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Introdu
tion

The goal of the present paper is to develop 
onvenient algebrai
 tools to 
ompute

in the 
ohomology ring of Lagrangian 
ag manifolds as well as with Lagrangian de-

genera
y lo
i. There is quite a long series of papers devoted to this goal overlapping

among others [B-G-G℄, [B-H℄, [B℄, [D1,2℄, [F-K℄, [F1,2℄, [H-B℄ and [P-R1,2℄. The

present paper will 
ertainly not end this list. The 
ohomologi
al formulas related to

a symple
ti
 form are extremely useful for 
omputing in the 
ohomology (or Chow)

rings of various moduli spa
es in
luding the moduli spa
es of 
urves and the moduli

spa
es of abelian varieties in 
hara
teristi
 p. This is, perhaps, a raison d'être for

the present paper.

Our basi
 tool here is a 
ertain basis whi
h is orthonormal with respe
t to

the s
alar produ
t de�ned by the top symple
ti
 divided di�eren
e. This basis

has a natural geometri
 explanation. Consider a ve
tor bundle V of rank 2n,

equipped with a nondegenerate symple
ti
 form. Then the Lagrangian 
ag bundle

parametrizing all 
omplete Lagrangian 
ags in V �bers over the Lagrangian Grass-

mann bundle parametrizing Lagrangian n-bundles with a �ber being the \usual"


ag variety of all 
omplete 
ags in an n-dimensional ve
tor spa
e. The basis is a

natural \produ
t-basis" asso
iated with this �bration. It 
onsists of produ
ts of

e

Q-polynomials from [P-R2℄ (whi
h provide a basis for the 
ohomology of the base

of the �bration) times S
hubert polynomials (whi
h provide a basis for the 
oho-

mology of the �ber). We extensively investigate the a
tion of di�erent operators

(notably divided di�eren
es) on this basis. It appears that su
h tools as a 
ertain

vanishing property (whi
h is mu
h in spirit of interpolation theory) and vertex op-

erators (whi
h have their origin in the theory of in�nite-dimensional Lie algebras)

are extremely useful to a
hieve this goal. The main te
hni
al result of the present

paper is the \key formula" (Theorem 5.1). Many formulas redu
e to the 
ompu-

tation of the image of produ
ts of the type x

k

1

e

Q

J

under divided di�eren
es. The

main algebrai
al upshot of this work is a study of the stru
ture of a polynomial

ring as a free module over the ring of polynomials symmetri
al in the squares of

the variables.

Even if the elements of the basis in question do not represent the S
hubert 
lasses

in the Lagrangian 
ag manifold, they are very useful in the study of su
h 
lasses.

Re
all that the polynomial representatives for those 
lasses were de�ned already

in [B-G-G℄ and [D1,2℄. Re
ently, some algebro-
ombinatorial 
onstru
tions of su
h

representatives were studied in [B-H℄ and [F-K℄ and some other appeared impli
itly

in [F1,2℄. Following [P-R2℄, we study in this paper still other polynomial repre-

sentatives of Lagrangian S
hubert 
lasses in Appendix A. They seem to be well

suited for the purposes of algebrai
 geometry. They are de�ned with the help of

divided di�eren
es starting from some very simple \top" polynomial, and for maxi-

mal Grassmannian elements they are equal to 
ertain

e

Q-polynomials - exa
tly those

predi
ted for them by the Giambelli-type formula from [P, Se
t.6℄. Also, as shown

in the present paper, these polynomials behave well w.r.t. di�erent operators whi
h

geometri
ally often 
orrespond to Gysin maps. Symple
ti
 S
hubert polynomials

�a la polonaise are not positive in general (though involve mu
h smaller quantities

of negative monomials than the original polynomials of [B-G-G℄ and [D1,2℄). In
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general, these polynomials involve mu
h fewer monomials than the other known

families of Lagrangian S
hubert 
lasses representatives; hen
e they are also better

suited for numeri
al 
omputations.

This paper 
ontains also some simple proofs of previously known results: a new

operator proof of the Giambelli-type formula for maximal Lagrangian S
hubert


lasses from [P, Se
t.6℄, and a purely algebrai
 proof of the 
ongruen
e modulo the


orresponding ideal of two (
ompeting) expressions for diagonals from [F1,2℄ and

[P-R2℄.

The arti
le is organized as follows.

In Se
tion 1 we 
olle
t needed information on the hypero
tahedral groups and

divided di�eren
es asso
iated with them. Moreover, we re
all two families of poly-

nomials 
ru
ial for this paper: S
hubert polynomials and

e

Q-polynomials. Several

s
alar produ
ts on polynomial rings are also dis
ussed together with their orthog-

onality properties.

In Se
tion 2 we study two reprodu
ing kernels for a 
ertain s
alar produ
t de�ned

on the ring of symmetri
 polynomials with values in the ring of symmetri
 polyno-

mials in the squares of the variables. These kernels stem from [F1,2℄ and [P-R2℄

and are motivated by geometry. More pre
isely, they are polynomial representa-

tives of the 
lasses of relative diagonals in Lagrangian Grassmann bundles. For a

re
ent geometri
 development of this idea, we refer the reader to [G℄. We prove that

these kernels satisfy a 
ertain vanishing property that 
hara
terizes them almost


ompletely (see [L-S℄ for the type A

n

).

In Se
tion 3 we derive in an elementary way (invoking only simple properties of

divided di�eren
es and the linearity formula for

e

Q-polynomials) how a 
ertain key

operator O a
ts on our produ
t-basis.

In Se
tion 4 we a
hieve the samy goal using the vanishing property. The proof

is mu
h shorter, but it relies on the operator 
hara
terization of

e

Q-polynomials.

Se
tion 5 is the heart of the paper. The key formula is proven there with the

help of vertex operators asso
iated with S
hur's P -fun
tions and Q

0

-fun
tions from

[L-L-T2℄. The starting point of our approa
h is a presentation of the \ex
eptional"

divided di�eren
e �

0

as an (in�nite) di�erential operator. This observation is, in

fa
t, the main motivation of using the vertex operators in various 
al
ulations in

this se
tion.

Appendix A 
ontains the proofs of two 
ru
ial properties of symple
ti
 S
hubert

polynomials �a la polonaise i.e. stability and the maximal Grassmannian property.

Using the key formula, we establish in a purely algebrai
 way the above mentioned

operator 
hara
terization of

e

Q-polynomials. The table of the polynomials for n = 3

is also in
luded.

In Appendix B we apply the above 
al
ulations to give a new operator proof of

the Lagrangian Giambelli-type formula, to derive a new Gysin formula as well as

to provide a new formula for Lagrangian 
agged degenera
y lo
i.

In the present paper we prove, among others, the results announ
ed in [P-R2,

Appendix B℄. We plan to present the orthogonal variants of this theory in a separate

publi
ation.
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1. Divided di�eren
es asso
iated with the hypero
tahedral groups.

Re
all �rst the de�nition of the hypero
tahedral group i.e. the Weyl group

of the symple
ti
 group. Let n be a positive integer. Let S

n

be the symmetri


group (of all bije
tions of f1; : : : ; ng ) generated by the simple transpositions s

i

=

[1; : : : ; i � 1; i + 1; i; i + 2; : : : ; n℄, i = 1; : : : ; n � 1. The hypero
tahedral group

W =W

n

is an extension of S

n

by an element s

0

su
h that

(1) s

2

0

= 1; s

0

� s

1

� s

0

� s

1

= s

1

� s

0

� s

1

� s

0

; s

0

� s

i

= s

i

� s

0

for i � 2:

More pre
isely, W = S

n

n Z

n

2

where S

n

a
ts on Z

n

2

by permutations. Writing

a typi
al element of W as w = (�; �) with � 2 S

n

and � 2 Z

n

2

, we have for

w

0

= (�

0

; �

0

),

w � w

0

= (��

0

; Æ);

where Æ

i

= �

�

0

(i)

� �

0

i

. To represent elements of W we use the standard \barred-

permutation" notation, writing them as permutations with bars in those pla
es

(numbered with \i") where �

i

= �1. We have s

0

= [1; 2; : : : ; n℄, and the right

multipli
ation by s

i

is given by

[w

1

; w

2

; : : : ; w

n

℄ � s

0

= [w

1

; w

2

; : : : ; w

n

℄

and [w

1

; w

2

; : : : ; w

n

℄ � s

i

= [w

1

; : : : ; w

i�1

; w

i+1

; w

i

; w

i+2

; : : : ; w

n

℄:

Let ! = !

(n)

; w

0

= w

(n)

0

denote respe
tively the elements of maximal length of S

n

and W . In addition, we set

v

0

= v

(n)

0

= w

0

� ! = ! � w

0

:

In the above barred permutation notation,

! = [n; n� 1; : : : ; 1℄; w

0

= [1; : : : ; n℄; v

0

= [n; : : : ; 1℄:

Let X = X

n

= (x

1

; : : : ; x

n

) be a sequen
e of 
ommuting independent variables.

The group algebra ofW a
ts on the ring Z[X℄ of polynomials in X: s

i

ex
hanges x

i

and x

i+1

, 1 � i � n� 1, and s

0

repla
es x

1

by �x

1

(all remaining variables being

un
hanged).

In the present paper we shall make an extensive use of the algebra of divided

di�eren
es, with generators �

0

; �

1

; : : : ; �

n�1

a
ting on the ring Z[X℄ a

ording to

�

i

(f) = (f � s

i

f)=(x

i

� x

i+1

); i � 1
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and �

0

= (f � s

0

f)=2x

1

:

These generators satisfy the standard braid relations for the symmetri
 group S

n

and the braid relations (1). Consequently, for every w 2 W , there exists a well-

de�ned divided di�eren
e �

w

= �

i

1

Æ: : :Æ�

i

l

whi
h 
an be obtained from any redu
ed

de
omposition s

i

1

� : : : � s

i

l

of w (see [B-G-G℄ and [D1,2℄). In parti
ular,

(2) �

v

0

= �

0

(�

1

�

0

) : : : (�

n�1

: : : �

1

�

0

) = (�

0

�

1

: : : �

n�1

) : : : (�

0

�

1

)�

0

and

(3) �

w

0

= �

v

0

Æ �

!

= �

!

Æ �

v

0

:

Re
all (see e.g. [M
d2℄) that the operator �

!


oin
ides with the Ja
obi symmetrizer

f 7!

X

�2S

n

�[f= M (X)℄;

where M (X) =

Q

i<j�n

(x

i

� x

j

).

On the other hand, the operator �

w

0

(that appears in the Weyl 
hara
ter formula

for type C

n

) 
oin
ides with

f 7! (�1)

n(n�1)=2

X

w2W

w[f=�(X)℄;

where

�(X) =M (X)

Y

i�j�n

(x

i

+ x

j

) = 2

n

x

1

� : : : � x

n

Y

i<j�n

(x

2

i

� x

2

j

):

This follows, for example, from [P-R2, Proposition 5.5℄ by noting that s

0

appears

n times in the redu
ed de
omposition

w

0

= s

0

� (s

1

� s

0

� s

1

) � : : : � (s

n�1

� : : : � s

2

� s

1

� s

0

� s

1

� s

2

� : : : � s

n�1

) :

Observe that these expressions of �

!

and �

w

0

imply that for every symmetri
 (in

X) polynomial f , the operator �

v

0

a
ts as

(4) f 7! (�1)

n(n�1)=2

X

w2W=S

n

w[f

.

Y

i�j�n

(x

i

+ x

j

)℄:

(To see this, re
all that the Ja
obi symmetrizer is a surje
tion onto the ring of

symmetri
 polynomials in X.)

Let now T

i

, i = 1; : : : ; n; be the operator on Z[X℄ a
ting only on x

i

by T

i

(x

i

) =

�x

i

. Note that T

i

is 
onjugate to s

0

:

T

i

= s

i�1

Æ : : : Æ s

1

Æ s

0

Æ s

1

Æ : : : Æ s

i�1

:

With the help of the T

i

's, the operator �

v

0

has a third expression whi
h respe
ts

the symmetry between the variables.
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Lemma 1.1. One has the following equalities of operators on Z[X℄:

X

w2W

(�1)

l(w)

w =

X

�2S

n

(�1)

l(�)

� (1� T

n

) : : : (1� T

1

)

= (1� T

n

) : : : (1� T

1

)

X

�2S

n

(�1)

l(�)

�:

Indeed, these equalities follow immediately from W = S

n

n Z

n

2

invoking the

following formula for the length l(w) of w = (�; �) 2W :

(5) l(w) =

n

X

i=1

a

i

+

X

j;�

j

=�1

(2b

j

+ 1);

where a

i

= 
ardfp j p > i & �

p

< �

i

g and b

j

= 
ardfp j p < j & �

p

< �

j

g. The

equality (5) 
an be proved by an easy indu
tion on l(w).

To simplify signs in many formulas of the present paper, we shall also use �

0

i

=

��

i

(1 � i � n � 1). For w 2 W , by �

0

w

we will denote the divided di�eren
e

operator where we use the �

0

i

's instead of the �

i

's. Finally, instead of �

v

0

, we will

use

(6)

O := �

0

(�

0

1

�

0

) : : : (�

0

n�1

: : : �

0

1

�

0

) = (�

0

�

0

1

: : : �

0

n�1

) : : : (�

0

�

0

1

)�

0

= (�1)

n(n�1)=2

�

v

0

:

With the help of the T

i

's, the restri
tion of �

v

0

(or O) to symmetri
 polynomials

has a simple expression:

Lemma 1.2. For any symmetri
 polynomial f in X,

�

v

0

(f) =

1

�(X)

(1� T

n

) : : : (1� T

1

)(f � 4(X))

=

1

2x

n

(1� T

n

) : : :

1

2x

1

(1� T

1

)

�

f

.

Y

i<j

(x

i

+ x

j

)

�

:

Indeed, let us �rst re
ord

(7)

�

X

�2S

n

(�1)

l(�)

�

�

4(X) = n!4(X):

Sin
e f is symmetri
, one has by (7)

f =

1

n!

�

!

(4(X) � f);

and thus

�

v

0

(f) =

1

n!

�

w

0

(4(X) � f)

=

1

�(X)

(1� T

n

) : : : (1� T

1

)(f � 4(X))
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by Lemma 1.1 and the equality (7) again.

The se
ond equality is a restatement of the �rst one be
ause x

2

i

are s
alars w.r.t.

T

j

.

Let SP(X) denote the ring of symmetri
 polynomials in X. It follows from

Lemma 1.2 (e.g. by remarking that (1 � T

i

)

2

= 0) that the operator O sends

SP(X) to SP(X

2

) where X

2

:= (x

2

1

; : : : ; x

2

n

). More expli
itly, the image of the

Z-linear basis of S
hur polynomials is given by the next proposition (see [P-R,

Theorem 5.13℄).

We shall use the following notation. Given a sequen
e � = (�

1

; : : : ; �

n

) 2 N

n

,

we will denote by x

�

the monomial x

�

1

1

� : : : � x

�

n

n

. Given two sequen
es �; � 2 N

n

,

we shall denote by � + � the sequen
e (�

1

+ �

1

; : : : ; �

n

+ �

n

). Moreover, set

�

k

= (k; k � 1; : : : ; 2; 1).

Proposition 1.3. The image of an S-polynomial under O, O

�

s

I

(X)

�

, is nonzero

only if the partition I is of the form �

n

+ 2J for some partition J . In this 
ase,

O

�

s

�

n

+2J

(X)

�

=  

2

�

s

J

(X)

�

;

where  

2

: Z[X℄ ! Z[X

2

℄ is the ring homomorphism de�ned by  

2

(x

i

) = x

2

i

,

i = 1; : : : ; n .

Proof. Sin
e

s

I

(X) = �

!

(x

I+�

n�1

);

we have

O(s

I

(X)) = �

w

0

(x

I+�

n�1

):

Using the �rst equality in Lemma 1.1, we see that O(s

I

(X)) 6= 0 only if all the

parts of I + �

n�1

are odd. This holds i� l(I) = n and I is stri
t, or equivalently,

i� I = I

0

+ �

n

for some partition I

0

. But I

0

+ �

n

+ �

n�1

has all the parts odd i�

I

0

= 2J for some partition J .

Sin
e we have

(1� T

n

) : : : (1� T

1

)(x

2J+�

n

+�

n�1

) = 2

n

x

2J+�

n

+�

n�1

;

we infer �nally that

O(s

2J+�

n

(X)) = �

w

0

(x

2J+�

n

+�

n�1

)

= 2

n

X

�2S

n

�[x

2J+�

n

+�

n�1

=�(X)℄

=

X

�2S

n

�[x

2J+2�

n�1

= M (X

2

)℄

=  

2

(s

J

(X)) ;

as asserted. �

It is, perhaps, in order to mention that D.E. Littlewood used in [Li2℄ the notions

of 2-quotient, 2-
ore and 2-sign (whose de�nitions 
an be found e.g. in lo
.
it.,
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[M
d1℄ and [D-L-T℄) to evaluate  

2

�

s

J

(X)

�

. In fa
t, he 
omputed more generally

 

p

�

s

J

(X)

�

, where, for any integer p � 2,  

p

(x

i

) = x

p

i

, i = 1; 2; : : : For another


omputation of  

p

�

s

J

(X)

�

as a quotient of two S-polynomials see [P-R2, Proposi-

tion 5.11℄.

The expression of O as a sum, with rational-fun
tion 
oeÆ
ients, of elements of

W , is not totally straightforward, but we shall only need the leading term des
ribed

by the following lemma.

Lemma 1.4. Write O =

P

w2W

a

w

w , where a

w

are rational fun
tions in X. Then

there is a unique w = v

0

of maximal length su
h that a

w

6= 0. Moreover, a

v

0

=

(�1)

n(n+1)=2

Q

i�j�n

(x

i

+ x

j

)

�1

.

Indeed, we have, using (6), the following presentation of O:

O =

1

2x

1

(1� s

0

)

1

x

2

� x

1

(1� s

1

) : : :

1

x

n

� x

n�1

(1� s

n�1

) : : :

: : :

1

2x

1

(1� s

0

)

1

x

2

� x

1

(1� s

1

)

1

2x

1

(1� s

0

)

whi
h implies, by an easy indu
tion on n, that its term of maximal length equals

(�1)

n(n+1)=2

1

2x

1

s

0

1

x

2

� x

1

s

1

: : :

1

x

n

� x

n�1

s

n�1

: : :

: : :

1

2x

1

s

0

1

x

2

� x

1

s

1

1

2x

1

s

0

= (�1)

n(n+1)=2

1

2

n

x

1

� : : : � x

n

Q

i<j�n

(x

i

+ x

j

)

v

0

;

as asserted.

Corollary 1.5. With the notation of Lemma 1.4, the unique w = (�; �) for whi
h


ardfj j �

j

= �1g = n and a

w

6= 0 is w = v

0

.

Indeed, this follows dire
tly from the previous lemma on
e we observe that, by

(5), v

0

is the element of the smallest length among the barred permutations with

n bars.

The following \
ommutation property" will be frequently used in this arti
le.

Lemma 1.6. For any � 2 S

n

,

O Æ �

�

= �

!�!

Æ O :

Indeed, re
alling that the symmetri
 group S

n

a
ts on the set of barred permu-

tations from the right by permuting the pla
es, and, from the left by permuting the

values, we get the equality

[n; n� 1; : : : ; 2; 1℄ � s

i

= s

n�i

� [n; n� 1; : : : ; 2; 1℄ ;
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when
e

O Æ �

i

= �

n�i

Æ O

whi
h immediately implies the assertion.

All the operators introdu
ed above will be used to des
ribe the ring Z[X℄ as an

SP(X

2

)-module. First we 
onsider Z[X℄ as an SP(X)-module.

The ring Z[X℄ is a free SP(X)-module with a basis provided by S
hubert poly-

nomials S

�

; � 2 S

n

, de�ned in the following way. For a permutation � 2 S

n

we

set

S

�

:= S

�

(X) := �

�

�1

!

(x

n�1

1

x

n�2

2

: : : x

n�1

)

- the S
hubert polynomial asso
iated with � . Observe that, equivalently, the poly-

nomials S

�

are de�ned indu
tively by the equation

�

i

S

�

= S

�s

i

if �(i) > �(i + 1) , the \top" polynomial being S

!

= x

�

n�1

. Re
all that the

S
hubert polynomials have the following stability property. Let S

n

,! S

m

be the

embedding of the symmetri
 groups via the �rst n 
omponents (n < m). Then we

have for � 2 S

n

� S

m

,

S

�

(X

m

)j

x

n+1

=:::=x

m

=0

= S

�

(X

n

) :

It follows from this equality that S

�

is a well-de�ned polynomial for ea
h permu-

tation � 2 S

1

=

S

n

S

n

.

On Z[X℄ there is a s
alar produ
t

( ; ) : Z[X℄� Z[X℄! SP(X);

de�ned for f; g 2 Z[X℄ by

(f; g) = �

!

(f � g) :

S
hubert polynomials are almost orthonormal basis w.r.t. ( , ) . Given w 2 W ,

we set X

w

= (w(x

1

); : : : ; w(x

n

)) and X = X

w

0

= (�x

1

; : : : ;�x

n

). In parti
ular,

X

!

= (x

n

; : : : ; x

2

; x

1

) and X

!

= (�x

n

; : : : ;�x

1

).

One has for any �; � 2 S

n

,

�

S

�

(X);S

�!

(X

!

)

�

= Æ

�;�

(the Krone
ker delta). For more on S
hubert polynomials see [M
d2℄ and the

referen
es therein.

Now we will des
ribe the ring SP(X) as an SP(X

2

){module. As is well-known,

SP(X) 
 Q is a free SP(X

2

) 
 Q{module with a basis provided by S
hur's Q-

polynomials fQ

I

(X)g, where stri
t I � �

n

. In this arti
le, we want a basis over

Z, and moreover geometry imposes the need to take a basis better adapted to the

s
alar produ
t h ; i de�ned below. Therefore, we shall use the following basis of
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e

Q-polynomials modelled on S
hur's Q-polynomials. The reader 
an �nd in [P-R2℄,

where these polynomials were extensively studied, another geometri
 motivation

of their 
hoi
e. We set

e

Q

i

:=

e

Q

i

(X) := e

i

(X) - the i-th elementary symmetri


polynomial in X . Given two nonnegative integers i; j, we de�ne

e

Q

i;j

:=

e

Q

i;j

(X) =

e

Q

i

�

e

Q

j

+ 2

j

X

p=1

(�1)

p

e

Q

i+p

�

e

Q

j�p

:

Finally, for any partition I = (i

1

� i

2

� : : : � i

l(I)

> 0) , the polynomial

e

Q

I

=

e

Q

I

(X) is de�ned re
urrently on l = l(I) by putting for odd l ,

e

Q

I

:=

e

Q

I

(X) =

l

X

j=1

(�1)

j�1

e

Q

i

j

�

e

Q

(i

1

;::: ;i

j�1

;i

j+1

;::: ;i

l

)

and for even l ,

e

Q

I

:=

e

Q

I

(X) =

l

X

j=2

(�1)

j

e

Q

i

1

;i

j

�

e

Q

(i

2

;::: ;i

j�1

;i

j+1

;::: ;i

l

)

:

The ring SP(X) is a free SP(X

2

)-module with a basis provided by

e

Q-polynomials

e

Q

I

(X) , where stri
t I � �

n

. The polynomial

e

Q

I

(X

n

) 
an be de�ned in another

re
ursive way as follows. For any stri
t partition I one has

(8)

e

Q

I

(X

n

) =

l(I)

X

j=0

x

j

n

�

X

jIj�jJj=j

e

Q

J

(X

n�1

)

�

;

where the sum is over all (i.e. not ne
essary stri
t) partitions J � I su
h that I=J

has at most one box in every row (see [P-R2, Proposition 4.1℄). Moreover, given a

stri
t partition I

0

= (i

1

; : : : ; j; j; : : : ; i

k

) and denoting I = (i

1

; : : : ; i

k

), one has the

fa
torization property

(9)

e

Q

I

0

=

e

Q

j;j

�

e

Q

I

:

The following s
alar produ
t h ; i : SP(X) � SP(X) ! SP(X

2

) de�ned by

hf; gi = O(f � g), will be of parti
ular importan
e for the present paper. We have,

for stri
t I; J � �

n

,

(10) h

e

Q

I

(X);

e

Q

�

n

rJ

(X)i = Æ

I;J

;

where �

n

r J denotes the stri
t partition whose parts 
omplement the parts of J

in fn; n� 1; : : : ; 2; 1g (see [P-R, Theorem 5.23℄).

Denote by

h( ; )i : Z[X℄� Z[X℄! SP(X

2

)
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the s
alar produ
t de�ned for f; g 2 Z[X℄ by

h(f; g)i = (�1)

n(n�1)=2

�

w

0

(f � g) :

The SP(X

2

)-basis fS

�

�

e

Q

I

g of Z[X℄, where � 2 S

n

and I � �

n

are stri
t, is

espe
ially 
onvenient with regard to the s
alar produ
t h( ; )i be
ause obviously

h(S

�

(X) �

e

Q

I

; S

�!

(X

!

) �

e

Q

�

n

rJ

)i = Æ

�;�

Æ

I;J

:

Note, however, that the elements of this basis are not representatives of S
hubert


y
les in the manifold of 
omplete Lagrangian 
ags, but form a natural \produ
t-

basis" asso
iated with a �bration of this variety over the Lagrangian Grassmannian

of maximal isotropi
 subspa
es, with the \usual" 
omplete 
ag variety as its �ber

(for more about that, see [P-R2, Se
t.5℄).

The main theme of the present paper is to study the a
tion of di�erent operators

on this basis. Among the operators in question the following divided di�eren
e

operators will be of parti
ular importan
e:

(11) O

k

= (�

0

n�k

: : : �

0

1

�

0

) : : : (�

0

n�2

: : : �

0

1

�

0

)(�

0

n�1

: : : �

0

1

�

0

)

(thus O = O

n

).

As a 
onsequen
e of the main results of the present paper, we will obtain a purely

algebrai
 proof of the next proposition not invoking the 
hara
teristi
 map and the

result from [P℄ quoted below. For details, see Corollary A.8 in Appendix A. Sin
e,

however, we will need this result in Se
tion 4, we re
ord it now with a proof whi
h

uses proprieties available in already published literature.

Proposition 1.7. For ea
h stri
t partition I � �

n

there exists a divided di�eren
e

operator (in the �

0

i

's and �

0

) �

I

: Z[X℄ ! Z[X℄ su
h that �

I

(

e

Q

I

) = 1 and su
h

that, for any stri
t J 6= I with jJ j = jIj, �

I

(

e

Q

J

) = 0 .

(Note that from the �rst assertion it follows that �

I

= �

0

w

Æ �

0

for some w .)

Proof. This proof uses the Borel 
hara
teristi
 map [B℄ and the Giambelli-type

formula for Lagrangian Grassmannians from [P℄. Re
all (see [P℄) that S
hubert


lasses �(I) in the Lagrangian Grassmannian G of isotropi
 n-subspa
es in C

2n

equipped with a nondegenerate symple
ti
 form, are indexed by stri
t partitions

I � �

n

. There exists a ring homomorphism (the 
hara
teristi
 map)


 : SP(X) �! A(G)

su
h that for a homogeneous symmetri
 polynomial f ,


(f) =

X

I;jIj=deg f

�

0

w

I

(f)�(I);

where w

I

2W is the barred permutation

(12) w

I

= [i

1

> : : : > i

l

; j

1

< : : : < j

n�l

℄

(for details, see [B℄, [B-G-G℄ and [D1,2℄). Now [P, Theorem 6.17℄ says that


(

e

Q

I

) = �(I) :

This implies that �

I

:= �

0

w

I

ful�lls the assertion of the proposition. �
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2. Reprodu
ing kernels and a vanishing property.

Let X = (x

1

; : : : ; x

n

); Y = (y

1

; : : : ; y

n

) be two sequen
es of independent vari-

ables (we �x n).

In the following, by � we will understand the 
ongruen
e in the ring SP(X)


SP(Y ) modulo the ideal generated by all f(X

2

)�f(Y

2

), where f symmetri
al and

X

2

stands for (x

2

1

; : : : ; x

2

n

). We de�ne the following polynomials in SP(X)
SP(Y )

(the de�nition of F (X;Y ) is inspired by [F1,2℄ and the one of

e

Q(X;Y ) - by [P-R2℄).

F (X;Y ) := je

n+1+j�2i

X + e

n+1+j�2i

Y j

1�i;j�n

=

�

�

�

�

�

�

�

�

�

�

�

e

n

X + e

n

Y 0 : : :

e

n�2

X + e

n�2

Y e

n�1

X + e

n�1

Y : : :

.

.

.

.

.

.

.

.

.

2 e

1

X + e

1

Y

�

�

�

�

�

�

�

�

�

�

�

;

and

(13)

e

Q(X;Y ) :=

X

e

Q

I

X �

e

Q

�

n

rI

Y;

where the summation is over all stri
t partitions I � �

n

.

The following results will give us some reprodu
ing kernels for the s
alar produ
t

h ; i : Z[X℄� Z[X℄ �! SP(X

2

)

de�ned in the previous se
tion.

Proposition 2.1. For any f 2 SP(X) ,

hf(X);

e

Q(X;Y )i � f(Y ) :

Proof. Sin
e we are working modulo � whi
h allow us to ex
hange SP(X

2

)-
oeÆ-


ients to the 
orresponding SP(Y

2

)-
oeÆ
ients, it suÆ
es to 
he
k the equality :

h

e

Q

I

(X);

e

Q(X;Y )i =

e

Q

I

(Y ) ;

where I � �

n

is a stri
t partition. This equality follows immediately from the

orthogonality of the

e

Q

I

's w.r.t. h ; i re
alled in (10). �

To prove a similar property for F (X;Y ), we need the following result.
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Proposition 2.2. (i) For w 2 S

n

�W

n

,

F (X;X

w

) = F (X;X) = 2

n

s

�

n

(X) :

(ii) For w 2W

n

r S

n

,

F (X;X

w

) = 0 :

Proof. (i) This is obvious from a familiar expression for s

�

n

as a determinant in

elementary symmetri
 fun
tions. (Note that we use that the degree-zero-entries in

the matrix de�ning F are equal to 2.)

(ii) Let w 2W

n

rS

n

. If w has odd number of bars, then the (1,1)-entry e

n

X+e

n

Y

be
omes zero for Y = X

w

and thus F (X;X

w

) = 0 . Hen
e we 
an assume that

the number of bars is 2k where k > 0. Sin
e, without loss of generality, we 
an

renumber the variables, we may assume that

w = [1; 2; : : : ; n� 2k; n� 2k + 1; : : : ; n℄:

Let X

0

= (x

1

; : : : ; x

n�2k

) and X

00

= (x

n�2k+1

; x

n�2k+2

; : : : ; x

n

) . Then spe
ializ-

ing Y = X

w

, e

i

X + e

i

Y be
omes

2

X

j�0

e

i�2j

(X

0

) � e

2j

(X

00

) :

We 
laim that if we repla
e the entries of the matrix of F (X;Y ) by putting

P

j�0

e

i�2j

(X

0

)e

2j

(X

00

) instead of e

i

X + e

i

Y , then the determinant of the so-

obtained matrix M is zero. This 
an be seen, e.g., as follows. Consider the n� n-

matrix [e

n+1+j�2i

℄, where e

i

are indeterminates. If we substitute e

i

:= e

i

(X

0

) , then

the determinant of this spe
ialized matrix N vanishes; indeed, s

�

n

(X

0

) = 0 be
ause


ard(X

0

) < n. But using some elementary operations on rows of N , we arrive at

M . More pre
isely, this is done as follows:

� add e

2l�2

(X

00

) times the l-th row to the top row (all l � 1);

this 
hanges the top row of N to the top row of M .

� add e

2l�4

(X

00

) times the l-th row to the se
ond row (all l � 2);

this 
hanges the se
ond row of N to the se
ond row of M .

Continuing down the rows, N is 
hanged to M . The assertion follows. �

We will refer to the assertions of the lemma as a \vanishing property".

Proposition 2.3. For any f 2 SP(X) ,

hf(X); F (X;Y )i � f(Y ) :

Proof. Observe that hf(X); F (X;Y )i is a 
ombination of symmetri
 polynomials

in Y with 
oeÆ
ients from SP(X

2

):

hf(X); F (X;Y )i =

X

I




I

(X

2

) � s

I

(Y );
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where I runs over partitions and 


I

(X

2

) 2 SP(X

2

). By (4) we have

hf(X); F (X;Y )i =

X

w2W

n

=S

n

f(X

w

) � F (X

w

; Y )

Æ

2

n

s

�

n

(X

w

) :

The assertion to be proved says: by repla
ing in hf(X); F (X;Y )i the 
oeÆ
ients




I

(X

2

) by the polynomials 


I

(Y

2

) from SP(Y

2

) , we get f(Y ) . Hen
e, it suÆ
es

to 
he
k that the following spe
ialized polynomial:

hf(X); F (X;Y )ij

Y=X

=

X

w2W

n

=S

n

f(X

w

) � F (X

w

; X)

Æ

2

n

s

�

n

(X

w

)

is equal to f(X). But we know by Proposition 2.2 that only one summand on the

right-hand side survives, giving us f(X) , as desired. �

The 
ontent of the next proposition provides an algebrai
 link between the for-

mulas of [F1,2℄ and [P-R2℄.

Proposition 2.4. : F (X;Y ) �

e

Q(X;Y ) .

Proof. We 
an write

F (X;Y ) �

X

f

I

(Y )

e

Q

I

(X) ;

where the sum is over stri
t partitions I � �

n

and f

I

(Y ) 2 SP(Y ) . By Proposition

2.3 and the orthogonality (10) of the

e

Q

I

(X)'s, we get for stri
t I � �

n

e

Q

I

(Y ) � h

e

Q

I

(X); F (X;Y )i

� h

e

Q

I

(X);

X

f

J

(Y )

e

Q

J

(X)i

= f

�

n

rJ

(Y ):

This implies f

I

(Y ) �

e

Q

�

n

rI

(Y ). Consequently,

F (X;Y ) �

X

stri
t I��

n

e

Q

�

n

rI

(Y )

e

Q

I

(X) =

e

Q(X;Y ) ;

as asserted. �

Remark 2.5. This result was known earlier from 
omparison of geometri
 formulas

of [F1,2℄ and [P-R2℄. Here, we have given a purely algebrai
 proof of it.

Example 2.6. For n = 2; 3 F (X;Y ) =

e

Q(X;Y ) . For n = 4 ,

e

Q(X;Y )�F (X;Y ) = (x

2

1

+x

2

2

+x

2

3

+x

2

4

�y

2

1

�y

2

2

�y

2

3

�y

2

4

)(x

2

1

x

2

2

x

2

3

x

2

4

�y

2

1

y

2

2

y

2

3

y

2

4

) :

Finally, observe that Proposition 2.4 (
ombined with Proposition 2.2) implies

that

e

Q(X;Y ) has also the vanishing property. The following variant of it will be

used in Se
tion 4.

Lemma 2.7. (i) For any w 2 S

n

(and w

0

= [1; 2; : : : ; n℄ ),

e

Q(X

w

0

w

; X) = 2

n

s

�

n

(X) :

(ii) For w 2W

n

r w

0

S

n

,

e

Q(X

w

; X) = 0 :
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3. A
tion of O on the basis fS

�

�

e

Q

I

g - an indu
tive approa
h.

In this se
tion we give an elementary indu
tive proof of the following

Theorem 3.1. (i) For � 2 S

n

, writing X = X

n

and ! = !

(n)

, one has

O

�

S

�

(X) �

e

Q

�

n

(X)

�

= (�1)

l(�)

S

�

(X

!

) = S

�

(X

!

):

(ii) For stri
t I  �

n

; � 2 S

n

; O

�

S

�

(X) �

e

Q

I

(X)

�

= 0.

We give �rst an outline of the proof. For the need of indu
tion we write

O

(k)

= (�

0

�

0

1

: : : �

0

k�1

)(�

0

�

0

1

: : : �

0

k�2

) : : : (�

0

�

0

1

)�

0

:

We have

(14) O = O

(n)

= �

0

�

0

1

: : : �

0

n�1

O

(n�1)

:

We �rst show that it suÆ
es to prove assertions (i) and (ii) for � = !. Then, we

prove (i) and (ii) for � = ! by a simultaneous indu
tion on n using (14). In the


ourse of the proof of (i), we use the linearity formula (8) for

e

Q

I

and

�

1

�

2

: : : �

n�1

(x

1

x

2

2

: : : x

n�1

n�1

) = x

3

x

2

4

: : : x

n�2

n

:

In the 
ourse of the proof of (ii), we use the linearity formula for

e

Q

I

and the

vanishing property:

�

0

�

1

: : : �

n�1

(x

j

n

x

n�2

n�1

x

n�3

n�2

: : : x

2

) = 0

for 0 � j � n� 1.

We now pass to a detailed proof.

Lemma 3.2. It suÆ
es to verify assertions (i) and (ii) of the theorem for � = !.

Proof. Denote v = v

0

; so that O = �

0

v

and S

�

= S

�

(X

n

),

e

Q

I

=

e

Q

I

(X

n

) for brevity.

Sin
e

e

Q

I

is symmetri
 in X, we have

O(S

�

e

Q

I

) = (�1)

n(n�1)=2

�

v

(S

�

e

Q

I

)

= ��

v�

�1

!

(x

�

n�1
e

Q

I

)

= ��

v!�

�1

!!

(x

�

n�1
e

Q

I

) (we substitute � = !�!)

= ��

�

�1

!v

(x

�

n�1
e

Q

I

) (v! = !v is the element of biggest length

in W and 
ommutes with any element of it)

= �

�

�1

!

O(x

�

n�1
e

Q

I

)
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=

�

(�1)

n(n�1)=2

�

�

�1

!

�

!(x

�

n�1

)

�

for I = �

n

by the 
ase � = !

0 for I 6= �

n

by the 
ase � = !

=

�

(�1)

l(�)

S

�

(X

!

) for I = �

n

0 for I 6= �

n

:

�

In the proof of the next proposition we will need the following lemma.

Lemma 3.3. : �

1

�

2

: : : �

n�1

(x

1

x

2

2

: : : x

n�1

n�1

) = x

3

x

2

4

: : : x

n�2

n

.

Proof. We show by des
ending indu
tion on i (i = n; n � 1; : : : ; 1) that after ap-

plying �

i

and before applying �

i�1

the resulting sum has the properties:

1) it 
ontains a unique summand without x

i

, namely

x

1

x

2

2

: : : x

i�1

i�1

x

i�1

i+1

x

i

i+2

: : : x

n�2

n

2) all but one summands are monomials of the form

x

1

x

2

2

: : : x

i�1

i�1

x

a

i

x

�

i+1

: : : ;

where 0 < a � i� 1.

The beginning of the indu
tion is trivial: before applying �

n�1

, we have the

unique summand x

1

x

2

2

: : : x

n�1

n�1

. All monomials in the image of 2) under �

i�1


ontain

x

i�1

, so the unique summand without x

i�1

in the image of �

i�1

stems by applying

�

i�1

to 1) and equals

x

1

x

2

2

: : : x

i�2

i�2

x

i�2

i

x

i�1

i+1

: : : x

n�2

n

:

All other monomials in the image of 1) are of the form:

x

1

x

2

2

: : : x

i�2

i�2

x

a

i�1

x

�

i

: : : ;

where 0 < a � i�2. This is also the form of all monomials in the image of 2) under

�

i�1

, and the indu
tive step follows. Consequently, after applying �

2

and before

applying �

1

, all but one summands are of the form: x

1

x

2

x

�

3

: : : , and they go to zero

under �

1

. The unique summand not 
ontaining x

2

is

x

1

x

3

x

2

4

: : : x

n�2

n

;

and it goes under �

1

to x

3

x

2

4

: : : x

n�2

n

. This proves the lemma. �
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Proposition 3.4. : O

�

x

�

n�1

�

e

Q

�

n

(X

n

)

�

= (�1)

n(n�1)=2

!(x

�

n�1

):

Proof. We have

O

�

x

�

n�1

e

Q

�

n

(X

n

)

�

= O

(n)

�

x

�

n�2

e

Q

�

n�1

(X

n

)x

2

1

: : : x

2

n�1

x

n

�

= �

0

�

0

1

: : : �

0

n�1

O

(n�1)

�

x

�

n�2

e

Q

�

n�1

(X

n�1

+ x

n

)x

2

1

: : : x

2

n�1

x

n

�

:

We apply the linearity formula (8) to

e

Q

�

n�1

(X

n�1

+ x

n

). All summands di�erent

from

e

Q

�

n�1

(X

n�1

) are of the form

e

Q

J

(X

n�1

)x

�

n

where J  �

n�1

. After applying to

J the fa
torization property (9) (i.e. fa
toring out

e

Q

pp

(X

n�1

) 
orresponding to all

pairs of equal rows), as well as fa
toring out x

�

n

, we apply O

(n�1)

to x

�

n�2
e

Q

J

0

(X

n�1

)

where J

0

 �

n�1

is the resulting stri
t partition. We get the vanishing by the

indu
tion assumption (ii) for n� 1. Thus the above expression is equal to

�

0

�

0

1

: : : �

0

n�1

O

(n�1)

�

x

�

n�2

e

Q

�

n�1

(X

n�1

)x

2

1

: : : x

2

n�1

x

n

�

= �

0

�

0

1

: : : �

0

n�1

�

x

2

1

: : : x

2

n�1

x

n

O

(n�1)

�

x

�

n�2

e

Q

�

n�1

(X

n�1

)

�

�

= �

0

�

0

1

: : : �

0

n�1

�

x

2

1

: : : x

2

n�1

x

n

(x

2

x

2

3

: : : x

n�2

n�1

� x

1

: : : x

n�1

)

�

= (�1)

(n�1)(n�2)=2

�

0

�

x

1

: : : x

n

�

0

1

: : : �

0

n�1

(x

1

x

2

2

: : : x

n�1

n�1

)

�

by the indu
tion assumption (i) for n� 1.

Now, using Lemma 3.3, the above expression is rewritten as (�1)

n(n�1)=2

times

�

0

(x

1

x

2

x

2

3

: : : x

n�1

n

) = x

2

x

2

3

: : : x

n�1

n

= !(x

�

n�1

);

and the proof of the proposition is 
omplete. �

Proposition 3.5. : O

�

x

�

n�1

�

e

Q

I

(X

n

)

�

= 0 for stri
t I � �

n

.

Proof. We apply the linearity formula (8) to

e

Q

I

(X

n

) =

e

Q

I

(X

n�1

+x

n

). Consider a

typi
al summand

e

Q

J

(X

n�1

) �x

�

n

. Re
all that J is a partition (not ne
essary stri
t)

obtained from I by subtra
ting boxes from I, but no more then two from one row.

Moreover, all parts of J are less than or equal to n � 1. By dividing x

�

n�1

by

x

1

� : : : �x

n�1

and multiplying

e

Q

J

(X

n�1

) �x

�

n

by x

1

� : : : �x

n�1

, we get the summand

x

�

n�2

e

Q

(n�1)J

(X

n�1

) � x

�

n

;

whose fa
tor depending on X

n�1

is an element of the basis asso
iated with X

n�1

.

If J = (n� 1)J

0

then J

0

 �

n�1

(J

0

= �

n�1

implies I = �

n

, whi
h is impossible).

Then using the fa
torization property (9) to

e

Q

(n�1)J

(X

n�1

) and fa
toring out all

possible

e

Q

p;p

(X

n�1

) for p = n � 1; : : : ; 1 , we apply O

(n�1)

to x

�

n�2
e

Q

J

00

(X

n�1

)

where J

00

 �

n�1

is stri
t, thus getting the vanishing by the indu
tion assumption

(ii) for n� 1.

Hen
e we 
an assume j

1

� n � 2. Observe that in J no three 
onse
utive rows

are equal. Therefore it is impossible to subtra
t from J a pair of equal rows to get
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�

n�2

. Hen
e the only J whi
h after a possible subtra
tion of pairs of equal parts

and adding the part (n� 1), gives us �

n�1

is the partition �

n�2

itself. The unique

possibilities for the initial partition I are then

I = (n� 1; n� 2; : : : ; j + 2; j; j � 1; : : : ; 1) j = 1; : : : ; n� 1:

(Pi
torially:

�

� �

� � �

� � � � �

� � � � � �

� � � � � � �

where the total number of rows is n�2 and the number of rows without \*" equals

j. In the above �gure, we have n = 8 and j = 3.) This brings us to the summand

x

�

n�2

e

Q

�

n�1

(X

n�1

)x

j

n

1 � j � n� 1:

We have, by the indu
tion assumption (i) for n� 1,

O

�

x

�

n�1

e

Q

�

n�1

(X

n�1

)x

j

n

�

= �

0

�

0

1

: : : �

0

n�1

�

x

j

n

O

(n�1)

�

x

�

n�2

e

Q

�

n�1

(X

n�1

)

�

�

= ��

0

�

1

: : : �

n�1

�

x

j

n

x

n�2

n�1

x

n�3

n�2

: : : x

2

�

:

We show that this expression is zero for 1 � j � n� 1 by indu
tion on n. If j = n

or j = n� 1, then

�

0

�

1

: : : �

n

�

x

j

n+1

x

n�1

n

x

n�2

n�1

: : : x

2

�

= 0

by dire
t 
al
ulation. Assume 1 � j � n� 1. Then �

n

sends x

j

n+1

x

n�1

n

x

n�2

n�1

: : : to

x

j

n+1

x

j

n

(x

n�1�j�1

n

+ x

n�1�j�2

n

x

n+1

+ : : : )x

n�2

n�1

: : :

(for j = n, the third fa
tor is empty). In every monomial, the variable x

n

appears

with exponent � j + n� 1� j � 1 = n � 2. Hen
e, by the indu
tion assumption,

�

0

�

1

: : : �

n�1

annihilates this expression. The proposition has been proved. �

This 
ompletes the proof of Theorem 3.1.

Corollary 3.6. Im(O) is a free SP(X

2

)-module with a basis fS

�

(X

!

)g

�2S

n

.

We end this se
tion with the following, related formula.
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Proposition 3.7. For any � 2 S

n

; O

�

S

�

�s

I

(X)

�

6= 0 i� I is of the form �

n

+2J .

In this 
ase,

O

�

S

�

(X) � s

I

(X)

�

= (�1)

l(�)

S

�

(X

!

) �  

2

�

s

J

(X)

�

(where  

2

is the ring homomorphism sending x

i

to x

2

i

, i = 1; : : : ; n).

Proof. It follows from Theorem 3.1 (e.g. by developing s

I

(X) in the SP(X

2

)-basis

of

e

Q-polynomials) that

O

�

S

�

(X) � s

I

(X)

�

= 
 �S

�

(X

!

)

for some 
 2 SP(X

2

). The 
oeÆ
ient 
 is 
omputed in the following way, using

Lemma 1.6:


 = �

0

!�!

O

�

S

�

(X) � s

I

(X)

�

= O�

0

�

�

S

�

(X) � s

I

(X)

�

= (�1)

l(�)

O

�

s

I

(X)

�

;

and the assertion follows from the formula re
alled in Proposition 1.3. �

4. A
tion of O on the basis fS

�

�

e

Q

I

g via the vanishing property.

The goal of this se
tion is to derive the formula of Theorem 3.1 via the vanishing

property of Se
tion 2. The starting point of the approa
h of this se
tion is the

determination of the image of O : Z[X℄! Z[X℄.

Proposition 4.1. Im(O) is a free SP(X

2

)-module with a basis fS

�

(X

!

)g

�2S

n

.

Proof. We write for brevity:

e

Q

I

=

e

Q

I

(X); SP = SP(X) and SP

2

= SP(X

2

).

Knowing that Z[X℄ is an SP-module with a basis fS

�

(X

!

)g

�2S

n

and SP is an

SP

2

-module with a basis f

e

Q

I

g

stri
t I��

n

, we 
an write any element in Im(O) as a

unique expression

(15)

X




�;I

�S

�

(X

!

) �

e

Q

I

;

where 


�;I

2 SP

2

and �; I are as above. Suppose that there exist �, J with jJ j � 1

su
h that 


�;J

6= 0. Let � be a permutation of biggest length among su
h �'s. The

operator �

0

!�!

sends S

�

(X

!

) to 1 and all S

�

(X

!

), where � 6= � and l(�) � l(�),

to 0. Applying this operator to (15), we get

(16)

X




�;J

�

e

Q

J

+

�

SP

2

-
ombination of the S

�

(X

!

)'s

�

:

Let I be a partition of biggest weight among those J su
h that 


�;J

6= 0. Let

�

I

be the divided di�eren
e operator (in the �

0

i

's and �

0

) s.t. �

I

(

e

Q

I

) = 1 (hen
e

�

I

= �

0

w

Æ �

0

for some w), and �

I

(

e

Q

J

) = 0 for all stri
t J 6= I, jJ j � jIj (see
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Proposition 1.7). Then the image of (16) under �

I

is 


�;I

6= 0. (Observe that

�

I

(S

�

(X

!

) = 0 be
ause the S

�

(X

!

)'s do not depend on x

1

.)

On the other hand, using O�

0

!�!

= �

0

�

O (Lemma 1.6), we infer that (16) belongs

to Im(O). Sin
e �

0

O = 0, we have �

I

O = 0, and we get a 
ontradi
tion with the

above 
al
ulation.

The proposition has been proved. �

We now give

Another proof of Theorem 3.1.

By the pre
eding proposition we know that

O

�

S

�

(X) �

e

Q

�

n

rI

(X)

�

=

X




I;�

�S

�

(X

!

) ;

where 


I;�

2 SP(X

2

). Invoking the de�nition (13) of

e

Q(X;Y ), we thus have, by

linearity,

O

�

S

�

(X) �

e

Q(X;Y )

�

= O

�

S

�

(X) �

X

stri
t I��

n

(�1)

jIj

e

Q

�

n

rI

(X) �

e

Q

I

(Y )

�

=

X

I;�

(�1)

jIj




I;�

�S

�

(X

!

) �

e

Q

I

(Y ):

Spe
ialize now Y in X (that is, we put y

1

= x

1

; : : : ; y

n

= x

n

). Sin
e the family

fS

�

(X

!

) �

e

Q

I

(X)g is an SP(X

2

)-basis, the value of O

�

S

�

(X) �

e

Q(X;Y )

�

under this

spe
ialization still determines the 
oeÆ
ients 


I;�

.

Write O =

P

w2W

a

w

w, where a

w

are rational fun
tions in X. Then

O

�

S

�

(X) �

e

Q(X;Y )

�

=

X

w2W

a

w

S

�

(X

w

) �

e

Q(X

w

; Y ) ;

where W a
ts only on X-variables. It follows, from Corollary 1.5 and Lemma 2.7,

that among those w, for whi
h a

w

6= 0 there is only one w = v

0

= [n; n� 1; : : : ; 1℄ =

w

0

!, for whi
h

e

Q(X

w

; X) 6= 0; in fa
t, we have

e

Q(X

v

0

; X) = 2

n

s

�

n

(X):

Sin
e a

v

0

=

�

2

n

s

�

n

(X)

�

�1

by Lemma 1.4, we get �nally

O

�

S

�

(X) �

e

Q(X;Y )

�

j

X=Y

= S

�

(X

v

0

)

= (�1)

l(�)

S

�

(X

!

):

This implies that the 
oeÆ
ients 


I;�

are as asserted, and the proof is 
omplete. �
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5. Key formula and vertex operators

In this se
tion we prove the following identity.

Theorem 5.1 (Key formula). Suppose n � k > 0. Let IkJ be a stri
t partition

and H a stri
t partition not 
ontaining k. Then

(�1)

n�1

�

n�1

�

n�2

: : : �

1

�

0

�

x

n�k

1

e

Q

IkJ

(X

n

)

�

= (�1)

l(I)

e

Q

IJ

(X

n

)

and

�

n�1

�

n�2

: : : �

1

�

0

�

x

n�k

1

e

Q

H

(X

n

)

�

= 0:

Our proof of the theorem will use some di�erential operators (
alled usually

\vertex operators"). The vertex operators that we shall use appeared already in

the literature (see e.g. [D-K-M℄, [D-J-K-M1℄ and [D-J-K-M2℄), but in the 
ontext

di�erent from the one in the present paper. Our notation and 
onventions for vertex

operators follow rather the exposition of [C-T℄.

Besides

e

Q-polynomials we will need S
hur's P -fun
tions and Q

0

-fun
tions from

[L-L-T2℄. (We use the term \fun
tion" in the sense of [M
d1℄ i.e., a fun
tion depends

on an in�nite sequen
e of variables (x

1

; x

2

; : : : ).) Given a symmetri
 fun
tion f ,

we denote

f(X

n

) = f

jx

n+1

=x

n+2

=:::=0

;

the 
orresponding symmetri
 polynomial in the �rst n variables.

For the purposes of this paper it suÆ
es to work with S
hur P -fun
tions indexed

by sequen
es of positive integers (like in S
hur's original paper [S℄). Re
all that for

J 2 N

�m

with odd m,

P

J

= P

j

1

� P

j

2

;::: ;j

m

� P

j

2

� P

j

1

;j

3

;::: ;j

m

+ : : :+ P

j

m

� P

j

1

;::: ;j

m�1

and with even m,

P

J

= P

j

1

;j

2

� P

j

3

;::: ;j

m

� P

j

1

;j

3

� P

j

2

;j

4

;::: ;j

m

+ : : :+ P

j

1

;j

m

� P

j

2

;::: ;j

m�1

:

Here, P

j

=

P

s

L

, sum over all hook partitions L of j, and

P

i;j

= P

i

� P

j

+ 2

j�1

X

k=1

(�1)

k

P

i+k

P

j�k

+ (�1)

j

P

i+j

:

For another expression of P

J

in the form of a quadrati
 polynomial in the S-

fun
tions, see [L-L-T1℄.

If we restri
t ourselves to a �nite set of indeterminates X

n

, where n > jJ j, then

P

J

(X

n

) is given by the following symmetrization:

(17) P

J

(X

n

) = �

�

x

J

Y

i<j�n

i�m

�

1 +

x

j

x

i

�

�

;
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where � is the symmetrizer de�ned for f 2 Z[X

n

℄ by

�(f) =

X

w2S

n

w

�

f x

�

n�1

=4(X)℄ = �

!

(f � x

�

n�1

):

Re
all that P

J

is an antisymmetri
 fun
tion of the 
omponents of J ; in parti
ular,

P

J

= 0 if two 
omponents of J are equal.

Given a symmetri
 fun
tion f , let D

f

be the adjoint operator to the multipli-


ation by f w.r.t. the standard s
alar produ
t on the ring of symmetri
 fun
tions

(see [M
d1℄).

Proposition 5.2. Let k > 0. Then

P

kJ

=

X

j�0

(�1)

j

P

k+j

�D

e

j

(P

J

):

Proof. Suppose that n >> 0 (in fa
t, n � k + jJ j will do the job). Using (17) and

�

2

= �, we get

P

kJ

(X

n

) = �

�

x

k

1

(1 +

x

2

x

1

) : : : (1 +

x

n

x

1

)P

J

(x

2

; : : : ; x

n

)

�

:

Passing to the �-ring setup, we have

P

kJ

(X

n

) =

1

2

�

�

x

k

1

(1 +

x

1

x

1

)(1 +

x

2

x

1

) : : : (1 +

x

n

x

1

)P

J

(X

n

� x

1

)

�

=

1

2

�

�

�

n

X

i=0

x

k�i

1

e

i

(X

n

)

��

X

j�0

(�x

1

)

j

� (D

e

j

P

J

)(X

n

)

�

�

=

1

2

X

i

X

j

(�1)

j

s

k+j�i

(X

n

) � e

i

(X

n

) � (D

e

j

P

J

)(X

n

)

=

X

j�0

(�1)

j

P

k+j

(X

n

) � (D

e

j

P

J

)(X

n

):

Above, we have used the equalities �(x

i

1

) = s

i

(X

n

) for i 2 N , and

�

X

e

i

�

�

�

X

s

j

�

= 1 + 2

X

P

i

:

The proposition has been proved. �

By introdu
ing the following di�erential operator on the ring of symmetri
 fun
-

tions

V

e

k

:= P

k

� P

k+1

D

e

1

+ P

k+2

D

e

2

� : : : ;

we 
an restate the formula in Proposition 5.2 as the equation

V

e

k

(P

J

) = P

kJ

:
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We also need Q

0

-fun
tions: for a partition I, Q

0

I

is the image of

e

Q

I

under the

involution whi
h ex
hanges e

i

and s

i

, i 2 N . In the following remark, for the

reader's 
onvenien
e, we 
olle
t some properties of these fun
tions.

Remark 5.3. (i) Let Q

0

I

(q) be the Hall-Littlewood polynomial where the initial

alphabet X is repla
ed by X=(1 � q) (in the sense of �-rings). Then Q

0

I

equals

Q

0

I

(q) when q is spe
ialized to �1.

(ii) Equivalently, using raising operators R

ij

(see e.g. [M
d1℄), one has

Q

0

I

=

Y

i<j

1� R

ij

1 + R

ij

h

I

;

where h

I

is the produ
t of 
omplete homogeneous symmetri
 fun
tions asso
iated

with the parts of I.

(iii) Q

0

-fun
tions 
an be de�ned also using di�erential operators. In fa
t, this

approa
h extends their de�nition to all �nite sequen
es of integers. For k 2 Z one

has

Q

0

kJ

= (s

k

� 2s

k+1

D

P

1

+ 2s

k+2

D

P

2

� : : : )(Q

0

J

) :

(iv) Littlewood [Li1℄ showed that the P and Q-Hall-Littlewood bases are adjoint

w.r.t. a 
ertain s
alar produ
t. Going ba
k to the standard s
alar produ
t on

the ring of symmetri
 fun
tions, his result says that fP

I

(q)g is adjoint to fQ

0

I

(q)g,

where I runs over all partitions. Spe
ializing q to �1, one gets that fQ

0

J

g and fP

J

g,

where J runs over the set of stri
t partitions, are two adjoint bases of some free

Z-modules A and B of symmetri
 fun
tions w.r.t. the standard s
alar produ
t.

We refer the reader to [Li1℄, [M
d1℄, [L-L-T2℄ and [D-L-T℄ for details and pre
ise

referen
es to the results des
ribed in this remark.

Introdu
e now two other di�erential operators on the ring of symmetri
 fun
tions:

U

s

k

:= D

P

k

� s

1

D

P

k+1

+ s

2

D

P

k+2

� : : :

and

U

e

k

:= D

P

k

� e

1

D

P

k+1

+ e

2

D

P

k+2

� : : : :

In parti
ular, by Remark 5.3(iii), we have for k > 0

U

s

k

(Q

0

J

) = (�1)

k

1

2

Q

0

(�k)J

:

Our goal now is to investigate the a
tion of the operator U

s

k

on

e

Q-fun
tions. We


ompute �rst the a
tion of U

e

k

on Q

0

-fun
tions.

Proposition 5.4. Suppose k > 0. Let IkJ be a stri
t partition and H- a stri
t

partition not 
ontaining k. Then

U

e

k

(Q

0

IkJ

) = (�1)

l(I)

Q

0

IJ
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and

U

e

k

(Q

0

H

) = 0 :

Proof. It follows from Proposition 5.2 that V

e

k

(B) � B, and hen
e U

e

k

(A) � A.

Denote by [ , ℄ the standard s
alar produ
t on the ring of symmetri
 fun
tions. For

stri
t partitions K;L we must evaluate

�

U

e

k

(Q

0

K

); P

L

�

=

�

Q

0

K

; V

e

k

(P

L

)

�

=

�

Q

0

K

; P

kL

�

:

This immediately yields both assertions. �

Applying the involution on the ring of symmetri
 polynomials, that ex
hanges

e

i

with s

i

for i 2 N , we get

Proposition 5.5. Suppose k > 0. Let IkJ be a stri
t partition and H- a stri
t

partition not 
ontaining k . Then

U

s

k

(

e

Q

IkJ

) = (�1)

l(I)

e

Q

IJ

and

U

s

k

(

e

Q

H

) = 0 :

We now want to link the above di�erential operators with divided di�eren
e

operators. To this end we give �rst the following presentation of the operator

indu
ed by s

0

on the ring of symmetri
 fun
tions.

Lemma 5.6. For every symmetri
 fun
tion f ,

s

0

(f) = f � 2x

1

D

P

1

(f) + 2x

2

1

D

P

2

(f)� 2x

3

1

D

P

3

(f) + : : : :

Proof. We will use the �-ring setup. For any symmetri
 fun
tion f and three

alphabets X;B;C, one has

f(X �B + C) =

X

s

I

(�B + C)D

s

I

(f)(X);

where C �B denotes the formal di�eren
e of the alphabets C and B.

Take now B = x

1

, C = x

1

; then X �B +C is obtained from X by 
hanging x

1

to x

1

. On the other hand, the only nonzero s

I

(�B+C) for those spe
ial B and C,

are those for whi
h I is a hook I = (j + 1; 1

i

).

In that 
ase, for I 6= 0, one has the expli
it value

s

I

(�B + C) = (x

1

� x

1

)x

j

1

(�x

1

)

i

whi
h spe
ializes to 2(�x

1

)

jIj

under x

1

7! �x

1

. Sin
e the sum of all hook S
hur

S-fun
tions of weight k is equal to P

k

, 
olle
ting all hooks of the same weight, one

�nally gets

f

�

(�x

1

); x

2

; x

3

; : : :

�

= f � 2x

1

D

P

1

(f) + 2x

2

1

D

P

2

(f)� : : : ;

the right-hand side being evaluated in x

1

; x

2

; : : : . �
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Corollary 5.7. For every symmetri
 fun
tion f ,

�

0

(f) = D

P

1

(f)� x

1

D

P

2

(f) + x

2

1

D

P

3

(f)� : : : :

Let us de�ne the following operator D

(n)

h

on the ring of symmetri
 fun
tions by

D

(n)

h

(f) := �

n�1

: : : �

1

�

0

(x

h

1

� f) :

Proposition 5.8. Fix n 2 N. Let 0 � h < n . If f is a symmetri
 fun
tion, then

one has the equality

�

(�1)

n�1

D

(n)

h

f

�

(X

n

) = (U

s

n�h

f)(X

n

) ;

in other words,

�

(�1)

n�1

D

(n)

h

f

�

(X

n

) =

�

D

P

n�h

f � s

1

�D

P

n�h+1

f + s

2

�D

P

n�h+2

f � : : :

�

(X

n

):

Proof. We have

�

0

(x

2j+1

1

� f) = (�x

1

)

2j+1

�

0

(f) + x

2j

1

� f

and

�

0

(x

2j

1

� f) = x

2j

1

�

0

(f):

If 2j+1 < n , then �

n�1

: : : �

1

(x

2j

1

f) = 0 . The assertion follows from Corollary 5.7

by using the well-known formula �

n�1

: : : �

1

(x

p

1

) = s

p�n+1

(X

n

) for p 2 N . �

This 
ompletes the proof of Theorem 5.1. (Note that the 
ase k = n was proved

earlier in [P-R2℄ by another method.)

We end this se
tion by showing how the key formula expli
ates the a
tion of the

operators O

k

de�ned by (11) on the fun
tions spe
i�ed in the following

Proposition 5.9. Let 0 < k � n and n� 1 � �

1

> �

2

> : : : > �

k

� 0 . Then the

image under O

k

of

�

0

!

(k)

�

x

�

1

1

x

�

2

2

: : : x

�

k

k

�

e

Q

I

(X

n

)

�

= �

0

!

(k)

�

x

�

1

1

x

�

2

2

: : : x

�

k

k

�

�

e

Q

I

(X

n

)

is nonzero only if n��

1

; n��

2

; : : : ; n��

k

are parts of I . In this 
ase, the image

is

(�1)

P

p

j

�k

e

Q

J

(X

n

) ;

where J is the stri
t partition with parts fi

1

; i

2

; : : :gr fn��

1

; : : : ; n��

k

g and p

j

is su
h that i

p

j

= n� �

j

for j = 1; : : : ; k.

We need some properties of the powers of O

1

.
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Lemma 5.10. Let �

i

� n� i for i = 1; : : : ; k. Then for a symmetri
 fun
tion f ,

O

k

1

(x

�

1

1

� : : : � x

�

k

k

� f) = O

1

�

x

�

k

1

� : : : � O

1

(x

�

2

1

� O

1

(x

�

1

1

� f)

�

: : :

�

:

In other words, by identifying a monomial with the operator of multipli
ation

by this monomial, the lemma asserts the following equality of operators on the ring

of symmetri
 fun
tions:

O

k

1

Æ x

�

1

1

: : : x

�

k

k

= O

1

Æ x

�

k

1

Æ : : : Æ O

1

Æ x

�

2

1

Æ O

1

Æ x

�

1

1

:

Proof. The proof is by indu
tion on k. For simpli
ity, we only prove the 
ase k = 2

and show how the 
ase k = 2 implies the 
ase k = 3 . This is suÆ
ient to see the

general pattern of the indu
tive proof. For k = 2 we have, using the Leibniz rule,

O

2

1

(x

�

1

x

�

2

� f) =

= O

1

�

0

n�1

: : : �

0

1

�

0

(x

�

1

x

�

2

� f)

= O

1

�

0

n�1

: : : �

0

1

�

�

0

(x

�

1

� f) � x

�

2

�

= O

1

�

0

n�1

: : : �

0

2

�

�

0

1

�

0

(x

�

1

� f) � x

�

1

+ �

0

(x

�

1

� f) � �

0

1

(x

�

2

)

�

:

Observe that

�

0

n�1

: : : �

0

2

�

�

0

(x

�

1

� f) � �

0

1

(x

�

2

)

�

= 0

be
ause �

0

(x

�

1

� f) is a s
alar w.r.t. �

0

n�1

: : : �

0

3

�

0

2

and we have � � n � 2 . We


on
lude that

O

2

1

(x

�

1

x

�

2

� f) = O

1

�

x

�

1

� O

1

(x

�

1

� f)

�

;

as asserted be
ause x

�

1

is a s
alar w.r.t. �

0

n�1

: : : �

0

2

.

For k = 3 we have by the Leibniz rule

O

3

1

(x

�

1

x

�

2

x




3

� f) =

= O

2

1

�

0

n�1

: : : �

0

1

�

�

0

(x

�

1

x

�

2

� f) � x




3

�

= O

2

1

�

0

n�1

: : : �

0

2

�

�

0

1

�

0

(x

�

1

x

�

2

� f) � x




3

�

= O

2

1

�

0

n�1

: : : �

0

3

�

�

0

2

�

0

1

�

0

(x

�

1

x

�

2

� f) � x




2

+ �

0

1

�

0

(x

�

1

x

�

2

� f) � �

0

2

(x




3

)

�

:

Observe that

�

0

n�1

: : : �

0

3

�

�

0

1

�

0

(x

�

1

x

�

2

� f) � �

0

2

(x




3

)

�

= 0

be
ause �

0

1

�

0

(x

�

1

x

�

2

� f) is a s
alar w.r.t. �

0

n�1

: : : �

0

3

and 
 � n � 3 . Sin
e x




2

is a

s
alar w.r.t. �

0

n�1

: : : �

0

3

, the expression in question 
an be rewritten as

O

2

1

�

x




2

�O

1

(x

�

1

x

�

2

� f)

�

= O

1

�

0

n�1

: : : �

0

1

�

x




2

� �

0

O

1

(x

�

1

x

�

2

� f)

�

= O

1

�

0

n�1

: : : �

0

2

�

�

0

1

�

0

O

1

(x

�

1

x

�

2

� f) � x




1

+ �

0

O

1

(x

�

1

x

�

2

� f) � �

0

1

(x




2

)

�
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by the Leibniz rule. But �

0

O

1

(x

�

1

x

�

2

� f) = �

0

�

x

�

1

� O

1

(x

�

1

� f)

�

is a s
alar w.r.t.

�

0

n�1

: : : �

0

2

and 
 � n� 3 ; this implies

�

0

n�1

: : : �

0

2

�

�

0

O

1

(x

�

1

x

�

2

� f) � �

0

1

(x




2

)

�

= 0:

Sin
e x




1

is a s
alar w.r.t. �

0

n�1

: : : �

0

2

, the expression in question equals

O

1

�

x




1

�O

2

1

(x

�

1

x

�

2

� f)

�

= O

1

�

x




1

� O

1

�

x

�

1

� O

1

(x

�

1

� f)

�

�

by the 
ase k = 2 proved above. �

Proof of Proposition 5.9: The assertion follows dire
tly from Lemma 5.10,

the equality O

k

Æ �

0

!

(k)

= O

k

1

and the key formula (Theorem 5.1). �

Example 5.11. n = 6; k = 3;

e

Q

I

=

e

Q

I

(X

6

) .

O

3

�

�

0

!

(3)

(x

4

1

x

1

2

x

0

3

) �

e

Q

654321

�

= �O

1

�

x

0

1

� O

1

�

x

1

1

� O

1

(x

4

1

�

e

Q

654321

)

�

�

= �O

1

�

x

0

1

�O

1

(x

1

1

�

e

Q

65431

)

�

= �O

1

(x

0

1

�

e

Q

6431

)

=

e

Q

431

:

We give now other useful 
onsequen
es of the key formula. Given two barred

permutations w and v, we shall say that \ u transforms w to v " (or \ we pass from

w to v using u ") if w � u

�1

= v and l(w)� l(u) = l(v).

Proposition 5.12. Let I = (i

1

; : : : ; i

l

) � �

n

be a stri
t partition. Then

�

0

i

1

�1

: : : �

0

1

�

0

�

e

Q

I

(X

n

)

�

=

e

Q

(i

2

;::: ;i

l

)

(X

n

) :

Proof. Suppose that fi

1

; : : : ; i

l

; j

1

< j

2

< : : : < j

k

g = f1; : : : ; ng . Let w; v; u and

� be elements of W

n

, whi
h transform the barred permutations as indi
ated in the

following square

[j

1

; : : : ; j

k

; i

1

; i

2

; : : : ; i

l

℄

�

 ���� [j

1

< : : : < j

p�1

< i

1

< j

p

< : : : < j

k

; i

2

; : : : ; i

l

℄

?

?

y

v

?

?

y

w

[i

1

; i

2

; : : : ; i

l

; j

1

; : : : ; j

k

℄

u

����! [i

2

; : : : ; i

l

; j

1

< : : : < j

p�1

< i

1

< j

p

< : : : < j

k

℄

for some p . Note that � = s

k

� : : : � s

p+1

� s

p

.

We have w = u � v � � and l(w) = l(u) + l(v) + l(�). Hen
e �

0

w

= �

0

u

Æ �

0

v

Æ �

0

�

.

Observe that

v = (s

l

: : : s

1

s

0

) : : : (s

n�2

: : : s

1

s

0

)(s

n�1

: : : s

1

s

0

) � !

(k)

:
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Therefore by Proposition 5.9, we have

�

0

v

�

x

n�j

1

1

x

n�j

2

2

� : : : � x

n�j

k

k

e

Q

�

n

(X

n

)

�

=

= (�1)

n�j

1

+n�j

2

+:::+n�j

k

e

Q

(i

1

;::: ;i

l

)

(X

n

) :

In a similar way, we infer

�

0

w

�

x

n�j

1

1

� : : : � x

n�i

1

p

� : : : � x

n�j

k

k+1

e

Q

�

n

(X

n

)

�

=

= (�1)

n�j

1

+:::+n�i

1

+:::+n�j

k

e

Q

(i

2

;::: ;i

l

)

(X

n

) :

Sin
e �

0

i

1

�1

: : : �

0

1

�

0

= �

0

u

, to prove the assertion it suÆ
es to show that

�

0

�

�

x

n�j

1

1

� : : : � x

n�i

1

p

� : : : � x

n�j

k

k+1

�

= (�1)

n�i

1

x

n�j

1

1

� : : : � x

n�j

k

k

:

But this is an obvious equality for dominant S
hubert polynomials:

�

k

: : : �

p+1

�

p

S

[n+1�j

1

;::: ;n+1�i

1

;::: ;n+1�j

k

;n+1�i

2

;::: ;n+1�i

l

℄

=

= S

[n+1�j

1

;::: ;n+1�j

k

;n+1�i

1

;::: ;n+1�i

l

℄

;

where n+ 1� i

1

is pla
ed in the p-th pla
e, in the �rst expression.

Thus the proposition has been proved. �

Example 5.13. n = 9; I = (6; 4; 3; 2) . The elements w; v; u and � of W

9

are

de�ned by the following diagram:

[1; 5; 7; 8; 9; 6; 4; 3; 2℄

�

 ���� [1; 5; 6; 7; 8; 9; 4; 3; 2℄

?

?

y

v

?

?

y

w

[6; 4; 3; 2; 1; 5; 7; 8; 9℄

u

����! [4; 3; 2; 1; 5; 6; 7; 8; 9℄

We have, with

e

Q

I

=

e

Q

I

(X

9

),

�

0

v

(x

8

1

x

4

2

x

2

3

x

1

4

x

0

5

�

e

Q

�

9

) = �

e

Q

6432

;

�

0

w

(x

8

1

x

4

2

x

3

3

x

2

4

x

1

5

x

0

6

�

e

Q

�

9

) = �

e

Q

432

and

�

5

�

4

�

3

(x

8

1

x

4

2

x

3

3

x

2

4

x

1

5

x

0

6

) = x

8

1

x

4

2

x

2

3

x

1

4

x

0

5

:

Corollary 5.14. Let I = (i

1

; : : : ; i

k

; : : : ; i

l

) be a stri
t partition. Then

�

0

i

k

�1

: : : �

0

1

�

0

: : : �

0

i

1

�1

: : : �

0

1

�

0

�

e

Q

I

(X

n

)

�

=

e

Q

(i

k+1

;i

k+2

;::: ;i

l

)

(X

n

) :

In parti
ular ( invoking the notation of (12) ), we get

�

0

w

I

�

e

Q

I

(X

n

)

�

= 1 :
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Corollary 5.15. Let I = (i

1

; : : : ; i

l

) be a stri
t partition. Then for j > i

1

,

�

j�1

: : : �

1

�

0

�

e

Q

I

(X

n

)

�

= 0 :

Indeed, we have

�

j�1

: : : �

i

1

�

i

1

�1

: : : �

1

�

0

�

e

Q

I

(X

n

)

�

= �

j�1

: : : �

i

1

e

Q

(i

2

;::: )

(X

n

) = 0 :

Observe that this implies that for any stri
t partition J 6= I whi
h pre
edes I in

the reverse lexi
ographi
 order (see [M
d1℄),

�

w

J

�

e

Q

I

(X

n

)

�

= 0:

Remark 5.16. Some of the above results for \trapezoidal" partitions I = (n; n�

1; : : : ; k + 1) were originally proved in [P-R2℄ by di�erent methods.

Appendix A (written in 
ollaboration with J. Ratajski):

Symple
ti
 S
hubert polynomials �a la polonaise.

Billey and Haiman [B-H℄ and Fomin and Kirillov [F-K℄ have de�ned various

S
hubert polynomials for type C

n

. Following [P-R2, Appendix B℄, we propose

here other 
andidates to represent the S
hubert 
lasses in the variety of 
omplete

Lagrangian 
ags.

Let (x

1

; x

2

; : : : ) be a sequen
e of independent variables. Let w

0

= w

(n)

0

be the

longest element in the Weyl group W

n

of type C

n

. De�ne

C

w

0

= C

w

0

(X

n

) := (�1)

n(n�1)=2

x

�

n�1

e

Q

�

n

(X

n

) ;

and for an arbitrary w 2 W

n

,

C

w

:= C

w

(X

n

) = �

0

w

�1

w

0

(C

w

0

)

- the symple
ti
 S
hubert polynomial asso
iated with w.

Example A.1. Symple
ti
 S
hubert polynomials for n = 2 are:

C

[1;2℄

=� x

3

1

x

2

� x

2

1

x

2

2

;

C

[1;2℄

= �x

2

1

x

2

; C

[2;1℄

= x

2

1

x

2

+ x

1

x

2

2

;

C

[2;1℄

= x

1

x

2

; C

[2;1℄

= x

2

2

;

C

[2;1℄

= x

2

; C

[1;2℄

= x

1

+ x

2

;

C

[1;2℄

= 1 :

Their expression in terms of the S

e

Q-basis is:
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C

[1;2℄

=�S

[2;1℄

e

Q

21

;

C

[1;2℄

= �S

[2;1℄

e

Q

2

; C

[2;1℄

=

e

Q

21

;

C

[2;1℄

=

e

Q

2

; C

[2;1℄

= �S

[2;1℄

e

Q

1

+ (x

2

1

+ x

2

2

) +

e

Q

2

;

C

[2;1℄

= �S

[2;1℄

+

e

Q

1

; C

[1;2℄

=

e

Q

1

;

C

[1;2℄

= 1 :

Theorem A.2. (Stability) Suppose that m > n . Let W

n

,!W

m

be the embedding

via the �rst n 
omponents. Then for any w 2 W

n

� W

m

, the following equality

holds:

C

w

(X

m

)j

x

n+1

=:::=x

m

=0

= C

w

(X

n

) :

Proof. To show the assertion we must prove that the above de�nition is 
onsistent

with the divided di�eren
e re
urren
es. Taking into a

ount the equality

w

(n)

0

= w

(n�1)

0

s

n�1

s

n�2

: : : s

1

s

0

s

1

: : : s

n�2

s

n�1

;

and our sign 
onventions, the wanted assertion is an immediate 
onsequen
e of the

equality:

�

0

n�1

: : : �

0

2

�

0

1

�

0

�

1

�

2

: : : �

n�1

(f

n

)j

x

n

=0

= f

n�1

;

where f

n

= x

�

n�1
e

Q

�

n

(X

n

) .

We need a simple

Lemma A.3. For any polynomial f = f(X

n

) ,

�

n�1

: : : �

1

�

0

(x

2

1

x

2

: : : x

n

� f)j

x

n

=0

= 0 :

Indeed, after applying �

0

we get a (possibly zero) sum of monomials divisible by

x

1

� : : : � x

n

. Sin
e x

1

� : : : � x

n

is a s
alar w.r.t. �

n�1

: : : �

1

, the �nal substitution

x

n

= 0 gives the vanishing.

Suppose now that

(18) �

1

�

2

: : : �

n�1

(x

�

n�1

) =

X

J

a

J

x

J

;

where a

J

2 Z , so that

�

1

�

2

: : : �

n�1

(f

n

) =

�

X

a

J

x

J

�

e

Q

�

n

(X

n

) :

We 
laim that if for J = (j

1

; : : : ) with a

J

6= 0 we have j

1

� 1 , then

�

n�1

: : : �

1

�

0

�

x

J

e

Q

�

n

(X

n

)

�

j

x

n

=0

= 0 :

This follows from the lemma sin
e

e

Q

�

n

(X

n

) = x

1

� : : : � x

n

�

e

Q

�

n�1

(X

n

) . We next

observe
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Lemma A.4. With the notation of (18), if a

J

6= 0 and j

1

= 0 , then J = (0; n�

2; n� 3; : : : ; 2; 1; 0) .

Indeed, let M be a monomial appearing in the de
omposition of

�

2

: : : �

n�1

(x

n�2

2

x

n�3

3

: : : x

n�1

)

as a sum of monomials. To get in �

1

(x

n�1

1

M) a monomial without x

1

, the mono-

mial M must be independent of x

2

(x

1

x

2

is a s
alar w.r.t. �

1

). By indu
-

tion we 
an assume M = x

n�3

3

: : : x

n�1

. But then, the unique monomial in

�

1

(x

n�1

1

x

n�3

3

: : : x

n�1

) that does not depend on x

1

, is x

n�2

2

x

n�3

3

: : : x

n�1

, as 
laimed.

Hen
e we must 
ompute:

�

0

n�1

: : : �

0

1

�

0

�

x

n�2

2

� x

n�3

3

� : : : � x

n�1

�

e

Q

�

n

(X

n

)

�

j

x

n

=0

= �

0

n�1

: : : �

0

1

�

0

�

x

n�2

2

� : : : � x

n�1

� x

1

� : : : � x

n

�

e

Q

�

n�1

(X

n

)

�

j

x

n

=0

= �

0

n�1

: : : �

0

1

�

0

�

x

n�2

2

� : : : � x

n�1

� x

1

� : : : � x

n

�

e

Q

�

n�1

(x

2

; : : : ; x

n

)

�

j

x

n

=0

by Lemma A.3. The last expression 
an be rewritten as

(19) �

0

n�1

: : : �

0

1

�

x

n�1

2

: : : x

2

n�1

x

n

�

e

Q

�

n�1

(x

2

; : : : ; x

n

)

�

j

x

n

=0

:

Now we need

Lemma A.5. Let x; y be indeterminates and f = f(x; y) a polynomial fun
tion

depending on x; y and perhaps on some other variables. Then denoting by �

xy

the

divided di�eren
e f 7!

f(x;y)�f(y;x)

x�y

, we have

�

xy

�

y � f(x; y)

�

j

y=0

= �

xy

�

y � f(0; y)

�

j

y=0

:

Indeed, y � f(x; y)� y � f(0; y) = xy � g for some polynomial g . Then

�

xy

�

y � f(x; y)� yf(0; y)

�

= �

xy

(xy � g) = xy�

xy

(g)

vanishes after the substitution y = 0 .

Coming ba
k to our expression (19), we see that before applying �

0

n�1

we 
an

substitute x

n�1

= 0 , so before applying �

0

n�2

we 
an substitute x

n�2

= 0 et
. In

other words, in the 
ourse of 
omputing (19) we 
an after applying �

0

1

substitute

x

2

= 0 , after applying �

0

2

substitute x

3

= 0; : : : , after applying �

0

n�2

substitute

x

n�1

= 0 , and at the end substitute x

n

= 0 .

Using the Leibniz rule, we get

�

0

1

�

x

n�1

2

: : : x

2

n�1

x

n

�

e

Q

�

n�1

(x

2

; : : : ; x

n

)

�

j

x

2

=0

=

h

�

0

1

(x

n�1

2

: : : x

n

) � s

1

e

Q

�

n�1

(x

2

; : : : ; x

n

)

i

j

x

2

=0

+

h

x

n�1

2

: : : x

n

� �

0

1

�

e

Q

�

n�1

(x

2

; : : : ; x

n

)

�

i

j

x

2

=0

= x

n�2

1

x

n�2

3

: : : x

n

�

e

Q

�

n�1

(x

1

; x

3

; : : : ; x

n

) + 0:
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Similarly, applying �

0

2

to the obtained polynomial and substituting x

3

= 0 , we

get

x

n�2

1

x

n�3

2

x

n�3

4

x

n�4

5

: : : x

n

�

e

Q

�

n�1

(x

1

; x

2

; x

4

; : : : ; x

n

) :

Continuing in this way, we get after applying �

0

n�1

x

n�2

1

x

n�3

2

: : : x

n�2

�

e

Q

�

n�1

(x

1

; : : : ; x

n�1

) = f

n�1

:

This 
ompletes the proof of the stability property. �

Theorem A.6. (the maximal Grassmannian property) Let I = (i

1

> : : : > i

l

> 0)

be a stri
t partition 
ontained in �

n

. Then, invoking the notation of (12), one has

the equality

C

w

I

(X

n

) =

e

Q

I

(X

n

) :

Proof. The proof is very similar to the one of Proposition 5.12, but we give all

details for the reader's 
onvenien
e. We �rst explain how, in the 
ourse of the

proof, we pass from w

0

to w

I

.

1

Write k = n � l . First, by using an appropriate

permutation � , we pass from w

0

= [1; 2; : : : ; n℄ to

[j

1

; j

2

; : : : ; j

k

; i

1

; : : : ; i

l

℄ ;

where fi

1

; : : : ; i

l

; j

1

; : : : ; j

k

g = f1; : : : ; ng and j

1

< : : : < j

k

. Se
ondly, using !

(k)

,

we pass to

[j

k

; j

k�1

; : : : ; j

1

; i

1

; : : : ; i

l

℄ :

Thirdly, using

(s

n�k

: : : s

1

s

0

) : : : (s

n�2

: : : s

1

s

0

)(s

n�1

: : : s

1

s

0

) ;

we pass to

[i

1

; : : : ; i

l

; j

1

; j

2

; : : : ; j

k

℄ = w

I

:

Observe that after applying to C

w

0

(X

n

) the divided di�eren
e 
orresponding to the

�rst permutation, we get

C

[j

1

;j

2

;::: ;j

k

;i

1

;::: ;i

l

℄

= (�1)

n(n�1)=2+l(�)

S

[n+1�j

1

;::: ;n+1�j

k

;n+1�i

1

;::: ;n+1�i

l

℄

�

e

Q

�

n

(X

n

)

be
ause � transforms !

(n)

to

[n+ 1� j

1

; : : : ; n+ 1� j

k

; n+ 1� i

1

; : : : ; n+ 1� i

l

℄:

We have

S

[n+1�j

1

;::: ;n+1�j

k

;n+1�i

1

;::: ;n+1�i

l

℄

= x

n�j

1

1

x

n�j

2

2

: : : x

n�j

k

k

;

1

Re
all that we pass from w to v using u (or u transforms w to v) if w � u

�1

= v and

l(w) � l(u) = l(v). We then have �

u

C

w

= C

v

. Similarly, if for �; �; � 2 S

n

, � transforms � to �,

then �

�

S

�

= S

�

.
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see [M
d2℄. The operator 
orresponding to the 
omposition of the se
ond permu-

tation and the third barred permutation is O

k

Æ �

0

!

(k)

, and using Proposition 5.9

we get

O

k

Æ�

0

!

(k)

�

x

n�j

1

1

x

n�j

2

2

: : : x

n�j

k

k

e

Q

�

n

(X

n

)

�

= (�1)

n�j

1

+n�j

2

+:::+n�j

k

e

Q

(i

1

;::: ;i

l

)

(X

n

) :

Sin
e n� j

1

+ : : :+ n� j

k

is the length of the permutation passing from

[n; n � 1; : : : ; 2; 1℄ to [j

1

; j

2

; : : : ; j

k

; i

1

; : : : ; i

l

℄ and � passes from [1; 2; : : : ; n℄ to

[j

1

; j

2

; : : : ; j

k

; i

1

; : : : ; i

l

℄ , we see that the above signs �t to give us

�

O

k

Æ �

0

!

(k)

Æ �

0

�

��

(�1)

n(n�1)=2

x

�

n�1

e

Q

�

n

(X

n

)

�

=

e

Q

I

(X

n

) ;

as asserted. �

Example A.7. n = 6 ; I = (4; 3; 1) . We 
ompute, with

e

Q

I

=

e

Q

I

(X

6

),

C

[1;2;3;4;5;6℄

�

�

����! C

[2;5;6;4;3;1℄

= �S

[5;2;1;3;4;6℄

�

e

Q

�

6

= �x

4

1

x

1

2

x

0

3

�

e

Q

�

6

:

Then to 
ompute the image under O

3

Æ�

0

!

(3)

of the last element, we follow Example

5.11 to get �nally

e

Q

(4;3;1)

.

From the maximal Grassmannian property it follows the following operator 
har-

a
terization of

e

Q-polynomials.

Corollary A.8. For any stri
t partition I, w = w

I

is the unique element of W

su
h that l(w) = jIj and �

w

(

e

Q

I

(X)) 6= 0; in fa
t, �

w

I

(

e

Q

I

(X)) = 1 .

We end this Appendix with the table of symple
ti
 S
hubert polynomials for

n = 3 
omputed with the help of ACE (see [V1,2℄). In this table S

i;j;k

:=

S

[i;j;k℄

(x

1

; x

2

; x

3

) and E

i

:= e

i

(x

2

1

; x

2

2

; x

2

3

).

C

[1;2;3℄

= 1

C

[1;3;2℄

= x

3

= �S

1;3;2

+

e

Q

1

C

[2;1;3℄

= x

2

+ x

3

= �S

2;1;3

+

e

Q

1

C

[1;2;3℄

= x

1

+ x

2

+ x

3

=

e

Q

1

C

[3;1;2℄

= x

2

x

3

= �S

2;1;3

e

Q

1

+S

3;1;2

+

e

Q

2

C

[2;3;1℄

= x

2

3

= S

2;3;1

�S

1;3;2

e

Q

1

+E

1

+

e

Q

2

C

[2;1;3℄

= x

1

x

2

+ x

1

x

3

+ x

2

x

3

=

e

Q

2

C

[1;3;2℄

= (x

1

+ x

2

+ x

3

)x

3

= �S

1;3;2

e

Q

1

+ E

1

+ 2

e

Q

2

C

[2;1;3℄

= x

2

2

+ x

2

x

3

+ x

2

3

= �S

2;1;3

e

Q

1

+E

1

+

e

Q

2

C

[3;1;2℄

= x

1

x

2

x

3

=

e

Q

3

C

[3;2;1℄

= x

2

x

2

3

= �S

3;2;1

+S

2;3;1

e

Q

1

�E

1

S

2;1;3

�S

2;1;3

e

Q

2

+S

3;1;2

e

Q

1

�S

1;3;2

e

Q

2

+

e

Q

3

+

e

Q

21

C

[2;3;1℄

= (x

1

+ x

2

)x

2

3

= �S

1;3;2

e

Q

2

+

e

Q

3

+

e

Q

21
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C

[1;2;3℄

= �x

2

1

(x

2

+ x

3

) = �S

2;1;3

e

Q

2

+

e

Q

3

C

[3;1;2℄

= (x

2

+ x

3

)x

2

x

3

= �E

1

S

2;1;3

� 2S

2;1;3

e

Q

2

+S

3;1;2

e

Q

1

+

e

Q

3

+

e

Q

21

C

[2;3;1℄

= x

3

3

= S

2;3;1

e

Q

1

� E

1

S

1;3;2

�S

1;3;2

e

Q

2

+ E

1

e

Q

1

+

e

Q

3

C

[2;1;3℄

= x

2

1

x

2

+ x

2

1

x

3

+ x

1

x

2

2

+ x

1

x

2

x

3

+ x

1

x

2

3

+ x

2

2

x

3

+ x

2

x

2

3

=

e

Q

21

C

[1;3;2℄

= �x

2

1

x

2

x

3

= �S

2;1;3

e

Q

3

C

[3;2;1℄

= x

1

x

2

x

2

3

= �S

1;3;2

e

Q

3

+

e

Q

31

C

[3;2;1℄

= x

2

2

x

2

3

= �S

2;1;3

e

Q

3

�S

2;1;3

e

Q

21

+S

3;1;2

e

Q

2

+ E

2

+

e

Q

31

C

[1;3;2℄

= �(x

2

1

+ x

2

2

)x

2

3

= S

2;3;1

e

Q

2

�S

1;3;2

e

Q

3

� E

2

C

[3;1;2℄

= (x

1

+ x

2

+ x

3

)x

1

x

2

x

3

=

e

Q

31

C

[3;2;1℄

= x

2

x

3

3

= �S

3;2;1

e

Q

1

+ E

1

S

2;3;1

+ 2S

2;3;1

e

Q

2

� E

1

S

2;1;3

e

Q

1

� S

2;1;3

e

Q

3

+

E

1

S

3;1;2

+S

3;1;2

e

Q

2

�S

1;3;2

e

Q

3

�S

1;3;2

e

Q

21

+E

2

+E

1

e

Q

2

+S

1;2;3

e

Q

31

C

[2;3;1℄

= (x

2

1

+ x

1

x

3

+ x

2

2

+ x

2

x

3

)x

2

3

= �S

1;3;2

e

Q

21

+ 2E

2

+ E

1

e

Q

2

+

e

Q

31

C

[1;2;3℄

= �(x

1

x

2

+ x

1

x

3

+ x

2

2

+ x

2

3

)x

2

1

= �S

2;1;3

e

Q

21

+

e

Q

31

C

[1;2;3℄

= x

2

1

x

2

2

x

3

= S

2;3;1

e

Q

3

C

[2;3;1℄

= �(x

2

+ x

3

)x

2

1

x

2

x

3

= �S

2;1;3

e

Q

31

+S

3;1;2

e

Q

3

C

[3;2;1℄

= (x

1

x

2

+ x

1

x

3

+ x

2

x

3

)x

1

x

2

x

3

=

e

Q

32

C

[3;1;2℄

= �(x

2

1

x

2

+ x

2

1

x

3

+ x

2

2

x

3

)x

2

x

3

= �S

3;2;1

e

Q

2

+ S

2;3;1

e

Q

3

+ S

2;3;1

e

Q

21

+

E

2

S

2;1;3

+S

3;1;2

e

Q

3

�E

2

S

1;3;2

�S

1;3;2

e

Q

31

C

[1;3;2℄

= �(x

1

+ x

2

+ x

3

)x

2

1

x

2

x

3

= �S

2;1;3

e

Q

31

C

[3;2;1℄

= �(x

1

x

2

� x

2

3

)x

1

x

2

x

3

= �S

1;3;2

e

Q

31

+ E

1

e

Q

3

+

e

Q

32

C

[3;2;1℄

= (x

2

1

+ x

2

x

3

)(x

2

+ x

3

)x

2

x

3

= �2E

2

S

2;1;3

� E

1

S

2;1;3

e

Q

2

� S

2;1;3

e

Q

31

+

S

3;1;2

e

Q

21

+ E

2

e

Q

1

+E

1

e

Q

3

+

e

Q

32

C

[1;3;2℄

= �(x

3

1

x

3

+2x

2

1

x

2

2

+x

2

1

x

2

x

3

+x

2

1

x

2

3

+x

1

x

2

2

x

3

+x

3

2

x

3

+x

2

2

x

2

3

)x

3

= S

2;3;1

e

Q

21

�

S

1;3;2

e

Q

31

� E

2

e

Q

1

C

[2;1;3℄

= x

2

1

x

3

2

x

3

= �S

3;2;1

e

Q

3

+S

2;3;1

e

Q

31

�E

3

C

[2;3;1℄

= �(x

1

x

2

+ x

1

x

3

+ x

2

x

3

)x

2

1

x

2

x

3

= �S

2;1;3

e

Q

32

C

[3;1;2℄

= �(x

2

1

x

2

+ x

2

1

x

3

+ x

1

x

2

2

+ x

2

2

x

3

)x

1

x

2

x

3

= �S

1;3;2

e

Q

32

+ 2E

3

C

[1;2;3℄

= (x

1

+ x

2

+ x

3

)x

2

1

x

2

2

x

3

= S

2;3;1

e

Q

31

C

[2;3;1℄

= �(x

2

2

+ x

2

x

3

+ x

2

3

)x

2

1

x

2

x

3

= �E

1

S

2;1;3

e

Q

3

�S

2;1;3

e

Q

32

+S

3;1;2

e

Q

31

C

[3;2;1℄

= (x

2

1

x

2

+ x

2

1

x

3

+ x

1

x

2

2

+ x

1

x

2

x

3

+ x

1

x

2

3

+ x

2

2

x

3

+ x

2

x

2

3

)x

1

x

2

x

3

=

e

Q

321

C

[3;1;2℄

= �(2x

2

1

x

2

2

+2x

2

1

x

2

x

3

+x

2

1

x

2

3

+x

3

2

x

3

+x

2

2

x

2

3

)x

2

x

3

= �S

3;2;1

e

Q

21

+2E

2

S

2;3;1

+

E

1

S

2;3;1

e

Q

2

+ S

2;3;1

e

Q

31

+ E

2

S

2;1;3

e

Q

1

+ S

3;1;2

e

Q

31

� E

2

S

1;3;2

e

Q

1

� E

1

S

1;3;2

e

Q

3

�

S

1;3;2

e

Q

32

C

[2;1;3℄

= (x

1

x

2

� x

2

3

)x

2

1

x

2

2

x

3

= S

2;3;1

e

Q

32

� E

3

e

Q

1

C

[1;3;2℄

= x

2

1

x

2

x

3

(x

2

1

+ x

2

x

3

)(x

2

+ x

3

) = 2E

3

S

2;1;3

+S

3;1;2

e

Q

32

+ E

3

e

Q

1

C

[2;1;3℄

= (x

2

2

+ x

2

x

3

+ x

2

3

)x

2

1

x

2

2

x

3

= �S

3;2;1

e

Q

31

+ E

1

S

2;3;1

e

Q

3

+S

2;3;1

e

Q

32

C

[2;3;1℄

= �(x

2

1

x

2

+x

2

1

x

3

+x

1

x

2

2

+x

1

x

2

x

3

+x

1

x

2

3

+x

2

2

x

3

+x

2

x

2

3

)x

2

1

x

2

x

3

= �S

2;1;3

e

Q

321
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C

[3;1;2℄

= �(x

1

+ x

2

)(x

2

1

x

2

+ x

2

1

x

3

+ x

1

x

2

2

+ x

1

x

2

x

3

+ x

1

x

2

3

+ x

2

2

x

3

+ x

2

x

2

3

)x

1

x

2

x

3

=

�S

1;3;2

e

Q

321

C

[1;2;3℄

= �x

2

1

x

2

2

x

3

(x

2

1

+ x

2

x

3

)(x

2

+ x

3

) = �S

3;2;1

e

Q

32

+ 2E

3

S

2;3;1

+ E

3

S

2;1;3

e

Q

1

�

E

3

S

1;3;2

e

Q

1

C

[2;1;3℄

= (x

2

1

x

2

+ x

2

1

x

3

+ x

1

x

2

2

+ x

1

x

2

x

3

+ x

1

x

2

3

+ x

2

2

x

3

+ x

2

x

2

3

)x

2

1

x

2

2

x

3

= S

2;3;1

e

Q

321

C

[1;3;2℄

= (x

2

1

x

2

+ x

2

1

x

3

+ x

1

x

2

2

+ x

1

x

2

x

3

+ x

1

x

2

3

+ x

2

2

x

3

+ x

2

x

2

3

)x

3

1

x

2

x

3

= S

3;1;2

e

Q

321

C

[1;2;3℄

= �(x

2

1

x

2

+x

2

1

x

3

+x

1

x

2

2

+x

1

x

2

x

3

+x

1

x

2

3

+x

2

2

x

3

+x

2

x

2

3

)x

3

1

x

2

2

x

3

= �S

3;2;1

e

Q

321

:

Appendix B: Three geometri
 appli
ations

1. In Corollary A.8 we have obtained a purely algebrai
 proof (based on the key

formula) of the following result. For any stri
t partition J with jJ j = jIj , we have

�

w

J

(

e

Q

I

) 6= 0 only if I = J , and, in this 
ase, we get �

0

w

I

(

e

Q

I

) = 1 . Apply this to

the 
hara
teristi
 map


 : SP(X) �! A

�

(G)

given for a homogeneous symmetri
 polynomial f by


(f) =

X

I;jIj=deg f

�

0

w

I

(f)�(I)

(the notation as in Se
tion 1). We infer

(20) 
(

e

Q

I

) = �(I)

whi
h is the Giambelli-type formula for the Lagrangian Grassmannian, originally

obtained in [P, Se
t.6℄ by a di�erent method. Note that this purely algebrai
 opera-

tor proof of (20) gives us, after invoking the Pieri-type formula for Hall-Littlewood

fun
tions from [Mo℄, a Pieri-type formula for Lagrangian S
hubert 
lasses obtained

originally, by other methods, in [H-B℄ (see also [P-R1℄ for a divided di�eren
e ap-

proa
h).

2. The key formula admits the following interpretation in terms of Gysin maps. Let

X be a s
heme and V a rank 2n ve
tor bundle on X equipped with a nondegenerate

symple
ti
 form. Let V

n

be a rank n isotropi
 subbundle of V . By p : F ! X we

denote the 
ag bundle parametrizing pairs A � B of subbundles of V su
h that

rank A = n � 1 , rank B = n , A � V

n

and B is Lagrangian. Let C � D be the

tautologi
al bundles of respe
tive ranks n� 1 and n , on F . Set S = D=C .

Suppose n � k > 0. Let IkJ be a stri
t partition and H a stri
t partition not


ontaining k . Then the key formula says:

(21) p

�

�




1

(S

_

)

n�k

�

e

Q

IkJ

(D

_

)

�

= (�1)

l(I)

e

Q

IJ

(V

_

n

)

and

p

�

�




1

(S

_

)

n�k

�

e

Q

H

(D

_

)

�

= 0 :
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For k = n , this result agrees with Proposition 3.1 in [P-R2℄, whi
h was proved

using geometri
 arguments. Does it exist a geometri
 proof for the key formula in

general? One more 
omment may be here in order. Note that the arguments in

both sides of (21) are di�erent whereas in the key formula, they are the same. As

a matter of fa
t, in the above translation of the key formula, we have used a result

from [P-R2, Se
t.8℄ allowing us to make an appropriate ex
hange of the sequen
es

of the Chern roots of the bundles involved under the a
tion of p

�

.

3. The results of [P-R2℄ and the present paper 
ombined with some results of

[F1,2℄ allow us to generalize the formulas for the S
hubert 
lasses in Lagrangian

Grassmann bundles from [P-R2℄ to the 
ase of arbitrary Lagrangian 
ag bundles

and 
agged Lagrangian degenera
y lo
i. Here, for simpli
ity, we des
ribe just the

di�eren
e between our formulas and the ones obtained by Fulton in [F1,2℄. Let X

w

(w 2 W

n

) be the degenera
y lo
us de�ned as in [F1, p.243℄ with the help of a

nondegenerate symple
ti
 form on a rank 2n ve
tor bundle V whi
h is equipped

with two 
omplete �ltrations:

E

1

� E

2

� : : : � E

n

� V;

F

1

� F

2

� : : : � F

n

� V

by isotropi
 subbundles. Then, it follows from Proposition 2.4 of the present paper

(or its geometri
 
ounterpart in [P-R2℄), and the results of [F1,2℄, that the funda-

mental 
lass of X

w

is evaluated by the expression given in [F1, Theorem (C

n

) on

p.243℄, where instead of F (X;Y ) (denoted by4 in lo
.
it.) one uses

e

Q(X;Y ). More

pre
isely, if the ambient variety is Cohen-Ma
aulay and X

w

is of pure 
odimension

n

2

� l(w), then

[X

w

℄ = �

w

�1

�

Y

i+j�n

(x

i

� y

j

)

e

Q(X;Y )

�

\ [X℄;

where we spe
ialize x

i

:= �


1

(E

i

=E

i�1

) and y

i

:= �


1

(F

n+1�i

=F

n�i

) for i =

1; : : : ; n.

We point out this di�eren
e between the approa
h of [F1,2℄ and ours be
ause it

appears that for numeri
al 
omputations (e.g. with the help of ACE of [V1,2℄) the

reprodu
ing kernel

e

Q(X;Y ) is more e
onomi
al than F (X;Y ).
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