NONSYMMETRIC INTERPOLATION MACDONALD

POLYNOMIALS AND gi, BASIC HYPERGEOMETRIC SERIES

ALAIN LASCOUX, ERIC M. RAINS AND S. OLE WARNAAR

ABSTRACT. The Knop-Sahi interpolation Macdonald polynomials are inho-
mogeneous and nonsymmetric generalisations of the well-known Macdonald
polynomials. In this paper we apply the interpolation Macdonald polyno-
mials to study a new type of basic hypergeometric series of type gl,,. Our
main results include a new g-binomial theorem, new ¢g-Gauss sum, and several
transformation formulae for gl,, series.
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Part 1. Interpolation Macdonald Polynomials
1. INTRODUCTION
The Newton interpolation polynomials
(1.1) Ni(z)=(x —x1) - (& — xx)
were used by Newton in his now famous expansion

k
N(l‘) = Z N(.’L‘l)alag s &Nl(x)

i=0
Here N(x) is an arbitrary polynomial of degree k and 9; (operators in this paper
act on the left) is a Newton divided difference operator

f(xth,,,,)ai _ f(...’xi+1’xi’...) - f(...’.ri’xiJrl’...).
LTi41 — X4
Various multivariable generalisations of the Newton interpolation polynomials
exist in the literature, such as the Schubert polynomials [I2] and several types of
Macdonald interpolation polynomials [10] [IT} 23} 24] 25, 29 B1]. In this paper we
are interested in the latter, providing generalisations of when the interpolation

points x1, ...,z form a geometric progression

(x1,20,23,...) = (1,¢4,¢°,...).
Then
(1.2) Ni(x) = (z = 1)(& —q) -~ (x — ¢*),
and three equivalent characterisations may be given as follows.

(1) Ng(z) is the unique monic polynomial of degree k such that Ni(¢™) =0
for m € {0,1,...,k—1}.
(2) Ng(z) is the solution of the recurrence

pri1(z) = ¢"(x — Dpr(z/q)

with initial condition poy(z) = 1.
(3) Up to normalisation Ni(z) is the unique polynomial eigenfunction, with
eigenvalue g%, of the operator
e=r(1- 1) +1
x T
where f(z)r = f(z/q).
Knop [10] and Sahi [29] generalised the Newton interpolation polynomials to
a family of nonsymmetric, inhomogeneous polynomials M, (z), labelled by com-
positions v € N™ and depending on n variables; z = (x1,...,2,). The polyno-
mials M, (x), known as the (nonsymmetric) Macdonald interpolation polynomials
or (nonsymmetric) vanishing Macdonald polynomials, form a distinguished basis
in the ring Q(q,t)[x1,...,2,]. Remarkably, Knop and Sahi showed that all three
characterisations of the Newton interpolation polynomials carry over to the multi-
variable theory. What appears not to have been observed before, however, is that
the Macdonald interpolation polynomials may be employed to build a multivari-
able theory of basic hypergeometric series of type gl,,. For example, with M, (z) an
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appropriate normalisation of M, (z), the following n-dimensional extension of the
famous ¢-binomial theorem holds

n

(1.3) 3l M, () :Hw.

i (a%i)o

The gl,, basic hypergeometric series studied in the paper are very different to
existing multiple basic hypergeometric series, such as those pioneered by Gustafson
and Milne [7), 20} [21] or those studied subsequently by a large number of authors,
see e.g., [0, 22] and references therein.

In Part [1] of this paper, comprising of Sections we lay the necessary ground-
work for studying basic hypergeometric series based on the interpolation Macdonald
polynomials. This in itself will involve the study of another type of multivariable
basic hypergeometric series involving the function E,,/,(a,b), which is a normalised
connection coefficient between the interpolation polynomials M, (ax) and M, (bz).
An example of an identity for the connection coefficients is the multivariable g-
Pfaff-Saalschiitz sum

Z EZ;: Eu/v(a7b)Ev/w(ba C) = ((b)w(C)Z Eu/w(a" C).

Upon symmetrisation our identities for the function E,,(a,b) generalise multiple
series studied by the second author in [26] in work on BC,,-symmetric polynomials.

In Part [2} containing Sections [THI0, we define the gl, basic hypergeometric
series and prove a number of important results, such as a multiple analogues of
the g-binomial and ¢-Gauss sums for interpolation Macdonald polynomials. By
taking the top-homogeneous components of gl, identities we also obtain results
for sl,, basic hypergeometric function involving the nonsymmetric (homogeneous)
Macdonald polynomials Fy ().

v

2. COMPOSITIONS

Let N={0,1,2,...}. In this paper the letters u, v, w will be reserved for compo-
sitions of length n, i.e., u = (uy,...,u,) € N*. Occasionally, when more than three
compositions are required in one equation, we also use u, v, w, where u and u are
understood to be independent. For brevity the trivial composition (0,...,0) € N"
will be written simply as 0. The sum of the parts of the composition u is denoted
by |u|, i.e., |u| =u1 + - + up.

A composition is called dominant if u; > wu;4q for all 1 <4 < n — 1, in other
words, if u is a partition. As is customary, we often use the Greek letters A, u and
v to denote partitions — all of which are in N™ in this paper (by attaching strings
of zeros if necessary).

The symmetric group G,, acts on compositions by permuting the parts. The
unique partition in the &,-orbit of u is denoted by u™. The staircase partition ¢ is
defined as § = (n —1,n —2,...,1,0), and #° is shorthand for (t*~!,... ¢ 1). More
generally we write a*b¥ = (a“1b"1, ..., a%"b") for a, b scalars and u, v compositions.

Given a composition u, we define its spectral vector (u) by

(2.1) (u) := g0,
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where o, € &,, is the unique permutation of minimal length such that u = u*o,.

Note that (\) = ¢ % and (0) = #°. Less formally, (u) is the unique permutation
(quith, g*=t*2, . g nthn)
of q"+t‘5 such that, if u; = u; for ¢ < j, then k; > k;. For example, the spectral
vector of u = (2,4,2,0,1,2,1) is given by
(u) = (¢*t°,¢"t°, ", 1, qt*, 4%, qt).

The diagram of the composition u is the set of points (i,j) € Z? such that
1<i<nand1l<j<u;.. Wewrite v C u if the diagram of v is contained in the
diagram of u (i.e., if v; <wu; for all 1 <i <n)and v Cwif v C u and v # u. For
s = (i,74) in the diagram of w, the arm-length a(s), arm-colength a’(s), leg-length
I(s) and leg-colength I’(s) are given by [10} B0]

a(s) = u; — j, a'(s)=j—1
and
Is) = [{k>i: j<up <uwdl+{k<i: j<uet1<ul
Uis)=|{k>d: w >u}|+|{k <i: ur>u}l

For dominant compositions these last two definitions reduce to the usual leg-length
and leg-colength for partitions [18].

Since I’(s) only depends on the row-coordinate of s, we will also write I'(i). We
may then use the above definition for empty rows (i.e., rows such that u; = 0) as
well. It is easily seen that

(22) () = g =10,
Two statistics on compositions frequently used in this paper are
= l d / = = g .
n(u) SEX; (s) an n'(u) Sezu a(s) ; (2>

Obviously, n’(u) = n’(u™). Moreover, if A" denotes the conjugate of the partition
A, then n/(A) = n()\). The main reason for introducing n'(u) is thus to avoid
typesetting n((u™)’) in many of our formulae.

Throughout this paper ¢ € C is fixed such that |g| < 1. Then

oo

(b)oo = (b50)o0 = [ [ (1 — bq")
=0
and
B)oe k-1 )
0= o= = = [T -0

are the standard g-shifted factorials [6]. The last equation is extended to composi-
tions u by

(2.3) (b)y = (b;q,t)0 = H(l _ bqa'(s)t—l'(s)).

seu
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Note that this is invariant under permutations of «
n
(B)y = (b)yr = H(btl_’;q)uj.
i=1

Alternatively, by (2.2)), we can write

n
(2.4) bt" 1, = || =
b };[1 (b{u)i)oc
We also employ condensed notation for (generalised) ¢-shifted factorials, setting
N
(ala az, ..., aN)u = H(al)u
i=1
A special role in the theory of basic hypergeometric series is played by the g-
shifted factorial (g). In the multivariable theory this role is played not by (q),
but by
¢y = (e, t) = [J(1 = g"&He).
seu

Occasionally we also need the related functions

cu = culg,t) == [J(1 = g?#+Y)
sEu

and
Cy
(2.5) by = by(q,t) := 7

u

For partitions these are standard in Macdonald polynomial theory, see [18].

3. INTERPOLATION MACDONALD POLYNOMIALS

Let x = (z1,...,2y). The definition of the interpolation Macdonald polynomial
M, (z) = My(x;q,t) is deceptively simple [10, 11} 13 29, B1]. Tt is the unique
polynomial of degree |u| such that

(3.1) M,((v)) =0 for |v| <|u|, u#wv

and such that the coefficient of % is q’”'(“). Note that in the one-variable case

M, () = ¢ GIN,(2),

with N, (z) the Newton polynomial (1.2). Comparing the above definition with
those of Knop (denoted E,, in [I0]) and Sahi (denoted G, in [31]) we find that

M, (z) = ¢~ W=Dl g (1), F=E,QG.

One of the key results in the theory is that the polynomials M,, can be computed
recursively in much the same way as the Newton interpolation polynomials. Let
s; € G, be the elementary transposition interchanging the variables x; and x;;.
Then the operator T; (acting on Laurent polynomials in ) is defined as the unique
operator that commutes with functions symmetric in z; and x;1, such that

1T, =t and i = x;.

More explicitly,
t . _ .
Ti:t—|—(si—1)M.
Tit1 — &4
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It may readily be verified (see e.g., [I4, [10]) that the T; for 1 < i < n — 1 satisfy
the defining relations of the Hecke algebra of the symmetric group

T T =T 1 TiT 1,
TT, =Ty, forli—jl £1,

(T; — 1)(T; + 1) = 0.
To describe the recursion we also require the operator 7

fl@)r:= flzn/q, 21, o, Tno1)

and the raising operator ¢

f(@)¢ = flar)(@n — 1).
According to [9, Theorems 4.1 & 4.2] and [29, Corollary 4.4 & Theorem 4.5] the
interpolation Macdonald polynomials can now be computed as follows:

M()(ZIZ) = ].,

M(“%»-w“«n—lyul*’rl) (x) = Mu(x)(b

and

t—1
(u)ipr/(u)i —1
For a more general view of this recursive construction in terms of Yang—Baxter
graphs we refer the reader to [11].

Mys, (;C) = Mu(.%') (Tz + ) for u; < uiq1.

A third description of the M, requires Knop’s generalised Cherednik operators
=; [9 [10]

1 1

Eio=t" - Tir(wy — V)T - Ty — + —
xX; xX;

1—i 1 1 41
=1 Ti*l"'TlT 1_7 T’I’L*l.'.Ti +i
Tn X;

for 1 < i < n. The Z; are mutually commuting and the interpolation Macdonald
polynomials may be shown to be simultaneous eigenfunctions of the Z;. Specifically,
[10, Theorem 3.6]

Observe that the T; (and hence their inverses) and 7 are degree preserving op-
erators. The top-homogeneous degree M*(z) of M, () thus satisfies

My(2)Y;h = My (x)/(u)s,
where
y;*l =t T .’T;l.
Since the Y; are precisely the Cherednik operators [4], which have the nonsymmetric
Macdonald polynomials E,(z) = E(z;q,t) as simultaneous eigenfunctions with
eigenvalues (u);, it follows that the top-homogeneous component of M, (z) is given

by E,(x) [10, Theorem 3.9]. To be more precise, since the coefficient of z* in E, (z)
is 1, it follows that

(3.2) Ey(z) =q" ™ lim a" M, (z/a).
a—
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The gl,, basic hypergeometric series studied in Part [2] of this paper contain the
Macdonald interpolation polynomials as key-ingredient. In developing the theory
we also frequently need specific knowledge about F,(z). Both these functions
almost exclusively occur in combination with ¢/, and it will be convenient to define
the normalised Macdonald polynomials

(3.3) My (z) = q"/(“)t”(“)Mzi,(x)
and
Eu(x) := t"(“)Ezil(x).
Note that in the one-variable case
(3.4) M, (x) = a2 (1((/;“% and E,(x)= (z;u, ueN.
Also, from ,
(3.5) Eu(z) = lim al“IM, (2 /a).

a—0

We use repeatedly (and implicitly) in subsequent sections that {M,(x) : |u| < k}
(resp. {Ey () : |u| = k}) forms a Q(g, t)-basis in the space of polynomials of degree
< k (exactly k) in n variables.

On several occasions we also need the symmetric analogues of M, and E,, de-
noted MS, and Py, respectively. P, is of course the Macdonald polynomial as
originally introduced by Macdonald [I7, [I§]. Using the same normalisation as be-
fore, i.e.,

’7 M P
MS» (z) = ¢" ()\)tn(A)iii‘(z) and PA(I):tnm¥7
A A

the symmetric polynomials are given by

(3.6) MSx(z):= Y My(z) and  Py(z):= Y E,(2).

ut=\ ut=X\

(This is of not the standard way to define the symmetric polynomials but provides
the most useful description for our purposes.)

A final result about the interpolation polynomials needed subsequently is Sahi’s
principal specialisation formula [31, Theorem 1.1]. Most convenient will be to
normalise Sahi’s formula by Cherednik’s principal specialisation formula for E, (z)
[5, Main Theorem]. Then

(3.7) M. (2(0)) = (1/2)uEu(2(0)).
For later reference we state the z — 0 limit of this separately
(3.8) M, (0) = 7, E((0)),

where M, (0) is shorthand for M, (0,...,0) and 7, = 7,(q,t) = 7, '(1/q,1/t) is
defined as

(3.9) Ty 1= (—1)‘"'(1"/(“)75_”(“

+).
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4. THE OKOUNKOV AND SAHI BINOMIAL FORMULAS

Another important ingredient in the gl,, basic hypergeometric series are Sahi’s
[31] generalised g-binomial coefficients

-t -4

Note that, since Mg(z) =1,

From (3.1)) it follows that

(4.2) [u} =0 if |u| <|v|, u#wv.
v
A Theorem of Knop [10, Theorem 4.5] also implies that
(4.3) H =0 ifot gut.
v

Using ([1.2)) it follows that in the one-variable case (4.1 reduces to the definition
of the classical g-binomial coefficients

(4.4) m = (qum;l) u,v €N,

known to be polynomials in ¢ with positive integer coefficients. For general n
and generic u and v the generalised ¢-binomial coefficients are, however, rational
functions in ¢ and t. For example, if u and

k) ._
u) = (Upy ey U1y U + LUty ey Up)

are both dominant, then [L3]

|:u(k):| _ 1— quk-‘rltn—k k—1 1— quk—uiti—k—l ﬁ 1— quk—ui-l—lti—k—l

i=1 i=k+1
Since [13], page 14]
Mu(<u>) =Tu ¢(n=Dlul

definition (4.1)) can also be written as

(45) M, ((u)) = 7, £ D1 [“]

In [31] Sahi proved a binomial formula for the interpolation Macdonald polyno-
mials M, (z) that will be of importance later. In fact, we will be needing slightly
more than what may be found in Sahi’s paper, and for clarity’s sake it is best
to first recall the analogous results obtained by Okounkov [23] for the symmetric
interpolation polynomials MSy ().

Before we can state Okounkov’s theorem we need the symmetric analogue of the
generalised ¢, t-binomial coefficients , introduced independently by Lassalle and

Okounkov [15, 23]
()= (), = st
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(Lassalle’s definition is quite different but may in fact be shown to be equivalent to
the above.) By symmetrisation it easily follows that for any composition u in the
&,-orbit of A (i.e., any u such that ut = \) [3]

()-Z L)

M e v

For later comparison with the nonsymmetric case it will also be useful to define
(4.6)  MSh(z) = MS)(z;¢,t) := 73 (g~ " HMIMS\ (¢ s g ).

Theorem 4.1 (Okounkov’s binomial formula). For A\ a partition of at most n parts

B ul (A MS (a(0)) ../
e =3 () i taon M

Okounkov’s theorem has a certain inversion symmetry as follows. Upon replac-
ing (a,z,q,t) — (1/a,azt'=",1/q,1/t) (note that (0)(g.1)—(1/4,1/5) = t'~"(0)) and
using (4.6) as well as [23] page 537]

one finds

I\/ISH(a_ltl_"<O>;q_1,t_1) = (a_lqtl_”)l“lMSH(a(O»,
(4.7) aMMS, (z) = Z Tu
T

(A) MS<<0;> MS,, (az).

Replacing (A, ) — (u, v), multiplying by (z)q_l t_lMSA(a<O>)/MSM(a(O)) and then

summing over p, results in

T, (A 1w\ MSy(a(0))
MSy (ax) = ( ) ( >MSV(ax),
; T \I/ g=1 41\ MS,(a(0))
where the sum over p on the left has been performed using Okounkov’s binomial
formula. Equating coefficients of MSy (ax) (and replacing (g, t) — (1/q,1/t)) results
in the orthogonality relation [23] page 540]

£20)(), .o

m

An alternative viewpoint is that Theorem [4.1| may be inverted using but
that, up to a change of parameters, this inverted form is equivalent to the original
one. As we shall see shortly, this inversion symmetry is absent in Sahi’s nonsym-
metric analogue of Theorem

Before we can state this result we need to introduce the nonsymmetric analogue
of the function MS)(z) as follows. Extend definition to all integral vectors
I €7 by (I):= ¢'t°°1, where o7 € &, is the unique permutation of minimal
length such that I = I*o,. Here I is a dominant integral vector, i.e., I;” > I
for all . Then M/ (z) = M/ (x;q,t) is the unique polynomial such that the top-
homogeneous terms (i.e., the terms of degree |u|) of M/,(z) and M, (x) coincide (and
are thus given by E,(x)), and such that

M, ((—v)) =0  for |v| < |ul.

We remark that, generally, M/, ((—v})) # 0 if |v| = |u|. Unlike the symmetric case,
M’ (x) does not simply follow from M, (z) by the map (q,t) — (1/q,1/t).
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Theorem 4.2 (Sahi’s binomial theorem). For v € N"
_ ol [u} M., (a(0)) \/
x)=)» a M (z).
2 Mata(0))
Replacing x — x/a and letting a tend to zero using
lin%) a“IM’,(z/a) = Eqy(z)

and (3.8]) expresses M, (x) in terms of E,(x).
Corollary 4.3. For u € N

B

In the absence of a non-symmetric analogue of (4.6) Sahi’s result lacks the in-
version symmetry of Theorem [£.I] and by only minor changes of the proof given in
[31] one can also obtain the nonsymmetric version of (4.7).

Theorem 4.4. For u e N"
wwa?HmM%wwy

v| M, (a{0))

The key to the proof is the following dual version of Sahi’s reciprocity theorem
[T, Theorem 1.2]: there exists a unique polynomial R, (x) of degree not exceeding
|v| with coefficients in Q(g,t,a), such that

olul X \\Y/ /D) M., ((v)/a)
M., (a{0))
for all u € N™. From this one can compute the coefficients ¢, in

a‘"' M?, x/a Zcuv

Ro((w) = T a

see [31] for more details.
Of course, the consistency of the last two theorems dictates that

Ty W] |V .
(4.10) zv: = M M T -

Theorem and equation (4.10) each imply the inverse of (4.9)).
Corollary 4.5. For u € N

(4.11) E.(z) = E“gg;i m M, ().

5. ONE-VARIABLE BASIC HYPERGEOMETRIC SERIES

Suppressing the g-dependence, the standard notation for single-variable basic
hypergeometric series is [6]

Ay, .., 0r = (al,. . .,ar)k b (k) s—r+1 &
5.1 O sx| = —2 7 " (-1 2 .
( ) ¢ |:bl7"'ab3 :| ;)(QablavbG)k(( )q )

A series is called terminating if only a finite number of terms contribute to the sum,
for example if a, = ¢—™ with m a nonnegative integer.
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Nearly all important summation and transformation formulas concern ,1¢,
series. A ,.y1¢, series such that

(5.2a) ay- - App1Z =by - by,
(5.2b) x=q

is called balanced. For reasons that will become clear in Part 2l we somewhat relax
this terminology and refer to a ,..1¢, series as balanced if (5.2a) holds but not
necessarily (5.2b). (On page 70 of [6] a series satisfying referred to as a
series of type II, but we prefer a somewhat more descriptive adjective.)

In the next section and in Part [2| we will generalise most of the simple summa-
tion and transformation formulas for ,j¢, series, and for later reference we list
a number of one-variable series below. The reader may find proofs of all of the
identities in the book by Gasper and Rahman [6].

q-Binomial theorem. The g-binomial theorem [0 Equation (III.3)] is one of the
most famous identities for basic hypergeometric series, discovered around 1850 by
a number of mathematicians including Cauchy and Heine,

(5.3) 190 [a;x} = ((aj)):, lz| < 1.

q-Gauss sum. The ¢-Gauss sum is a generalisation of the ¢-binomial theorem due
to Heine [0, Equation (II.8)]

a,b ¢ (¢/a,c/b)so
5.4 | = e
( ) Q(bl |: ¢’ (Lb:l (C7 C/ab)oo )
In our terminology, the series on the left is balanced. To obtain the g-binomial
theorem it suffices to replace b — c/ax and take the ¢ — 0 limit.

le/ab] < 1.

q-Chu—Vandermonde sums. The first ¢-Chu—Vandermonde sum is simply the ter-
minating version of the ¢-Gauss sum [0, Equation (IL.7)]

a7 edt] _ (/o
(55 ||

c a
By replacing ¢ — 1/q or by reversing the order of summation a second ¢-Chu—
Vandermonde sum follows [0, Equation (I1.6)]

_a,q_k_ _ (c/a)y
(5.6) 2 [ ,}— -

The binomial formulas of Okounkov and Sahi are easily seen to be generalisations
of the g-Chu—Vandermonde sums. For example, Theorem forn =1 1is
with (a,c¢, k) — (z,1/a,u) and Theorem forn =1 is with (a,c, k) —
(1/azx,1/a,u).

a”.

q-Pfaff-Saalschiitz sum. At the top of the summations considered in this paper is
the g-Pfaff-Saalschiitz sum, first derived by Jackson and generalising the g-Gauss

sum [6l Equation (I1.12)],
a, ba qik . :| _ (C/CL, C/b)k

(5.7) 302 L’ abgi=* /¢’ o (c,c/ab)y

This sum is balanced in the traditional sense and yields the ¢-Gauss in the large k
limit.
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Heine’s transformations. There are three Heine transformations for o¢; series. Of
interest in this paper are only two of these. The first one is [6, Equation (I111.2)]

a,b c/a,ax)so a,abx/c c
(5.8) 201 [ ;SE} _ (e/a;an)e 201 [ / ;}
c (¢, )00 ar a
for max{|z|, |c/a|} < 1, and simplifies to the ¢-Gauss sum (5.4) when the balancing
condition 2 = ¢/ab is imposed. The second one is Heine’s g-analogue of Euler’s o F}
transformation [6] Equation (I11.3)]

(5.9) o1 {a;b;x} _ (alzﬂcf)/joo 261 {C/a,cc/b; mzx}

for max{|z|, |abxz/c|} < 1, and simplifies to the ¢-binomial theorem (/5.3) when ¢ = b.

q-Kummer-Thomae—Whipple formula. Sears’ g-analogue of the Kummer-Thomae-
Whipple formula for o F} series is given by [6, Equation (II1.9)]

a,be f (e/ay, f)oo a,d/b,d/c e
5.10 : L =3 e -
(5.10) d(bQ{d,e’a} (f/a’e)oomz if al
where f = de/bc and max{|e/a|,|f/a|} < 1. Note that both 3¢ series are balanced,
and that the limits ¢,d — oo (such that de/abc = z) and a,e — 0 (such that
de/abc = x) yield the Heine transformations (5.8) and (5.9) respectively.

Sears’ 4¢3 transformation. The most general result in our list is Sears’ 4¢3 trans-
formation formula [6, Equation (III.15)]

avba quik_ _ (C/CL, f/a’)k G'?d/bv d/cvqik A
(511) 4¢3 |: d, e, f ) :| - (6, f)k; d, aql—"/e, aql—”/f’q

for abc = defq"'. In the large k limit this yields (5.10) whereas for d = c it
simplifies to the g-Pfaff-Saalschiitz sum (5.7)).

a” 4¢3

6. THE FUNCTION E,/,(a,b)

A final ingredient needed in our study of gl,, basic hypergeometric series are
certain normalised connection coefficients between interpolation Macdonald poly-
nomials.

Definition 6.1. Foru,v € N™ let the connection coefficients ¢y, (a,b) = cuy(a, b; q,t)
be given by

(6.1) My (az) = cuy(a, b)M, (bz).

Then
(6.2) Euju(a,b) = Eyp(a,b;q,t) := m Cuv(a, D).
From the definition of the coefficients ¢y, (a, b) it immediately follows that
Cuv(a,b) = ey (ac, be).
Hence
(6.3) E./v(ac,bc) = c‘"l_‘leu/v(a7 b).
Two other easy consequence of the definition are
(6.4) lim B, (a,) = b
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and the orthogonality relation
(6.5) > Eujol@, D)E, (b, a) = by

By (3.4) and (5.5) with (a,c, k) — (1/bx, ¢ ~“a/b,u) it can be shown that
(6.6) Evjo(1,0) = (0)u_s liil for u,v € N,

In general such a simple factorisation does not hold, although some of the features
of lift to n > 1.

Lemma 6.1. For u,v € N”

(6.7a) Eu/o(1,0) = l:l
(67b) Eu/v(o 1) T |:Z] -
and

The connection coefficient E,/,(a,b) thus interpolates between generalised g-
shifted factorials and generalised g-binomial coefficients.

Proof. From and ( with (a, b) (1/a 1)
|UIM u/v 1 CL)MU(J?),

E

where we have also used . to replace Eu/v(l/a, 1) by a'”"lulEu/U(l, a). By (3.5)
we can take the a — 0 limit, giving

Comparing this with (4.11]) Completes the proof of (6.7al).
From and (6.2) with (a,b) — (1,1/a)

M, (z) = zv:alvl Eugégii Euyo(a, )M, (z/a),

where we have also used (6.3)) to replace E,/,(1,1/a) by alvl’lulEu/U(a, 1). Taking
the a — 0 limit using (3.5) yields

Comparing this with ( results in .
If we take z = (0) / ab in (6.1) and use the principal specialisation formula ((3.7)
we get

Letting a tend to 0 using lim,_.o(a), = dy,0 results in (6.7c). O
The identity is the w = 0 instance of our next result.
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Proposition 6.2 (Multiple ¢-Chu—Vandermonde sum I). For u,w € N®
(6.9) > Eujol@,b)E, (1, a) = Eyju(1,0).

For n = 1 this is the ¢-Chu—Vandermonde sum with (e, k) replaced by
(¢~ a/b,u — w).

Needed in our proof of the gl, analogue of the ¢-Gauss sum in Section [9]is the
following special case of obtained by substituting b — ab, applying and
letting b — 0 using

Corollary 6.3. For u,w € N"

S |

Proof of Proposition[6.2 Double use of (6.1)) gives
Z Cuv (@, b) s (b, €) = cyuw(a, c).

Hence, by 7
3 ewo e = ((2) e

Scaling (a, b, ¢) — (ac, be, abe) and applying (6.3) we obtain the desired result. O

Proposition 6.4. For u,w € N”

(6.10a) Eujw(a,b) = Z ;u m m Lt m

6.10b _ av|—wb|u—v|7u{“] H
( ) %: Ty [V]g-14-1 W

These results not only give explicit expressions for the function E, /., (a,b) but
also show that it is polynomial in @ and b, a fact that will be used later in our proof

of Proposition

Proof of Proposition[6.4} By (3.7), (3.8) and (6.2)), and by substituting (a,b) by
(1/b,1/a) using
Eu/v(b_l,a_l) = (ozb)lv‘_‘“lEu/v(UL,b)7

the first claim can be stated in equivalent form as

o) = 2 () RO o), o]

If we multiply this by M,,(bx) and sum over w then

Tw (aN\ I M, (a v U v
zw: ol M) = ;; T (g) :\\/I/lv ((a<<8>>))|\l\//|lw((l;<<g>>)) [U} g 1,t-1 [u):| Muw (b)
= SR o)

= M, (ax).
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Here the second line follows from Theorem [£.4] and the third line from Theorem .21

The second claim follows from the first by substituting (a,b) — (ac, bc) and then
multiplying both sides by ¢/*!=1“l. Using the large c¢ limit can now be taken
leading to (6.10D). O

Our next result generalises the g-Pfaff-Saalschiitz sum (5.7)), and will be applied
in Section [10| to prove a gl, version of the g-Kummer-Thomae-Whipple formula
(5.10)).

Theorem 6.5 (Multiple ¢-Pfaff-Saalschiitz sum). For u,w € N"

(6.11) > g Eu/u(a,D)E, (b, c) = m’: E./w(a,c).

When n =1 this is (5.7) with (a,b,c, k) — (aq®,¢/b,cqg¥,u —w), and for b — oo
this is (recall (6.7b])) (6.10a)) with b +— c.

Proof. Twice using (6.10al) we find that

v

Z M Eu/v(a7 b)Ev/w(C, d)

(0)u(d)w
B ToTw (@)
o Z ToTw (b)

<

e I | S

Summing over v using (4.10), then performing the trivial sum over w, and finally
replacing v by v leads to

ZU: m Euo(a,0)Ey (. d) = Z %w EZ;; m - m '

The right-hand side is invariant under the maps a < ¢ or b < d. Hence,

5]

(612&) ; mj Eu/v(aa b)Ev/w(cv d) = ; ((Z))T;((C;))j Eu/v(cv b)Ev/w(a’ d)
(6.12b) = m Eu/v(c7 d)Ev/w(a7b)'

Setting b = ¢ in (6.12a]) using (6.4]) completes the proof. O

Several further multiple ¢-Chu—Vandermonde sums follow as limiting cases of
Theorem [6.5

Corollary 6.6 (Multiple ¢-Chu—Vandermonde sums II-1V). For u,w € N"
(6.13a) > Euju(1,0)Euw(a,b) = Eypu(1,D)

(6.13b) y (b)u m Eyjw(a,b) = (@)u m

—~ Tw b)y v

and
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For n = 1 ([6.13al]) reduces to (5.6) with (a,c, k) — (b/a,q* =" /a,u—w), (6.13b)
to (5.5) with (a,c, k) — (aq¥,q¥~“"ta/b,u—w) and (6.13c) to (5.6) with (a,c, k) —
(b/a,bg™,u —w). We also remark that if we replace a — 1/b in Theorem then

specialise z = a(0) using (3.7) and (6.7d)), we obtain

7 (b, ] = Mulalo)
zv: O E./o0(a,b) L] T OE((0)

Comparing this with the w = 0 case of (6.13b]) yields the principal specialisation
formula

M, (a{0)) = 7 " (a)uEu((0))-
Proof of Corollary[6.6, Equation (6.13a) follows by first rescaling the parameters

in (6.11) as (a,b,c) — (¢, ac,be) and then taking the ¢ — 0 limit. Equation (6.13b)
is (6.11)) in the limit (a, b, ¢) — (o0, a,b), whereas (6.13c)) corresponds to the ¢ — 0

limit of (6.11). O

Proposition 6.7 (Multiple Sears transformation). For u,w € N”

(6.14) Z ((23;;: Zg;z)):((j:ee)): Eu/v(l,aq/de)Ev/w(aq/de,a2q2/bcde)

_ Z (ag/b,aq/d)y(c,€)y £
— (aq/b,aq/d).(c, €)w
When n = 1 this is (5.11) with
(G/, b7 c, d7 €, f’ k) = (eqw7 dqw7 GQ/bC, aqw+1/ba aqw+1/ca qw_ude/a7 u — ’LU)

Later we shall also encounter the limiting case of (6.14) obtained by taking the
e — oo limit and relabelling the remaining variables

(6.15) Z 7, 1 uld)e m Eyju(a,ac) = Z T W m Eyju (e, ac),

v

u/v(la GQ/CG)Ev/w(a’Q/Cea a2q2/bcde).

(d,€)u(b)w [v ya)y(d/c)w
where abc = de.

Proof of Proposition[6.7 First we observe that thanks to (6.3) the g-Pfaff-Saal-
schiitz sum (6.11)) can also be written with an additional parameter d as

(6.16) 3 ((‘3 E./o(ad, bd)Ey o (bd, cd) = m E./w(ad, cd).

Making the substitutions (a, b, ¢, d, u,v) — (c,d, aq/b, aq/cde, v, ) this leads to

v

Ev/w (G“Q/dev a2q2/b6de)

— (d()c’;ia(qd/)i)” Z (a(qc/)g)v Ev/,—,(aq/de,aq/ce)E,—,/w(aq/ce,a2q2/bcde).

Inserting the above expansion and interchanging the order of the v and v sums
we find

D A et

X Z (G/(;/)Z),U Eu/v(l,aq/de)EU/ﬂ(aq/d67aq/ce).

o]

v
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The sum over v can now be performed by (6.16]) with
(a,b,c,d) — (e,aq/d,aq/c,1/e)

resulting in the right-hand side of the multiple Sears transform. (I

Proposition 6.8 (Duality, type I). For k € N and u,w € N

Z Eu/v(aab)Ev/w(ca d) = Z Eu/v(ca d)Ev/w(aab)

[v|=k lv|=lu|+|w|-k

>[Il =, 2 B

[v]=lu|+|w|—k

Proof. Replace (a,b,c,d) — (ae,be,ce,de) in (6.12b)), use (6.3]), and let e tend to

0. Then
Z Eu/'u(av b)Ev/w(C7 d) = Z Eu/v(c7 d)Ev/w(a’a b)

From (/6.10b) it follows that E, /,(a,b), when viewed as a polynomial in a and b, is
homogeneous of degree |u| — |v|. If we therefore read off the term of degree k + |w|
in ¢ and d in the above transformation the first claim follows.

The second identity follows by taking b = d = 0 and using and (6.78). O

Proposition 6.9 (Duality, type II). For u,v € N
(6.17) Eujo(a,b) = 22 By (b,a;q !, t70).
T’U

and

Together with (6.5 this implies a generalisation of (4.10)).

Proof. 1f we take the b — 0 limit in (6.11]) using (6.3) and Lemma[6.1] and replace
c+— b, we obtain

() byl (a)
a u 7—’U a v (3 v
E =4 Tv(2 .
u/w(%b) blwl (a),, Xv: Tw (a) (b)s [v} |:w:| 411
If we compare this with (6.10al), use (6.3 and

(a)u = Tu a‘“| (a_I; q_17 t_l)ua

the claim follows. O

Let g¥, = g,(q,t) be the structure constants of the normalised nonsymmetric
Macdonald polynomials

(6.18) Eu(2)Ew(x) =) gl Eu(®).

Proposition 6.10. For u,v € N”
(6.19) Euo(a,b) = a1y "(b/a), g4,

For (a,v) = (1,0) this is (6.7c) since gf ,, = duw. With some considerable pain
(6.19) can be proved using the g-Pfaff-Saalschiitz sum (6.11)), but since it follows
as an easy corollary of Theorem [0.1] we omit a proof here.

We conclude this section with several remarks about the function E, /,(a,b) and
its symmetric counterpart. For this purpose we first introduce A-ring notation [12],
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which also plays a crucial role in our proof of the gl,, g-binomial theorem in the
next section.

For A an alphabet (i.e., countable set with elements referred to as letters) let
|A| be its cardinality. If we adopt the usual additive notation for alphabets, that
is, A =3 ., a, then the disjoint union and Cartesian product of A and B may be

written as
A+B=) a+) b and AB=) > ab.

ach bEB ach beB
For f a symmetric function, we define

fIA] = f(a1,a9,...) forA=a;+as+---,

where [, | are referred to as plethystic brackets. Let
1
2|A] = .
o=A] H 1—=za
achA

Then the complete symmetric function Sx[A] is defined by its generating function
as

(6.20) o.[A] = i 27 Sk [A]
k=0

More generally we define the complete symmetric function (and thus any symmetric
function) of the difference of two alphabets as

Hbelﬂ%(l — 2b)
HaGA(l - Z(l)
Hence, if 1/(1 — ¢) denotes the infinite alphabet 1 4+ q 4+ ¢® + -+ -,
{A B} [Toer(20)so
1- q HaEA( )

Below we need (6.22]) with ¢ — ¢ and A = a, B = b single-letter alphabets. More
specifically, we consider the function

Q)\/[L |:a — b:|v

where Q»/,(z) = Q,\/“(m' q,t) is a skew Macdonald polynomial defined by
AA +B] = Z Qx/ulA

(6.21) oA —B] =

(6.22)

and Qx(z) = baPx(z). If ), = [}, (q,t) are the g, t-Littlewood-Richardson coeffi-
cients
=2 fah

then, by [I8, page 344],
Q)\/,u Z fp,y Qu
where by is defined in (2.5). Combining thls with [I8, page 338]

Qx { ] = t"m@

Cx

)

1-t¢
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it follows that
—-b v (b/a)y
(6.23) QW[ } _ Ml Zf"( &,

where we have also used the homogeneity of @/, () and the fact that [L\u =0
unless |A| = |p| + |v]. If we now define
/
A () =n() A A
pv CMCV puvo
and

L) — e
Q)\/#(l‘) — tn(l ) n()\)c% Q)\/,u(x)7
"
then (compare with (6.18))
ZfA Px(z
and

(6.24) Q,\/M[T:ﬂ za‘M*'“'Z(b/a)Vf;\

Comparing (6.24) with (6.19)) we are led to conclude that E,,/,(a,b) is the nonsym-
metric analogue of Qy/,[(a —b)/(1 —t)]. Indeed, from (3.6)) it follows that

Q)\/,u|: :| Z Eu/v a, b

vt=p

where vt = A. This in turn implies that the multiple ¢-Saalschiitz sum and
Sears transformation are the nonsymmetric analogues of [26 Corollaries 4.9
& 4.8] respectively.

Up to trivial factors the generalised g-binomial coefficients arise as evaluations of
the interpolation Macdonald polynomials M, (z), see (4.1)) or . It is thus natural
to ask for generalisations of the M, (x) that yield the E,/,(a,b) upon evaluation.
In fact, in the symmetric theory such functions have already been constructed in
[27]. Specifically, &,,-invariant rational functions f,(z;a,b;q,t) = f.(z;a,b) were
defined satisfying the following three conditions. (In comparison with [27] the roles
of a and b have been interchanged.) (1) The function

n
fu(z;a,b) H (qgt"ta/zi),,
i=1

is holomorphic in C*, (2)
fu(0(A);a,b) =0 unless p C A,
and (3)

lim f,(z;a,b) H(qt"ila/xi)Al =0 wunless A C p.

z—a(\) =1

Up to normalisation this uniquely fixes the functions f,,(z;a,b). Moreover,

Qw[“ b} Fu(biN); 0,5) drey.
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where dy and e, are simple factors. In the nonsymmetric theory similar rational
interpolation functions can be defined, which generalise the M,, and which yield
the E,/y(a,b) upon evaluation. We hope to report on these functions in a future
publication.

Part 2. gl,, Basic Hypergeometric Series

Finally everything is in place to develop the theory of gl,, basic hypergeometric
series based on interpolation Macdonald polynomials.

7. INTRODUCTION

The multiple-series identities of the previous section involving the connection
coefficients E,, /, (a, b) generalise all of the terminating identities listed in Section
The identities for gl,, basic hypergeometric series proved in the next few sections
will generalise the non-terminating identities in the list, except for .

Below two different types of gl,, basic hypergeometric series will be considered.
At the top level are series of the form

(al,...,a,._l)u
1 E M
(7.1) 2 b by, B M)

where u,v € N”, and where the parameters satisfy the gl,, balancing condition
(7.2) ap- - ap_1d="by - b.
From (3.4) and it follows that (7.1]) for n = 1 simplifies to

o(a1,...ar_1,1/), 6 {alq”,.. sar—19%,q" /x, d/c }
(Qabla'--7b7“)v T blq 7"'7b7"qv

which for v = 0 is simply

ai,...,a._1,1/x,d/c
r+1¢r|: bl,u-,br ;€T
Note that the gl,, balancing condition (7.2)) implies that the ,1¢, series are bal-
anced in the sense of (5.2a)).

At a lower level are gl,, series of the type

(7.3) Z Jul CZ:: s Ar—1)u [u} M (2),

. br 1)u v

obtained from by taking d = b, = 0, so that no balancing condition holds.

In this paper we will consider the series and (and some related se-
ries discussed below) as formal power series. However, for max{|cz1|,...,|cz,|}
sufficiently small the gl, series may also be viewed as gl,, functions.

Typically, if a classical summation or transformation formula for nonterminating
basic hypergeometric series is balanced (like the g-Gauss sum or the ¢-Kummer—
Thomae-Whipple transformation) it admits a gl,, generalisation involving series of
the type . If, however, the parameters in the identity can be chosen freely (like
in the ¢g-binomial theorem or Heine’s 9¢; transformations) it, at best, admits a gl,,
generalisation involving series of the type .
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Replacing (b, ¢, d,z) — (bre,ce,de,z/e) in (7.1)), and using (3.5) and (6.3), it

follows that

. v al,.. s Qp— 1)
213(1)6' \Z b b betn 1), Eu/v(ec, ed)My(z/e)

72 alv" G’T 1) Eu/v(cvd)Eu(‘r)

” (b1, ..y br—1)u
We will refer to the series on the right (or special cases thereof) as sl,, basic hyper-
geometric series. Obviously, by the above limiting procedure, any gl,, series identity
implies a corresponding sl,, series identity.

Replacing (b, c,d,u,v) + (bt!=" ct!=" dt'~", v,w) in (7.1, multiplying by
t(=DIwl and specialising # = (u) we obtain the terminating series

(a1, ar_1)y [u
2 ﬁ e

subject to the balancmg condition . The ¢g-Chu—Vandermonde sum ([6.13b)
and the transformation ((6.15) provide example of the above series. We shall find

in the next few sections that both (6.13b)) and (6.15]) arise by the above type of
specialisation from gl,, basic hypergeometric series identities.

8. A gl,, ¢-BINOMIAL THEOREM

Our first main result is a generalisation of the celebrated g-binomial theorem
. An equivalent way of stating this theorem follows from the substitutions
(a,z) — (¢¥/x,ax), where v is a nonnegative integer. Then, after a shift in the
summation index,

3 e 1] Qe _ gy 12 (o)

= v] (@u (@) (a7)o

where m is the ¢g-binomial coefficient (4.4]). Recalling (3.4)), this may also be stated
as

uijoa“ [ﬂ M, (z) = a"M,(z) (((Zf)):7

for v € N. The following theorem provides a gl,, analogue of the type .
Theorem 8.1 (gl,, ¢-binomial theorem I). Let

(8.1) X=x1+ - +z, and  V={(v)1+ -+ (V)n,

where v € N*. Then

n

(8:2) > al m M, () = al"IM, (o) [ ] %

u =1

1—g¢q

= al"IM, () aa[

Note that the product in the first expression on the right can be written in

several different forms since
n n n

(8:3) [T(atw)i)ee = [T(ag™ t" 7)o = ﬁ T ).

i=1 i=1 i=1

X—V}
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We also note that unlike the case n = 1, where v is readily eliminated from the
identity by shifting the summation index, depends nontrivially on v € N”
when n > 1.

Before giving a proof we state four simple corollaries of the gl,, g-binomial the-
orem.

Corollary 8.2 (gl,, ¢-binomial theorem II). We have

n

S aliM, (@) = ] (at" oo

i1 (ai)oo

This is of course nothing but the v = 0 case of Theorem (and corresponds
to (1.3)) of the introduction). In view of (3.4) it is, however, closer to the standard
5.3).

formulation of the g-binomial theorem (|
A well-known finite form of the g-binomial theorem gives the expansion of the
g-shifted factorial (a), as a power series in a [I, Theorem 3.3]

v=0

Theorem extends this to a g¢-shifted factorial indexed by compositions.
Corollary 8.3. For u € N

(8.4) (@) = Zy:% al! m .

Proof. Take Theorem[8.1]with (v, a,u,v) — ((u),at*™™, v, w). Using (2-4) and (&.5)
yields

(8.5) S el H M _ ol (D [w] |

(a)w
The identity (8.4) is the special case w = 0. (]

The sum also corresponds to the b — 0 limit of the ¢-Chu—Vandermonde
(6.13bf). We stress however that the above proof is independent of the results of
Section [f] as the proof of Theorem given below only uses vanishing properties
of the Macdonald interpolation polynomials.

Corollary 8.4 (sl, Euler sum). For v e N"

n

(56) > ew-e@ll;

u i (@)oo

Forn =1 and v =0 (or u — u+wv) this is Euler’s g-exponential sum [6l, Equation

(IL.1)]
SRR
2 g = @
For general n it can also be found in [3, Equation (3.30)].
Proof. Replace z — z/a in (8.2) and let a tend to zero using (3.5 O

Our final corollary contains a generalisation of the ;¢ summation [0, Equation
(I1.5)].
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Corollary 8.5. For v e N”

n

|l
Ty @ U aT;) oo
§ _tu® M - v IM | | 7l.
” (atnfl)u |:U:| R ( ) Ty @ at" 2

z=1

Proof. This results by inverting (8.2) using (4.10). O

Proof of Theorem |81 By (6.20) the right-hand side of (8.2) can be expanded in
terms of complete symmetric functions as

gl

Comparing this with the left-hand side of (| and equating coefficients of a*, we
are left to prove that

|u|=k+]|v| v
Both sides are polynomials in z of degree k + |v| so that it suffices to check that the
above is true for x = (w) where w is any compositions such that |w| < k + |v|. In
other words, introducing W = (w); + - - - + (w),, and using (4.5, we need to show

that —_—
n—1)k uljw w -
o 2 LR
[u|=k+]|v]

holds for all w such that |w| < k + |v].

Since |u| = k + |v] it follows from that the left-hand side vanishes if |w| <
k+ |v|. If on the other hand |w| = k+ |v] then, again by (£.2)), only the term u = w
contributes to the sum. The previous equation can thus also be stated as

(87) s [T | = et = ko [2]

where x(true) = 1 and y(false) = 0.
By (4.3)) both sides are identically zero if v € w¥. It is thus sufficient to show
that

W-V Tw ,(n—
i | = 2l =k + )

1-— Ty

for v C w™ such that |w| < k + |v|. Assuming these conditions we find

W-Vv

= —Y,
1—¢q

where Y =Y +--- + Ym with
(88) Y_tn zq 1:q :tn—i vj_’_tn ’qU1+1_|_ . +tn 1qw1+ 1
The crucial observation is that
(8.9a) Y| < k if |w| < k+|vl,
(8.9b) Y=k  if jw|=k+]v]|

From ((6.21) it follows that
o:[-Y] = J](1~y2)

yeyY
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so that
(8.10a) Si[~Y] =0 if |Y] < k
(8.10b) Se[-Y] = (-1 [ v if |Y| = k.

yeY

(More generally Si[—Y] = (—1)*ex[Y], with e;[Y] the elementary symmetric func-

tion). Equations (8.9a) and ({8.10al) imply that Sk[ Y] = 0 for |w| < k+ |v], in
accordance with (8.7). Furthermore and (8.10b)) imply that for |w| =k + |v]

Sk[~Y] = k H Tw t(n 1k

yeY

again in agreement with (8.7)). O

9. A gl,, ¢-GAUSS SUM

To generalise the ¢-Gauss sum we substitute (a,b,c, k) by (¢”/z,b/a,bq",u) in
(5.4), shift the summation index and recall (3.4]). Hence

o o O/ [l M) (0,67)0c
g . HM"“‘ @, (an)e

By (6.3) and ) this can also be written as

Z u/v a b)M ( ): MU(‘T) v N

u—O
for v e N.
Theorem 9.1 (gl,, ¢-Gauss sum I). With the notation of Theorem

O (g Bunle M) = M) T e

-b

= My(z) o1 [;L_ . (X - V)} .
Note that the series on the left satisfies the gl,, balancing condition (7.2). By
(6.3) and (6.7al) the gl,, ¢-Gauss sum simplifies to the gl, g-binomial theorem (8.2))

when b tends to zero. We also remark that the gl,, ¢g-Gauss sum may be viewed as
a nonterminating analogue of the g-Chu—Vandermonde sum ((6.13b]). Specifically,

taking (u,v,z) — (v,w,{u)) in (9.1), using (4.5) and (8.3), and finally scaling
(a,b) — (at'=" bt'=™) using (6.3) yields (6.13b))

Proof of Theorem[91]. If we take Corollary multiply both sides by bl“/M,(z)
and sum over u, we obtain

Zvj a"E, (1, a) Zu:(ab)u m M, (z) = bl m M, (2).

u

Both the u-sums can be performed by the gl, g-binomial theorem (8.2 so that

ol M TT @00 g o T Bl
;b Euyu(1,0)My( >[[ e = VM >1:I I
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By (2.4) and (6.3]) this can be rewritten as

(abt™ 1), " (b{w)s, aba;) o
; (abtnfl) v/w(b ab) g a <’LU ubxl)oo,
which is (9.1)) with (a, b, u,v) — (b, ab, v, w). O

Again we give a number of simple corollaries.
Corollary 9.2 (gl,, ¢-Gauss sum II). We have
b) " (at" ", abx;)
9.2 |u|(7 M (2) = i)oo
9:2) ;a (abtn—1) £[1 abt™t ax;) oo

Proof. By (6.3), (2.4) and (8.3)) this follows from the (v,b) — (0, ab) case of (9.1).
O

Corollary 9.3 (sl,, g-binomial theorem I). We have

n

(9.3) ZEW a,b)E H bx@ x x)al[?_SX].

z:l

For n =1 and v = 0 this is (5.3 with (a,2) — (b/a, ax).
Proof. In (9.1)) we scale (a,b,z) — (ac,bc,z/c). By (6.3)) this results in

Z Jul bczn y Eu/v(a,b) u(z/c) = M, (z/c) H

z:l
Taking the ¢ — 0 limit using (3.5)) yields (9.3). d
For later reference we also state the (a,b,v) — (1, a,0) case of (9.3).

17bxz [e’e)
uaxl)

Corollary 9.4 (sl,, g-binomial theorem II). We have

(9.4) Y (@uEule) =[] (02)oc

i (@)oo

u

This is the nonsymmetric analogue of the Kaneko-Macdonald g-binomial theo-
rem for symmetric Macdonald polynomials [, [19]

" (a) oo
(9.5) D (a)aPax) =[] —=.
A i=1 (@)oo
It is in fact easily shown that ( and ( are equivalent:
>_(@Paa Z Z JurBu(w) = 3 _(@)Bul@).
A A ut=X\ u
Corollary 9.5. Proposition[6.10 is true.

Proof. If we multiply (6.19)) by E,(z) and sum over u using (6.18]) we obtain

> Eujula,bEu(x) = Eo(w) D _(b/a)uEulaz) = Eu(w/a) [ gbg;;:

w 1=1

Since this is (9.3) the proof is complete. O



26 ALAIN LASCOUX, ERIC M. RAINS AND S. OLE WARNAAR

Let ,
P)\/,u(‘r) = tn(/\) (M)CTM PA/u(m)v
A

where Py, (z) is a skew Macdonald polynomial (i.e., Py/,(z) = Qx/.()b./bx).
For later reference we note that

c
(9.6&) PA/#( )_ t2n(/\) 2n(p) “Hp Cu [ Q)\/H( )
CACA
(") P2A({0))
(t)x PL((0)) "
Further assume the balancing condition bybyvoviwowy = qt. Then the following
skew Cauchy-type identity is implied by [28, Corollary 3.8]:

l IA| (Uo,’l}l))\ 1-— 1-— b1

Z ;q (q/wo, q/w1)x PA/#[ }QM”{ —t }
_ (a/b0)"(vo, v1), (a/b1)(vo, v1)y
(q/bowo, q/bow1) (q/brwo, q/brw1)y

x Z (boby /q)™ (q/bobiwo, q/bobrwi) Pu//\|: = ]Qu//\ {1 - b1:|,

(Uo,’Ul)A t

(9.6b)

provided the sum on the left terminates. The normalisation Z is given by the sum
on the left for y = v = 0. Choosing

(b07 b17 Vo, V1, Wo, ’UJ1) = (b/a? d/C, tnv qik7 qtlin/bd7 qka‘c)

with k a nonnegative integer and taking the large k limit yields
1 (t™)a a— c—d
. — E P —
(9 7) 71 - (bdtn_l))\ )\/u|: :|Q)\/V|: — :|
(™) (™) (act™ 1)y c—d
= P
(adt™=1),,(bet=1), ; (2 QW 1—t]

where Z' again denotes the sum on the left for p = v = 0. Explicitly,

;o (b/a,d/c)A B “ (adt™ ™ bet™ ) o
Z = ; 4(()(11‘;”_1))\ P)\(G,C<0>) - Z:H]- (&Ctn_i, bdtn_z)oo7

where the second equality follows from Kaneko’s ¢-Gauss sum for Macdonald poly-
nomials [8 Proposition 5.4]. Consequently, (9.7) may also be written as

ewlizon [0

o0

n

(ﬁ Isz,bc )ZPV/,\[ }QH//\[C—?]E(S(E?;Q;;-

i=1

As our final corollary of the gl,, ¢-Gauss sum we will show that this has a nonsym-
metric analogue. In analogy with (9.6b)) let

), E((0)
Fupola: )= Gy E,((0))

Eu/v (a, b)
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Corollary 9.6. For v,w € N and |ac|, |ad|, |bc|, |bd| sufficiently small so that the
sum on the left converges

ZFH/U a b u/w c, d H bd ’U>/>1>)oo
)

i=1 tjoo
_ (ad(v)i, be{w)i)oo a, c, - (1)) oo
<H (), Hw)s)os )ZF“’/U DBl dg o

Proof. Application of (6.1]) to both sides of the gl,, ¢-Gauss sum results in

a(v)i, bx;)oo

(b nfl)v n
UZ; o0, Eu/o(@,b)cuw (1, )My (cx) ZC”“ (1, )My (cx HW

i=1

The right-hand side can again be transformed by the ¢-Gauss sum (9.1) with
(a,b,z,v) — (a/e,b/c, cx,w) so that

Z( H(b(u)i)oo> Eu /o (@, b)cuw (1, €)My, (cz)

= - (a{v)i; b{w)i/€)oc c c a/c,b/c cr
_Z<H (a{u);i/C)oo ) vu (1, )Ew/u( / ,b/ )My, (cz),

w,w N 1=1

where we have also used ([2.4)). Next we equate coefficients of M, (cx) and substitute
(a,b,c) — (ad,bd,d/c). After carrying out some simplifications using (6.2)) and (6 .
the result follows.

10. A gl,, ¢-KUMMER-THOMAE-WHIPPLE FORMULA
By the substitutions
(a,b,d,e, f) — (1/x,bq",dg", eq", a)

and the use of (6.3) and (6.6]), the Kummer-Thomae-Whipple formula (5.10) can
be written in the form

oo b), b, Oo
; (C(l, i)u Eu/v(aaaC)Mu(fﬂ) (C(l/>C e.a Z ) u/v e, ac)M (LU)

Theorem 10.1 (gl,, ¢-Kummer-Thomae-Whipple formula). Forv € N and abc =
de

b)u
zu: 7@’ étT)L—l) Eu/v(a, ac)My ()

- (at™™ i , L5 ) 0o d/c)y
(H et ax;) oo ) Z (d,(at/"zl)u Eupole, ac)Mu(x).

i=1
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Note that the condition abc = de corresponds to the gl,, balancing condition
(7.2) and that the transformation may alternatively be written as

b)y(d, et 1),
Z M Eu/v(av aC)Mu(x)
" (av)i, exi) oo (d/c)u(d,at™ 1),
= E My (z),
<H (e(v)s, az;) oo ; (d/c),(d,atn—1), u/v(€ 26 Mu()
with the product on the right corresponding to oy [(a — €)(X — V)/(1 — ¢)] in the
notation of Theorem 811
The above theorem generalises a number of earlier results. For example, recalling
(6.4) and taking the limit e — ac (so that d — b), and finally replacing ¢ — b/a we

obtain the gl,, ¢-Gauss sum of Theorem [9.1] . Furthermore makmg the substltutlons
(a,e,u,v,2) — (at' ™", et' =" v,w, (u)), and using (2.4), ([@.5) and (6.3), we arrive

at @1,

Proof of Theorem[10.1} If we replace (a,c,d) — (d/c,d,ac/d) in (6.16) and define

e = abe/d we obtain

(10.1) Z (c(lé)czv Eujv(a,e)Ey (e, ac) = W Eujw(a,ac).

Now denote the left-hand side of Theorem [10.1| with v replaced by w as LHS. By

).

v

LS = 3 - Bl ac)Ma (o)

b)w d/c)y 1
N (é/)c)w Z ((c/i)j (etn—1), Eu/v(a,e)E, (e, ac)My ().

The sum over u can now be performed by the gl,, ¢-Gauss sum (9.1)) with b — e.
Hence

LHS = d/c (ﬁ )Z(ﬁ Z;}Z )dc/i)cj Eu (e, ac)M, ().

i=1 i=1

Finally using (8.3]) this yields the right-hand side of the theorem with v replaced
by w. ([

A number of new results follow from the gl,, ¢-Kummer—-Thomae-Whipple for-
mula.

Corollary 10.2 (gl,, Heine transformation). For v € N"

2@'“%{Z]Mu<w>
- ()" (M=) s e e [ o

i=1
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An equivalent way to state the above transformation is

n—1
lul—Jo] (0)u(ct" ™ )y [u M
Za () (ctn 1), v u(@)
n n—1
_ H (a(v)i,cxi)oo ZC|U|7‘U| (ab/c)u(at - )U u Mu(x)
=5 (v ari) ) 4 (ab/e)y(atm=1), |v
For n = 1 the gl,, Heine transformation simplifies to (5.8) with (a, b, ¢, ) replaced
by (¢/z,bg", cq”, azx).

Proof. Let (¢,d) — (0,0) in Theorem such that d/c = ab/e. By (6.3) and
(6.7a) the gl,, Heine transformation with ¢ — e follows. O

u

Corollary 10.3 (sl,, g-Euler transformation). For v € N”

(a)u (a)v - (ami)oo (b)u
X (5 Bl o) = (5 (1_1 ) > (o Bonlo. 0 2)
For n = 1 this is with (a,b,c,z) — (aq”,c/b,cq”,bx), and for v = 0 it is
the nonsymmetric analogue of [2, Proposition 3.1]. The sl,, Euler transformation is
easily seen to be equivalent to the ¢-Pfaff-Saalschiitz sum (6.11)). Indeed, if we take
the latter, multiply both sides by E,(z) and then sum over u using we obtain
the former. We also note that for ¢ = 0 the sl,, ¢g-Euler transformation becomes

oo - ("2 (F) Sovon [Jeso

i=1

When n = 1 this is trivial since both sides are summable by the g-binomial theorem
(5.3). Curiously, for n > 1 it no longer appears possible to explicitly perform the
sums in closed form.

Proof. Corollary follows from Theorem by replacing (z,e) — (x/a,ae),
then taking the limit ¢ — 0 using (3.5)), and finally making the substitutions

(z,b,¢,d,e) — (bx,a,c/b,c,a/b). O
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