
S Y M M £' TRY A N V F L A G M A N I F 0 L V S 

b Y 

~ La6cOUX , M~cel-Paul SchUtzenb~get 

1Yt 6p,ue 06 W lin/u, w.<..:th the 6ytnmUtUc gJtoup, the .6::tudy 06 6lag 

vaJtiwu ha6 not yet nuil..y Ll.6e.d the cu.6tom~y techni..C.6 [petmu..toedJte, 

£hJtUlllaf't'.6 oJtd~, Lehm~'.6 code) 06 the theoJty 06 .6IJ1m1UtUc 6uf'te:ti.0f't.6. 

To the .60 -c.aUe.d Sdu.c.b~ cyctu ~e a6McA.a.te.d potynom.<.ai.J.., wft.,[ch 

~e no oth~ than Schu.Jt 6unwof't.6 ..in the Ca6e 06 GJta.6.6l11ann vaJtiwu, 

and wft.,[ch can be .6::tud..ied thJtough the hetp 06 .6ytnmUtUz..ing opeta..toJt.6, 

ac.ting both Of'! the cohomotogy Jt..ing, and the GJtothend..ieck Jt..ing a6 6pec..ia..e 

Ca6U. ConveJt.6ely, the .6::tudy 06 Jtepltuen.:ta.t..iof't.6 06 the .6ytnmUtUc gJtoup bene6w 

61L0m the geomUtUcai. ..i11..tu...i.t..if't com..ing 6JtOm the ac.tiof't 06 the .6ymmUtUc 

gltOup on the 6.tag vaJtiety. 

A.6 an exampte, we ..ind..icate how to e66ewvely compute the pltojewve 

deglLeu 06 SchubeJtt cyctu. A note 6ubmdte.d to the Aca.dem..ie du Suencu 

apply thue method'.> to the cai.cu.ta.tion 06 the Ch~f't cta.6.6U 06 the 6lag 

vaJtiety - a.6 601L U.6 haJtmon.ic. 6uf'tc.tiof't.6, the theoJty 06 wft.,[ch Jte.qu...iILu 

.6Ome pltopeJtt.i.u 06 the plac.t..ic mof'to:ui, they w£U be the .6ubject 06 a .6epa.­

Jutte aJLti.de. 

Hai.6 06 the a.u..thoJt.6 lIXVl.I1Ity tha.n/u, W;Ua.g Le66leJt IMu.tu.te t. the 

Uf't..iveJt.6ily 06 stockholm 601L the..iIL h06pUai.ily, the C. 1.M.E. Founda.:t..iof't 

601l pltov.id.i.ng the oppoJt::tuf'tily 06 ilip£.a.y..ing the 6ymmUtUz..ing opeta..toJt.6, 

a.6 well a.6 A. 8j51lf't~. V. La/u,ov and F .Gh~~delli 601L the..iIL ..in.t~ut ..in 

.th..i6 woJtk. 

Ccmti.on: the op~a.:toJt.6 ~e pta.ce.d on the tUght. 
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§ 1 Symmetrizing operators. 

It is always delicate to distinguish between a permutation and its 

inverse, or between right and left multiplication for the symmetric group. 

if one does not take a set of "values" and a set of "places". To avoid 

misunderstandings, we shall consider permutations of n+1 elements as 

operators on the ring of polynomials 7l [a, b, .•• J {a,b, ••• } being a 

totally ordered alphabet of cardinal n+1 

Starting from the special element aE = an bn- 1 cn- 2 ••.• one uses 

the transpositions 0ab' 0bc •.. of consecutive letters to generate all 

monomials (written in the lexicographic order) whose multidegrees are a 

reordering of {0,1, .••• n} • 

This process gives us a ranked poset. as shown in the following figure. 

the permutations being considered as paths (directed downwards) in the graph 

of the poset (the graph is called the "permutoedre"). The permutoedre gives 

us all the reduced decompositions of the elements of the symmetric group, 

the length of a permutation being the length of any corresponding path; W 

denotes the permutation of greatest length. 

For example. the symmetric group on three letters gives 

102 a 

FIGURE 1 

021 a 
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Moore's relations say that two paths having the same end points can be 

obtained by a sequence of elementary transformations 

~ °ab • obe . °ab = obe °ab obe 

I 
a 

a,b,c being any triple of consecutive letters 

if {a,b} n {d,e} = 0 

The conventions are sueh that if o. 0'. a" ••. is a path from aE to 
iO i1 E I 
ab, then with ww = i o+1, i,+1, ... , i n+1 , one has a ww = a , 

I -1 
a w aOb 1c2 ••• ; less trivial operators on ~[a,b, ••• ) appear when 

applying Jaeobi's procedure to generate symmetric polynomials through 

alternating polynomials. 

Define 3ab to be the operator 

hl dab: r(a,b, ... ) ~> [f(a,b,c ... ) - f(b,a,c ... ))/(b-a) 

and similarly for all pairs of consecutive letters, where f is an 

arbitrary polynomial (or rational) function. 

We can interpret any path of the permutoedre as a product of operators 

3ab • Checking the relation similar to 1.1 (1.2 i s trivial in this case), 

one gets 

~ Lemma. The product of operators corresponding to a path from w to w 

is independant of the choice of the path and depends only upon w . It is 

denoted Cl ww 

The operators dW are not always adequate because they systematically 

decrease the degrees. To preserve the degree, one defines 

lfab 
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and one checks that these new operators still verify relations 1.1 and 1.2, 

so that a product of operators corresponding to a path depends only upon 

the end points 

-1 
from to 

TIww is given by a path from w to w , TIw by a path 

123 ... w 

Having at hand three operators verifying the same relations 1.1 and 1.2, 

one cannot resist in putting them in a single family. 

Let p,q,r be fixed integers. 

Define 

and similarly for all pairs of consecutive letters. 

It is a simple, but not totally trivial verification, that conditions 

1.1 and 1.2 are still fulfilled, so that one can write Dw(p,q,r) . 

To accelerate computations one may remark that symmetric functions are 

scalars with respect to the D 
w 

In fact Dw(p,q,o) is a symmetrizer in the whole alphabet, i.e. 

'If E >E[a,b, ... ] , 'lw, [f Dw(p,q,o)]w =fDw(p,q,o) . 

One can shOW that, up to a change of variables, the operators Dw(p,q,o) are 

the most general symmetrization operators verifying certain natural conditions, 

and thus we cannot find a family with more parameterc containing them. 

More precisely concerning Dw(p,q,o) , one has: 

fDw(p,q,O) = L (f I':. )w pq 

sum on all permutations, I':.pq being the generalization of Vandermonde's 

determinant: 

I':.pq nx<y (p + qx)/(x - y) • 
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Remark. E aw 

I a nw is the classical Schur function of index i n ,in_1, ... ,iO 

(cf Macdonald). 

~~us the operators Dw(1,Q,O) = dW and Dw(O,1,O) are essentially the same, 

and formula 1.8 becomes in this case Jacobi's expression of Schur functions, 

Weyl's character formula for t he linear group and Bott's theorem for the 

cohomology of line bundles on flag manifolds. 

We did not use the square of an operator; In fact, one has 

so that one is really working with a representation of the Hecke algebra 

of the symmetric group. 

§ 2 Schubert polynomials. 

As the action of dW ' or nw as well, transforms a monomial into 

a Schur function, the operators Dw will give generalizations of Schur 

functions. 

Following Demazure, and independently, Bernstein-Gelfand and Gelfand, 

we shall define, for every permutation w, the polynomial Xw by 

2.1 x 
w 

aE being the monomial an bn- 1 cn- 2 •.•. Thus, the Xw are obtained just 

by pushing down x 
w 

E = a along the edges of the permutoedre. 

Figure 2 gives the result in the case of four letters. 

One could generate the Xw through the n -. 
leads to a combinatorial representation of the 

this more complicated process 

x 
w 
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One notices on t he example that Xw i s a pOlynomial of degree ~(w) 

with positive coefficients, and that x 
w 

i s symmetrical in the i-th and 

i+l-th letters of A if and only if wi < wi+l ; in other words, the shape 

of w (i.e. the sequence of its up's and down's) gives the syrrmetries of 

the polynomial Xw' For those permutati ons which are called grassmanni an 

permutations (i. e. the ones which have only one descent), then x 
w 

is a 

Schur function in the f irst letters of A, e.g. X24 13 , which has to be 

symmetrical In a ,b and also In c,d is indeed the Schur function 

(we identify an alphabet A = {a,b, ... } and Sl(A) = a+b+ •.. ) 

As for Schur functions, the first problem will be to multiply two 

polynomials . The simplest case is due to Monk, but first we need to enl arge 

the permutoedre. For each pair of permutations (v,w) , such that v and w 

differ only by a transposition: v = ... v .... 
1 

v ... , v. ~ .. 
J l 

and that ~( w) ~(v) + 1 , one draws between v and w j-i edges , of 

respective " eolors" (i+1, i), ... , (j, j-1 ) (remember that on the permutoedre, 

an edge of color ( i+1, i) meant the transposition of the letters at place 

i and i+1). 

The graph so obtained, when one forget s about the colours and the 

multiplicities of the edges, is due to Ehresman, and more generally, for 

Coxeter groups, to Bruhat. Let us call it the col oured Ehresmanoedre. 

Now , choose one colour (i+l, i) , and consider the monocolour subgraph 

fi+l i obtained by erasing the edges of colour different from the choosen one. 

Then, writing i+l i for the permutation 1 •.. i-1 i+l i i+2 ..• 

one has Monk's formula 

x 
v L X w 

sum on all w: ~(w) = ~(v) + 1 , vw lS an edge of fi+1 i' i.e. there is 

an edge of colour (i+l i) between v and w 
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It is not too difficult to verify by induction this formula. The 

remarkable fact is that there is no multiplicity in this multiplication. 

Pieri's formula asserts that the multiplication of a Schur function by a 

special Schur function of any degree (i.e. elementary or complete symmetric 

functions, cf. Macdonald) produces no mUltiplicities. The same thing happens 

more generally for Schubert polynomials, i.e. the multiplication of a Schubert 

polynomial by a special one gives rise to no multiplicities (cf. L & S for 

the description of the w coming in the s"1lDDlation). Thus Monk's formula is 

the initial degree one-case of the general Pieri's formula. 

As a by-product, one obtains a commutation property which is valid for 

all finite Coxeter groups. 

be the matrices of the directed graphs f 21 , f 32 , ••• , 

i.e. we put at the place (v,w) of the matrix Ci +1 i if i(v) < ~(w) , 

~~d vw ~s an edge of f i +1 i ' and 0 otherwise. Then one has 

£,3. Lemma: The matrices Ci +1 i commute. 

Proof.: As the multiplication of Schubert polynomials by Xi+1 i is described 

by the matrix Ci +1 i • The lemma is equivalent to the fact that the product 

is equal to .• X 
~ v for every v • 

This specific property of Bruhat order on Coxeter groups has to be proved 

in itself without reference to multiplication of Schubert polynomials. 
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I § 3 Cohomology of the flag manifold. I 
The reader who wants to use Figure 2 to multiply by 

a(=x2134) finds no edge with colour 21 from 4123 upwards. So he must disagree 

with Monk's formula as stated above. But if he enlarges the alphabet by just 

one letter, he certainly obtains that 

3 
a oa = X41235 oX21345 = X51234 

4 
a 

More generally, to use Monk's form~a for the symmetric group Wn ' one 

must for safety reasons imbed it into Wn+1 

Alternatively one can also notice that 

4 
a S4(a+b+c+d) - (b+c+d) S3 (a+b+c+d) + (bc+bd+cd) S2 (a+b+c+d) - bcd(a+b+c+d) 

which has the conse~uence that 4 a belongs to the ideal generated by the 

polynomials summetrical in a,b,c,d 

Definition: The cohomology ring of the flag mrulifold associated to the 

symmetric group Wn+1 is 

hl H = 7l.[a,b, ... J I I 

where 1 is the ideal generated by the symmetric polynomials (with no constanl 

term!) in all the variables (in other words, the ideal generated by the 

invariants of Wn+1). 

i) 

ii) 

that 

n+1 

It is easy to show by induction on n that H has two natural 7l.-bases: 

the monomials I a 
i 1 i2 

a b 

the Schubert polynomials x 
w 

with 0 < i < E 

(the class of a Schubert polynomial 

in H is called a Schubert cycle). 

Notice that H is of rank 1 in the maximal degree 2(w) 
E 

n(n+1)!2 and 

Xw = a 

NOW, Monk's formula lS perfectly valid: passing from an alphabet of 

letters to n, one annihilates exactly the Schubert polynomials x w 
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for those w such that wn+l # n+l 

But another difficulty comes:' how can we see that two polynomials are 

e~uivalent modulo the invariants of Wn+1 ? 

Ehresman, generalizing classical results on Grassmann varieties, has 

shown that the multiplicati on i n H does induce a pairing on the basis of 

Schubert cycles: for w ,w' such that £(w) + £(w ') = £(w) , then 

according to w' ww or not. 

Thi s result is due to Chevalley for arbitrary Coxeter groups. 

Since the operatcrs Dw preserve the ideal r ( (fg)Dab 

f a ab = f ), they are indeed operators on H. 

Using 1 , one gets: 

~ Let P be a homogeneous polynomial of degree £(w) • Then 

E a mod r . 

Thus, combining with 3 .2, the decomposition of a polynomial In the basis 

is given by 

p " L (p. X ) a E· X 
WW W W 

x 
w 

sum on all permutations w, the augmentation morphi sm ~ : ~[a,b, .•. ] +~, 

~£ = bE = ... = 0 taking care of the decomposition of P into its homogeneous 

components. 

Now, if one does not have at hand the explicit expression of the 

Schubert polynomials, one must improve the method to be able tc determine when 

two polynomials are equivalent modulo the ideal r . This will be done in § 6. 
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§ 4 Projective degree of Schubert cycles. 

Consider a graded ring H , call the graduation codimension, and assume 

that H is of rank 1 Ln maximal codimension (assumed different from 

infinity!) : ~ax ~~ 

Let Y in H be an element of codimension 1, and X of codimension d. 

Then the degree of X relative to Y LS the image in ~ of X. ~ax-d . 

When H is the cohomology ring of a projective variety, one chooses 

an imbedding in a projective space and Y LS the class of the intersection 

with an hyperplane. 

In our case, for the natural embedding of the flag variety, which lS 

due to Plucker, Y LS equal to the sum of all Schubert polynomials of 

codimension 1 : 

4.1 Y = X2134 ... + X1324 ... + X'243 •.. + ... na + (n-1)b + (n-2)c + ... 

(To distinguish between the degree of X relative to Y and the degree of 

X as a polynomial, we call the first projective degree and the second 

cOdimension. ) 

To compute the projective degrees, it is sufficient to know them for 

the Schubert cycles. In the case of grassmannians (a certain quotient of H 

one obtains the degrees of the irreducible representations of the symmetric 

group, so these projective degrees should be interesting by themselves, 

regardless of their geometrical interpretations. 

We have already done most of the work: as the multiplication by 

Xi+1 i corresponds to the edges of colour (i+1 i) in the coloured Ehres­

manoedre, one gets: 

U Proposition. The projective degree of Xw is the number of paths 

from w to w in the coloured Ehresmanoedre. 
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This proposition is equivalent to the following induction: 

proj.deg Xw Lv m(w,v) proj.deg Xv 

sum on all permutations v: £(v) £(w) + 1 • with m(w.v) number of edges 

from w to v • 

Another formulation is: 

(l_y)-1 = (1 - (na + (n-l)b + ... ))-1 = L proj.deg (X ) X in H . 
w ww 

For example. in the case n = 2 

(1 - (2a+b)-1 ~ 1 + a + (a+b) + 3a2 + 3ab + 6a2b (and so the proj.deg are 

6) .. . H 2 2 1,1,1,3,3. taklng lnto account that In , a + ab + b EO, 

a3 E b3 = a2b + ab2 = 0 modulo the symmetric functions in a,b,c. 

One can show this w~ that proj.deg X123 ••• = (n(n+1)/2) ! 

Since more information is contained i~ the Ehresmanoedre. one can do 

better than only counting the paths. by reading the paths as words of colours. 

So denote colours (21), (32), ••• by a. S •.••• and read a path as a 

sequence of colours. i.e. a word in the Greek alphabet. 

Define the non-commutative degree vf Xw as the sum of the words given 

by all the paths from w to w • Then the commutation property 2.3 insures 

that this non commutative degree is a "Partie reconnaisable" (terminology 

from the theory of monoids) i.e. is invariant by permutation: whenever you 

meet the word aaSy • you have also the word yaSa with the same frequency. 

~ Example. For X3214 • one gets the noncommutative degree 

(a+S+Y)(SY+YS+yy) + (S+y)(ay+ya) + y(aS+Sa+SS) • 

Thus. the non commutative degree is given by restricting to the 

increasing words; in the above examples, the degree is obtained by permutation 

of (6) aSy + (3) ayy + (3) SSy + (3) Syy + (1) yyy 

(inside the parenthesis. we have indicated how many words are associated in 

the non-commutativ~ degree). 
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In other words, if IP: z[[a,s, ••• ]] + Z[a,S, ••• ] is the natural 

morphism (the evaluation) from the ring of non-commuting variables to the 

ring of polynomials, then the non-commutative degree is the inverse image of 

a pOlynomial Zw,w that we call the colour-degree of Xw 

More generally, one defines the polynomials Z , when v,w ~(v) ~ ~(w) , 

to be the sum of all increasing paths from v to w (this will correspond to 

the degree of the intersection of two Schubert cycles); put 

R.(v) < R.(w) • 

Z " 0 v,w if 

If moreover, one defines Ma to be the matrix: the entry (v,w) is 

(l or 0 , according as ~(v) = ~(w) + 1 and there is an edge of colour a 

between v and w , or not, and similarly for MS' My 
2.3 the commutation of the matrices Ma' MB, 

one obtains from 

Exercise. Prove that Z = I a i sj yk ..• , sum on all 
n+1 12 •• n, 12 •• n+1 

different monomials of total degree n, with i < n, j ~ n-1, k ~ n-2, ••• 

e.g. Z4123. 1234 " a(aa + as + SS + ay + Sy) 

§ 5 The G-polynomials. 

Instead of taking the cohomology ring of the flag manifold as we did 

1n § 3, it is more fruitful to take another quotent of the ring of polynomials, 

which is called the Grothendieck ring of the flag manifold; denote the 

variables by La'~' ••• to distinguish from the preceeding case, and keep 

the same notations for the operators dab' nab' •.• , as no ambiguity is to be 

feared. 

Call 9 the specialization ring-morphism: Laa 

J be the ideal generated by the relations 

fn efna w w 

and let 
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i.e. the totally symmetric polynomials are equalled to their value for 

La ~ = ... = 1 

~ Definition. The Grothendieck ring of the flag manifold is 

K = :rl[La , ~, ... ] / J • 

The properties of this ring are stro~gly linked with those of symmetric 

functions, whose theory has been formalized in the theory of A-rings. 

As J is invariant under the action of the Dw' these operators 

still act on K. Of course, taking relations 5.1 instead of 3.1 do not change 

the ~-bases of the quotient ring, so that one has 

The set of monomials 
i1 i2 

L1 = L L f aD"" or o < I SE. is a 

Zl-basis of K 

~ The Schubert polynomials (in the alphabet La'~' ••• ) are a Zl-basis 

of K 

a 1 , we see that the ring K contains the inverse 

of the variables La'~' The inversion of La'~' ••• extends to an 

involution morphism of K which is called duality by reference to vector 

bundles (La' ~, ••• are the tautological line bundles of the flag manifold). 

It is convenient 

1 
-1 

The z = - L c 

those of L a' ~, 

If f E K , 

to introduce new variables 

symmetrizers associated to 

One checks 

f 7T ab = (f - fy) a xy 

x = 

x, y, 

-1 
Y = 1 - ~ , 

are related to 

and similarly for all pairs of consecutive letters,which, incidentally, shows 

that a change of variables induces a non trivial transformation of the 

symmetrizers. As in § 2, we choose a maximal element 

G 
Ul 

E x n n-1 n-2 x y z 



135 

and we define the G-polynomial indexed by the permutation w by 

Figure 6 gives the case n = 3. 

It is clear from lemma 5.4 that the homogeneous part of smallest 

degree (= R,(w)) of Gw is the Schubert polynomial x w (in the variables 

x,y, ••• instead of a,b, .•• ). Thus the Schubert polynomials are nothing but 

the leading term of the G w 

Schubert polynomials (in x,y, ••• ) being a basis of K, one can express 

the Gw in term of the Xw ' or conversely, the Xw in term of the Gw ' 

the matrix being triangular. 

e.g. for (w) = 4 , one has 

To express the multiplication in the basis of Gw is more complicated 

than ~n the basis Xw ' We shall give elsewhere the corresponding "Pieri­

formula". For example, one reads on figure 5 that 

2 G1324 G1324 = (x+y - xy) 

(We previously had X1324·X1324 = X2314 + X1423 ; here we had to substract 

the supremum of 2314 and 1423 which is 2413; bigger intervals are involved 

in general.) 

To understand the link between the two rings Hand K • one must recall 

the existence and properties of Chern classes: 

Denote by 1 + H+ the multiplicative monoid of polynomials with constant 

term 1 (and coefficients in Q). There exists a homomorphism: 
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such that c( 1) 1 , c(E+F) c(E) . c(F) • On the basis LI , it takes 

the values 

i j k c(La ~ Lc .•• ) = 1 + ia + jb + kc + .•• 

(Of course the multiplication in K induces a "product" in 1 + H+ , for 

whose explicit description one needs Schur functions - see Macdonald.) 

Now one can check 

C~(w)-1) ! x + X, 
W 

where X' is a polynomial of degree > ~(w) . (cf. SGA6, expo 0 formule 1.18). 

If G is a sum ~ nw Gw with w of constant length ~(w) = d (one says 

G E Kd ) 

c(G) 

and 

1 - (_1)d (d-1)! ~ n X + X' w w 

d-1 C(G7Tab ) = 1 - (-1) (d-2)! 

so that one sees that: 

+ X, Cl 
ab 

~ Proposition: _(d_1/- 1 aab is the image by the Chern homomorphism 

of 7T ab acting on Kd. 

§ 6 Quadratic form on the cohomology ring. 

Most of the preceeding description relies heavily upon the natural 

bases of the cohomology or Grothendieck ring of the flag variety. To be able 

to .compute without restriction in these rings, one must be able to express 

a general element (in a finite time) in the bases already defined. 

The operators corresponding to the permutation of greatest length are 

the most effective rool for this purpose. It amounts to define on each of 

the spaces H and K a quadratic form. 
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We consider sequences as vectors in ~n+1 and thus can write I ± J ; 

through the identification 
'I 

I ~ a ,the symmetric group acts on sequences: 

1~1w ; 

recall that E is the sequence n, n-1, ••• , 0 • 

Now, when -E < I < E w , one checks from formula 1.9 that 

I a 

Moreover, 

E.g. I 

(_1)t(w) if there exists w such that I + E 

o otherwise. 

-I (a w )7TW ' and if 

-3102 .. 1+E = 0312 J.5 a permutation of E and so is -I w + E 

(= -2 0 -1 3 + 3 2 1 0 1 2 0 3) . 

Ew 

Owing to this symmetry between I and - lw, one defines a scalar product 

on H by its values on the basis a1 (for 0 ~ I ~ E) 

1w-J a 7T 
W 

For example, for four letters and degree 3 

0 0 0 0 0 0 y, 0 ~ ~ 0 0 ~ 

~ ~ 0 C\J 0 C\J 
C\J ~ C\J ~ (Y) 0 

0 0 0 0 0 -1 2100 

0 0 0 0 -1 0 1 110 

0 0 0 -1 1 1 1200 

0 0 -1 0 1 1 2010 

0 -1 1 1 -1 0 3000 

-1 0 1 1 0 -1 0210 

On the example one sees that the quadratic form, for a given weight, is 

positive or negative definite, and triangular for an appropriate ordering of 

the monomials. 
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Instead of describing the ordering, which directly comes from the 

interpretation of sequences I such that 0 < I < E as coding permutations, 

one can do better and give the adjoint basis of 

hl Let PI = n A. (A ) o :: p < n ~ n-p p 

A being the alphabet of the first p letters, 
p 

symmetric function of degree i ; then one has 

I 
a 

and A. the elementary 
~ 

Proposition: The family (_1)i I i{p } with 0 <_ I < E , is the ad,joint 
I --

For example, for n=3, I = 2010 , PI = A2 (a+b+c) A1(a) 

and one checks from the preceeding table that 

if J ~ I . 

hl Corollary (Bott-Rota's straightening). 

If Y is an homogeneous polynomial of degree d, then in H 
I I 

~ L (Y, PI) a K L (Y, a ) PI sum on all seQuences I such that 0 < I ~ E 

Thanks to 6.1, this straightening is an efficient way of decomposing in 

H the class of a polynomial. For the decomposition in the basis Xw ' we 

already have 3.4. 

We note that Xw dv = 0 if ~(v) = ~(w) and v'" w- 1 ,because 

x d w v Xw dWl( dV ' so that either w w v = w, or ~(wwv) < ~(w) ... dWl( Glv 

can be written dW,dU dU dW" (= 0) 

decomposing a polynomial Y. 

Y '" L (y. d -1) £ Xw 
w 

sum on all permutations w, which PE 

Thus we have the other way of 

term of degree 0 of P , as in 3.4. 
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§ 7 Quadrati c form on the Grothendieck ring. 

As Schubert polynomials are still a bas is of t he Grothendieck ring K, 

one could still keep the scalar product for whi ch the Schubert polynomials are 

an orthonormal basi s . This would not fit well with the action of the operators 

on K. 

Remembering that 1T 
W 

sends K to its s ubring ~ , one can define 

'I P, Q E K < P, Q) 

on the basis Gw ' t he quadrat i c f orm takes onl y the values 0 or 1 . 

For example, for S3 ' the multiplication table is 

G123 G213 G132 G231 G312 G321 

G123 G123 G2 13 G132 G231 G312 G321 

G213 G213 G312 G31 2+G23 1 G321 0 0 

-G321 

G132 G132 G3 12+G231 G231 0 G32 1 0 

-G321 

G231 G231 G32 1 0 0 0 0 

G312 G312 0 G321 0 0 0 

G321 G321 0 0 0 0 0 

and t he quadratic form is the image of this t able by 1Tw (noting that 

'I w , Gw 1T W '" 1 ): 

o 0 

o 0 

o o o o 

o o o o 

o o o o o 
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We shall not prove here the two following propositions which generalize 

3.4 and 6.6. 

U Proposition. For any w , let H be the sum of G-polynomials w 

l:v>w 
(-1 )R.(v)-R.(w) G v 

Then { Hww} is the adjoint basis of {Gw} (with respect to < , '7 ). 

For example, 

o except for w 312 w·132 • 

~ Proposition. Let 9 be the specialization morphism 

La e '" ~ 6 '" .•• = 1 . Then V P E K, Vw. 

As for every w, <Gw' 1) '" (Gw ·1) 1Tw'" 1 the fact that 

<H ,1 > '" 0 generalizes the property of the Moebius function (for the w 

Bruhat order) to be ± 1 . 

Applications .1 
We have mainly described the tools to study the cohomology or 

Grothendieck ring of the flag manifold. Many questions arising from the 

theory of groups or algebraic geometry can be then easily studied. 

~ The representation of the symmetric sroup wn+1 2£ H ~ K . One must 

note that as ~-modules, Hand K are isomorphic to the regular representation 

of Wn+l but that the degree gives us an extra information; in f act, the 

multiplicity of an irreducible representation can be considered as a polynomial 

(which happens to be a Kostka-Foulkes polynomial coming in the theory of 

representation of the finite linear groups) . More generally, De Concini et 

Procesi have studied the quotients of H associated to the variety of flags 

fixed by a given unipotent matrix. 
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~ Enumerative geometry on the flag manifold. 

We have only given the projective degree of a Schubert cycle in § 4. 

One needs also the postulation of the cycle Xw with respect to a 

line bundle LI : by definition, it is 

the rules of the translation, it simply becomes 

e~ual to L1 nw- 1 e , as asserted in 7.3. 

(LIG ) n , which is also w w 

The Chern classes of a variety are the first invariants of it that one 

tries to get. In the case of the flag manifold, the tangent bundle T has 

class 

so that its Chern class is 

c(T) = (1+a-b) (l+a-c)(l+b-c) 

and it remains to compute c(T) i n the basis of Schubert cycles. This will 

be done elsewhere. 

~ Representations of the linear group G~(~n+l). 
W One can consider the ring of invariants of wn+1: ~[a,1/a,b,1/b, ... ] 

to be the ring of fo~al sums of representations of G~(rn+l) • 

Bott I s theorem eValuates in this ring, for any line bundle 11, I € ~n+l, 

and any i , the representation Ui(X, LI) X being the flag manifold. 

We have obtained here a little less: 

(in fact, all the Ui(X, 1I) are {a} except at most one, so that the two 

computations are not very different). 

One can also look for syzygies of the Schubert variety corresponding to 

w , i.e. try to get a complex of locally free bundles which "solves" the ring 

of t he Schubert variety. The class of the complex in ~[a,1/a,b,1/b, •• ] is 

given by 

[(1-L -l)n (1-T. )n-l ••• ] Tr 
a ~ ww 

but, of course there remains to describe the morphisms inside the complex. 

This, we shall not do. 
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~ Root systems and Coxeter groups. 

Most of the properties of the operators D can be extended to other 
w 

finite Coxeter groups, as shown first by Demazure and independently Bernstein, 

Gelfand-Gelfand. 

In the case of the symmetric group, if a, S, ... , are the simple roots, 

and p half the sum of positive roots, then 
a. 

e , eS, ... are respectively 

L h -1 
a---b ' 

-1 P LE ~Lc , •.• , and e is equal to up to a power of L h L .•• 
aD C 

If I is weakly decreasing (LI is dominant), then Weyl's character formula 

for the corresponding irreducible representation El is 

and as we have remarqued in 1.9, it can be written 

an equivalent result, using instead the operator 

which is in fact Bott 's formula. 

~ Determinants. 

1T 
W 

is 

For m: 0 S m S n+1 , one can consider The Grassmann variety of 

s".lbvector spaces of dim m+1 of «;n+1 • The associated cohomology ring is 

the subring f/WI x W" of H invariant under the product of symmetric groups 

W' x w" (W' being the group on the first m+1 letters, W", on the remaining 

letters) • 

A 71i:-basis of w'xW" H is the set of Schubert polynomials x w 

w of minimum length in their class modulo W' x W" • In this case 

for the 

x w is 

a Schur function on the alphabet of the first m+1 letters, and all the 

properties of the cohomology ring of the Grassmar.nvariety (or of the Grothen-

dieck ring) can be translated in term of Schur functions. In particular, the 

determinantal expression of Schur function gives rise to a determinantal 



expression for x w 

1~ 

(due to Giambelli), for 

(due to Hodge), etc •.. 

Gw ' for the postulation 

Unfortunately, not all permutations in general give determinants. We 

have given in [L & S] several characterizations of those permutations for 

which Xw' Gw' . .. are determinants (permutations vexillaires); for them, 

the computations are very similar to the ones in the more special case of 

Grassmannvariety. 

~ Combinatorics. 

A combinatorial and powerful description of Schur functions is given 

by Ferrers diagrams and Young tableaux. One can similarly associate to any 

permutation a diagram (due to Riguet ) , and fill it according to rules deduced 

from Pieri-Monk's formula 2.2. This seems to be an interesting generalization 

of Young tableaux and the plactic monoid. 
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