

y)p

i

�

R

i

+

1

(x)

R

i

(x)

+

R

i

+

1

(y)

R

i

(y)

=

= (x

�

y)p

i

+

R

i

(x)R

i

+

1

(y)�R

i

(y)R

i

+

1

(x)

R

i

(x)R

i

(y)

: (12)

Equating the LHS of (11) with the RHS of (12), multiplying by R

i

(x)R

i

(y),

and dividing by x

�

y, we obtain (10). The lemma has been proved. �

Remark 2 Noti
e that the derivative of Q

i

is the limit 
ase:

lim

y!x

p

i

(x; y) = Q

0

i

(x) : (13)

This will be used in Se
tion 5.

Theorem 3 Under the above assumptions, one has

Bez(f; ') = p

0

'(x)'(y) +

n

X

i=1

p

i

R

i

(x)R

i

(y) : (14)

Proof. Indeed, iterating (10), we arrive at

Bez(f; ') = p

0

R

0

(x)R

0

(y) +Bez(R

0

;R

1

) = � � � =

n

X

i=0

p

i

R

i

(x)R

i

(y) : �

Let us now 
onsider the 
ase of a general pair of polynomials (f; ') of

degrees (n

+

1; n). Then the Bezoutiant, being a polynomial in x; y of degree

n in x and y, 
an be expanded in a unique manner :

Bez(f; ') =

n

X

i=0




i

r

i

(x)r

i

(y) (15)
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requiring that the polynomials r

i

, i = 0; : : : ; n be moni
 of degree n

�

i,




0

; : : : ; 


n

being normalizing 
onstants. By virtue of the above we re
ognize

that the r

i

are, up to s
alars, the su

essive remainders in the Eu
lidean

division of f by '. Indeed Lemma 1 spe
ializes to :

Lemma 4 For i = 0; 1; : : : ; n, one has

Bez(R

i�1

;R

i

) = �

i

R

i

(x)R

i

(y) +Bez(R

i

;R

i

+

1

) ; (16)

where �

i

is the 
oeÆ
ient of x in Q

i

(x).

Iterating (16), we get

Proposition 5 One has

Bez(f; ') = '(x)'(y) +

n

X

i=1

�

i

R

i

(x)R

i

(y) : (17)

Using (17) we get the following 
ongruen
e.

Corollary 6 One has, modulo the ideal (f(x); f(y)),

Bez(f; ') � '(x)'(y)

�

1 +

n

X

i=1

�

i

D

i

(x)D

i

(y)

�

: (18)

If we spe
ialize x or y to a root of f , then the 
ongruen
e is repla
ed by

an equality.

Similarly, one gets the following result.

Proposition 7 If (f; ') is a general pair of polynomials of the same degree

n, then

Bez(f; ') =

n

X

i=1

�

i

R

i

(x)R

i

(y) ; (19)

where �

i

is the 
oeÆ
ient of x in Q

i

(x).

4 Nullity of Sylvester's and Brios
hi's determi-

nants

In his study of Sturm sequen
es (this is the 
ase where (n

+

1)'(x) is the

derivative of f(x)), Sylvester [12℄, I, p.502 stated (without proof) the van-

ishing of the following determinant :

�

�

�

D

i

(a

j

)

2

�

�

�

0�i;j�n

; (20)
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where a

0

; : : : ; a

n

are the roots of f and D

0

:= 1.

Brios
hi [4℄ generalized Sylvester's relation to an arbitrary ' of degree

n. One still has the vanishing of the same determinant (20), but now D

2

0

is

given by

D

0

(x)

2

= 1�

f

0

(x)

'(x)

: (21)

In other words, there exist 
onstants 


i

, i = 0; : : : ; n, su
h that for any root

a of f the following equation is satis�ed :




0

D

0

(a)

2

+ 


1

D

1

(a)

2

+ � � � + 


n

D

n

(a)

2

= 0 : (22)

But this 
omes from the expression of the spe
ializations x = y = a of the

Bezoutiant, divided by '(a)

2

:

Bez(f; ')

�

�

�

x=y=a

=

f

0

(a)'(a)

'(a)

2

= 1 + �

1

D

1

(a)

2

+ � � �+ �

n

D

n

(a)

2

; (23)

where Corollary 6 has been used.

2

5 Sylvester's formula for the Ja
obian

Let f and ' be two polynomials in one variable with deg f � deg'. Let us


onsider

W (f; ') := f

0

'� f'

0

(24)

- the simplest Wro�nskian. Noti
e that

W (f; ') = lim

y!x

Bez(f; ') : (25)

We get, as the \limit x = y 
ase" of (10), the following result (using

(13)).

Lemma 8 For i = 0; 1; : : : ; n, one has

W (R

i�1

;R

i

) = Q

0

i

R

2

i

+W (R

i

;R

i

+

1

) : (26)

Iterating (26), we arrive at the following formula presenting W (f; ') as

a quadrati
 form in the remainders.

Proposition 9 One has

W (f; ') =

n

X

i=0

Q

0

i

R

2

i

: (27)

2

For another proof of Sylvester's relation, see [8℄, Ex.2.34.
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Suppose now that two (homogeneous) forms F = F (x; y), � = �(x; y) in

two variables x and y are given with N = degF = deg�. Set f = F (x; 1),

' = �(x; 1) and suppose deg f � deg' = n. Following Sylvester [12℄, we

state the following quadrati
 expression of the spe
ialized Ja
obian J(F;�)

in terms of the remainders (for the division of f by '). Its proof 
onsists

into re
ognizing that the Ja
obian is a Wro�nskian.

Proposition 10 One has

1

N

J(F;�)

�

�

�

y=1

=

n

X

i=0

Q

0

i

R

2

i

: (28)

Proof. Substituting the well-known identity

NF = x

�F

�x

+ y

�F

�y

; (29)

into (27), we have

n

X

i=0

Q

0

i

R

2

i

= f

0

'� f'

0

=

�F

�x

�

1

N

�

x

��

�x

+ y

��

�y

�

�

�

�

y=1

�

1

N

�

x

�F

�x

+ y

�F

�y

�

��

�y

�

�

�

y=1

=

1

N

�

�F

�x

��

�y

�

�F

�y

��

�x

�

�

�

�

y=1

=

1

N

J(F;�)

�

�

�

y=1

:

The proposition has been proved. �

6 Bezoutiants in terms of the roots of polynomials

In this se
tion, we give some expressions for the Bezoutiants of general pairs

of polynomials of degrees (n

+

1; n) and (n; n), solely in terms of the roots of

the two polynomials.

To this end we need multi-S
hur fun
tions. Here are some basi
 de�-

nitions. Given two alphabets A , B , the 
omplete fun
tions S

i

(A

�

B ) of the

di�eren
e of the alphabets are de�ned by the generating series (with z an

extra variable) :

X

z

i

S

i

(A

�

B ) =

Y

b2B

(1

�

zb)=

Y

a2A

(1

�

za) : (30)

For example, if A is of 
ardinality m, then S

m

(x

�

A ) =

Q

a2A

(x � a) is a

moni
 polynomial with set of roots A .

Given I = (i

1

; i

2

; : : : ; i

r

) 2 N

r

, and alphabets A

1

; : : : ; A

r

, B

1

; : : : ; B

r

, the

multi-S
hur fun
tion S

I

(A

1

�

B

1

; : : : ; A

r

�

B

r

) is

S

I

(A

1

�

B

1

; : : : ; A

r

�

B

r

) :=

�

�

�

S

i

k

+k�h

(A

k

�

B

k

)

�

�

�

1�h;k�r

: (31)
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In 
ase of a S
hur fun
tion su
h that

i

1

= � � � = i




= i ; i




+

1

= � � � = i

r

= j ;

A

1

�

B

1

= � � � = A




�

B




= A

�

B ; A




+

1

�

B




+

1

= � � � = A

r

�

B

r

= C

�

D ;

we write in short

S

i




; j

r�
 (A

�

B ; C

�

D ) :

For example, the S
hur fun
tion

S

1;1;1;1;5;5;5

(A

�

B ; A

�

B ; A

�

B ; A

�

B ; C

�

D ; C

�

D ; C

�

D )

is written

S

1

4

;5

3
(A

�

B ; C

�

D ) :

Given two alphabets A , B of respe
tive 
ardinalities m;n, then the re-

sultant

R(A ; B ) :=

Y

a2A ;b2B

(a

�

b)


an be written

R(A ; B ) = S

n

m

(A

�

B ) : (32)

In parti
ular, the polynomial S

n

(x

�

B ) equals R(x; B ). Eq.(32) admits a gen-

eralization: the su

essive remainders in the division of R(x; A ) by R(x; B ),


onveniently normalized (they are 
alled subresultants), 
an be expressed as

S
hur fun
tions (
f. [8℄ and [9℄).

From now on, A ; B being two �nite alphabets, f(x) will denote the poly-

nomial R(x; A ), and '(x) will denote R(x; B ).

For su
h a pair, write

Bez(A ; B ) := Bez(f; ') :

We shall say that a pair of alphabets (A ; B ) is general if (f; ') is a general

pair of polynomials.

Suppose �rst that A and B form a general pair of alphabets of 
ardi-

nalities n

+

1 and n. We rewrite Proposition 5 in terms of A and B . Using

just quoted formulas for subresultants, expressions for �

i

's from [8℄, and for

ratios

3

of the remainders R

k

by the 
orresponding subresultants, one gets :

Proposition 11 One has

Bez(A ; B ) = R(x

+

y; B )

+

n

X

i=1

(�1)

i

S

1

n�i

;(i

+

1)

i

(B

�

x; B

�

A )S

1

n�i

;(i

+

1)

i

(B

�

y; B

�

A )

S

i

i�1

(B

�

A )S

(i

+

1)

i

(B

�

A )

: (33)

3

Re
all that division of S

n

+

1

(x

�

A ) by S

n

(x

�

B ) introdu
es the ratios

t

2

k

t

2

k

+

2

=t

2

k

+

1

t

2

k

+

3

with t

0

= t

1

= 1 and t

k

= S

k

k�1

(B

�

A ) for k � 2. Cf. [8℄.
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Similarly, for a general pair (A ; B ) of alphabets with the same 
ardinality

n, invoking Proposition 7, one gets the following identity.

Proposition 12 One has

Bez(A ; B ) =

n

X

i=1

(�1)

i

S

1

n�i

;i

i
(B

�

x; B

�

A )S

1

n�i

;i

i
(B

�

y; B

�

A )

S

(i�1)

i�1

(B

�

A )S

i

i

(B

�

A )

: (34)

We now re
ord the following result.

Lemma 13 Suppose that A and B are alphabets of 
ardinalities m and n

with m � n. For i = 1; : : : ; n, one has

R

i

(x) � S

i

m�n+i�1

(A

�

B

�

x)'(x) mod f(x) : (35)

Proof. It is a 
onsequen
e of the expli
it expression of R

i

as an element of

the ideal generated by f(x) and '(x) :

R

i

(x) = �S

(m�n+i)

i�1
(B

�

A

�

x)f(x) + S

i

m�n+i�1
(A

�

B

�

x)'(x) : (36)

For more details, see [8℄, (3.1.5). �

Now we will establish two expressions, solely in terms of roots, that are


ongruent to the above Bezoutiants modulo (f(x); f(y)). We start with a

general pair of alphabets (A ; B ) of 
ardinalities n

+

1 and n. It follows from

Proposition 5 and the lemma that, modulo the ideal (f(x); f(y)),

Bez(A ; B ) � R(x

+

y; B )

�

1 +

n

X

i=1

�

i

S

i

i

(A

�

B

�

x)S

i

i

(A

�

B

�

y)

�

: (37)

In summary, the Bezoutiant 
an be expressed in terms of S
hur fun
tions

indexed by partitions with equal parts :

Theorem 14 For a general pair of alphabets (A ; B ) of 
ardinalities n + 1

and n, one has, modulo the ideal (f(x); f(y)),

Bez(A ; B ) � R(x

+

y; B )

�

1 +

n

X

i=1

(�1)

i

S

i

i

(A

�

B

�

x)S

i

i

(A

�

B

�

y)

S

(i�1)

i
(A

�

B )S

i

i+1
(A

�

B )

�

: (38)

Let us pass now to pairs of alphabets of the same 
ardinality.

Theorem 15 For a general pair of alphabets (A ; B ) of the same 
ardinality

n, one has, modulo the ideal (f(x); f(y)),

Bez(A ; B ) � R(x

+

y; B )

�

1

S

1

(A

�

B )

+

n�1

X

i=1

(�1)

i

S

(i

+

1)

i
(A

�

B

�

x)S

(i

+

1)

i
(A

�

B

�

y)

S

i

i
(A

�

B )S

(i

+

1)

i+1
(A

�

B )

�

:

(39)
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Proof. We shall dedu
e the present 
ase from the one of alphabets of 
ardi-

nalities (n; n

�

1). To this end, suppose that  (x) := S

n�1

(x

�

C ) is the moni


remainder of '(x) modulo f(x), i.e.

'(x) = f(x) + S

1

(A

�

B ) (x) : (40)

Then (A ; C ) is general, and by (9) we have

Bez(A ; B ) = Bez(A ; C )S

1

(A

�

B ) : (41)

Thanks to (40), the remainders of f(x) by  (x) 
oin
ide with those of f(x)

by '(x), up to powers of u := S

1

(A

�

B ). From expression (36), equalizing

degrees by an appropriate power of u, one has

S

(i

+

1)

i
(A

�

B

�

x)'(x) � u

i

+

1

S

(i

+

1)

i
(A

�

C

�

x) (x) mod f(x) :

Similarly, 
omparing the top 
oeÆ
ients of S

1

n�i

; i

i

(A

�

x; A

�

B ) and

S

1

n�i

; (i�1)

i

(A

�

x; A

�

C ), one gets

S

i

i

(A

�

B ) = u

i

S

(i�1)

i

(A

�

C ) :

Thus, using (41), de
omposition (38) :

Bez(A ; C ) �  (x) (y)

�

1�

S

1

(A

�

C

�

x)S

1

(A

�

C

�

y)

S

11

(A

�

C )

+

S

22

(A

�

C

�

x)S

22

(A

�

C

�

y)

S

11

(A

�

C )S

222

(A

�

C )

� � � �

�

be
omes

Bez(A ; B ) � R(x

+

y; B )

�

1

S

1

(A

�

B )

�

S

2

(A

�

B

�

x)S

2

(A

�

B

�

y)

S

1

(A

�

B )S

22

(A

�

B )

+

S

33

(A

�

B

�

x)S

33

(A

�

B

�

y)

S

22

(A

�

B )S

333

(A

�

B )

� � � �

�

:

This proves the theorem. �

Noti
e that (38) and (39) be
ome equalities, when spe
ializing x or y

into a root of f .

In the next se
tion, the pre
eding Bezoutiants will be 
ompared to some

Christo�el-Darboux kernels.

7 Eu
lidean remainders versus orthogonal polyno-

mials

In this se
tion, we shall investigate two families of orthogonal polynomials.

The �rst one 
omes from the Eu
lidean division of a general pair of polyno-

mials of degrees (n

+

1; n), and the se
ond one { from division of a general

pair of polynomials of degrees (n; n).

10



Assume �rst that (A ; B ) is a general pair of alphabets of 
ardinalities

n+1 and n (and follow the 
onvention of the previous se
tion). One �nds in

the book of Brios
hi [4℄, p.167, the following identities (we use the notation

of Se
tion 2) :

X

a2A

D

i

(a)N

i

(a)

'(a)

R(a; A

�

a)

= 0 ; (42)

X

a2A

D

i

(a)D

i�1

(a)

'(a)

R(a; A

�

a)

= 0 ; (43)

X

a2A

D

2

i

(a)Q

i

(a)

'(a)

R(a; A

�

a)

= 0 : (44)

These three identities make use of the following fun
tional on C [x℄ :

� : g(x) 7! �

�

g(x)

�

:=

X

a2A

g(a)

'(a)

R(a; A

�

a)

: (45)

The fun
tional � is an avatar of the Lagrange interpolation in the points

a 2 A (
f., e.g., [2℄ and [8℄). It is 
hara
terized by the fa
t that it sends ea
h

x

i

, i 2 N, onto the 
omplete fun
tion S

i

(A

�

B ).

Given a linear fun
tional, it is known how to write an orthogonal basis in

terms of moments (
f. [11℄ and [2℄). These expressions are still valid in the


ase of our fun
tional �, restri
ted to the spa
e of polynomials of degree � n,

and the following proposition is a rewriting, in terms of S
hur fun
tions, of

the 
lassi
al determinantal expressions of orthogonal polynomials.

Proposition 16 The S
hur polynomials

P

k

= S

k

k

(A

�

B

�

x) ; (46)

k = 0; 1; : : : ; n, form a unique (up to normalization) orthogonal basis with

respe
t to the fun
tional �, of polynomials of respe
tive degrees 0; 1; : : : ; n.

(For the reader's 
onvenien
e we re
all a proof in the Appendix.)

Combining (4) with Lemma 13, we see that D

k


orresponds to P

k

, and

thus we get the following basi
 result.

Proposition 17 For any �xed 0 � i < j � n, one has the relations

X

a2A

a

i

D

j

(a)

'(a)

R(a; A

�

a)

= 0 ; (47)

X

a2A

D

i

(a)D

j

(a)

'(a)

R(a; A

�

a)

= 0 : (48)

11



Brios
hi's relation (43) results from (48).

We 
an repla
e in (42) the polynomial N

i

, whi
h is of degree i � 1, by

any polynomial of degree stri
tly less than i, be
ause the set fD

i

g forms an

orthogonal basis. Sin
e

D

i

+

1

= Q

i

D

i

�D

i�1

;

Eq.(44) results from the orthogonality of D

i

with D

i

+

1

, and with D

i�1

.

Remark 18 In [5℄, in the spe
ial 
ase where '(x) = f

0

(x)=(n

+

1), Brios
hi

gives the following relations : for �xed 0 � i < j � n,

X

a2A

a

i

D

j

(a) = 0 : (49)

The sum looks di�erent from (47) be
ause the term

'(a)

R(a; A

�

a)

=

'(a)

f

0

(a)

=

1

n

+

1

(50)


an be erased.

From Proposition 17 and (4), we infer

Corollary 19 For any �xed 0 � i < j � n, one has the relations

X

a2A

a

i

R

j

(a)

1

'(a)R(a; A

�

a)

= 0 : (51)

X

a2A

R

i

(a)R

j

(a)

1

'(a)R(a; A

�

a)

= 0 ; (52)

Remark 20 Noti
e that

f

0

(x)

f(x)

=

X

a2A

1

x� a

; (53)

so that the 
ase treated by Sylvester and Brios
hi is the 
ase of orthogo-

nal polynomials for a dis
rete uniform measure, in relation with Lagrange

interpolation. As a matter of fa
t, it was also the starting point of T
heby-


hef (
f. [13℄, and [3℄ for an a

ount to T
heby
hef's work on orthogonal

polynomials). Taking a more general '(x) of degree n, one has similarly

'(x)

f(x)

=

X

a2A

'(a)

R(x; A

�

a)

R(a; A

�

a)

; (54)

thanks to Lagrange interpolation, and this time the measure is no more uni-

form, but still 
on
entrated in the points of A .
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Given a family of orthogonal polynomials P

0

(x); : : : ; P

n

(x) asso
iated

with a linear fun
tional �, then the Christo�el-Darboux kernel (
f. [2℄, [11℄)

is :

K(x; y) :=

n

X

i=0

P

i

(x)P

i

(y)=�

�

P

i

(x)

2

�

(55)

In the 
ase of a general pair of alphabets (A ; B ) of respe
tive 
ardinalities

n

+

1 and n, � being the fun
tional de�ned in (45), expression (38) shows that

Bez(A ; B ) be proportional to K(x; y) :

Bez(A ; B ) � '(x)'(y)K(x; y) mod (f(x); f(y)) : (56)

Therefore, the reprodu
ing property of a Christo�el-Darboux kernel en-

tails the following property of the Bezoutiant.

Proposition 21 Given a general pair of alphabets (A ; B ) of respe
tive 
ar-

dinalities n

+

1 and n, and a polynomial g(x), then

�

�

g(x)Bez(A ; B )

�

� '(y)

2

g(y) mod f(y) : (57)

Finally, 
onsider a general pair of alphabets (A ; B ) of the same 
ardinality

n. We state only results and omit their proofs whi
h are similar to the ones

in the previous 
ase. We re
all (
f. Lemma 13):

Lemma 22 For i = 1; : : : ; n,

R

i

(x) � S

i

i�1

(A

�

B

�

x)'(x) mod f(x) : (58)

Proposition 23 The S
hur fun
tions S

k

k�1

(A

�

B

�

x) , k = 1; : : : ; n , form

a unique (up to normalization) orthogonal basis of polynomials of respe
tive

degrees 0; 1; : : : ; n

�

1, with respe
t to the following fun
tional � on C [x℄ :

� : x

i

7! S

i

+

1

(A

�

B ) ; i 2 N : (59)

Comparing the Bezoutiant with the Christo�el-Darboux kernel we get :

Proposition 24 For any polynomial g(x), one has

�(g(x)Bez(A ; B )) � '(y)

2

g(y) mod f(y) : (60)

8 Appendix

Proposition 16 
an be proved as follows. Fix k = 1; : : : ; n. We have the

following equality :

S

k

k

(A

�

B

�

x)x

i

= S

k

k

; i

(A

�

B ; x) : (61)
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(One 
an pass from the RHS of (61) to its LHS by multiplying the ith row by

x and subtra
ting it from the (i

�

1)st row, su

essively for i = 2; 3; : : : ; k

+

1.)

The fun
tional � a
ts only on the last 
olumn of the determinant

S

k

k

; i

(A

�

B ; x) ;

and sends it onto

S

k

k

; i

(A

�

B ; A

�

B ) :

When i < k, this last determinant S

k

k

;i

(A

�

B ) vanishes, having two identi
al


olumns. In other words, the polynomial P

k

= S

k

k

(A

�

B

�

x) is orthogonal

to x

0

; : : : ; x

k�1

. �
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