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Abstract

Given two univariate polynomials of the same degree, or of consec-
utive degrees, we interpret their Bezoutiant as a Christoffel-Darboux
kernel for a finite family of orthogonal polynomials arising from their
Euclidean division. This is based on a quadratic expression of the
Bezoutiant in terms of the remainders. As a consequence, we give
orthogonality properties of remainders, and reproducing properties of
the Bezoutiant.

1 Introduction

In the classical theory of elimination, or of Sturm sequences, one encounters
relations which are better understood when translated in terms of orthog-
onal polynomials. Conversely, one may safely associate to the Christoffel-
Darboux kernel the names of Bézout [1], Cayley [6], Sylvester [12], Hermite
[7], Brioschi [4], [5], and recognize that these mathematicians treated the
case of a finite discrete measure, with the help of the Euclidean algorithm.
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The main goal of the present paper is to study the Bezoutiants asso-
ciated with a pair of univariate polynomials, and discuss their relations to
Euclidean division and orthogonal polynomials.

A basic formula for our approach is a quadratic expression of the Be-
zoutiant in terms of remainders, given in Theorem 3. We shall treat the case
where the two polynomials are generic, of the same degree, or of consecutive
degrees.

This formula allows us to give simple proofs of two classical formulas
related to pairs of polynomials. On one hand, this expression leads to a
short proof of classical formulas of Sylvester [12] and Brioschi [4], [5] related
to the theory of Sturm; this is discussed in Section 4. On the other hand,
in a certain limit case, our quadratic expression for the Bezoutiant gives the
Sylvester formula [12] for the Jacobian; this is the content of Section 5.

Also, for general pairs of polynomials of degrees (n+1,n) and (n,n) our
formula leads to expressions presenting the Bezoutiants solely in terms of
the roots of the polynomials (Theorems 14 and 15).

Comparing with the expression of orthogonal polynomials given in Propo-
sition 16, we can relate Bezoutiants and Christoffel-Darboux kernels. Con-
sequently Bezoutiants have some reproducing properties (Propositions 21
and 24) which were not noticed up to now. In Section 7, we also interpret,
in terms of orthogonal polynomials, some identities of Brioschi [4].

We use only techniques of symmetric functions. In Section 2 we recall
the notions associated with the Euclidean division of polynomials in one
variable, and the corresponding continued fractions.

2 Euclidean division and continued fractions

Let f = f(z) and ¢ = ¢(z) be two monic polynomials in C[z] !, of degrees
m > n respectively. Performing the algorithm of Euclidean division, one
gets

f=Qup—Ri, p=Q1R1—R2, R1=LR2—Rs,...

---aRn—Q = Qn—an—l - Rna Rn—l = RnQn

(we use here nonstandard signs that are motivated by Sturm theory). The
Q; are the successive quotients of degree deg R;—1—degR;. In the generic
case, deg Q; = 1 for 4 = 1,...,n. In this situation, we shall say that (f, )
is a general pair. The R; , j = 1,...,n, are successive remainders with
degR; = n — i, in the generic case. It is convenient to put R_; = f,
Ro = ¢, and R,+1 = 0. Then the above sequence of equations is given
compactly by

RiflzgiRi—RH-l y ’LZO,,n (1)

LAll polynomials in the present paper will have complex coefficients.



If one represents by
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the successive convergents of the continued fraction

1
1
Qo — 1
Ql—jT
Q,
then one has
Ri=¢D; — fN;, i=1,...,n. (3)

The denominators D; (resp. the numerators N;) of the convergents are, in
the generic case, of degrees m —n + 4 — 1 and ¢ — 1, respectively. It follows
from (3) that

Ri=¢D; mod f,i=0,...,n. (4)

Alternatively, one recovers this fact by noticing that the denominators satisfy
the recursions

DifIZQiDi_DH-lai:07"'7n7 (5)
with initial conditions D_; = 0, Dy = 1. These are the same equations
as for the remainders, the initial conditions (1) for the remainders being
multiplied by ¢, compared with those (5) for the D;’s.

3 A quadratic expression for the Bezoutiant

If g = g(z,y) is a polynomial in z,y, let

Oy (9) =2 (x’y; - Z ©,2) (6)

Given two arbitrary monic polynomials f and ¢, Bézout [1] (see also [10],
I, p.41-52), considered quadratic expressions in the coefficients of f, ¢, that
he called Equations dérivées. Following Cayley [6] (see also [10], II, p.138),
one can reinterpret Bézout’s system of equations as the bivariate polynomial

Bes (f, ¢) = Oy (f(2)(y)) 5 (7)
called the Bezoutiant (of f, ). We have the following two relations :
Bes(af + By, ) = aBes(f, ) + BBe3(g, ¢) 5 (9)



where « and 8 do not depend on z,y. For more on Bezoutiants, see chapter
3 of [8].

Assume m = deg f > n = deg ¢ and use the notation of Section 2. We
record first the following lemma which is basic for the present paper.

Lemma 1 Fori=0,1,...,n, one has

Be3(Ri—1,Ri) = piRi(2)Ri(y) + Bez(Ri, Rit1) , (10)
where p; = pi(z,y) = Opy(Qi(z)).
Proof. We have

Ri-1(@)Ri(y) — Ri-1(y)Ri(z) _ Ri-1(z)  Rialy) (11)
Ri(z)Ri(y) Ri(z) Ri(y)
Since
Ri-1(z)/Ri(z) = Qi(z) — Rit1(z)/Ri(z),
we can rewrite the RHS of (11) as
Riti1(z) | Rinily)
P TR
()i + Ri(2)Rit1(y) — Ri(y)Ri+1 (@) (12)

Ri(z)Ri(y)

Equating the LHS of (11) with the RHS of (12), multiplying by R;(z)Ri(v),
and dividing by z—y, we obtain (10). The lemma has been proved. O

Remark 2 Notice that the derivative of Q; is the limit case:
lim p;(z,y) = Qj(z) . (13)
y—T
This will be used in Section 5.
Theorem 3 Under the above assumptions, one has
n
Bes (f,0) = pop(@)e(y) + D piRi(x)Ri(y) - (14)
i=1
Proof. Indeed, iterating (10), we arrive at

Bes(f, ) = poRo(z)Ro(y) + Bez(Ro, Ry) =+ = mei(m)ni(y) O

Let us now consider the case of a general pair of polynomials (f, ) of
degrees (n+1,n). Then the Bezoutiant, being a polynomial in z,y of degree
n in z and y, can be expanded in a unique manner :

Bes(f,0) = Y viri(@)ri(y) (15)
=0
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requiring that the polynomials r;, © = 0,...,n be monic of degree n—i,
Y0, - - -, Yn being normalizing constants. By virtue of the above we recognize
that the r; are, up to scalars, the successive remainders in the Euclidean
division of f by ¢. Indeed Lemma 1 specializes to :

Lemma 4 For:=0,1,...,n, one has
Be3(Ri-1, Ri) = aiRi(2)Rily) + Bes (Ri, Ri+1) (16)
where «; is the coefficient of © in Q;(x).
Iterating (16), we get

Proposition 5 One has

Bes (f,0) = p(2)e(y) + Y aRi(x)Ri(y) - (17)
=1

Using (17) we get the following congruence.

Corollary 6 One has, modulo the ideal (f(x), f(y)),
Bes(f, ) = p()p(y) (1 + Y aiDi(x)Di(y)) - (18)
i=1

If we specialize x or y to a root of f, then the congruence is replaced by
an equality.
Similarly, one gets the following result.

Proposition 7 If (f, ) is a general pair of polynomials of the same degree
n, then

Be3(f,0) = Y aRi(x)Ri(y) , (19)
i=1

where «; is the coefficient of x in Q;(x).

4 Nullity of Sylvester’s and Brioschi’s determi-
nants

In his study of Sturm sequences (this is the case where (n+1)p(z) is the
derivative of f(x)), Sylvester [12], I, p.502 stated (without proof) the van-
ishing of the following determinant :

‘Di(aj)2‘0<ij<n ’ (20)
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where ag, ..., a, are the roots of f and Dy := 1.
Brioschi [4] generalized Sylvester’s relation to an arbitrary ¢ of degree
n. One still has the vanishing of the same determinant (20), but now D3 is

given by
!
Dola)? =1 L&) (21)
p(x)
In other words, there exist constants ¢;, ¢+ = 0,...,n, such that for any root

a of f the following equation is satisfied :
coDo(a)? + e1D1(a)? + -+ + ¢ Dp(a)? =0 . (22)

But this comes from the expression of the specializations £ = y = a of the
Bezoutiant, divided by ¢(a)? :

Bez (f, ») vmyma () 1+aDi(a)’ + -+ anDu(a)®,  (23)

where Corollary 6 has been used.?

5 Sylvester’s formula for the Jacobian

Let f and ¢ be two polynomials in one variable with deg f > deg ¢. Let us
consider

W(f,e):=f'o—f¢ (24)
- the simplest Wronskian. Notice that
W(f,¢) = lim Be(f, @) . (25)
Y—T

We get, as the “limit x = y case” of (10), the following result (using

(13)).
Lemma 8 Fori=0,1,...,n, one has
W(Ri 1, Ri) = QiRY + W (Ri, Ri+1) - (26)

Iterating (26), we arrive at the following formula presenting W (f, ¢) as
a quadratic form in the remainders.

Proposition 9 One has

W(f,0)=> QR}. (27)
1=0

For another proof of Sylvester’s relation, see [8], Ex.2.34.



Suppose now that two (homogeneous) forms F' = F(z,y), ® = ®(x,y) in
two variables z and y are given with N = deg F' = deg ®. Set f = F(z,1),
¢ = ®(z,1) and suppose deg f > degy = n. Following Sylvester [12], we
state the following quadratic expression of the specialized Jacobian J(F, @)
in terms of the remainders (for the division of f by ¢). Its proof consists
into recognizing that the Jacobian is a Wronskian.

Proposition 10 One has
—JF@‘ E:QR? (28)

Proof. Substituting the well-known identity
NF =x— +y— 29
9y b ( )

into (27), we have
Y QR =flo— [
=0

oF

1, 00 0P 1, OF oF, 0P
=50 7% )~ W T ) Tl
OF 09 OF 0%
¥ 55y ~ 35 5 e

The proposition has been proved. [

- :—Jﬂé‘.
v )y:1

6 Bezoutiants in terms of the roots of polynomials

In this section, we give some expressions for the Bezoutiants of general pairs
of polynomials of degrees (n+1,n) and (n,n), solely in terms of the roots of
the two polynomials.

To this end we need multi-Schur functions. Here are some basic defi-
nitions. Given two alphabets A, B, the complete functions S;(A-B) of the
difference of the alphabets are defined by the generating series (with z an
extra variable) :

> #Si(A-B) = [J(1-20)/ [ ] (1-2a). (30)
beB a€A
For example, if A is of cardinality m, then Sy, (z-A) = [[,ca(z —a) is a
monic polynomial with set of roots A.
Given I = (i1,149,...,4,) € N', and alphabets Ay ,..., A, By,...,B,, the
multi-Schur function Sp(Ay—By, ..., A.—B,) is

S[(Al *Bl, . ,AT*B,«) = Sik-l—k—h(Ak*IBk) 1<hk<y . (31)



In case of a Schur function such that
==y =i, = =i =,

Ai-By = =Ay-By = A-B, Ay -Byy = =A-B =CD,

we write in short
Si’y ;jv‘f'y (A*B, C*ID)) .
For example, the Schur function
S1,1,1,1,555(A-B,A-B, A-B, A-B, C-D, C-D,C-D)
18 written
514;53 (A—B, (C—]D)) .

Given two alphabets A, B of respective cardinalities m,n, then the re-

sultant
R(AB) = ][] (a-b)
acAbeB
can be written

R(A,B) = Sym(A-B). (32)

In particular, the polynomial S, (z—B) equals R(z,B). Eq.(32) admits a gen-
eralization: the successive remainders in the division of R(x,A) by R(z,B),
conveniently normalized (they are called subresultants), can be expressed as
Schur functions (cf. [8] and [9]).

From now on, A, B being two finite alphabets, f(z) will denote the poly-
nomial R(z,A), and ¢(z) will denote R(z,B).

For such a pair, write

Be3 (A, B) := Bez(f, ) -

We shall say that a pair of alphabets (A, B) is general if (f, ¢) is a general
pair of polynomials.

Suppose first that A and B form a general pair of alphabets of cardi-
nalities n+1 and n. We rewrite Proposition 5 in terms of A and B. Using
just quoted formulas for subresultants, expressions for «;’s from [8], and for
ratios® of the remainders Ry, by the corresponding subresultants, one gets :

Proposition 11 One has
Bez (A, B) = R(z+y,B)
+ i(—l)isln_i;(iﬂ)i(B_x;B_A)Sl”"';(iﬂ)i(]g_y;B—A) .
i=1 Sii-1(B-A)S(;1 1y (B-A)

(33)

®Recall that division of S,+,(z—A) by S,(z-B) introduces the ratios

2,2 2 2
ththto/th+1thta

with to =¢1 =1 and ¢, = Skk_1(B*A) for k > 2. Cf. [8]



Similarly, for a general pair (A, B) of alphabets with the same cardinality
n, invoking Proposition 7, one gets the following identity.

Proposition 12 One has

n
. Sln—zzz (]B*iv7 B- A) Sln—i .4l (]B*y7 ]B*A)
_ _ (3 ) )
By (A B) = ) (-1) Sii_1y—1 (B-A)S;: (B-A) ‘ (34)

=1

We now record the following result.

Lemma 13 Suppose that A and B are alphabets of cardinalities m and n
with m > n. Fort=1,...,n, one has

Ri(z) = Sim-n+i-1(A-B-z) p(x) mod f(x) . (35)

Proof. It is a consequence of the explicit expression of R; as an element of
the ideal generated by f(z) and p(z) :

Ri(z) = £S(—ntiyi-1 (B-A-2) f(2) + Sim-n+i-1 (A-B-z)p(z) . (36)

For more details, see [8], (3.1.5). O

Now we will establish two expressions, solely in terms of roots, that are
congruent to the above Bezoutiants modulo (f(z), f(y)). We start with a
general pair of alphabets (A, B) of cardinalities n+1 and n. It follows from
Proposition 5 and the lemma that, modulo the ideal (f(x), f(y)),

Bez(A, B) = R(z+y, B) (1 + f: ;S;i (A-B-x) Sy (A—]B%—y)) . @37
=1

In summary, the Bezoutiant can be expressed in terms of Schur functions
indexed by partitions with equal parts :

Theorem 14 For a general pair of alphabets (A, B) of cardinalities n + 1
and n, one has, modulo the ideal (f(x), f(y)),

o 8) = R (1 TR

Let us pass now to pairs of alphabets of the same cardinality.

Theorem 15 For a general pair of alphabets (A, B) of the same cardinality
n, one has, modulo the ideal (f(x), f(y)),

n—1
B 1 ZS(H‘I)’ (A—]B—l')s(i+1)i (A_]B_y)
Be3 (A, B) = R(z+y,B) (m+z(_l) Sii (A=B) S+ 1)i+1 (A-B) )

=1
(39)




Proof. We shall deduce the present case from the one of alphabets of cardi-
nalities (n,n—1). To this end, suppose that ¢(z) := S,,_;(z-C) is the monic
remainder of ¢(x) modulo f(z), i.e.

p(z) = f(x) + S1(A-B)¢p(z). (40)
Then (A, C) is general, and by (9) we have
Bez (A, B) = Bez (A, C)S1(A-B). (41)

Thanks to (40), the remainders of f(z) by 4 (z) coincide with those of f(x)
by ¢(z), up to powers of u := S1(A-B). From expression (36), equalizing
degrees by an appropriate power of u, one has

S(it1y (A-B-2)p(2) = u'™! S0y (A-C-2)yp(z) mod f(a).
Similarly, comparing the top coefficients of Syn—i. ;i (A-z; A-B) and
Sini; (i—1)i (A-z; A-C), one gets
Thus, using (41), decomposition (38) :
S1(A-C-2)S5,(A-Cy)
S11(A-C)

SQQ(A*(C .'E)SQQ(A C- ) _ )
S11(A-C)Sa22 (A-C)

Bes (4, C) = P(@)(y) (1 -

becomes

1 SQ(A—]B—Q})SQ(A—]B—]J)
S1(A-B) S1(A-B) S22 (A-B)
S33(A-B-7)S33(A-B-y) )
S22(A-B)S333 (A-B)

Bes (A, B) = R(z+y, B)

This proves the theorem. [

Notice that (38) and (39) become equalities, when specializing = or y
into a root of f.

In the next section, the preceding Bezoutiants will be compared to some
Christoffel-Darboux kernels.

7 FEuclidean remainders versus orthogonal polyno-
mials

In this section, we shall investigate two families of orthogonal polynomials.

The first one comes from the Euclidean division of a general pair of polyno-

mials of degrees (n+1,n), and the second one — from division of a general
pair of polynomials of degrees (n,n).

10



Assume first that (A,B) is a general pair of alphabets of cardinalities
n+1 and n (and follow the convention of the previous section). One finds in
the book of Brioschi [4], p.167, the following identities (we use the notation
of Section 2) :

S DifaNi(a) =22 —, (42)

= R(a,A-a)
a%m(@m@% ~0, (43)
a%pf(a) Qi(a)% =0. (44)

These three identities make use of the following functional on C[z] :

pg(z) = g(a) aAa)- (45)

a€A

The functional y is an avatar of the Lagrange interpolation in the points
a € A (cf,, e.g., [2] and [8]). It is characterized by the fact that it sends each
z', i € N, onto the complete function S;(A-B).

Given a linear functional, it is known how to write an orthogonal basis in
terms of moments (cf. [11] and [2]). These expressions are still valid in the
case of our functional u, restricted to the space of polynomials of degree < n,
and the following proposition is a rewriting, in terms of Schur functions, of
the classical determinantal expressions of orthogonal polynomials.

Proposition 16 The Schur polynomials

P, = Spx(A-B-x), (46)
kE=0,1,...,n, form a unique (up to normalization) orthogonal basis with
respect to the functional p, of polynomials of respective degrees 0,1,...,n.

(For the reader’s convenience we recall a proof in the Appendix.)
Combining (4) with Lemma 13, we see that Dy corresponds to Py, and
thus we get the following basic result.

Proposition 17 For any fired 0 <1i < 7 < n, one has the relations

> a'Dj(a) G(A) 2 =0, (47)

[N

%Di(a)pj (a)% =0. (48)

11



Brioschi’s relation (43) results from (48).

We can replace in (42) the polynomial A;, which is of degree i — 1, by
any polynomial of degree strictly less than 4, because the set {D;} forms an
orthogonal basis. Since

z+1 QzD Dz 1,

Eq.(44) results from the orthogonality of D; with D;;, and with D;_;.

Remark 18 In [5], in the special case where p(x) = f'(x)/(n+1), Brioschi
gives the following relations : for fixzed 0 <1 < j <mn,

Z a'Dj(a) = 0. (49)
a€A

The sum looks different from (47) because the term

pla) _ plo) 1
R(a,A-a)  f'(a) n+l (50)
can be erased.
From Proposition 17 and (4), we infer
Corollary 19 For any fized 0 <1 < j < n, one has the relations
, 1
Z a'Rj(a)———=————=0. (51)
2R R A a)
S Ri(a)R; (@)~ =0 (52)
2 R R A~

Remark 20 Notice that

f,(m)zzmia’ (53)

acA

so that the case treated by Sylvester and Brioschi is the case of orthogo-
nal polynomials for a discrete uniform measure, in relation with Lagrange
interpolation. As a matter of fact, it was also the starting point of Tcheby-
chef (cf. [13], and [3] for an account to Tchebychef’s work on orthogonal
polynomials). Taking a more general p(z) of degree n, one has similarly

(x) R(z,A-a
=Sl ; , (54)
a€A

thanks to Lagrange interpolation, and this time the measure is no more uni-
form, but still concentrated in the points of A.

12



Given a family of orthogonal polynomials Py(x),..., P,(z) associated
with a linear functional 4, then the Christoffel-Darboux kernel (cf. [2], [11])
is :

K(z,y):= Y Pi(x)Pi(y)/u(Pi(2)?) (55)
1=0

In the case of a general pair of alphabets (A, B) of respective cardinalities
n+1 and n, u being the functional defined in (45), expression (38) shows that
PBe3 (A, B) be proportional to K(z,y) :

Be3 (A, B) = o(z)e(y) K(z,y)  mod (f(z), f(y)). (56)

Therefore, the reproducing property of a Christoffel-Darboux kernel en-
tails the following property of the Bezoutiant.

Proposition 21 Given a general pair of alphabets (A, B) of respective car-
dinalities n+1 and n, and a polynomial g(x), then

1(g(z) Bes (A, B)) = o(y)’g(y) mod f(y). (57)

Finally, consider a general pair of alphabets (A, B) of the same cardinality
n. We state only results and omit their proofs which are similar to the ones
in the previous case. We recall (cf. Lemma 13):

Lemma 22 Fori=1,...,n,
Ri(z) = S;i1(A-B-z) p(z) mod f(z) . (58)
Proposition 23 The Schur functions Syr—1(A-B-z), k=1,...,n, form

a unique (up to normalization) orthogonal basis of polynomials of respective
degrees 0,1,...,n—1, with respect to the following functional v on Clz] :

v:zt— S (A-B), i €N. (59)
Comparing the Bezoutiant with the Christoffel-Darboux kernel we get :

Proposition 24 For any polynomial g(x), one has

v(g(z)Be (A, B)) = o(y)’g(y) mod f(y). (60)

8 Appendix

Proposition 16 can be proved as follows. Fix k& = 1,...,n. We have the
following equality :

Spr (A=B-z)a’ = Spe.;(A-B; z). (61)

13



(One can pass from the RHS of (61) to its LHS by multiplying the ith row by

x and subtracting it from the (i—1)st row, successively for i = 2,3,...,k+1.)
The functional p acts only on the last column of the determinant
Skk;i(A—]B; .’L'),

and sends it onto
Skkyz(A*B, A*B) .
When i < k, this last determinant Sy« ;(A-B) vanishes, having two identical

columns. In other words, the polynomial Py = Spx(A-B-z) is orthogonal
toz?, ..., 21 0O
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