
RIBBON SCHUR FUNCTIONS

Alain Lascoux and Piotr.Pragacz octobre 1986

We present a new determinantal expression of a Schur function.
Previous expressions were due to Jacobi, Trudi, Giambelli and

others (see [7]) and involved elementary symmetric functions or

hook-functions. We give in Theorem 0.1 the decomposition of a

Schur function into ribbon-functions (also called skew—hook-

functions, new functions by MacMahon, and MacMahon functions by
others). We provide two different proofs of this result-in § 1 and
§ 2.

In §1, we use Bazin’s formula for the minors of a general
matrix, as we already did in [6] to decompose a skew Schur

function into hooks.

In §2, we show how to pass from hooks to ribbons and
conversely.

In §3, we generalize to skew Schur functions.
In §4, we give some applications, and show how such

constructions, in the case of staircase partitions, generalize the
classical continued fraction for the tangent function due to Euler

0. DECOMPOSITION INTO SUCCESIVE RIMS

Many properties of symmetric functions can be visualized

graphically. For example, Schur Functions involve properties of

21 "" J“) I

i.e. an increasing sequence of numbers : Osjls...5j , one
It

Ferrers' diagrams : given a partition J - (jl, j

represents it by a diagram of boxes which is called its
(Ferrers’) diagram (see [7]) ; more generally, a skew diagram
or skew partition is the complement: of a diagram I into another

bigger one J

A skew diagram 8 which contains no 2x2 block of boxes is
called a ribbon ( skew hook for Anglo-saxons) ; the rim of a

diagram (outer strip for [7, p.3l]) is the maximal outer ribbon
of the diagram. Given a partition, we can peel its diagram off
into successive rims Op, ..., 81 (see example 0.2 ) beginning

from the outside. Such a ribbon 6_ is cut by the diagonal into
1
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three disjoint parts : 9_+ , D. , @__ which are respectively the
1 J. 1

boxes of e. strictly above the diagonal, the diagonal box, the
.1

boxes strictly under the diagonal. _
Given two ribbons 6l , 9‘ y we denote by 9_+& 93— the ribbon

J :I.

obtained by replacing the lower part 91" of 91 by 93

Pictorially, this can be represented by a displacement along the
diagonal and superposition of the two diagonal boxes of @_ and 9':

1 a

+ I I
61 I u I //:1 I I I x/

D n D

so \> *13 / //// * * w
B d + wo. a o‘1?" e— 1 .1
1': 5': 7? d

The following theorem, for which we give two different proofs
in the next two paragraphs, showa that the decomposition of a
partition into ribbons provides a determinantai expression of a

Schur function.

THEOREM 0.1. Given a partition J , let ( 9 , ..., 91) be
9

its decomposition into ribbons. Then

So So+&o' ‘ So+oo1 1 2 1 p

So+&o' So So+ooS = 1 2 pJ

So ao So+&o‘ So
p 1 p p

Example 0.2. Let J e 11 444 677 = ( 2347 & 0356 ).

The decomposition of J into the succesive rims O...O , I...I,

*...*, h...“ , representing moreover the diagonal boxes by D , is
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and, according to theorem 0.1, the Schur function 511444677 is
equal to the following determinant of ribbon-functions (writing the
ribbons instead of the corresponding functions)
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1 RELATIONS BETWEEN MINORS
I A sequence A is a finite sequence of positive integers. The

concatenation product {a , a ,..., a , b , b , ..., b } of two
1 2 r: 1 2 m

sequences A and B will be denoted A B. If C is a subsequence of

A, then the complementary sequence of C in A will be denoted A\C
Given an m x n matrix and a sequence A of cardinal n, we note

[A] the maximal minor taken on rows a1,..., a . Then one has the
1'].

following determinantal relation between the minors (due to Bazin
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and Sylvester independently)

Lemma 1.1 (Bazin). Given an wxn matrix and 3 sequences A, B, C

such_§hat card(A) = card(G) - p s n , card(A) + card(B) w n , one

has :

det {ABc\ a] a [AB 1p“1. [BC]aEA,cEC

(see [6] for more details).

In the ring of symmetric functions (in an infinite number of
variables, see [7], we consider the complete symmetric
functions S, (i.e. the sum of all monomials of degree 1 ; S_m0 if

1 1

i<0) and the infinite matrix S = ( Sj“i )1321 . Given two

partitions of cardinal r , the skew-Schur tction SJ/I is the

minor of 5 taken on rows il+1, i2+2, ..., ir+r and columns
j1+l, 32+2, ..., jr+r. The usual Schur function SJ is the special
case where I = 0 . In other Words,

(1.2) S a det S. _.
J/I Jk 1h+k-h lSh$Sr

We shall write SJ(A) , SJ/I(A) when we want to specify or
specialize the variables to A = {a1, a2, ...}

To prove Theorem 0.1 , we use the submatrix of 5 taken on
columns j1+1, j2+1, ..., j +1 and rows 1, 2, ..., r, ai+r+1,

1:

..., a +r+l, where ( fl ,..., fl & a , ..., a ) is thep 1 p l p
Frobenius decomposition of the partition J (see [7, p.3] ;
here, 05 31 < ... <fl and OS cl < ... <0:p ). Now, in Bazin‘sp

theorem, we take A a {a1+r+l, a2+r+l, ..., a +r+l}
p

B = {1, 2. ..., r} - {r-flp, ..., r-fll}

C = {r'fip: r'fipfi, ---, r~fi1}

and we find the wanted formula, since { BC ] = SJ and [ AB ] = 1

Example 1.3. Take J = 11 444 677 as in Example 0.2. We have to
use the matrix
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S S S S S S S1_ 2 6 7 a 11 13 16

So 1 S5 SS S7 S10 S12 S13

E30 $4 — S5 E_Ss SQ S11 312
S S S S S S3 4 5 s 10 11
S S S S S S2 a a 7 9 10
S S S S S S1 2 a s a 9
S S S S S So 1 z s 7 a

S S S S So 1 4 e 7
S S S So 3 5 5

S S So 2 3
S So 1

S o

where we note for S , i<0 . Let A = {9, 12, 14, 15} , B m
i

{2, 3, 7, 8} , C = {1, 4, 5, 6}. Then Bazin's formula expresses

Sll 444 677 as the follow1ng determinant of minors :

[23673,12,14,15} [236789,14,15] {236789,12,15} [236789,12,14]
[23578,12,14,15] [235789,14,15] [235789,12,15] [235789,12,14]
{23473,12,14,15] [234789,14,15] [234739,12,15] [234789,12,16}
[12376,12,16,15] [123789,14,15} [123739,12,15] [123739,12,14]

which in turn is identified to

/11 333 677 /11 333 377 /11 333 357 /11 333 356
/11 233 677 /11 233 377 /11 233 377 /11 233 356
/11 133 677 /11 133 377 /11 133 357 /11 133 356
/00 033 677 /00 033 377 /00 033 357 /00 033 356

where we write for the Schur function .Now,/I S11 446 677 / I
these Schur functions are exactly the ribbon—functions that we
announced in Example 0.2.

2. DEFORMATION OF DIAGRAMS

Given a (skew) diagram, its right corner is the box at the
extreme right of the bottom row, and its left corner is the upper
box of the left column. Given two skew diagrams H, K, let R be the

right corner of H and I the left corner of K . We define H D K
to be the skew diagram obtained by glueing the two diagrams by
their corners, R , I being on the same horizontal, and H t K

to be the skew diagram obtained by glueing the two corners on a
vertical

RJIBBONS 5



GO GO

00§§I****'k 00%
H [> K a

- aha—e — .iH * K = geese»?
7W: ahh'n'c

in?

Lemma 2.1. Let H and K be two skew diagrams. Then

S S = S + SH ' K HDK HiK
Proof. The Schur function SH can be looked as the sum 2 t of
all the tableaux of diagram H ; similarly S is the sum 2 t' ofK
all the tableaux of diagram K . For any pair of tableaux t, t' ,

let y be the letter in the box R of t and z the letter in the box
I of t' ; according as y 5 z or y > z , the product of tableaux
t.t' is a tableau of diagram HI>K or HiK and conversely, cutting
into two pieces all the tableaux of diagrams HDK or HiK, one
obtains all the pairs of tableaux of respective diagrams H, K

all this is a trivial consequence of the Jeu de Taquin which
allows to move parts of tableaux, see [10] ; this lemma is also

given by Zelevinsky [11, p.69] ] . I3

Proposition 2.2. Let p be a positive integer, q a (1):) , I, J,

., H, K be p skew partitions and a, ,8, ..., 7, 6 be p-l other

skew partitions. Then

(i) the determinant

SI Siva SIDaDfi Sloop fil> ...L> 'y1 2 3 q q+1 q+2 q+p“2
S S S SJ Jl>a Jl>ozI>13 JL>al> [JD ...I> 71 2 3 q q+1 q+2 q+P-2

SK SKoa SKl>al>fi SKDaD fie ...I> 'y1 2 a q q+1 «1+2 q+p-2

where we have suffixed the symbols D in the order they were
appearing in each row,is equal, up to a sign, to any determinant

obtained from it by changing any subset [ l>i , ..., D3 }
of D symbols into i ’5

(ii) the determinant
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1 80:91 SfiDaDI "'S~r|>...l> fil> a1> I1 2 3 q q+p-4 q+p‘3 q+P'2
o

S SK al>1K flDzaD3K TD . . .i> P_4fiI> al> K
(1 «1+ q+p*3 q+p-2

is equal, up to a sign, to any determinant obtained from
it by the exchange of some {>- '3 into i ’s

J.

Proof: This is a direct consequence of Lemma 2.1, since in a
determinant, adding a linear combination of columns to a given
column does not change the value of the determinant. For example,
the fifth column of the first determlnant, SII>al>fil>7l>6 can be

transformed into SIDaifiDfié because of the identities

S .. S . S - S ; SIbabfib'fi 6 Il>at>fll>7 6 Il>aal>fii>71>6 IDaifiD'yi 6

Sim ' Semis ” SIaDfiD-yfi
Proof of Theorem 0.1. Given a partition J whose Frobenius

1 1
following equality due to Giambelli ( see [7 p.30} )

decomposition is (,6 , . . . ,fi & a , . . ., a ), we have thep p

S S S
lfiléca lflléca l‘Bléca1 2 p

(2.3) SJ =

S S S
lflp & a lfip & a lfiP & a

5

Where 1 6:. 0: denotes the partition ( l, ..., l , n+1 )

Now, using Proposition 2.2 (i) with { I, J, ..., K } =fl .t

{11 & (:1 ,...,1p & 0:1} , (2,16, 7 being the
one—part-partitions c: — a , o: - a , ..., oz - cr , we get that

2 1 3 2 p pl

3 S . . . S
1’61 5: e' lfil & 69' 1’31 & e"1 2 P(i)

SJ = (-1)

S S S
rap & e' 1’31: 5: e' ' ' ' 15p 5: e‘1 2 P

Since 61 = 0:1 , (92 = alflaZ-al) ,.., 9P a al#(o:2~a1)i. . .i(aP-ap‘l)
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Using the second part of Proposition 2.2, we can further transform
the determinant and get the desired result.

Example 2.4. Let I = 1 3 5 5 7. The decompositions of the

diagram of I into respectively hooks and ribbons are

0 O
0*. 000
O * D l l and * * D O G
O D * * * I U * k G
[1900000 U-I*OOO

s13 314 S17

S13557 ” S113 S114 S117 2

S11113 S11114 S11117

S13 81311 5131113 S13 S1311 5131113

S113 511311 5131113 = 81>13 S1|>1311 31>13¢1¢3
S S S S S S11113 11113¢1 111131113 1191s13 11>1>1311 11>1>1311¢3

Proposition. 2.2. not only' allows to pass from Giambelli's
determinant 2.3 to the determinant of rims 0.1, but moreover

—1 -2produces 2(p )(P ) determinants equal up to a sign, by

exchanging symbols D and i . Certain choices of D , 1 correspond

to a block decomposition of a partition. For example, let J n
11 444 677 as in 0.2 , and 9 = 111. Then S #J

Se Se>3 sep3>2 S®>3>2$1

5119 511993 31¢e>3>2 31¢e>3p2¢1

s s s 311-116 1,1118% lilier>3r>2 lilieo31>2¢1

s s s s111s1¢1¢9 111>1¢1ies3 11191¢1¢e>3>2 111911119939211

and. this determinantal expressiorl corresponds to the following
block-decomposition of J into two blocks :



0
O
00 *fi
I O and * R

— I 0 w B
.0 [js‘r'z'rik
IDOOOOO
DIIIIIO

Starting from the determinantal expression (1.2) of a Schur
function, transforming symbols D will produce other determinantal
expressions of this Schur function : this is a special case of
Proposition 2.2., I J, ..., a, fi,... being then one-part

partitions. Thus, writing 9 for SE) , one has for example that

3 6 8
S which by definition is equal to 2 5 7 , i.e. to357 1 4 6

3 393 3>3D2
2 2I>3 2l>3l>2
1 1>3 1>3>2

is also equal,.up to a sign, to one of the

following determinants :
3 3:3 3>392 3 3>3 3¢3p2 3 3>3 3>3¢2 3 3>3 3:3122 213 2>3>2 , 2 2>3 2¢3>2 , 2 2>3 2>312 , 2>3 213:2 ,1 113 1>3p2 1 1p3 1¢3>2 1 1>3 1D3¢2 1 193 1:312
3 3:3 3>3¢2 3 3>3 31312 3 313 31312
2 2*3 2&312 , 2 2>3 2:3;2 , 2 213 213:2
1 1:3 1>3¢2 1 1b3 11312 1 113 113:2

3 GENERALISATION

In the previous paragraph, we have only used the fact that,
for any skew partition J and any strictly positive integer i ,

(3.1) SJ . S1 = SJbi + SJii

(3.2) s . s = s . + s 1
1 J 11>J 1 ¢J

As Schur functions can be expressed as determinants of
functions $13 and Sj with j belonging to Z in general (Sj
= 0 2 Slj if j<0 ) , it is desirable to extend (3.1) and (3.2)
to the case J e j or lj , j<0 . This is done by putting

Sjbi ” S3+1 = “ Sjii
(3.3) J<0 numb S . . a S B _ S . .

11:1J 11+3 1fi>1J
and
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(3.4) SObi s lil>lo
_ S ; 0i S ;i O i

0

(3.4) in that case.

We shall never need i - l , thus escaping the
noniconsistency of

we are ableWith these rules, to transform more general
determinants than (2.3), for example, the one expressing a skew

Schur function in terms of hook functions.

9 , ..., G
1 p

Let J be a partition, its decomposition into
rims, (51,..., 5 & a1,. ., a ) its Frobenius decomposition.

P P
Let I be a second partition and (61, ..., 6r & 71, .., 7r) its

Frobenius decomposition. Then according to [6] (-l)|II SJ/I is

equal to the determinant

S . S S S
1’81 Seal lfil 6:0: lfilflal Ural-6:

p

S S S S
lfip (S: :11 lisp 5: a lflpqsl lflp-Sr

(3-5)
Sa _ Sq - 0 0

1 71 p 71

S S 0 Oa - 7 (x — 'y
l r p r

generalizing Giambelli's formula (2.3).
Performing the same linear combination of rows and columns as

in § 2 , one obtains the following theorem .

THEOREM 3.6. The skew Schur function SJ/I is equal to the
determinant obtained from (3.5) by changing, for all i, j, h, k

151, .3513 , 15h, Mr
(1) the (i,j)-th element (formerly m S fl ) into S + _ =

l i & o:_ 8'6; ('3_S J 1 J
lfii—fli-l D...Dlfi2_filbe la ~a i...¢a_-a_

1 2 1 ,1 3-1

(2) the (p+h,j)—th element ( formerly * SQ _ ) into
j h

sa » - a «1 7hmz ali...$ j aJ-l
(3) the (i,p+k)-th element ( formerly e S 5 _5 ) into

1 i k
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lfii-fii-1I> ... D lflzflfi1 D lfil—sk

One notices that if in determinant_(3.6),_pne of the elements
of a row among the last r ones is the function SO ( a 1), then

all the other elements of this row are null thanks to (3.4)

Similarly, a function 5 o in any of the last r columns imply1
that all the other elements of this column are null.

Corollary 3.7. Let J be a partition, (fi1,..., fip & a1,..., a )
p

Hits Frobenius decomposition and 91, ..., 6p its rim

decomposition. Let further r be an integer s p , H =

{ h1,..., h } , K = { k1, ..., k } two subsets of the set
I r

{ l, ..., p }. Let at last I be the partition of Frobenius

decomPOSition (flh , ..., fih & ak , ..., ak ). Then
1 r 1 J:

SJ/I = 59+ & 9’i j i e H, J e K

Proof. with the hypothesis on I , each of the last r rows and
the last r columns of the determinant (3.6) admits one and only

one element which is different from 0, according to the preceeding
remark. This reduces determinant (3.6) to the claimed one.

Example 3.8. Let J = 1 3 4 5 5 6 7 = ( 1346 & 1248 ),
I = l 2 3 5 = ( 13 & 14 ). Then J decomposes into the rims

G = 61 = 1 2 , 82 u 11 D 8 i 1 , 83 = l D 11 D 0 i l i 2 ,
64 m 11 D l D 11 D 9 i l i 2 i 4 and

59+ & 9' 59+ & 9‘
3 2 3 4

S :2J/I
39+ & 6' 39+ & e'

4 2 I. 4

since we have to throw away a: and 9; because 1, 3 are the
first two elements of { l,3,4,6 } , and to throw away 8; and 8;

because 1, 4 are the first and the third element of {1, 2, 4, 8}.

4 EULERIAN DETERMINANTS

The tangent function admits a q—analog ; even better, since
sinus and casinos can be symmetrized, there exists a symmetrical
analog of the tangent ; to compute its coefficients, one needs to

know how to express the quotient of two formal series. This was
done by Faure (1855, [9, II p.212]) ; Anglo-Saxons usually
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prefers Hammond (1875, [9, III p.232]), but could as well take

Spottiswoode (1853, [9, II p.211]) who givesthe ”coefficients of

the succesive derivatives of f/g .

. . 1 2Prop051tion 4.1. Let f = ao+alz + azz +. . ,
1 2 a _ .g = 1- 312 + fizz -fiaz +. .. be two formal series in z . Then

f/g — 2 2“ Sn
Wi th

O.’ 0!
0 1 11

fit) [31 n

S 2
n

fi-n+1 fi—n+2 . 51

putting ,80-1,fii=0 Vi<0.

Let A be a set of indeterminates, f a Z zz1+1 Shaw) ,
g =2 (-1)‘j s 82.09!) ; define tgm, z) =- f / g

.3

m

2n+1 .Lemma 4.2. tA, z) — [0 z sl With

2n+1 m S1 2 n+1 / o o 1 2 ml (3")

‘ I m -__-- . ' _Proof . Taking ai 521nm) , fij SZJUA) 1n Faure s deter

minant (4.1) , we recognize it to be the minor of 5 taken on

columns 2, 4, 6 and rows 1, 2, 3, 5, 7, , i.e. to be

S (A) . El123.. .n+1/oo. . .n-l

The q-analog of the tangent is obtained for A =

{1; q, ‘12. ...} ; tg( {1, q, ...}, z(l-q) } specializes to the

usual tangent function for q == 1 (cf [3]).

The continued fraction-decomposition of any formal series
2 z‘j 33 has been obtained by many authors ; it is closely related
to the computation of the succesive remainders in the division of

a polynomial by another one (see e.g. Heilermann, 1845 [7,11
p.36]).

Proposition 4.3. For a series and its inverse, one has the

following developments

JRJIBBCDNS l2



2 z3 S = n
J zsl/so

1-
28 /S S1+ 11 a 1

ZS .S /S .Sl- o 22 1 11

n

1‘ (-1) Z An.An+3 / An+10An+2

with A = S n+1 and A = S n
2n n 2n*1 n

' w1 so[ Z (-zf 3.] =
J 2251/30

1-
1+ zSz/SO.S1

zS .S /S S1_ o 22 1 2

n

1 _ (-1) Z AnAn+3/An+lan+2

With AZn = S(n+1)n and .5a1 a Snn

To get the continued fraction for the tangent, we thus need to
evaluate the determinants

T ... T T ... T:1 2n 1: 211-1
* a I and ' a I '2n . Znfll

T . T T T
0 n 1 n

with T e S . Since the skew partitionsn 12...n/0012.,,n—2
12..n / 0012...n~2 are exactly the rims of the staircase
partition 123..., we can apply Theorem 0.1

Corollary 4.4. tg(fl, z) is equal to the continued fraction

RHBB©NS l3



'. z S .S / S .S1 _ 12...n 12...n+3 12...n+1 12...n+z

Similarly, the secant function is sec(z) = 1 / cos(z) ; it

admits the following symmetrical generalization :

on j -l= w Asec(m,z) [20(1) 32.1”]
The specialisation S ——~D 32(A) in Faure's determinant

n n

(4.1) and in the expansion (4.3) leads to :

2Lemma 4.5. sec(A,/E ) = l + z 82(A) + z Szu1(m) + ... +

+ z2 s (A) + ...2...n+1/o1...n—1
l

232
1 _

1 + zSA/S2

/S S1 45/1 2 4

I]

1 + (‘1) z An'An+3/An+1 An+2

with A
- S , A a S , H., A a S and0 0 2 din 2n 2n+2...3n+1/01...n“1

A = S , A a S , ..., A = S .1 2 a 45/01 Zn-l 2n...3n-1/01...n-1

If one prefers, one can use dimensions of E-representations of
the symmetric group. Recall (cf.[7,p.63])

Lemma 4.6. Let J/I be a skew partition, wJ/I the
corresponding representation of the symmetric group G , n being

:1

the weight of J/I . Then, with A z { l, q, qz, ...} !

dim wJ/I = lim 1 (l—q)(l-q2)...(l-qn) SJ/I(fl)

Thus, any of the determinants (0.1), (1.2), (2.3), (3.5),

(3.6) provides an expression of the dimension of wJ/I . When I=O

one has also a "hook formula" (cf.{7, p.28})
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The Euler numbers are defined by

m ntg(y) + sec(y) a 2 En y / n!
0

They are obtained through the specialisation A _ {1, q, q2,...} ,

z -= (l-q)y , q s- 1 of tg(A,z) + sec(i,z) = 2‘: Tu zn . Thus,
from (4.2) and (4.5), one gets the following interpretation of

the Euler numbers due to Desire Andre [1, 2], once knowing, thanks

to Young and his school, that standard tableaux of any shape give

bases of representations

Lemma 4.7. E is the dimension of W and of2n—1 12...n/0012...n«2

; E is the dimension of W
2304...nn/012...n-1 2n 123..nn/001,.n—1

and of
23...n+1/01...n~l

Much more properties of the characters of the above
representations have been obtained by Foulkes [4, 5]

The preceedings paragraphs allow to evaluate determinants in
the Eh/ n! and to interpret them in terms of dimension. of
representations. Specially noteworthy are the following

determinants, denoting by [n] the integral part of the real n .

Proposition 4.8. Let the T' = En/n! be the coefficients of
n

the function tg(y) + sec(y) . Then

(1) For the following determinant of order [(n+l)/2} , we have

T! I f I

Zn‘l 211-3 211-5

' T’ T' . . .2n-3 2n-5 2n'7 = ( 1n 3w15n—2.-_ (2n~l) )-l

T' T' T’ .
211‘s 211-7 211-9

(2) For the following determinant of order [(n+2)/2], we have

T' T' T'
211 Zn-l 211-3

T1,! ‘2 T; -3 T53. "5 -1 -2 -1“ n “ =(1“.3“ .5n n! 2“)
T' T' '1"

2n—& Znnfi 211-7

(3) For the following determinant of order [(n+3)/2], we have
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2n+1 2n 2n-2 "'
l i I I . .

«1 2 -3 -1 z 2 —1h z“ “ =(fsn..4nn 2nmmi»
l I '

2n~2 2n-3 2n-5 "'

Proof: up to a symmetry with respect to the anti-diagonal, the
three previous determinants are the Specialisation of the rim»

decomposition of the respective Schur—functions SlL.m ,

Lemma 4.6 together with the alreadyS .23...n+1 ' 23...n+1 n+1
mentionned hook—formula, gives the desired explicit values.

The same determinants, once truncated, provide the dimensions

of the following representations.

Proposition 4.9. Let m, n, p be positive integers such that
n-n1 3 2p. Then for the minors taken on the first p rows and
columns, one has

(1) the minor of det h.8(l) is equal to

m / [(ngl) _ (m+l)]!dim W 12” 3.nllZ...

(2) the minor of det 4.8(2) is equal to

m+1dim W 1 / [521) - (22. . .n+1l].2. . .m+
) -1]!

(3) the minor of det 4.8(3) is equal to

d. N n+1 _ [n+2 !

1m 2...n+1n+1/12...m+2/ [(2) +n (2):|

Specializing det 4.4 in z = /9 (l—q) , A = { l, q,...},

q a 1, one finds back the following expression of the tangent
function due to Euler .

Corollary 4.10.

tg/i / /9 =
1 _ y/1.3

1 _ y/3.5
1 “ y/5.7

However, a similar simplification does not arise for the

cosecant function.
A

Finally, let us illustrate the role of rims in representation
theory through the following fact (see also [12, p.69]).
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Lemma 4.11. Let n be.a positive integer. Then

(Sl)n _ E S 9

sum on all different rims 9 of weight n .

Proof: by induction on n , with the help of Lemma 2.1. U
Combinatorially, the proof is even simpler : every word or every
permutation can be written into a ribbon«diagram and only one, i.e.

the "up-down sequence" of a permutation is well defined ( see

[73)-
In other words, the regular representation of the symmetric

group 6n decomposes into the multiplicity-free sum of all the
different ribbon representations. There is a more general
decomposition for a finite Coxeter group, see [11]
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